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Abstract: Given a branching random walk on R started from the origin, where the tail of the
branching law decays at least exponentially fast and the offspring number is at least one, let Z,(+)
be the counting measure which counts the number of individuals at the n-th generation located

in a given set. Under some mild conditions, it is known [4] that for any interval A C R, Z"Z%gl)

converges a.s. to v(A), where v is the standard Gaussian measure. In this work, we investigate

the convergence rates of
Za(y/0A)
Pl ————=—-v(4A) > A
(Zr —>2),

for A € (0,1 —v(A)). We consider both the Schréder case, where the offspring number could be
one, and the Bottcher case, where the offspring number is at least binary.
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1 Introduction and Main results

1.1 Branching random walk and its empirical distribution

Branching random walk, as an interesting object in probability theory, has been widely considered
and well studied these years. This object is also closely related to many other random models,
for example, random walk in random environment and the discrete Gaussian free field. For recent
developments refer to Shi [I§] and Zeitouni [19].

Generally speaking, in a branching random walk, the point processes independently produced
by the particles, representing the number of children and their displacements, all follow a single
so-called reproduction law. However, in this work, we consider a simpler model by assuming that
the number of children and the motions are independent. Let us construct it in the following way.

We take a Galton-Watson tree 7, rooted at p, with offspring distribution {pg;k > 0}. For any
u,v € T, we write u < v if u is an ancestor of v or u = v. Moreover, to each node v € T \ {p}, we
attach a real-valued random variable X, and define its position by

Sy = Z X..

p=u=v



Let S, := 0 for convenience. Suppose that given the tree 7, {X,;v € T \ {p}} are i.i.d. copies
of some random variable X (which is called the step size). Then, {S,;u € T} is our branching
random walk. For any n € N, we introduce the following counting measure

Zn()i= > Us.ep

|v|=n,veT

where |v| denotes the generation of node v, i.e., the graph distance between v and p. Evidently,
Zo = 50.

In this article, we always suppose that pg = 0, p1 < 1. Note immediately that {Z,(R);n > 0}
is a supercritical Galton-Watson process with mean m := ), kpy > 1. Assume that m < co. It
is well known that the martingale B
Zn(R)

mn

W, =

converges almost surely to some non-degenerate limit W if and only if Y (klogk)pr < oo (see e.g.
[3]). Naturally, a central limit theorem on Z,(-), was conjectured by Harris [12] and was proved
by Asmussen-Kaplan [2], then was extended by Klebaner [14] and Biggins [4]. It says that if the
step size X has zero mean and finite variance o2, for any A € Ay := {(—o0, z];z € R},

lim L@ =v(AW, a.s., (1.1)

n—00 m

Zn ()
Zn(R)

where v is the standard Gaussian measure on R. Let Z,,(-) := be the corresponding empirical

distribution. Then,

lim Z,(Vno?A) =v(A), a.s. (1.2)

n—oo

What interests us is the large deviations for (1.1)) and (1.2)).

In the literature, Asmussen and Kaplan [2] proved that if x,, = (0v/n)z + o(y/n) with z € R,
then
lim E ((m_"Zn((foo,:cn]) - V((—oo,:c])W)2> —0.

n—o0

Recently, Chen [5] and Gao and Liu [I0], under some mild assumptions, proved that for = € R, as
n — 0o,

Zn((—00, Vno? 1 1

(o0 Vinoal) (oo, al)W = €@ + o), as (1.3)
where £(x) is a bounded random variable which may depend on n; see Theorem 2.3 in [10]. One
may refer to [10], [11], [9] and references therein for some recent developments related to (1.3]).

mn

In this paper, we aim at understanding the so-called large deviation behavior complementing
the convergence (|1.2)), by considering the decay rate in n of the following probability

i (Zn(\/nUQA) —u(A) > A) , (1.4)
with A > 0 a small constant. Notice that replacing A by its complementary A€ gives

P (Zn(WA) —v(A) < —A) =P (Zn(\/WAC) — (A% > A) .

In fact, this problem has been investigated by Louidor and Perkins [15] by assuming that py =
p1 = 0 (Bottcher case) and that X is simple random walk’s step. Recently, Louidor and Tsairi [16]
extended this result to the Bottcher case with any reproduction law, allowing dependence between



the motions of children and their numbers but requiring that all displacements are bounded.
However, if X is not bounded, its tail distribution will be involved in the arguments and many
regimes will appear in the asymptotic behaviors of (|1.4)).

In what follows, we will consider ([1.4]) in the Bottcher case by assuming that the step size X
has either Weibull tail distribution (P(X > z) ~ e " as z — 400 with A > 0, a > 0) or Gumbel

tail distribution (P(X > z) ~ e~ as z = +oo with a > 0). Also, we will study this problem in
the Schroder case where p; > 0 = pg.

1.2 Main results

In the following, we always assume that ,

(P71 (R)) Zpke < 00, for some 6 > 0, (1.5)
k>0
and that
X is symmetric, with E[X?] =¢% = 1. (1.6)

Remark 1.1. The assumption 1s crucial to our main results. In particular, Lemma
below, which is needed in the proofs of all theorems, holds if is satisfied (see Lemmas 2.3 and
2.4 in [15]). The assumption of symmetry of X is not essential, but simplifies the proof. In the
Schréder case, as long as A(+), defined in @ below, is finite on an open interval including 0,
our arguments work. In the Bdéttcher case, as long as the left and right tails of X are in one of
the regimes discussed below, our results hold with some slight modifications. The exact value of
E[X?] does not play crucial role in our arguments either. We only need that X satisfies the classic
central limit theorem.

Before stating our main results, we first introduce some notations. Let A be the algebra gen-
erated by {(—oc,z],z € R}. For any A € A\ 0 such that v(A) > 0 and any p € (v(A),1),
define

Ia(p) = inf{|z| : v(A — ) = p}; (1.7)
Ja(p) = inf{y : SEEV((A —z)/\V1-y)=p,yel0, 1]} : (1.8)

We define the so-called logarithmic moment generating function and its inverse: for any ¢t € R and
s e Ry,
A(t) =:log E[e*] €[0,00] and A7l(s):=inf{t > 0: A(t) > s}. (1.9)

We say that X fulfills Cramér’s condition if E[e"X] < oo, for some # > 0. This means that Dy :=
{t: A(t) < oo} contains (—k, k).

Theorem 1.1 (Schroder case). Assume (n) (@ 0=po <p1 <1 and X fulfills Cramér’s
condition. For p € (v(A),1) such that I4(p) < oo and I4(p) is continuous at p, we have

lim —log]P’( n(VnA) >p) =—-A" 1(logi)IA(p).

n—oo pl

Example 1.1. If P(X = —1) =P(X =1) = 1/2, then we have

1
A (log p—l) = log <1 +4/1 —p%) —logp; € (0,00).



Remark 1.2. If we replace Cramér’s condition in Theorem by P(X > 2) = O(1)e ™" as
z — 00 with A > 0 and 0 < o < 1, then using the same idea of proving below, one could
show that

: 1 > N
lim —— log P (Zn(v/nA) > p) = =Ma(p)~.

n—o0o N

Theorem 1.2 (Schréder case). Assume (1.5), (1.6) and 0 =py < p1 < 1. For p € (v(A),1) such
that 14(p) = 0o and Ja(p) is continuous at p, we have

1 -
nl;r{:o glogIP’ (Zn(v/nA) > p) = (logp1)Ja(p).
Remark 1.3. If 0 < po+p1 <1 and ), kpy > 1, then it is well-known that

1>q::IP<lim Zn(R):0>:1—IP(lim Zn(R):oo)ZO.

n—oo n—oo

See [3]. Replacing 0 =po <p1 <1by0<py+pi <1 and)  kp,>1in Theorems and
one may prove that

lim ——log B (Z,(viaA) > p| lim Z,(R) = 00} = ~A~}(~log (a)) L (p).

n—oo /M

and

lim log B (Z,(viiA) > p| lim Z,(R) = o0) = (log ())Ja(p).

n—oo n

respectively, where f(s) = >, s¥pr, 0 < s < 1 is the generating function of Z1(R).

The next theorems concern the Bottcher case where pg = p; = 0. If I4(p+) = I4(p) < oo, the
decay rate of depends on the tail distribution of X, and also on the tree structure. In the
following two theorems, we study two typical tail distributions of step size X: Weibull tail and
Gumbel tail. In addition, we introduce

b:=min{k > 0: pr > 0} and B :=sup{k > 0:p; > 0} € [b, x0].
Notice that B can be infinity under the assumption (|1.5]).

Theorem 1.3 (Bottcher case, Weibull tail). Assume (1.5), (1.6) and b > 2. Suppose P(X > z) =
O(1)e=**" as z — oo for some constant a > 0 and A\ > 0. Take p € (v(A), 1) such that I4(p) < oo
and I4(p) is continuous at p.

1. If« <1 and B > b, then

li —1
n1—>ngo na/2

log P (Zn(v/nA) > p) = =Ml a(p)”. (1.10)

2. If a > 1 and B > b, then

. (logn)®—t _ B 2logblog B \*! N
nhﬁnolo /2 log ¥ (Zn(\/ﬁA) 2 p) T a(log B — logb) Aa(p)® (1.11)
where we make the convention that % =11if B =o00.

3. If B =0b, then there exist two constants Cop A > Capa > 0 depending on o, p, A such that

1 _ 1 _
logP (Zn(vnA) > p) < limsup logP (Zn(vVnA) > p) < —cap,a.
no/2 N0 nao/2 D
(1.12)

—Capa < liminf
” n—00



Remark 1.4. To obtain the exact decay rates, we take advantage of the randomness of the offspring
in the arguments so that the descendants of some individual dominate the population. However, if
we consider a reqular tree (B = b) and motions with Weibull tail, such idea does not work anymore
and the situation becomes more delicate. We believe that in this case, there is a close link between
the decay rate and the rate of the convergence (1.3)).

Theorem 1.4 (Bottcher case, Gumbel tail). Assume (1.6) and b > 2. Suppose P(X > z) =

@(1)e*eza as z — oo for some constant o > 0. For p € (v(A),1) such that I5(p) < oo and I4(p)
s continuous at p, we have

lim 7~ %@+0 log [~ log P (Zu(vnd) > p)] = (yala(p)logh)a+t (1.13)

n—0o0

I+a)log B . .
where Yo, 1= % if B<oo andy, =1 if B = o0.
Remark 1.5. The assumption P(X > z) = O(1)e™**" (or P(X > 2) = @(1)6_ez&) in Theorem
(or Theorem is made for convenience and one can show that the results hold under the
assumption that P(X > z) = e~ Aoz (or P(X > 2) = eelttom ) as z — oco. The proofs
carry through, albeit with some extra epsilons and deltas.

To complete this work, we also state the result when X is bounded, which is obtained by Louidor
and Perkins in [15].

Theorem 1.5 (Béttcher case, Theorem 1.2 of [I5]). Assume (1.5), (1.6) andb > 2. If ess sup X =
L for some 0 < L < oo, then forp € (v(A),1) such that I4(p) < oo and I4(p) is continuous at p,

we have
I4(p)logb

lim 1 log [~ logP (Z,(v/nA) > p)] = T

The following result is universal, regardless of the tail distribution of X, when I4(p) = oo.

Theorem 1.6 (Béttcher case, Theorem 1.2 of [I5]). Assume (1.5), (1.6) and b > 2. For p €
(v(A),1) such that 14(p) = oo and Ja(p) is continuous at p, we have

1 _
lim —log [—logP (Z,(v/nA) > p)| = Ja(p)logb.
n—oo n
Remark 1.6. It is assumed in [15] that P(X = —1) = P(X = 1) = 1/2. We shall show in the
Appendiz C how the arguments in [15] can be extended to our settings in Theorems and .

1.3 Strategy of Proofs

At the end of this section, let us discuss briefly the strategy of proofs, which is partially inspired
by that of Louidor and Perkins [I5]. The lower bound amounts to devising an event (“strategy”)
under which the empirical fraction of particles in y/nA increases from v(A) to p and computing
its probability. More precisely, to have {Z,(y/nA) > p}, we take an intermediate generation t,
and suppose that most individuals at this generation are positioned around x+/n, so that finally
Zn(VnA) = vy, (V(A —2)) = V(52 (A —x)) 2 p. This motivates the definitions of I4(p) and
Ja(p). The proof of the upper bound goes by showing that the above strategy is optimal, that is
that any other strategy would have smaller (or equal) probability.

If To(p) < oo, then an optimal strategy for increasing the empirical fraction of particles in
\/nA is obtained by forcing most contributing particles (i.e., those particles whose descendants
will dominate the population in generation n) to reach height zv/n within ¢, = o(n) generations,



where x is the one realizing the infimum in the definition of I4(p). From the point of view of
these particles the set A has been shifted by x and by the definition of I4(p), this means that
the empirical fraction of their descendants in y/nA would be p as desired. This works as long as
I4(p) < oo (i.e.; it is possible to shift A in order to increase its probability under v to p).

If I4(p) = oo, then instead of shifting the set, the optimal strategy involves dilating it. Explicitly,
in this case, an optimal strategy is obtained if one forces most contributing particles to reach level
x+/n within ¢,, = yn generations, where y = J4(p) and z realizes the supremum in the definition of
Ja(p). In generation t,, from the point of view of all particles, the target set is now (A—z)/y/1 — vy,
and hence again they contribute typically a fraction p of particles to /nA as desired. This works
for any X with finite second moment.

Shifting and/or dilating the target set as seen by most particles is the mechanism used for
realizing the atypical deviation in all cases considered here as well as those considered in other
works on this subject [I5], 16]. What changes from one case to another, is the optimal way for
moving most contributing particles to height 2:v/n within ¢,, generation. This is where the different
assumptions on Z1(R) and X play a role. We shall give more details in the sequel of this work.

The rest of this paper is organised as follows. In Sect. 2, we present some basic facts on random
walks and branching random walks which will be used frequently in our proofs of the main results.
We study the Schroder case in Sect. 3, where Theorems [I.1] and [[.2] are proved. In Sect. 4, the
Bottcher case is treated and Theorems [I.3]and are proved. Let Cq,C5, -+ and ¢y, ¢, - - - denote
positive constants which might change from line to line. As usual, f, = O(gn) or f, = O(1)g,
mean that f, < Cg, for some C > 0 and all n > 1. f, = O(1)g,, means that f,, is bounded both

above and below by a positive and finite constant multiple of g,,. And f,, = o(gn) or f,, = 0n(1)gn

mean that lim, % =0.

2 Preliminary results

In this section, we present some well-known facts and useful lemmas, which will be applied fre-
quently in the next sections. Denote by v, := Px % - - - % Px, the distribution of a X-random walk
[ i

n times
at the n-th step. Recall that v represents the standard normal distribution on the real line. The

following lemma states some basic facts about v and v,.

Lemma 2.1. Let A€ A\ 0 and p € (0,1).

1. The mapping (a,b) — v(aA +b) € C°(R?). Moreover, it is Lipschitz on b and is uniformly
continuous on K X R for any compact set K.

2. If 0 < Ia(p) < oo, then there exists x € R with |x| = I4(p) such that v(A — x) > p.

3.0 < Ja(p) < 1 and there exists © € R and r € (0,1) with r = Ja(p) such that v((A —
x)/V1—r)>p.

4. If p > v(A), then either 0 < Ia(p) < oo or Ia(p) = oo, Ja(p) € (0,1).

5. (i) Let AZ :={x € A: B(x,e) C A} be the e-interior of A, and AT := UyeaB(x,€) be the
e-neighbourhood of A. Then

Aa_ - myE[—a/2,6/2} (A - y) and A \ Ae_ - (aA);_

and
UyE[—a/Q,a/Q] (A - y) - A;r and A;r \A - (814):,

where (DA)7 is the e-neighbourhood of DA and lim. o v((0A)F) = v(0A) = 0.



(ii) Moreover,

sup |v(AZ — o) = V(A= 2)| = sup (A} \ A~ a)| < supv((94 — ).

€
z€eR z€eR

If Leb(-) is the Lebesgue measure on R, we have Leb(0A) = v(0A) =0, and

supv((0A — x)7) < Leb((0A)) — 0, ase | 0.

x
6. Asv(0A) =0, for any |l > 1, we have the following uniform convergence,

lim sup sup|vn(v/n(ad + b)) — v(aA+b)| =0.

00 heli-1,1] beR

In fact, (1)-(4) and (6) can be found in Lemmas 2.1, 2.2 and 2.4 of [15], (5) is a basic property.
So we omit its proof.

Let M be the collection of locally finite counting measures on R. For any finite { € M, we can

write it as
[q

=1

with z; € R and |¢| < oo the total mass. For convenience, we write = € ¢ if ({z} > 1. Let {Z5}
be the branching random walk started from Zg = (. Similarly, let ZCL() be the corresponding
empirical distribution. We have the following lemma, borrowed from [15].

Lemma 2.2. Assume (1.5)). There exists C1,Co > 0 such that for all A > 0 sufficiently small and
n > 1, for any finite ( € M,

1

Pl Z5A) > —
n()>|C|

ST (A1) + A | < Cre @A (2.1)
el

The same holds if >,+A are replaced by <,—A, respectively.

The next two lemmas are slightly stronger versions of ((1.2]).

Lemma 2.3. Let A € A\ (. Let {an, : n > 1} and {b, : n > 1} be two deterministic sequences
such that a, — 1 and b, — 0. Then as n — oo,

Zn(v/nlanA + b)) 55 v(A). (2.2)

We feel free to omit its proof as it is a direct consequence of (|1.2)).

Lemma 2.4. Take the same assumptions as in Lemmal[2.3. Then for any finite { € M, asn — oo,

/T a.s, erg V(A - m)VV&U
2 Wnland o ba)) S5 SRS (2.3)

where \/nC =3 cc 0y m and {W?® 1 x € ¢} are i.i.d. random variables distributed as W.

Proof. For any A € A and z € R, as n — oo,

6zﬁ
M—WV(A—JZ)E)O.

mTL



This convergence, together with the branching property of Galton-Watson process, gives

/N a.s, erg V(A - x)Wx
ZV (JnA) &3 s (2.4)

We thus conclude by Lemma [2.3] U

When 0 = py < p1 < 1, denote by x the so-called Schréder constant with
m~X =p;. (2.5)

We also recall here a result from Lemma 13 in [8]. Note that Z,(R) = |Z,| for the counting
measure Z,.

Lemma 2.5. If 0 = pg < p1 < 1, then there exists a constant Cs > 0 such that

P(|Z,| = k) < C3 (;1 A (kx—lp?)> . Vk,n>1. (2.6)

The next lemma is the well-known Cramér theorem; see Theorem 2.2.3 in [6]. Recall that v, is
the distribution of a X-random walk at n-th step.

Lemma 2.6. If E[e™"X] < co for some k > 0, for any a >0 and € > 0, as n — oo,

lim ! log v ((—(a + €)n, —an]) = —y(a) := —sup{at — A(t)}. (2.7)

n—oo N t>0

For a < 0, we have a similar result with v(a) = y(—a) by symmetry of X. This result follows
immediately from Cramér’s theorem, which says that for any a > 0,

1
Jim = log vy ((—00, —an]) = —(a),
where the rate function +(a) is positive and convex. We also remark here that if a = A'(t) for
some t € DY, then

v(a) = tA'(t) — A(t), (2.8)
where Dp = {t : A(t) < oo} and DY is the interior of Dy; see Lemma 2.2.5 in [6].

3 Schroder case

3.1 Proof of Theorem I4(p) < o0 and 1, is continuous at p

In this section, we are going to prove Theorem Let x be the real number realizing the infimum
in the definition of I4(p). For the lower bound, we move a single particle to height x+/n within
tn, = La(p)y/n/a generations for some a > 0 and keep reproduction capped at 1 (so that this is the
only particle at time ¢,). Optimizing for a yields the optimal strategy. For the upper bound, we
will begin with a rough bound. Then an iteration method will be applied to improve the bound
and to obtain the exact limit.



3.1.1 Lower bound

Recall A(t) = log E[e*X], (1.9) and (2.7). Define

_ log p% +7(a)

A=
By Lemma [AT]
. 1
A(py) = A7t <10g p) € (0, 00). (3.1)
1

Lemma 3.1. (Lower bound) If all assumptions in Theorem[1.1] hold, then

lim inf \}ﬁ log P (Zn(viA) > p) > —Ia(p)A(py). (3.2)

Proof. Since I4(p) is continuous at p, by (2) of Lemma for any sufficiently small € > 0, there
exist £ € R, > 0 such that

v(A—z)>p+0 and |z| <Ia(p)—+e.

We only consider the case where x < 0. The case where x > 0 can be treated similarly. For any
a>0,let Cy:= % and t, := |Cyy/n|. Note that —aC, = x. Observe that for any n > 0,

P(Zn(vVnA) > p) 2 P (Zo(VnA) 2 p, Z1,(R) = Zy, ((—a(l + n)ty, —atn]) = 1),

which by Markov property at time ¢,, implies that,

P(Zn(v/nA) > p)
> P

(e, (R) = Z, ((=a(l + n)tn, —at,]) = 1) inf  P(Z2, (Vnd)=p)
ye(—a(l+n)tn,—atn]
= Py Ve, (= (a(1 + n)ty, —atn]) inf P (Zy—t,(vVnA—y) >p). (3.3)

ye((1+n)zv/n,azv/n]

It remains to treat the probability on the right hand side. Let A(x,7) 1= Ny e((149)2,2)(A — Y0)-
Observe that for any y € ((1 +n)z, z],

Tt WA =0) 2 Zots VA n) = Zocr, (Vi (A ).

On the other hand, by (5) of Lemma for n > 0 small enough,
v(A(z,n) > v(A—x)—06/2>p+4/2.
It follows that

inf P(Zy_t,(VnA—y)>p
ye((Lhm)ay/ma] (Zn-t( v)zp)

>P <Zn_tn < n—ty (\/%A(x,n)» > p>

> P <Zn_tn ( oy (\/%A(x,n)» > v(A(z,n)) — 5/2) ,
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which, as n — oo, converges to 1 in view of Lemma Going back to (3.3), this means that for
n > 0 small enough and n large enough,

P(Za(VAA) > p) > pw, (~a(1 + n)tn, —ata]).

This yields that

liminf — log]P’ ( Zn(v/nA) > p) > C,logpr + lirginf % log vy, ((—a(l +n)tn, —atn]>,

n—oo n

which, by (2.7), implies
1
lim inf log P nA) >p) > —-C, (log— + a).
n%ofg((f)p) <gp1 7(a)

As the limit on the left hand side does not depend on a, we obtain that

lim inf = log P (Zu(v7iA) > p) > —(La(p) +¢) o8 (@) _ (La(p) + )A(py),
il 77108 P (Zu(v/d) 2 ) 2 ~(Ta(p) + ) of — 2 = ~(Ta(p) +
which implies the lower bound by letting ¢ | 0. ]
3.1.2 Upper bound
In this subsection, we are going to show that
lim supflogﬂ” (Zn(vnA) > p) < —ILa(p)A(p1). (3.4)

n—o0

For the upper bound, we consider also some intermediate generation of order O(y/n), where, to get
{Z,(/nA) > p}, the population size should be atypically small and the extreme positions should
be close to +14(p)y/n. For € € (0,1/2) small, a € R, define

N(a) = [a(l1 —€)v/n] and By :=[-Ia(p)(1 - &)vn,1a(p)(1 - )v/n].
By definition of 14(p), there exists § € (0,p — v(A)) small enough such that

sup v(A—z)<p—4d. (3.5)
zEBp/\/n

The following lemma states the idea presented at the beginning of this section. It gives also a
rough upper bound. Let Mp be the collection of all locally finite counting measures on R which
vanish outside B; i.e., Mp = {( € M : ((B¢) = 0}. Recall that || is the total mass of ( € M.

Lemma 3.2. Suppose that all assumptions in Theorem [1.1] hold. Then there exists 0 < a <
(A (A(p )))_ , such that for a = Io(p)a and n large enough,

IP)(ZN(a)(sz) > 1) = On(l)P(Zn(\/ﬁA) > p) (3'6)

Moreover, we have

P(Zn(VnA) 2 p) = (1 + 0n())P(Zn(a) € MB,, |Zn()| < 1, Zn(VnA) > p). (3.7)

Consequently, there exists some constant Cy > 0 such that for alln > 1,

P(Zn(v/nA) > p) < Cypa W=V (3.8)
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Remark 3.1. We need a < (A’(/f\(pl)))f1 for our iteration arguments; see Lemma .

Proof. The proof will be divided into two subparts.
Subpart 1: We shall prove (3.6). Observe that by symmetry of vy and Markov inequality,

P(Zy)(B3) 2 1) < 2P (Zuw (La(p) (1 — ), +00)) 2 1)
< 2E | Zy(a ([La(p)(1 = £)v/n, +00)) |
=2m™ Dy, ([IA(P)(l —e)vn, +OO))-

By Chernoff bound of Cramér’s theorem, one sees that

vt (a1 = W +00)) < i (| A2 @), 400 ) ) < xp -y (A2 )

a

which implies that

IED(ZN(a)(Bﬁ) >1) SQe_N(a)(’Y(IAT(m)—IOgm)

—9e—va(1—e)(ay(*A2) —alogm) (3.9)
Meanwhile,

lima(y(la(p)/a) —logm) = I4(p) lim M

al0 a—+o0 a

a) + log -
= I4(p) lim 77() ® b

a—-+o0 a

> TLa(p)A(pr),

where the inequality follows from the definition of A(p;). Therefore, for any « € (0, 1) small enough
and any € > 0 small enough, with a = I4(p)a, we have

. 1 . ,
lim sup NG log P(Zn(a)(By) 2 1) < =(1 4+ €)La(p)A(p1).

Then, in view of the lower bounded obtained in Lemma one could choose 0 < o < (A'(A(p1)))
and g > 0 sufficiently small such that for € € (0, g¢),

IPJ(ZN((1)<B7CL) > 1) = On(l)P(Zn(\/ﬁA) > p),

-1

which is just (3.6]).

Subpart 2: We turn to prove (3.7) and . According to (3.6)), to bound P(Z,(v/nA) > p),
we only need to consider P(Zy(,) € Mp,, Zn(v/nA) > p). Note that by Markov property at time

N(a),

P(Zn(a) € MB,, Zn(VNA) 2 p) = Y P(Zn() = ¢, Zn(vnA) > p)

(eMp,,
= > Pt = OP (250 (VRA) 2 p). (3.10)
(eEMp,
By (1) and (6) of Lemma [2.1, we have
z
sup |Vp—nia) (VA — 2) —v(A — —)| = o,(1).
zeEl;\ N (VA = z) = v )= onll)
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So, by (3.5)), for n large enough and any ( € Mp,, one has

z
p > supu(A—— g Up—nN(@a(VnA —2) + /2.

Therefore, (3.10) becomes
P(ZN(a) e Mp,, Zn(\/ﬁA) >p)

< D PZyw=QP|Z_y (@ (VnA) > |C|Zun Ny (VRA—2)+5/2 ],

(eEMp, 2€¢

which, by Lemma is bounded by C1 > ey, P(Zn() = ()e_CQ|<|‘52/4. This gives that

P(Zy(a) € Mp,, Zn(vRA) 2 p) < C1 Y P(|Zy(q)| = k)e " (3.11)
k=1

As a consequence of (2.6]),

P(Zn(a) € My, Zu(\/nA) > p) < cap) . (3.12)

Furthermore, following the same arguments to get (3.11]), we have

P(Zx(a) € MBo: | Zn(a)| = 1, Zu(VRA) > p) < C1 Y P(|Zy()] = k)e
k=n
< Cle—cln

- on<1>P<Zn<ﬁA> > p), (3.13)
where the last equality follows from Lemma Then and - 3.13)) yield that
P(Zn(v/nA) > p) )
<P (Zn@) ¢ MB,) +P(Zn(@) € MB,, Zn(v/nA) > p)
= on(1)P ( n(VnA) > p) + P(Zy@) € MB,:|Zn@)| <1, Zo(vnA) 2 p),  (3.14)

which, together with (3.12)), gives (3.7)) and (3.8). O

More generally, for p, = 1+ 0,(1), we also have

_ o )
B(Za(v/(pnA)) = p) < Cye™ (0B 7) AP0V
The arguments above still work in light of remark (1) of Lemma which says that

sup [v(pnA) — v(A)] = O(|pn —1|) = on(1)
AcA

and that
sup V(A = z) —v(A—y)| = O(ly — z|).
AcA
From (3.7), one sees that we keep at most n particles within N(a) = ©(,/n) generations. Next,
we compare the effort made by the descendants of each kept particle for making the empirical
distribution on A larger than p. The positions of these kept particles are involved in this comparison
and an optimal choice makes a better upper bound for P(Z,(\/np,A) > p).

In what follows, we fix o > 0, the real number taken in the previous lemma and take ¢ € (0, ¢g).
Here is the key lemma for the iteration of the upper bound.
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Lemma 3.3. Suppose that all assumptions in Theorem [I.1] hold. If we have some L > 0 such that
for any pn =1+ 0a(1),

P(Zn(\/ﬁpnA) >p)

lim sup NG < —LIa(p), (3.15)
then log P(Z A
>
lim sup 282 ”(\/\ﬁ”" V2P _pynap), (3.16)
n n
where

1
F(L):= « inf <log — +y(u) — uL> +L
b1

u€eR

with o > 0 chosen in Lemma[3.2.

Remark 3.2. By Lemma we could take L = alog p% < A(p1). One can see that F(L) < A(p1)
for L < A(p1) from the proof of Lemma .

Proof. Recall that a = al4(p) is fixed here. By (3.7), it suffices to consider P(Zy(q) € M, |Zn()| <
n, Zn(v/npnA) > p) with N(a) = |a(1 — €)y/n]. In the rest of this proof, we erte N and B for

N(a) and By, respectively. Let pl, := py, vV YWe observe that given {Zn = (},

vVn—N"
Zn(VnpnA) = Z,_n(VnpnA) < mgg(Z = n(Vn = N(p,A)), (3.17)
where the last inequality follows from the elementary inequality
. koo .
min & < # < maxﬁ, Ya; >0, b; > 0. (3.18)
i<k b; Sy b i<k b;

Then (3.17) gives
P(Zy € Mp,|Zn| <n, Zn(vnppA) > p)
<P (ZN € Mg, |Zn| <n, max ZSZ_N(\/n — N(p,,A)) > p) . (3.19)
2€2N

For any integer M > 0, let us consider a partition on B:
(1 —e)vnug < (1 —e)vnup < --- < (1 —¢e)v/nupy,

where u; 11 —u; = 1 := QIAT(M with ug = —I4(p) and up; = I4(p). Then the R.H.S. of 1) is
less than

M-1
P ( U {ZN € Mp,|Zn| <mn, L Jpax Z : v(Vn— N(p),A)) 2p}> ,

=0 ~NNJ;
where Jy = [(1 — &)v/nug, (1 —€)y/nui] and

Ji=(1—e)vnui, (1 —e)vnuiy1], 1<i<M-—1
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It follows from Markov property that

IP>(ZN S M37 |ZN‘ <n, Zn(\/ﬁpnA) > p)

M-—1
< S P(N=QP ( max 2% (Vi N(yd)) > p)

. ze¢NJ;
i=0 ceMpic|<n ¢

M-—1
< > P@n=0 Y P(Zen(Vn-N(p,4)-2) =)
i=0 CeMp,|C|<n zeCNJ;
M-1
< > P = Q) | P(Zon (Vi— No (A5, — (1= 2)u)) = p) . (320)

=0 | (eMp,|¢|<n

The last inequality holds for n > 0 and n large enough, because that for n sufficiently large, for

any z € J;, we have
V= N(pA) - = C V= N (45, - (1 - &)y,
where A;rn = UzeaB(x,2n) is the 2n-neighbourhood of A. Observe that for any 0 <i < M — 1,

Y. P@v=0¢W) < nP(Zx|<n Zn() 2 1)

CEMBJC'STL
< nE[|Zn|;1ZN] < n]un (i) (3.21)
Again, by (Z.6),
E[|Zn|; | Zn] < n) < nP(|Zx| < n) < esnX Tl (3.22)
On the other hand, by (2.7) and Chernoff bound,
vy (J;) < e N ususu (/o). (3.23)

With (3.20) in hand, plugging (3.22)) and (3.23) into (3.21]) yields that

P(Zn € M, |Zn| < n, Zn(v/npnA) > p)

M-1
< C3nx+2p{\/ Z e~ NVinfu;<u<u; y 7(u/a)p (Zn—N ( /r — Np;z(Aérn —(1— 5)u2)> > p) . (3.24)
=0

It remains to bound P <Zn,N(\/n - Np;l(A;n —(1—-9)u,)) > p). Here we are going to use the as-

sumption (3.15)). We first consider A;n —(1—¢)u; and the corresponding [ Af —(1—c)us (p). According
n 4

to (5) of Lemma we have for any = € R,

A((@A);n) +v(A—z) > V(Ag_n —x) > v(A—x).

We take 1 > 0 sufficiently small (i.e., M large enough) so that A\((9A)%") < §/2, which ensures
that for any v € R,

Ta—u(p—10/2) < IA;n_u(p) < Ta—u(p). (3.25)

Moreover, by (3.5)), sup,, <y<u,, V(A;_n — (1 —¢e)u) <p-—49/2. So, we can apply (3.15)) and obtain
that

. 1 _ .
limn sup NG log P (Zn—zv(vn — Np,(Az, — (1= €)uy)) = p) S = Llyy o, (P)

<= LIy (-eyu(p—9/2).
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Let us now introduce z4(p) := inf{z > 0: v(A—z) > p} and z_(p) :=inf{z > 0: v(A+x) > p}.
Clearly I4(p) = z4+(p) A x—(p). For u € (uo, unr),
Ta—u(p) = (24(p) — u) A (z—(p) + u).

By (1) of Lemma we can choose ¢ > 0 sufficiently small such that z4(p —6/2) € [z1(p)(1 —
g),x+(p)). This brings that

Ta—(-eyu,(p = 0/2) = (1 = &) ((z4(p) — wi) A (- (p) + ).
It implies that

lim sup Ln log P (Zn_N(\/n — Np;(Ag'n —u;)) > p) <—L(1—¢e)((xx(p) —ui) A (z—(p) + w;)).

n—oo

As a result, (3.24) entails that

1 _
limsup —=log P(Zn € Mp,|Zn| < n, Zn(v/npnA) > p)

n—00 n

< (-o) iy {alor - va i 90/ L) - 1) A o)+ u) |

<—(1-¢) inf {alogpll + avy(u/a) + L((z4(p) —u) A (z—(p) + u))} +nL, (3.26)

up<uLupns

as u;+1 — u; = 1. Observe that for any ug < u < uyy,

aog -+ ar(u/a) + Lies ()~ 0) > inf {alog -+ ar(u/a) + L)~ ) |

and
g -+ a(u/a) + Lo () +0) 2 it {alog T+ ar(ufa) + Lie-() +1)].

Recall that a = al4(p) and that the symmetry of the distribution of step size implies that v(u) =
v(—u). Therefore,

it falog 4 an(u/a) + LG ) = 0) A o)+ 0)

up<u<ups
1 1
> inf {alog — +ay(u/a) + L(xzy(p) — u)} A inf {alog — +avy(u/a) + L(x_(p) + u)}
ucR P1 ucR P1
1
= inf {alog — +ay(u/a) + Lu} + L(xz4(p) Nx_(p))
u€R P1
which, together with (3.7)and (3.26]), implies (3.16|), by letting n | 0 and € | 0 in (3.26). We
complete the proof. O

Now we are prepared to prove (3.4)).

Proof of (3.4). We begin with the rough bound in (3.8)). Let Ly = —«alog p; and
Lk = F(kal), Vk Z 1.
In view of Lemma (3.3)), by iteration, we get that for any k& > 0,

1 _
lim sup = log P (Zn(\/ﬁA) > p) < —I(p)Ly.

n—o0

By Lemma limg_y00 Lx = A(p1). We thus conclude ([3.4)).
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3.2 Proof of Theorem I4(p) =0

The idea of the proof is mainly borrowed from Louidor and Perkins [I5, Section 2.3.2]. Recall
that Ja(p) = inf {y : sup,cg ¥((A — 2)/v/T—y) > p, y € [0,1]}. The strategy for lower bound i,
roughly, again to force single births up to time ¢, ~ J4(p)n and to move the single particle to
x+/n, where x realizes the supremum in the definition of J4(p). For the upper bound, we examine
the population size in generation (J4(p) — €)n. The fraction of children at the target set born
from each particle in this generation is still typically smaller than p and thus the Chernoff type
bound (Lemma shows that the probability in question is exponentially small in the size of the
population at this time. Then using a large deviation estimate for the population size (Lemma
, one could prove the upper bound.

Lemma 3.4. Suppose that all assumptions in Theorem[1.4 hold. Then

hmlnfflogP( w(VnA) > p) > Ja(p) logp. (3.27)
Proof. Since J4(p) is continuous at p, then by (3) in Lemma for any € > 0 small enough, we
may find r» € (0,1), x € R and 6 > 0, n > 0, such that

Ja(p) —e <r < Ja(p)+e and v(Nycp—naztn(A—y)/V1—1)>p+0.

Set

tn=|rn]; m=n—t,; B,:=[(x—n)Vn,(x+n)vn|
Observe that

P(Zn(VnA) > p) > P(Zn(VnA) > p, Zt, € Mp,,|Z,| =1).

Applying Markov property at time ¢, implies that
P(Zn(vnA) > p) >P(Zy, € Mp,,|Zt,| =1) uf P(Z,,,(VnA) > p)

t .
=p\"u, (B, inf Zm(VnA—y)>p
Vi )yGKw—n)V%(r+n%ﬁﬂ B(Zm( v)2p)
(A—y)

>P1th( )( (\ﬁmyeﬂv (I

)219)-

By Lemma [2.7]

(A-y) )
Vm (\/ﬁ Oyelz—n,z+n] vi-r) "’ Nyela—n.atn) Vier

So for n large enough,

Vi <\/ﬁ QI (\1/4—y)> (ﬁye[x—n,x+n] (:/41%1’2) —0/2>p+4/2.

This, together with Lemma [2.1] entails that
P(Zn(vnA) > p)

>piruy, (By)P <Zm <\/ﬁ Nyelo—natr] (Al\/%yD > U (\/ﬁ Nyelr—n,a-+n) (Al\/%y:) - 5/2>

>p1" v, (Vnle =, +0]) (1 + 0a(1)).
Note that vy, (v/nlx —n, 2 + n]) = ©(1) by classical central limit theorem. As a consequence,

=

= o)

1
liminf — log P (Z,(v/nA) > p) > rlogp: > (Ja(p) +€) log pr.

n—oo n,

We obtain (3.27) by letting € | 0. O



Lemma 3.5. Suppose that all assumptions in Theorem[1.4 hold. Then

hmsupﬁlogP( n(vVnA) > p) < Ja(p)logp:.

n—o0

Proof. For € € (0, Ja(p)) small enough, set t, = [(Ja(p) — €)n]. Then

P(Zu(vnd) 2 p) = Y P(Z;_,, (VnA) = p)B(Z;, = ().
CEM
By the definition of J4(p), there exists ¢ > 0 such that for &’ € [e, 2¢],
A

sup v Y <p-09.

yEeR 1-— JA(p) +¢€
(1) and (5) of Lemma [2.1| show that for n large enough,

vn y
Vn—t, (VA —y) +68/2<p—06/2.
R = ¢ Z =t ) s

yeq

This implies that

P(Zi_, (Vnd) = p) <P | Z5_, (ViA) mzun (VA —y)+6/2]

yeC
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(3.28)

(3.29)

(3.30)

which by Lemma is less than Cje~C29°I¢/4. Going back to (3.29) and using ({2.6)), we have

P(Zn(VnA) > p) < Y Cre=@P1KAP(Z, =)

CeM
[ee]
=" OiP(|Z,| = k)e ek
k=1
o0
<cs Y _prkX ek < egplr.
k=1

This yields (3.28]) immediately.

Theorem [I.2] follows directly from the lemmas [3.4) and

4 Bottcher case

(3.31)

In this section, we suppose that pg = p1 = 0. As we claimed in the introduction, different tail
distributions of step size bring out different regimes. To obtain Theorems [I.3] and we need to

treat the sub-exponential and the super-exponential tails differently.
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4.1 Proof of Theorem step size has Weibull tail distribution

4.1.1 Proof when step size has (sub)-exponential decay

In this section, we assume that 2 < b < B < oo, P(X > 2) = O(1)e ™" as 2z — oo with o € (0, 1],
A > 0 and also that I4(p) < oo and I4(-) is continuous at p = v(A4) + A. We are going to prove
lim - log P(Za(v/iA) — n(A) > A) = —ALa(p)°. (4.1)
n—oco N /2
Let x be the number realizing the infimum in the definition of I4(p). The optimal strategy for
the lower bound is to have one particle reach x+/n in the first generation and then to make sure
that its descendants will dominate the population at time n. For the upper bound, one considers
the population at time ¢, = (a/(2logb) + C)logn. In this generation, either none of the particles
has reached z+/n, in which case by the Chernoff bound (Lemma , the probability in
is exponentially small. Alternatively, at least one particle reached z/n within O(logn) time.
Choosing C' large enough and using the union bound for the latter yields the right exponential
decay.

Lower bound of (4.1): Suppose that at the first generation, the root gives birth to exactly b
children, denoted by p1,- -, pp. Moreover, suppose that their positions are S,, € [(x —n)v/n, (z +
nvnl, Sy, € [=M, M] for 2 < i < b. Here we take M > 0 such that

P(|X| < M) > 1/2.

As I4(+) is continuous and finite at p, for any € > 0 small enough, there exist x € Randn > 0,6 > 0
such that

inf  v(A—y)>p+6, x| < Ialp) +e.
y€[z—n,z4+n]

By Lemma " given E := {|Zl| =, Spl € [(SU - n)\/ﬁv (.’L’ + n)\/M7Spi € [7Ma M],VZ =2, ab}v
(p+ 6)Wi + 3, v( AW,
Z?:l Wi
where W;, 1 =1,2,--- ,b are i.i.d. copies of W. This, combined with Fatou’s Lemma, shows that

liminf P(Z,(v/nA) > p|E) >IP’<hm1an (fA)>p+5/2‘E)

SP ((P + )WL+ S0, v(A)W;

lilginf Zn(v/nA) >

9

>p+0/2
Z?:l Wi / )

::CA7p757b'

Since B > b, W has a continuous positive density on (0,00); see Athreya and Ney [3, Chapter II,
Lemma 2]. So Cy4 sy is a positive real number. Consequently, for large enough n,

B(Zu(v/nA) - v(A) > A) 2P (Z,(VnA) > p|E) B(E)

1 b—1
S epye el <2> |

Taking limits yields that

hnmlnf / log P(Z,(v/nA) —v(A) > A) > —X(Ia(p) + ¢ —n)°.

Letting € | 0 and n | 0 gives that

hnmlnf / logP(Z,(v/nA) —v(A) > A) > -\ 4(p)~.
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Upper bound of (4.1): Take an intermediate generation t, = |tlogn| with some ¢ > 0. Let
B, =[(—Ia(p)+¢)vn, (La(p) —€)y/n] with € > 0 small enough. Note that there exists § > 0 such
that
sup v(A—z) <p-—0. (4.2)
z€[—1a(p)+e,la(p)—e]

Observe that
P (Zn(\/ﬁA) > p)
<P(Z;,(BS) > 1)+ P(Z;, € Mp,, Zo(v/nA) > p)
< 2P(Z, ((Talp) — )V, 00) > 1)+ Y P(Z, = OP(Z5_,, (VnA) > p). (4.3)

(eMp,

On the one hand, by Markov inequality,

P(Zt,((1a(p) = €)v/n, 00) > 1) < E[Zy, ((Ta(p) — €)v/n,00)] = m" v, ((Ta(p) — €)v/n, 0).  (4.4)
It is known (see [17], p. 764) that

e~ Ma(p)=e)*n/ 2 fo(n/2) a<l;
Vi ((La(p) =€)V, 20) 3 0oy (tatm-e) e r-0)X o, (45)

a=1,

where for o = 1, we use Markov inequality again by noting that E[fe~(*~9)X] < oo for € € (0, \).
On the other hand, for any ( € Mp, , because of (4.2)), one has

1 T
— v(A——)<p-4.
2 A

Again by (6) of Lemma for n large enough,

|ZVn o (VnA—z)<p—105/2.

e

[§

This, combined with Lemma implies that

P(Z, ., (Vnd) > p) <P | Z_, (VnA) K,Zun 0 (VA = 2) +6/2

zel
<Cpe Mo/, (4.6)
In view of (4.4)), (4.5) and (4.6)), (4.3) becomes
P (Zn(\/ﬁA) Z p)
< 2mine= A=) Ta(p)=e)™n® 2o(n/%) 4 o Z P(Zy,, = ()e I/
(eMp,,

< thn6—()\—a)(IA(p)—a)o‘n"‘/2+o(n"‘/2) + Cle_Cthn62/4,
as |Z;,| > bi». We take t > Tlogp SO that b'» > n®/? and hence
P(Z5_,, (ViA) > p) < e~ A-ITal)=e)n®Po(n/2)

We thus obtain that

lim sup logP( _, (VnA) > p) < —(A—e)(Ta(p) — )7,

n—oo N% /2

which, together with the lower bound above, concludes (4.1)).
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4.1.2 Proof when step size has super-exponential decay

In this section, we assume that the tail distribution of step size is P(X > x) = O(1)e™**" with
a > 1. The embedding tree is assumed to be random with 2 < b < B < +00. We are going to
prove the following convergence: for p € (v¥(A), 1) such that I4(p) is continuous and finite, we have

. (logn)*—! . 2logblog B \**
lim 28" oo P (Z,(vnA) > p) = — ALa(p)®, 4.
nboe  pofz 08 (Zn(vnd) 2 p) a(log B —logb) Ap) (4.7)
with the convention that % =1if B = o0.

We still use the shifting strategy with x realizing the infimum in the definition of 74(p). Observe
that at least a positive fraction of particles in some generation t,, = o(n) move to zy/n as long as
the final empirical fraction of particles in the set \/nA is larger than p. In the Bottcher case, this
means that we need to study the probability that exponentially many correlated random walks all
end at x+/n, which is not handy. Notice that for unbounded step size, we could choose t,, = o(y/n).
Moreover, because of the tree structure, if all these controlled particles are closely related and their
most common ancestor can be found back in the shortest time, then we only need to control one
random walk to end around x+/n. This will turn out to be the most effortless way, and the right
decay rate comes from the probability that one random walk end at O(y/n) within ¢, = ©(logn).

More precisely, shift is obtained by running the process first for time t%l) 2 %

during which reproduction is kept at rate b and with one particle forced to reach zy/n. Then,

logn,

the process is running for an additional tg) S ts,,l)(log b/(log B — logb)) time, during which the
above particle and its descendants reproduce at rate B and make O(1) steps, while all the other
particles reproduce at rate b. The second step ensures that the descendants of the controlled
particle dominate the population at time m,,, while their typical height remains around x+/n. The
proof for the upper bound is much more involved. The idea is again to consider the population
at time ¢, = (a/(2logb))logn and to require, via Lemma that at least a d-fraction of the
population has made to xy/n. Then, via an inductive tree-transformation procedure, we shall
show that the probability of this event is maximized when the underlying genealogy tree has a
particular structure (reminiscent of that in the lower bound). Once the genealogy is fixed, it
remains to optimize the steps taken by the particles, obtaining in this way the upper bound.

Lower bound of (4.7): According to the definition of I4(p), for any € > 0 and n > 0 small
enough, there exist g € R and § > 0, such that

Ia(p) < |xo| < 1a(p) + ¢, inf v(A—y)>p+0.
yElzo—n,z0+n]
Take an integer d > b such that pg > 0. (If B < oo, then we choose d = B. If B = oo, we will let

d — oo later.) Let t,, = |a1logn — azloglogn| with some aj,as > 0. Then for sufficiently large n,
let

. - {loglognqttnlong " 2logblogd

logd - a(logd —logb)’

Let us construct a tree t° of height ¢, in the following way. First, t _, :={v € t": |v| <t,—s,}
is a b-regular tree. Let u* be one arbitrary leaf of t) _, . Next, t°(u*) is a d-regular tree and
{t%(u) : u # u*, |u| = t, —s,} are all b-regular trees, where for any u € t°, tO(u) := {v € t" : u < v}
is the subtree of t° rooted at u. Recall from the very beginning of this paper that 7 is the embedded

Galton-Watson tree. Let 7;, = {u € T : |u|] < t,}. Define the following event

Eyvd = {Ti, =t°,8, € [(wo — n)V/n, (o +n)v/n], for all |u| = t, s.t. u € t(u*)}, (4.8)



21

which means that all the descendants of u* at the ¢,,-th generation are positioned in the interval
[(zo —n)v/n, (o + n)y/n]. It follows immediately that

( (\FA) > p) > P( (\fA) > P‘gtmb d) ]P)(gtn,b,d) (4.9)
and that
P(Er, pa) = P52 p Y PY (S, € [(wo — m) v/, (20 + 1)/, Yu € t2(u*), [u] = t,), (4.10)

where P* = P(:|T;, = t). To bound the probability on the R. H. S. of (4.10), let us take the
following step sizes:

\/ﬁ

t _ bl

Vp=<v=u¥

and
X, € [-M,M], Yvetd(u*)and |v| <t,,

where M is a fixed real number such that P(X € [-M,M]) > 1/2. Observe that for n large
enough, for any u € t°(u*) s.t. |u| = t,,

Su € [(@0 — DV = M, (w0 + DV + Msa| (w0 — )V, (w0 + m)v/7-
As a consequence,
P (S, € (z0 — )V, (w0 + n)v/n), Vu € t(u”), [u] = t,)
>P <X € [(xo ~ v (2o + 1) Vi Dtnn < [I Pxel[-mmp®

27t — Sp, 27ty — Sp L <h<s
1 24 N
> <2) kP exp {—)\(tn — st <\:U0| - g) na/Q} .
Here we take a1 = 210gb and a9 = logb so that
na/2 na/2
— =1 1))ret > dr > bin
(st~ O )

Therefore, by (4.10)),

a_ no/2 no/2
P, b.4) Zexp{—)\ (lwol = 5)" 7 "o T o) [ (4.11)

It remains to bound P (Z,(v/nA) > p|&;, .4). Define

Mo ={¢e M:[¢] = d* + b — b, (([(x0 — M)V, (o + n)v/l) > d*"}

For any ¢ € My, by considering only the particles in [(xg — n)v/n, (2o + 1)v/n],

dsn

A— _— inf A—

|C| zze( v "= T d 4 bt — b yelzo—n,wotn] /( 2
logn

_— 1)
“logn + 1(p+ ),
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which, combining with (5) of Lemma implies that for n large enough,
1
] Z Un—t,(V/nA —x) > p+§/2.
TEC

This means that for any ( € My,

{ i, (VnA) = |ZVn tn fA$)5/2}C{ 1, (Vnd) > p},
as p = v(A) + A. Note that Z;, € Mg given &, 4. Then by Lemma we have
P(Zn(vnA) > pl&s, p,a)

>P |25, (vVnA)> ‘Z”n i (VA —x)—6/2

IS

ze( C:Ztn eEMpy
> 1 — CpeC2d0/4 > 1
- 27
for all n large enough. This implies that
- 1
P(Za(v/74) 2 p) = SP(E,pa),
which, together with (4.11)), gives
1 a—1 _ «
lim inf %8 1o p(Z, (Vi A) > p) > - (|:c0| - 9) o1, (4.12)
n—00 ne/2 2

Then we get the lower bound by letting € | 0, ] 0 and d 1 B.

Upper bound of : Again, by the definition of I4(p), for any n > 0 small enough, there
exists § > 0 such that
sup v(A—y)<p-24.
[y|<Ia(p)—n

Let By := [(—1a(p) + n)v/n, (Ia(p) — m/nl, tn = | 37555 logn]. Observe that for any ¢ € M,

1 x . 1 x 1 x
mxzeg”("“W:m > - X )

z€CNBy, reCNBE
¢(By)
<l

which is less than p — §/2 as soon as C(fﬁ) < §/2. Further, by (5) of Lemma for all n large
enough,

p—0+

z€e(C

Mlzz{CeM “f)<5/2}c{<eM o v (VA — ) < p - 6/4} (4.13)

By conditioning on {Z; = (} for any ( € M;, we observe that
P(Zn(VnA) = p) <P(Zy,(By) > 6/2) + P(Zn(vnA) = p, Z;,(By) < 6/2)
=P(Z:,(B) > 8/2)+ Y P(Zi, = OP (Z5_,, (V) = p),

(eMy
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which, by (4.13), is bounded by
P(Zi,(B7) > 8/2) + 3 B(Zi, = P | Ziy, (VRA) = 7 =S v (Vi - 2) + 64
CeM: xe(
Note that |Z;,| > bi». In view of Lemma
Z P(Zi, = QP | Z;_ 1, (VnA) > ZVn b (VRA = 2) +0/4 | < Cremero?™,
CeEM;y |<| z€eC
Since P(Z;, (BS) > 6/2) < P(Z, (BS) > 5btn /2), then
P(Zn(vnA) > p) < P(Z,(BE) > 6b'" /2) + Cre= 0" (4.14)
It remains to bound P(Z;, (BS) > db'n/2), which will be investigated separately in two cases:
B =00 and B < o0.
First case: B = co. Note that by Markov inequality and symmetry of X,
P(Z4,(By) > 60 /2) <P(Z,,(By) > 1)
<mtru, (B5) < 2m'w, ([(La(p) = v/, o) ).

Then (1) of Lemma [B.1] implies that

, logn)®~! 2log b\ !
fmsp “;} log P23, (55) 2 61/2) < -3 (2E0) T (1a(p) - .
As btr > n”‘/2 > 0 = 1, in view of (4.14)), we get
. logn o—1 - 2logh ol o
11T€r;solép(TL)2 log P(Z,(v/nA) > p) < =) < 5 ) (La(p) —m)*%,

which, with the help of (4.12)), proves (4.7) in the case of B = oo by letting 1 | 0.

Second case: b < B < co. The proof will be divided into three subparts.
Subpart 1: Recall that t, = LQlogb log nJ Let s, = V" logbl_ozgaBloglog”J. For n large enough, we
have dbi» /4 > B*~. Observe that

P(Zy, (By,) > b /2) < 2P (Zy,((1a(p) — n)v/n, 00) > B*").

Recall that up to the t,-th generation, the genealogical tree T;, is Galton-Watson. Set I(n) =

(La(p) — n)v/n. Then

P(Z, ((Ia(p) — n)v/n,00) > B*) ZP h =t > Ysusimy = B

|u|=tn,uct

Observe that

> Nsusimy = B ) = U ({Su>I(n)} ¢, (4.15)

|u|=tn,uct JCtiy,, | T|=Bsn ued
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where t;, = {u € t: |u| =t,}. This yields that

P(Z, (Ia(p) — n)v/n,00) = B™) < Y P(T =t) > pt ( () {Su > I(n)}) (4.16)
t

jcttnv ‘J‘:Bs’ﬂ ueJ

We claim that for any t and J C t;, with |J| = B*",

~ A((alp) —m)vn —t.)"

1 a—1
(tn — Sp + Bl/(a—l),l)
(4.17)

Pt < m {Su > I(n)}) < ClltnBsnei)‘na 4 (Cun)tnBsn exp
ueJ

(4.17) will be proved in Subpart 2. Notice that
s |tt | Bt
= n = n <
#{thtnv|j| B } <Bsn — \Bsn )’
which, together with (4.17) and (4.16), gives
_ A(Za(p) = m)v/m — tn)”

Bin o o
P (55) > 00 /2) < () [ entaBPne ™ fern) 2 exp
(tn — Sp + Bl/i(al_l)71>

Sn na/Q
Note that B < (Togn)%& and
B\ (Bt»)! - BinB™ < gtnB"
Bsn ) (Bsn){(Btn — Bsn)! = (Bsn)l — '
Then
na/2 na/2
tn, B 1 =0(1 ,
ogn ( )(logn)za_Q < (logn)o—1
((IA(p) — 77)\/5 — tn)a na/Z a— o
a—1 :(logn)afl (T 1([,4(])) - 77) + On(l)) s
(tn —Sn T m>
where Y = —2logblos B _ g,

a(log B—logb) * ’

An®/2

P(Zt,(By) > 6™ /2) < exp {—(h)gn)al (

T (Lalp) — ) + On(l))} :
In view of , we conclude that
1 a—1 _
timsup P8 10g P(Z,(yiA) = p) < XY (La(p) )"
n—00 ne

which, by letting n — 0, gives what we need.

Subpart 2: This subpart is devoted to demonstrating (4.17). For any 7, define t7 = {v € t :
p<v=uu€ J}. One sees that

LHS. of @IT) <P* | > |Xy|>1I(n),VueJ

p=<v=u

<pt <sup 1 X,| > n> +P [ sup [Xo| <m; Y [Xo| = I(n),VueJ |. (4.18)
'Uth

vety p<v=u
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It follows from the tail distribution of X that there exists ¢j2 > 1 such that
P(|X|>z) < clge_Axa,Vx > 0.

As a consequence, we have

Pt (sup | Xp| > n) < [t7P(|X]| > n) < cat, BSme . (4.19)

vety
Meanwhile,

Pt | sup | X,| < n; Z | Xy| > I(n),YueJ

vet s p<v=u

IN

2, ENN[O,n),vEL 7 vEt s wET plv<u

> PEL () {1Xo] € [wo, 2o +1]} | 1
{min > (J:U—l—l)ZI(n)}

(4.20)
z,€NN[0,n),veEt 7

sn —A\ &
= > cratn B e et ;
{min > xvzll(n)}

ued p=<v=u

where I1(n) = I(n) — t,. We need to bound R.H.S. of (4.20). To end this, we CLAIM that
from {z,,v € tz}, one can construct a rooted deterministic tree t¥; with labels r, = 0 and
{zy,v et \ {p}} C {xy,v € t7} such that

> g = > (@), min Y > min > @ > i(n), (4.21)

u|=tn,uct
vEL 7 vEtY; [ul=tn, I p=<v=u p=<v=u

and that t7; contains a single branch up to the generation ¢, — s;,, and then has the B-regular
structure up to the generation ¢,,. The detailed construction will be postponed to Subpart 3.

With the help of (4.21]), we get that

R.H.S. of ({.20)
AT e (@)

<clpB T plts] sup e 1{ (4.22)

zHEN,zF<nvet?; min Y. z3>I (n)}

lul=tn p<v=<u

Note that minj, =, 2, -, <, @y = D1(n) leads to 30,y >°, <<, 5 = [1(n) B, which means

ko tn ok
S Y a3 et ),

i=1 |u|=i i=14ko
with ky = t,, — s,,. Note that

17 ZS k07
Bi7ko ko < i <t,.

#{uet}:wzi}:{

_ Z‘u‘:i Ty,

Write z} = Z\u|:i xy for ¢ < ko and z} = ik for kg < i <t,. So we have

Yminguiz, Spepn sz} S Lisin, sron ()



26

Consequently,
- * o - * e
Sup e Z’L}Etj (x'u) 1 S Sup e Zvetj (xv) 1 o )
z3eNN[0,n),vet; min Y, x> (n)} z3eNN[0,n),vet?; { zr>1 (n)}
|ul=tn p<v=u i=1
(4.23)

Moreover, as « > 1, by convexity of x — x on R, we obtain that for kg < i < t,,,

« - Z :-33* @ - .
> (wn) =B (ShE) = B R@E

|u|=1

and Zlu‘:i(x;j)a = (z}) for 1 <i < ko. Again using convexity yields that, for any p; > 0,

ko tn
Do) =) @)+ Y BTRE)”
=1

vet* i=ko+1
ko tn
_ ¥\ i—ko, —« —*\o
:§ (T7)* + Z B0 (i)
i=1 i=1+ko

tn
> kot Y BTRue
1=1+ko

ko =x t i—ko, 1—a=x\ &
Doil1 T Ak, BT O T
tn — ko -« :

Ko+ 2%k BRop,

By taking p; > 0 such that B0~ = 1, one sees that given S0, #* > I1(n) = (Ia(p) —n)v/n—
t,, we have

tn ) o [ tn @
Y@= (ot Y B (Z w)
vet* i=1+ko i=1

((IA(p) _n)\/ﬁ_tn):_l (424)
(tn = 50 + goretos)

With (4.18), (4.20) and (4.19) in hand, plugging (4.24) and (4.23) into (4.22)) yields that
L.H.S. of ({.17)

Y

_ A(Talp) =m)v/n — tn)*

< enty B e + (e1n) P exp a—1
1
(tn - Sn + Bl/(afl)_1>

(4.25)

We have completed the proof of (4.17).
Subpart 3: We now explain how to construct {zj,v € t%;}. Recall that ko = t,, — s, and |ZZ*7 |

is the number of particles at the k-th generation in t . Then

1z

il = B V1 <i<tn—ko=sn.

This shows that there are sufficiently many particles in t 7. For convenience, for any v € t 7, we
say that s, := Zp<v<u Zy is the position of u € t and z,, its displacement. If u is selected to be in
t%;, then its displacement is denoted by z;, with x7y, = z,.

At the t,,-th generation, there are exactly B* individuals that are all selected. At the (¢, —1)-th
generation, there are at least B*»~! particles in t7. Let us label them according to their positions:
Su(yy = Suy = " Su > ---. We only take ugj,j=1,--- ,B*»~1 to be in t7;. Those particles

(Bon—1) =
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are said to be selected. For u;, if it has B children, we jump to consider u; ). Otherwise, saying
that it has d children with b < d < B, we prune B —d children of the unselected individuals in the
(tn — 1)-th generation and graft them to u(;). The fact that \Z} 7| = B°" ensures that u;) finally
has B children for any V1 < j < B*»~1,

Suppose that we have already got the B! particles with their descendants for the generation
ko+i+1of t*;. We turn to the (ko+i)-th generation in t 7, whose population is at least B*. We label

3

them according to their positions: Suz('l) > suz(-m > -8, > ---. We select uéj), j=1,---, B"
) - (BY
For uéj), if it has B children, we jump to consider u’zj 41y Otherwise, if it has d children with

b < d < B, we prune B — d children (together with their descendants) of unselected individuals in

the (ko + 7)-th generation and graft these subtrees to u%j).

Figure 1: For instance, B = 3 and b = 2 here. Both v and u; are in t7. u; is selected and has
only two children. But wu is not selected. Then w is pruned from v and regrafted to uy. So uy
belongs to t¥; and has exact 3 children.

We continue this backward construction until the kg-th generation where there is only one
individual selected to be in t7;. We then select directly all its ancestors in t7 to establish the
single branch of t7.

In the following figures, we give an example of this tree-transformation. The horizontal axis
represents generations and the vertical axis represents positions of particles.
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T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4

FigA: Original tree FigB: The choosen particles and their ancestors

In FigA, from the tree t, we choose B®* particles in J and color them in red. In FigB, we
extract all the ancestors of the red particles and remove the others. Then we obtain t 7, colored in
red. In FigC, we do the pruning and grafting for the last two generations as explained above. In
FigD, we get the final labelled tree t7; in blue while the red particles are those chosen in J. The
blue dashed lines link the particles and their added descendants at each step.

T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4

FigC: Reconstruct the last generations FigD: New labelled tree

Observe that only a part of the individuals in t7 has been selected and that the positions at
the final generation of t; are all getting higher. (4.21)) is satisfied.
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4.1.3 LDP when the tree is regular

Unfortunately, the arguments above do not all work when the underlying tree 7 is regular. We
could only get the upper and lower bound for the large deviation behaviors:

log P (Za(v/nA) — 1(A) > A)

logP (Zn(vnA) — v(A) > A) < —capa. (4.26)

— <hmlnf
a,p,A e /

<limsup —=

n—oco N% /2

Lower bound No matter whether a < 1 or a > 1, we only consider the first generation and
suppose that

Su € [(x —m)Vn, (@ +n)vnl, Vul =1,
where |z| = I4(p) + € with inf cjp_y oqm V(A — y) > p+ 6 for some §,7,e > 0. Given E := {S, €

[(@ = n)v/n, (x +n)y/n],V|u| =1},
lim inf Zn(VnA) > p+94.
Then
P (Zn(VnA) = v(A) = A) 2P(Sy € [(z = n)Vn, (z +n)v/n],V|u| = 1; Z,(vnA) > p)
>P(Zn(v/nA) = p|E)P(E),
where by Fatou’s lemma,

liminf P(Z,(v/nA > p|E) > P(llmlan (vnA) > p|E) = 1.

n—o0

On the other hand,

F E = P) X — +o r— ana/
VVe thus deduce that

lim inf —— ! 5 10gP (Zn(vVnA) —v(A) > A) > =Ab(z —n)*.

n—00 /
n%

We obtain the lower bound in (4.26]) with Cy 5 4 = Ab(La(p))®.

Upper bound When o < 1, the arguments in Section 4.1.1 still work for the regular tree. So
the upper bound is obtained with cqp 4 = A(La(p))® in the case of o < 1.

When a > 1, still holds. So, for B, = [—(1a(p) — n)v/n,(La(p) — n)y/n| and ¢, =

\\ZIOgb logn
P(Z,(vnA) — v(A) > A) < P(Z,, (BS) > b /2) + Crec1ob™

Observe that

Zy,(BE) LSy |>(Ta(p)—n) v S,
i = < .
btn Z btn - (IA(p Z btn

[ul=tn

Moreover, |S,| <> | X | implies that

p=v=3u

2y, (BS) |Su Z
b = ) Z . s( kZZ:

\u| tn
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It follows that

B ZuiA) ) 2 8) <2 (355 Pl 510, g | 4 oo
k=1 ful =k
- izpz;u' > [6(1a(p) — m)v/n/2)* | + Cre o,
k=L fulk

By convexity of x — x¢, for any ug > 0, one sees that

e} «

>0 XD

tn

k=1 |u|=k k=1 |u|=k
o tn _ .
o DKt 2 jul=k HkD F (gt X))
S Z Hk tn
k=1 Zk:l M
tn
D 9D SIS
k=1 |u|=k

where p = > 72, up. We are going to take a decreasing sequence pyj, = k=2 so that u < oo.
Therefore, for any 6 > 0,

B(Zu(ViA) — v(A) = A)

tn
a— — —a « « —c1on®/
<P o30S b E X > [8(Iap) — m)vn/2 | + Cremeon”
k=1 |u|=k

tn
__ 0 (4 o a/2 o
<e Ha—l(Q) (Ia(p)—m)n E exp{ez Z bfkui—a’Xu‘a} _i_crle*qon /2. (427)
k=1 |u|=k
We then show that for 6 > 0 sufficiently small such that supy>, Ob—kk2(@=1) < \/2, there exists
¢y > 0 such that
tn
E|exp{8) 3" 07 ul o, [0} | < e
k=1 |u|=k

In fact, by independence,

tn tn
Eexp{0 ) > v o 1Xu )} =[] T] B [expfos w20 1x,1}

k=1 |u|=k k=1 |u|=k

tn 00
=TI II (1+ / gb—F (a1 o~ R ep| x 1o Z:c)dx).
0

k=1 |u|=k
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The tail distribution of X shows that P(|X| > z) < c12e™**" for any = > 0. It follows that

tn o .
E exp{QZ Z b—kkz(a—1)|Xu|a} SH H (1+012/0 Ob_ka(a_l)egbkk2<a1>x—>‘wdx>

k=1 |u|=k k=1 |u|=k
tn b~k f2(a—1)
- H H 1+ 612)\ — Op—FkE2(a-1)
k=1 |u|=k
t
E Ob—k2(a—1) oy 01201
< exp Z Z 012/\ — @b Fkf2(a-1) <emm
k=1 |u|=k
Plugging it into (4.27)) yields that
= __ 0 (d\a _ ana/ c 2a—1 _ o
P(Zn(\/ﬁA) —y(A)>A)<e Ha—1(2) (Ia(p)—n) Z4cabts 4 Cpe—cron /2‘
Recall that ¢, = O(logn). We have
1 _
lim sup ——7 logP(Z,(vVnA) —v(A) > A) < —cap.a.
n—oo N%

4.2 Proof of Theorem step size has Gumbel tail distribution

In this section, we assume that the tail distribution of step size is of Gumbel’s type, in other words,
P(X > z) =0O(1)e™® with a > 0, for  — oco. In what follows, we are going to prove that if 74
is finite and continuous at p = v(A4) + A, then

lim n~ 2@+ log [—logP (Z,(v/nA) — v(A) > A)] = (yala(p)log b)att (4.28)

n—o0

(14«)log B
(14+a) log B—logb*

The ideas of proof are similar to that used in Section However, we do not need to assume
B >b.

where y, =

4.2.1 Lower bound of (4.28)

As stated in Section for any sufficiently small e, > 0, there exist zp € R and § > 0 such
that

inf v(A—z)>p+96, Ialp) <xo—n<zo<Ia(p)+e.
ly—zo|<n

Take d > b an integer such that py > 0. (Again, if B < oo, then we choose d = B. If B = oo, we
will let d — oo later.) Let

(1+a)logd
(1+ a)logd —logh’

b= {tn%ﬁl) B 210gnJ s = {10gn+tnlogb

tn, Ya d) =
logb logd J/\ Yald)

where ¢ > 0 will be determined later on. With these d, t,,, sy, recall event & 45 from (4.8)). It
follows that

P(Zn(VnA) — v(A) 2 A) 2 P(Zy(VnA) — v(A) = As &, ap)- (4.29)

Define
M = {¢ € M:[¢| =d* +b" =%, (([(z0 = )v/n, (zo +n)v/n]) > d*}.
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We have for any ¢ € Mo,

ds» n
_ inf vV(A—vy)> ——(p+6
‘C‘ xzeg btn — b5 + d° ye[zo—n,zo+n) ( v) n+1 » )

which, together with (5) of Lemmma implies that for all n sufficiently large,

|Zl/n 0, (VnA —xz) > p+4§/2.

z€(C

[
Note that, Z;, € Ma, given &, 45. Consequently,

P(Zn(v/nA) > p; &, ap)
> " P(Z, =G & ap)P (Zg—tn(\/ﬁA) = p>

CEM2

> Z P(Z;, = ¢; gtn,d,b)P (\fA

(eEM2
> P(E;, a)(1 — Cre”CoIC19%/4),

|ZV” 0. (VnA —xz)—45/2

ze(C

[S

where the last inequality follows from Lemma As |¢] > bin, for n large enough,

P(Er db)- (4.30)

N |

P(Za(\/A) — v(A) > A) >
Recall that u* € t° with |u*| = ¢, — s,,. It remains to consider P(&, 45), which by (4.10) is

P(E,ap) > 0" PG PY (Su € [(wo — )V, (w0 + m)V/n], Yu = u”, Ju] = £,). (4.31)

*

1
Let X = (xoya(d)logh)o+1 and t = We suppose that for any ancestor of u*: u < u*,

log b

Xu = |:Xn2(a1+1)’ _)(n2(a1+1) + Qﬂtn

1
2(a+1):| ,
and that for any descendant of u*: u* < u s.t. |u| < tp,

1 1

e o 1
Xy € [(Xanw — (Ju] + s — tn)logd)a , (Xanm — (Ju] + sn —tn)logd>a + ;’tnw} .

This ensures that for any descendant u of u* at the t,-th generation, its position .5, satisfies

Sn 1
Sy — [(t — ) A0 £ 3 (X“ ) 1ogd> 2<a+1>] < nvn/2,
k=1
where as n — oo, t, ~ tn2(aa+1) Sy R logbtn and

1 Sn a 1 1
(t — 50) X2 3 (Xa — kn T log d) ® pIerD
k=1

logb

log b ogd’

=vn [( o8 )tX—l—/]gd (Xa—xlogd)zlxd$+0n(1)]
logd 0

= Vn(zg + 0,(1)).
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So for all n large enough, we have

Su € [(o —n)Vn, (zo +1)v/n], Yu* <u, |u| = t,.
As a result,
0
Pt (S, € [(xo — n)V/n, (x0 + 1n)V/n], Yu* < u, [u| = t,)
tn_ n
>P (X e [Xn7@TD | XnZerD 4 %nm]) )

|8n|]P’X XD — k1 dé X2 — k] dé—kn (1) .
A o(atl) — A 2(afl) — L 2(afi
xkl ( 6[( n og) ,( n og) 2tn })

tn—sn+d gy d ap 2@ 1) 200 1) _
2013 2ty exp{—(tn _ sn)eX n 2l _ deeX n 2l klogd ]
k=1

Plugging it into (4.31]) implies that
P(&,.a0) = exp {—tneXanz(aH) - cunbt”} = exp {—(1 + On(l))tnexanm } '

Going back to (4.30]), we hence conclude the lower bound by letting d 1 B.

4.2.2 Upper bound

Let By, := [(—1a(p) + n)v/n, (La(p) — n)/nl, t, = Ltn%ﬁmJ with some ¢ > 0. Recall (4.13). One
sees that for any ¢ € M and n large enough,

B¢ 1
{C( n) §5/2}C —Zl/n,tn(\/ﬁA—aj)Sp—é/4
< =
Again, similar to , we thus have
P(Z,(vnA) — v(A) > A) < P(Zy, (BS) > dbl" /2) + Cre™e0b™ (4.32)

Here we need to treat P(Z;, (BS) > dbin /2) separately in the two following cases.

Upper bound: B = oo In this case, y, = 1. By Markov inequality, we have

P(Z,,(BS) > 06" /2) < b"E[Z, (B5)

4

:gb*t”mtnl/tn((IA(p) —n)v/n,00).

In view of (2) of Lemma one has immediately,

im nf —— log [—bgP(Ztn(B;)zabt"/z)]2<IA(pt)_n>

n—o0 1 2(at1)

In (£32), bi» = exp{tlogbnZ@rD}. We choose t = LABTDL o that tlogh = (%)a. We
(logh) &+
thus conclude that

lim inf —— log [~ log B(Zy(viiA) — 1(4) > A)] > (La(p) — n)ua logh) &7

n—oo n2(a+1)
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Upper bound: b < B < oo Following the same idea applied in (4.16|), we take

. tplogh —logn b —
n logB s N0 n )

and reconstruct the special subtree t%;. It follows from the Gumbel tail distribution of X that

there exists c15 > 1 such that

P(|X]| > x) < 6156_87;&’ and Vz > 0.

Similarly to (4.16)), (4.18), (4.20) and (4.19)), one sees that

B(Zi, (BS) > db" /2)

s _n® s *\a
<2B"B™ | epst, Bore " 4 clnB T pte BT max  exp{ — E el . (4.33)
ziZO,uEt} ’
sin @ >1(n) u€tsy
k=1"k="1

Note that
Sn

T el > tz_: S el Z S van 3 prr,
k=1 |u|=Fk k=1 |u|=k+tn—sn k=1

uet’, |
e(zZVM)O‘ >

where M > 0 is chosen so that z + e*” is convex on [M, 00). Immediately, Z| =kt —sn

ZIZVM o
Bke( Bk ) . SO,
tn—Sn Sn B Sn
Z e(x:;)a Z Z e(jz)a + ZBke(xz‘Hn—Sn)a — ZBkeMa.
k=1 k=1 k=1

u€t’;
where Z} = %. Let =, := max{(z})* + (k — t, + s5)+ log B;1 < k < t,}. Then,
Z e@)® > n _ pentl M

*
uetj

Plugging it into (4.33)) implies that
exp{—e=" + B T1eM™ | (4.34)

P(Zy, (BS) > bt /2) < e~ (HonIn® L o5 Bp)n B max
xquo,uet}

tn -
YLy 721

Note that {>>}", #f > I1(n)} implies

tn Sn 1/
B(n) £33 < (ta— 5B+ (20— klogB)
k=1 k=1

-« «
. Let K, :=EZ,n 2@+ Then,

tlogb/log B o
+ / <Kn —zlog B) dx
0

and Z,, > s, log B = (tlogb +
log b 1
(1 ~ 8 —i—on(l)) tKLe
+

(La(p) =) + on(1) <
log b 1/a aK%H/a

1) ) tK, —_—

+0()> " +(1+04)10gB
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In view of the right hand side of (4.34)) where ¢, B%» < %bt”, we take ¢ such that ¢, logb < Z,. In
other words, t < K, /logb. This choice entails that

1
log Blogb on(l) +

(1—|-Oé)IOgB> > Ia(p) —n+on(1).

Thus, setting X = [(I4(p) — n)ya logb]a+T and t = @, we have
K, > X(1+0,(1)), bi" < exnﬁ and t, B*" logn < exnm.
As =, = Knnﬁ, applying this to (4.34) yields that for sufficiently large n,
P(Zy, (BE) > db'™™ /2) <e~(Aton(M)n® 4 2(015Bn)t"BS" exp {—eﬂlﬂn(l))nm + ClﬁtnBSn}
<e~(FonM)e™ 4 oy {_(1 + 0n(1))elda®)=mya log b} +Tn 2@ 1) } '

Therefore,

lim inf —o— log[— log B(Zy, (BS) > 66 /2)] > [(Za(p) — n)ya log 51

n 2(e+1)

Going back to (4.32), as bt = eXn2FY , we conclude that

i inf —— log[— log P(Z,(v/24) — 1(4) > A)] = [(Za(p) — )y log )7,

n 2(a+1)

which ends the proof of the upper bound of Theorem by letting n | 0. O

A  Appendix

Lemma A.1.

ing 1@ Z108P1 _j1g00 1y (0, 00). (A1)

a>0 a D1
Proof. Let zp :=sup{x € R: F(x) < 1} and 0y := sup{t € R : A(t) < co}. According to Section
2.6 of [7], there are three cases:

(A) if z¢p < 00, then y(a) T —logP(X = x¢) as a 1 zo;

(B) if 29 = oo and A'(t) 1T oo as t 1 6y, then for any a > 0 there exists ¢ € D$ such that
V(a) = tA'(t) — A(t);

(C) if xp = 00, Oy < 0o and A'(t) T ag < oo as t 1 b, then A(6p) < oo and y(a) = aby — A(y) for
a > ag.

Recall (2.8). Let AL, = sup;epq A'(). In all cases above, we have

_ log - + tA/(t) — A(t
nf v(a) —logpr f 8 (t) (t)

—1
inf v(a) —logp1

a>0 a a<Al a teDY A(t)

A simple calculation shows that the above infimum is taken when A(¢) = —logp;. Then (A.1)
follows readily. O



36

Lemma A.2. For any o > 0, let {Ly, : k > 0} be a sequence such that 0 < Lo < A(p1) and

Ly =F(Ly) =« irellfK(— log p1 +v(u) —uLy) + Lg, k > 0.
u

If 0 < alN'(A(p1)) < 1, then the sequence (Ly)i>o is non-decreasing and

. % . v(a) — log py
S -

Proof. Notice that

52]{&(7(”) —ur) = tielgg(tA/(t) —A(t) — AN (t)x) = —A(x), = € Djy.

Thus if 0 < Lo < A(p1) =: 0, then using the facts that log p% = A(0) yields

(=logp1 +v(u) —ulg) = g;;g(— log p1 + v(u) — ulo)
= A(0) — A(Lo) > 0,

inf
u€ER

which implies L > Lg. Furthermore, since 0 < aA’(A(p1)) < 1, then by convexity of A,
Ly = a(A(0) — A(Lo)) + Lo < aA'(0)(0 — Lo) + Lo < 6.

Therefore, § > Ly > Lg. Inductively, we have § > Ly; > Ly > 0. So the sequence (Ly)g>1
is non-decreasing and hence its limit exists with L := limy_,,, Ly < 6. On the other hand, as
Lo <L, <0,

Livs1 — L = a(A(6) — A(Ly)) > aA (L) (0 — Li,) > o\ (Lo)(6 — Ly,) > 0.

This shows that § — L — 0 as k — oo. ]

B Appendix

The following lemma concerns large deviation probabilities of sums of i.i.d. random variables. The
results are possibly well-known to some experts or implicitly contained in some articles.

Lemma B.1. Suppose that {X;}i>1 is a sequence of i.i.d. random variables, having the same
distribution as X.

(1) If P(X > ) = O(1)e ™" as 2 — oo with some A\ > 0 and a > 1, then for a > 0, and for a
sequence of integers (ty) such that t, = o(n%) and t, — oo, we have

. tafl tn
lim sup n"a/Z log P (Z X; > a\/ﬁ) < —Xa®.

n—00 :
=1

(2) IfP(X > x) = @(1)6‘61& as x — 0o with some o > 0, then for any a > 0 and any sequence

tn, T oo such that t, = o (M%)

a

tn
t
imi n — > > %
hgnlnf a2 log [ log P (2_1 X; a\/ﬁ)] a“.
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Proof. Notice that ]P’(ngl X; > a\/ﬁ) < P(Zfll X;r > a\/ﬁ), where X;r = X, v 0. Thus it
suffices to prove the desired results when X is non-negative. In the sequel of this proof, we always
assume X > 0 a.s. Observe that

P(iXiZa\/ﬁ> §P( sup X; >n>+P<ZX > av/n, sup X; <n>. (B.1)
i=1

1<i<tn e 1<i<ty,

Proof of (1): Note that there exists c¢16 > 0 such that for any x > 0,
P(X >z) < crge M.

Therefore,

P < sup X; > n) <t,P(X >n) < crgtne M. (B.2)
1<i<ty

Meanwhile,

(ZX > av/n, sup X; <n>

i—1 1<i<ty,

tn
— Z <ZX >av/n, sup X; <n, X; G[%,%‘*‘D)

z;€[0,n)NNi=1,- tp, i=1 1<i<ty
= > P (X; € [wi,2i + 1], V1 < i < ty)

Zz 1% >af tn
z;€[0,n)NN,i=1,-

< Z 616 exp { A Z 2 }
T ez aym—tn;
z;€[0,n)NN,i=1,--- ,tn
(ar/m — ty)®
= Z 1 eXp{ AVt = n
n

t
3R mizav/n—tn;
2;€[0,n)NN,i=1,--- ,tp

< (neig)™ exp {

y (avn - (avin — ta)® tn)” } (B.3)

tOé

where in the third inequality we use the fact that the convexity of mapping x +— z¢ for a > 1

implies
« _ a
Zx >t Yt @i > (ay/n 1tn) .
tn o~
Plugging (B.2|) and (B.3) into (B.1]), we obtain that

Oé

limsupnn/2 logP (ZX >a\f> < —Aa%,

n—oo

which suffices to conclude (1) of Lemma
Proof of (2): Similarly, for any € > 0 there exists some constant ¢;7 > 1 such that

tn tn
P (Z X; > a\/ﬁ> < cl7tn6_en +P (ZX >ayn, sup X; < n>
i=1

=1 1<i<tn
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[e%

. oA (g
< crtpe™® 4 (crrn)'™ exp {—e( tn ) (1 E)}, (B.4)

tn tn @
¢ > Zz 1 i

E e’i > expq max xi p > exp e T .

— 1<i<tn tn

1=

t
o -
hm 1nf a2 log [ log P ( E X, > aﬁ)] >a®

i=1

where we use the fact

Consequently,

We have completed the proof. O

C Appendix

We shall show how the arguments in Section 2.3 in [15] can be extended to our settings in Theorems

[L.5] and [T.6

Proof of Theorem Lower bound. Since ess sup X = L, then for any 0 < n < L/2,
@ =P(Xe(L—-nL)=P(X e€[-L,—L+n))>0.

According to the property of I4(p), for any € > 2%7, there exists z € R, § > 0 such that for all
y € sgn(x) (1‘ n, zy/n + M} =: B,

u(A—j%>2p+& 3ﬂ<1() .

Set
= [lz[vn/(L=n)]; m=n—|uw|

and
M, ={(eM:|¢| =0b" and supp¢ C B}.

By the Markov property,

P(Zn(vVnA) > p) = Y P(Zy = QP(Z5,(VnA) = p). (C.1)
CEM,
Note that
e S w
P(Zy € My) > gy "' p,"" = e, (C2)

Meanwhile, for any ¢ € M,, as Z&(ﬁA) > minye¢ Zg@’(\/ﬁA) because of (3.18)),

P(Z,(vnA) > p) > [ [ P(Zm(vVnA - y) = p). (C.3)

yeC

Then by exactly the same arguments for bounding (2.24) in [15], we have for any ¢ € M,,

P(Z5,(VnA) > p) > e, (C.4)
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which, together with (C.1]) and (C.2)), gives

lim sup ——log [ log B(Z,(viA) > p)] > AP
n—o00 n I — n

Letting n | 0 yields the lower bound.
Upper bound. For any € > 0, set

w| = [(Ta(p) —e)Vn/LJ; m=n—|uwl|.
Then we only need to copy the arguments from (2.29) to (2.34) in [I5] to conclude that

I4(p)logb

lim sup = log [~log P(Zn(v/nA) > p)] < L

n—oo \/ﬁ

Proof of Theorem Lower bound. We first notice that there exist L > Ly > 0 such that
P(X € (Lo, L)) > 3(1 —P(X = 0)) > 0. Then for any n large enough, there exists 2z, € (Lo, L)
such that . )
l,, =P (X € [#n, 2n + )) > —.
n n
By property of J4(p), we may find r € (0,1), z € R and § > 0, such that for all y € sgn(x)(|x|/n—
L—-2|z|y/n+L+2)=:B,

r<Jalp)+e, v((A—y/vn)/V1—r)>p+3.

Set

;0 S=q+w
Zn

q=2[rn/2]; w= {MJ

and

M, ={¢ € M:|¢| =b° and supp( C B}.
By the Markov property,

P(Zn(vVnA) > p) > Y P(Zs = QP(Z;_(vnA) > p). (C.5)
CEMy
Notice that
Sty pS—1 .
P(ZS e Mn) > gznb—l pbb—l > e—CQOb logn, (C.ﬁ)

by having all particles give birth to b children in the first s generations, move with step size only
in [2,2n + 2) or only in (—2n, —+ — 2, in the first w generations (depending on the sign of z),
and then alternate between [z, z, + ) and (—z, — 2, —2,] steps in the succeeding ¢ generations.
So in the s-th generation, all the b* particles are located in B if ©> < 1. Again,like , for any

CGM’HA

P(Z5_(VnA) > p) > [[ P(Zu-s(vnA —y) > p).

yeC

Then by exactly the same arguments for bounding (2.38) in [15], we have for any { € M,,

P(Z5,(vVnA) > p) > e, (C.7)
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which, together with (C.5)) and (C.6]), implies the lower bound.

Upper bound. The proof for upper bound is also exactly the same as the one in [15]; see page
12-13 there. We omit it here. O
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