On the observability of time discrete systems
with conservation laws.
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Abstract. We consider various time discretizations of 2 = Az, where A is a
skew-adjoint operator, which we observe through an operator B. More pre-
cisely, we assume that the pair (A, B) is exactly observable in the continuous
level, and we derive uniform observability inequality for some discretizations
provided we filter the initial data. The method we use is mainly based on the
resolvent estimate given in [2], which turns out to be equivalent to the exact
observability property of the pair (A, B). We present some applications of our
results to time discrete and fully discrete approximations schemes.
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1. Introduction.

Let X be a Hilbert space endowed with the norm ||| and let A : D(A) — X
be a skew-adjoint operator with compact resolvent. Let us consider the following
abstract system:

2(t) = Az(t), 2(0) = zo, (1.1)
Here and henceforth, a dot denotes differentiation with respect to the time . The
element zp € X is called the initial state, z = z(t) is the state. Such systems are
often used as models of vibrating systems (e.g., the wave equation), electromag-
netic phenomena (Maxwell’s equations) or in quantum mechanics (Schrédinger’s
equation).

Assume that Y is another Hilbert space equipped with the norm ||-||,,. We
denote by L(X,Y) the space of bounded linear operators from X to Y, endowed
with the classical operator norm. Let B € L(D(A),Y) be an observation operator
and define the output function

y(t) = Bz(t). (1.2)
In order to give a sense to (1.2), we make the assumption that B is an admissible

observation operator in the following sense (see [13]):

Definition 1.1. The operator B is an admissible observation operator for system
(1.1)-(1.2) if for every T > 0 there exists a constant K > 0 such that

T
ly@)ll5 dt < Kr [zl V20 € D(A). (1.3)
0

Note that if B is bounded in X, i.e. if it can be extended such that B €
L(X,Y), then B is obviously an admissible observation operator.

Definition 1.2. System (1.1)-(1.2) is exactly observable in time 7' if there exists
kr > 0 such that

T
ke zoll% < / Iy dt V¥ z € D(A). (1.4)

System (1.1)-(1.2) is said to be exactly observable if it is exactly observable in
some time 71" > 0.

Throughout this paper, we assume that system (1.1)-(1.2) is exactly observ-
able. This question arises naturally when dealing with controllability and stabi-
lizations properties of linear system, see for instance the textbook [6].

It was proved in [2] and [8] that system (1.1)-(1.2) is exactly observable if
and only if the following assertion holds:

There exist constants M, m > 0 such that (15)

M ||(iw — A)2||* +m? || Bz[} > ||2I°, ¥V weR, zeD(A). '
This spectral condition can be viewed as a Hautus-type test, and generalized in
some sense the classical Kalman rank condition, see for instance [12].



Observability of time discrete systems. 3

Moreover, since A is skew-adjoint with compact resolvent, its spectrum is
given by o(A) = {in; : j € A} with A = Z* or N* and where (p;);en is a
sequence of real numbers. Set (®;);ca an orthonormal basis of eigenvectors of A
associated to the eigenvalues (ip;);jen, that is:

In this paper, we are interested in the time semi-discretization of system
(1.1)-(1.2). We are thus replacing the continuous dynamics (1.1)-(1.2) by time-
discrete ones. In the sequel, we propose to analyze some of them in a very general
setting through their observability properties.

To begin with, we present a natural discretization of the continuous system.
For any At > 0, we denote by z* and y* respectively the approximations of the
solution z and the output function y of system (1.1)—(1.2) at time t;, = kAt for
k € Z. We then introduce the following implicit midpoint time discretization of
system (1.1):

ShH1 Lk S 4k
ANy ke
At 2 - < (1.7)
29 given.
Consequently, the output function of (1.7) is given by
y* = B2k, ke Z. (1.8)

Taking into account that the spectrum of A is purely imaginary, it is easy to show
that szHX is conserved in the discrete time variable k € Z, i.e. szHX = HZOHX.
Consequently the scheme under consideration is stable and therefore convergent,
since its consistency is obvious.

The observability problem for system (1.7) is formulated as follows:
Under some assumptions of the initial data 2°, to find a positive constant kr,
independent of /\t, such that the solutions 2 of system (1.7) satisfy:

T/At ,
= 2
br |2y < ot > (1B, - (L9)
k=0
Clearly, (1.9) is a discrete version of (1.4).

Note that this type of observability inequality appears naturally when deal-
ing with stabilization and controllability problems, see for instance [6], [12] and
[17]. For the discretizations processes, it is important that these inequalities hold
uniformly with respect to the discretization parameter(s) (here At only) to recover
uniform stabilization properties or convergence of discrete controls to the contin-
uous ones. We refer to the review article [17] and the references therein for more
precise statements.

In the sequel, we are interested in describing which assumptions are needed
for inequality (1.9) to hold uniformly. We will see that filtering the initial datum
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is one possible and relevant assumption. More precisely, if for any s > 0, recalling
(1.6), we define

Cs = span {®; : the corresponding ip; satisfies |p;| < s}, (1.10)

then we will prove that for many time discretizations of (1.1)-(1.2) inequality (1.9)
holds uniformly in the class 5/, for any § > 0.

One of the interesting feature of our result is that it allows us to derive
uniform observability inequalities for fully discrete schemes as well under some
uniform assumptions on the space semi-discrete approximation schemes of (1.1)-
(1.2), see Section 5.

The outline of this paper is stated as follows.

In Section 2, we show the uniform observability property (1.9) for system
(1.7)-(1.8), assuming that the initial datum is taken in an appropriate filtered
space, namely Cs/a; for any 6 > 0. Our proof is mainly based on the resolvent
estimate (1.5), combined with standard Fourier arguments.

We then generalize to more general approximation schemes. In Section 3, we
are considering conservative approximation schemes which preserve the eigenvec-
tors in such a way that there exists a "nice” relation (3.3) between the continuous
and discrete dynamics. Again we will prove that a uniform observability inequal-
ity holds provided that the initial datum is filtered at order 1//At. We present an
application to the Gauss Implicit method (see [3]).

In Section 4, we are interested in second order time discrete systems. Of
course, this can be seen as a one order time discrete equation and then the results
of the previous sections provide observability results for some schemes. However,
there are other classical discretizations which do not conserve the eigenvectors,
for instance the Newmark discretization schemes. However, we can overcome this
difficulty and prove that a uniform observability inequality holds as well provided
the initial datum belongs to Cs/a; for any ¢ > 0.

Finally, in Section 5, we give an application of our main results to the fully
discrete schemes, by proposing a general approach to prove observability estimates
uniform in both At and the mesh size.

We end the paper by stating some further comments and open problems.

2. Study of a natural discretization.

This section is dedicated to the study of system (1.7)-(1.8). Let us first introduce
some notations and definitions.
The Hilbert space D(A) is endowed with the norm of the graph of A:

2 2 2
12[17 = llzlx + [l Az]l -
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It follows that B € £(D(A),Y) implies
5
1Bzlly < Cprlzllx, 2 €Coan, (2.1)

where Cp is a positive constant independent of At.
We are now in position to claim the following theorem based on the resolvent
estimate (1.5):

Theorem 2.1. Assume that (A, B) satisfy (1.5) and that B € £(D(A),Y).
Then, for any § > 0, there exists Ts, Aty > 0 such that for any T > Ts and
At € (0, Aty), there exists a positive constant kr s, independent of At, such that

, T/t ,
ke |20 <ot Y ||B2M|, . V20 €l ar (2.2)
k=1
Moreover,
2\1/2 2 (1/2
T5§7r(1+(1) (86 QCB+M2(1+5+(1)) , (2.3)

where Cp is as in (2.1).

Remark 2.2. If we are filtering at a scale smaller than At, for instance in the class
Cs/(aty~, With a < 1, then it underlies that 0 in (2.3) vanishes as At tends to zero.
Consequently, the optimal time T™* satisfies

T* < TO < 7TM,
which coincides with the estimate obtained by the resolvent estimate (1.5) in the

continuous level (see [8]). Note that however, even in the continuous level, this
does not provide the optimal time in general.

Before entering into the proof, let us first present some very elementary results
and notations.
Any 2% € X can be expanded on the eigenvectors basis (1.6) as

=) a;®;. (2.4)
J

We state the following property on the solution z* of (1.7):

Proposition 2.3. Let z° be the form in (2.4). Then the solution z* of (1.7) can be
computed as

At
k= Zaj exp(iXjkA)®;,  where A = At arctan (MJQ ) (2.5)
J

Proof. Combining (1.6) and (1.7) one finds that

=Szl
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But
2+ ’L:U‘]At Vv 4+ (MjAt)2elarCtan(MjAt/2) _ 621' arctan(p; At/2)

2 —ipj At /4 + (MjAt)2efiarctan(,u_,»At/2) B

Hence we deduce (2.5).

Now we introduce the discrete Fourier transform at scale /At, which is one of
the main ingredients used in the proof of Theorem 2.1.

Definition 2.4. Given any sequence (u*) € 1?(AtZ), we define its Fourier transform
as:
a(r) = AtZuk exp(—iTkAt), TAt € (—m, 7. (2.6)
keZ

For any function v € L?(—m/At, 7/ At),

1 w /At
== v(7) exp(iTkAt) dr, k€ Z. (2.7)

2m —m /At

According to Definition 2.4, the discrete Fourier transform at scale At satis-

fies the following property:

i=u, 0=u, (2.8)
and the Parseval’s identity
1 /ot
o a(r)]? dr = Aty k. (2.9)
—/ At kez

These properties will be used in the sequel.

Proof of Theorem 2.1. The proof is splitting into three parts.

Step 1: Estimates in the class Cs5,/ ;. Let us take 20 ¢ Cs/nt as in (2.4). Then
the solution computed in time kAt in (2.5) has the same norm as the inital datum.

k2 _ 2 0112
15 = > lal =11, ¥k (2.10)
lpj <6/ At
Further, since
k| k+1 .
Ztz 1 kAN, 24 ip At
—— 3 > we tJ(“Fm) j
g <8/ At Hi
; 2
kAN
= Z aje J (_7)(1)]’
PRETIN 2 —ip At

we get that for any k,

2
2 2
= 2 |a"|2‘2—¢ At‘ =
X i< ot K

1

L

2k 4 okl
2

2 2% @1

[T

)
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Another important estimate in the class Cs/ ¢ is the following one :

AtAYlx <olvlx, V¥ €Csyn - (2.12)

Step 2: The resolvent estimate. Set x € H'(IR). We denote by x* = x(kAt).
Let gF = x*2*, and

E+1 _ ok k+1 4 ok
k_ 9 -4 g +9
= — A(i) 2.13
f N, 5 (2.13)
One can easily check that
o Lk gkt g ok . Lk gkt ok
B At 2 2 At
_A<X1e+1 R R g ok . YFFL R okt Zk>
2 2 2 2
k+1 ko, ok o o k+1
XX (Z +z AtA k1 _ k )
= - — — . 2.14
7 5 7 Ak ") (2.14)

Especially, recalling (2.10) and (2.12), (2.14) implies

k+1 _ k2 52
2 X % 2
[P pes (T) 12°11 (2+ 5)

In particular, f* € 12(AtZ; X).
Taking the Fourier transform of (2.13), for all 7 € (—n/At, 7w/At), we get

f(r) =AY fFexp(—ikAtr)

kEZ
- % (P - A5 etk

_ Atz (exp(iAAttT) -1 A(exp(iA;T) + 1))9’“ exp(—ikAtT)
kEZ

= (lAit tan(TTAt)I - A)Q(T) exp (zTTAt) cos (%At)

k

We claim the following Lemma:

Lemma 2.5. The solution (2*) in (2.5) satisfy
k k+1 2
X"+ X
amtar Y™ (LT
m*Aty (S
keZ
Xk-l— k

> |11 lalAtZ (Y Y (;t‘xﬂ, (2.15)

kEZ kEZ

ok 4 kel 2
(——)

Y
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with
(-3
“=\"3 752)
A g1y 9
_ - 2 12 22 2 o~ L
az = (S ) (B0 + 50%m2Ch + M2 1+ a+ 5 (14 )],
for any o >0 and > 1.
Proof. Applying the resolvent estimate (1.5) to the function
. TAL TNt
(1) = g(7) eXp(ZT) COS(T)a
integrating on 7 from —7 /At to w/At, it holds
LIZAN 2 w /At /At
M i@ dr+m? |B2(7)||? dr > / l2(r)% dr.  (2.17)
YN X YN —m/ At
Applying Parseval’s identity (2.7) to (2.17), and noticing that
o gh gt
2=
2
we get
I N BN k4 o kt+12
2 k|2 2 g +g 9" +g
TSNS Sl T RNy 9 ICH i PV ) it it RREPT
kez kez Y keZ X

Now we estimate the three terms in (2.18). First of all, since f* satisfies
(2.14), we get for any positive «

k+1 _ k(2 52 1
k)12 X X 0112
Hf HX < (T) HZ ||X <(1 +a)+ Z(l + a)>7 (2.19)
where we used the inequality
1
a8l < lall* (1+) + ol (1+ ).
Second, since

ghtl 4 gk B YL oy E Rt g gk gxkﬂ Y SR

2.20
2 2 2 2 At 2 ’ ( )
we deduce that
k+1 k|2 k+1 ko k+1 ko2
|3(E55) | <252 | ()
2 v 2 2 v 2
2, k+1 _ Lk 2 E+1 _ _k
(At) (x X ) B(u) (2.21)
2 At 2 v
k+1 k.2 k+1 k|2 k+1 k9
XX 2T+ 2 Lo (X X 012
32( 2 ) B( 2 >Y+§5CB< At )”Z I
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In (2.21) we use the fact that (recalling (2.1) and (2.12))

SRl Lk PlLan g, 50
I35 =) < gl

Finally, for any 8 > 1, recalling (2.10), (2.11) and (2.20), we compute

- HAtBA(

Y

’ gk+1+gk 2 - (1 1)(Xk+1 +Xk)2 Zk+1+2k
2 < O 3 2 2 < 2
YANAN k+1 k Zk+1 _ Zk
(e-05) (=)
2 At 2

X (2.22)

IV
—~
|
=
~

—_

where we used

Ja+ 81?2 (1= 5) lal® = (8- 1) Ib1®.

Applying (2.19), (2.21) and (2.22) to (2.18), we complete the proof of Lemma
2.5.

Step 3: To the observability estimate. This part is aimed to derive from
Lemma 2.5 the observability estimate stated in Theorem 2.1 and to provide some
estimates on the optimal time Ty.

First of all, let us recall the following classical Lemma on Rieman sums:

Lemma 2.6. Let x(t) = ¢(t/T) with ¢ € H> N H(0,1), extended by zero outside
(0,7T). Recalling that x* = x(kAt), the following estimates hold:

X+ xF
B80S (Y 2 Tl — 205 6l 9],
kEZ
k+1 k
X7 X L 2 -
At o 7 N
kez%( At ) - T ¢ 2,1y T ¢ L2(0,1) ¢ L2(0,1)

Sketch of the proof. It is easy to show that for all f(t) € C1(0,T), it holds

WIN T/t
Dt — nt S fkot)| < / / 5)| ds dt
/f Zf ‘ Z (kA (k1) At]2 76e)l
< / ] dt. (2.24)
0

Replacing f by ¢? we get the first line of (2.23). Similarly, the second line of (2.23)
holds by replacing f by |¢|>.
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Taking Lemma 2.5 and 2.6 into account, the coeflicient of ||z0H§( in (2.15)
tends to

1 1 )
k150,86 = (1 - B) (@)T Il 2201
4

(oo S0 D)

when At — 0. Note that k754,34 is an increasing function of T'. Let us define
T5.0,3,6 @s the unique positive solution of

2

£2(0,1)

kr.5,0,8,6 = 0-
Then, for any time 17" > T} o 3,4, choosing a positive k7 s such that

0 <krs <krsas6é

there exists (At)o > 0 such that for any At < (At)o, (2.2) holds.
Hence the optimal time Ts of Theorem (2.1) satisfies for any o > 0, 8 > 1
and smooth function ¢ compactly supported in [0, 1]:

"¢‘ 16} 52\11/2r1 52 1.\71/2
s o 2 s )] ey ear(rvos S L)
5 S ol lB=1 + g0 m Cp + +a+4(+a)
We optimize in «, 8 and ¢, by taking a = 6/2, § = co and
[ sin(wt), te(0,1)
o(t) = { 0, elsewhere, (2.25)
which is well-known to minimize the ratio
|
L2
18]l .2

For this choice of ¢, this quantity equals 7, and thus we recover the estimate (2.3).

This theorem already has many applications. Indeed, this roughly says that
for any continuous conservative system observable in finite time, there exists a
time semi-discretization which uniformly preserves the observability property in
finite time, provided the initial datum is filtered at a scale 1/At. We will explain
later using formally some microlocal tools why this scale seems to be the right one.

3. More General Systems.

In this section, we deal with more general discretization processes. We assume that
the semi-discrete scheme has the form

L =Tp2*, 20 =z, (3.1)



Observability of time discrete systems. 11

where T a¢ is a linear operator which has the same eigenvectors as the operator A.
We also assume that the scheme is conservative. This implies that there exist real
numbers A; a¢ such that

TAtqZSj = exp(i)\jAtAt)qu. (32)

Moreover, we assume that there is an explicit relation between A; o¢ and p; under
the following form:

1
Noae = s W b), (3.3)
where h is a smooth strictly increasing function satisfying:
|h(z)] < 7. (3.4)

This condition appears naturally in the application. Roughly speaking, it says that
we cannot hope to measure frequencies higher than 7/At with a mesh-size At. In

general, we also have that
h(z)

— —7z—0 1.
x

Indeed, this property is equivalent to say that at low frequencies, the solution
of (3.1) behaves similarly as the solution of (1.1). Note that the discretization
analyzed in Section 2 satisfies all these properties.

Theorem 3.1. Under assumptions (3.2), (3.3) and (3.4), for any § > 0, there exists
a time Ts such that for all T > T, there exists a constant kr s > 0 such that for
all At small enough, any solution of (3.1) with initial value z° € Cs/n¢ satisfies

B(z’C + z’““)
2

T/ At

brs |29 < &t Y
k=0

2
(3.5)

Y
Besides, we have the following estimate on Ts:

T? < 27 [2 tan? (@) + C%6*m? (1 + tan? (@))

w2 (g {] (1 (5 Jw}) " (et (5)]- 699

Proof. The main idea is to use the previous result. First, we introduce an operator
Ay such that the solution of (3.1) coincides with the solution of the linear system

Skl _ Lk ok 4 k1 o
N AAt(#) 2 =20 (3.7)
This can be done with the definition
Apedj = kae(pg)d4, (3-8)
where
2 h(wAt
ka(w) = 5 tan ( ( 5 )). (3.9)
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Indeed, if
0= a;p;,
then the solution of(3.1) writes as
=Y a;¢; exp(iAkAt) =Y a;é; exp(ih(u; At)k)
and the definition of Aa; follows naturally.

Then the result would be straightforward if we could prove the resolvent
estimate for Any. We will see in the sequel that a weak form of the resolvent
estimate holds, and that this is actually sufficient to get the desired observability
inequality. Note that Aa; coincides with A in the special case presented before in
Section 2.

Step 1: A weak form of the resolvent estimate. By hypothesis,
M (A —iw)z|k +m? |B2[)5 > |2k, 2 € D(A), w e R; (3.10)

z = Z ajgbj,

i st |ug| <8/t

For

one can easily check that

2
1A = i)zl = D lagl? (15 — w1
and

(e — i)zl = 3 lagl? (ki) — 2)

Especially, for any w; € R, if
wy = kar(wi),
this last estimate takes the form

2
|(Ane = iwn)2ly = Y- lasl? (kaelig) = karlwr))
with kas as in (3.9). It follows that

s = ikalo)sl = (o {lka@I}) S lasf (s )

But
Ky (W) = (1 + tan® (h(WQAt)))h’(wAt).

Hence, for any positive €, setting

-1
ante =kp(0+€), Coe=(nf{kip(w) | [wl<o+e}) (3.11)
we get the following weak resolvent estimate:
2
C3 M2 || (Ani =)z +m2 B2 2 121

(3.12)
2€Cs/nt, WE [—Qate, @At
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Our purpose is now to show that this is enough to get the observability estimate.

Step 2: From the resolvent estimate (3.12) to the Observability inequality. We
copy the previous proof. Set x a smooth function satisfying:

Supp(X) C [O?T]? HX”L“’ S L.
Note x* = x(kAt). Let g* = x*2* and

k+1 _ k ko qktl
k_ 9 -9 (9 +g )
== —Ap | T—TF). 1
=l (T (3.13)
As before, using the discrete Fourier transform, we get
A 21 TAL R TAL T/t
flr) = (Kt tan (T) - Am>g(7) exp(zT) cos (T) (3.14)
So, for any 7 such that
h(6 +€)
< — 7
<09,
one can apply (3.12) :
L2 At SN
Cc3 _M? Hf(T)H +m? || Bj(T) eXp(iT—) cos (T—>
’ X 2 2 y
At Aty |2
> [lg(r) exp(i 220 cos (L) . (3.15)
2 2 /|y
Integrating in 7 € (—7w/At, 7/At) and using Parseval’s identity, we get
k k41 (|2 k k412
2 g2 k||2 2 g +g 9" +g
ctaea |71 sotr s [p(CHEN 2 oy |
1 At INNE
- 3(7) exp(iZ22) cos (L) dr. (3.16)
270 Jir|>h(s+e)/ At 2 2 Jllx

A decay estimate on §. To use estimate (3.16), we have to study in detail
§(1) exp(i75L) cos (%At), whose inverse Fourier transform is

gk 4 ghtl B XF D 2R R (A2 L R Rk

1
2 2 2 4 VAN At (3 7)
We recall the obvious relations:

2k 4 k1 B 204 1 Skl _ Lk B 204 1

2 ¥ 2 X ’ At ¥ 2 ¥
Setting
k k+1 AL
% = Zaj(bj exp (i), (k + 1/2)At) cos ( j2 )7
o Y* 4 k! o ok 4 pk+1 "

2 ’ 2
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one can check that

‘ DYVANAWA
= Zajcz)j exp(iA;At/2) cos ( ]2 )b(T —Aj).
J
Besides,

: (At)? k (At)?
b(r)] < AY L |AnbY < [Supp ()| ||
4 sin? (%) 7 4 sin? (Tm>
It follows that for 7 > h(d + €)/At, setting 3. = h(d +€) — h(d) ,

zo—i—zl
2

le()x <

(i 2
5~ 1Supp(0)| (|9 tXHLoo> : (3.18)
<4sm (2)

Similarly, one can obtain that, if ¢ denotes the second term in (3.17), that
is
(At)Q Xk+1 _ Xk Zk+1 _ Zk
Clg = )
4 At At
then its Fourier transform satisfies for 7 > h(d + ¢),

2
( (L) y&mp)HW%ﬂhw>-

4sin? (

2
2t — 20

At

el < (5)°

It follows that the righthand side in (3.16) ( RHS in short) can be bounded from
below:

k+1

sz (515 (S5
- A (L gg)wupp uratxum)z) KR

Lk 2

(e T ()
—(%) (leifj)(ﬁ,)lstlpp |HattX||Loc)2>

According to this inequality and copying the proof of the previous section, we
obtain the desired observability inequality. For completeness, we sketch the proof.

2
Zl—ZO

At

(3.19)

To the observability estimate. Using
k+1 k

k+1 _ ok ko k1 _
r= () (- () e ()
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one can check that

k+1 _ k2 0+ 1
Ay |l < 2003 (A7) ( — )
N
st (M) 2 X).
Besides,
2
A g +gk+1 <2A X +Xk+1 2 B Zk+zk+l
3 ( (5 (*) ;
+2Atz< ) C62 ||| .

Using the explicit expansion of z, one can check that
2
° ‘ < tan? (h(5)>

2
{7 2 con? (22 10

zo-l—z
B(Zk +Zk+1) 2
2

Zl—Z

At

2
zo—‘,-z1
2 llx

b

It follows that we get
k+1

Atz (Xk +2X )2

2
ZO—I-Zl

C 5

2
Y X

h(d 2
Creos? (") 122
where C depends on x, At and ¢ in such a way that for any ¢, for any smooth
function ¢ with compact support, taking xr(¢) = ¢(¢t/T) makes C; blows up when
T — oo uniformly in At. More precisely, one can compute its limit when At — 0:

Crl. 86, 58) im0 / O / () dt) [2tan? (@)

+ 0123527712 (1 + tan? (@)) + 2M2C§6 (1 + tan® (@))} .

Note that ¢ does not appear as a significant parameter. This parameter actually
enters only in the convergence speed of C; when At — 0.

Then we can conclude from (3.20) by using smooth approximations of ¢ defined
in (2.25) and the continuity of the function h’ in § that there exists a time

T? < 2n° l2 tan? (@) + C%5%m? (1 + tan? (@))

Y

+2M2C2,_, (1 + tan? (h(;)))] :

such that the observability inequality holds for any 7" > Tj for small enough At.
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Application. Let us present an application of the previous result to the so-called
fourth order Gauss method discretization of equation (1.1).
To begin with, we introduce the following discrete system:

2
Iii:A<zk+AtZaijI€i>, 1 =1,2,
! (3.20)

At
2P = 2R (k) 4 Ka), _ i i_%
0 2 () =( 1 s 1
2" € Cs/n given, it % P

The case where p1;/At > 2+/3 leads to instability [3]-[4], and then we will assume
from the beginning that

§ < 2V3.

From the previous section, we could use Theorem 3.1 as soon as the eigenvectors
of the continuous system (1.1) are eigenvectors for the semi-dicrete system (3.20)
as well. But if 20 = ®,;, an easy computation shows that

2! = exp(il; At)2°,
where

(3.21)

In other words,
408 = b A0),
where

h(xz) = 2arctan <2fT/6)

Then, a simple application of Theorem 3.1 gives :

Theorem 3.2. For any § € (0,2v/3), there exists a time Ts > 0 such that for any
T > Ty, there exists (At)g such that for all At < (At)g, there exists a constant
kr.s > 0, independent of At, such that the solutions of the system (3.20) satisfy

T/At ,
k7.5 HzOHi < At Z HszHw V 2° € Cs)ns- (3.22)
k=0

Note that Theorem 3.1 also provides an estimate on Ty by using (3.6). Indeed,
one can easily compute the function kay in (3.9) and its derivative :

w

k =
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4. Second order systems

In this section we investigate the second order evolution equations occurring in

the study of vibrating systems. More precisely, let H be a Hilbert space endowed

with the norm |[|-|| and let Ag : D(Ag) — H be a self-adjoint positive operator with
compact resolvent. Consider the initial value problem:

i(t) + Aou(t) =0, (4.1)

u(0) =ug,  u(0) = o, (4.2)

which can be seen as a generic model for the free vibrations of elastic structures

such as strings, beams, membranes, plates or three-dimensional elastic bodies.
The energy of (4.1)

B(1) = o) + | aduo)| (43)

is constant in time.
The output function y(t) is stated by
y(t) = Buult),  or  ylt) = Byild). (4.4)
In the sequel we will focus on the second case, that is y(t) = Bat(t), but our proof
works as well for y(t) = Byu(t).
To underline the link with the conservative system (1.1)-(1.2), we now trans-

form the second order model (4.1)—(4.4) into a first order one (1.1)—(1.2).
Setting v = u, equation (4.1) can be rewritten as

i = Az, z=(;‘) A:(_go é) (4.5)

for which the energy space is defined by
X=D(A)x H
and the domain of A satisfies
D(4) = D(4o) x D(AF).

These two vector spaces are Hilbert spaces for the following norms:

2 A% 2 2 2 — [ Anull? A% 2
2% = ||Adu|| + o), 1214y = [Aoul” + || AGv

It is easy to check that A is a skew adjoint operator with compact resolvent and
its spectrum is explicitly given by the spectrum of Aj. Indeed, if we denote by a
sequence of non-negative numbers ,u? the eigenvalues of Ay, i.e.,

Aod; = 305,  jeN,

with corresponding eigenvectors (¢;), then the eigenvalues of A are %ip;, with

corresponding eigenvectors
14
D, :i < iiujd)J )
V2 ®;
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Consequently, the admissible observation operator B is given by B = (0, Bz),
1
which is assumed to belong to L(D(Ag),Y). Therefore there exists a constant Cp
such that )
|Baolly < C|[4G 0

’ . veD(A?). (4.6)
In the sequel, we assume that the system (4.1)—(4.4) is observable.

Now we present the time discrete schemes we are interested in. For any At >
0, we consider the following time Newmark approximation scheme of the system
(4.1)—(4.2):
kL k1 oy k
(At)?

+ Ao (fm’““ +(1— 28k + ﬁu’H) —0,

4.7)
W0 4+l oyl — 0 1 (
( = ) = (w0, v0) € D(AG) x H,
where 3 is a positive number.
The energy of (4.7) given by
Tl 1wk 4P I 1 ||kt — uk|)?
= Lt
2 H 0 2 H T3 At
AN 1 uFtt — uks |
+ g -1y Ag(“ = 4 )‘ L keZ, (4.8)

which is a discrete counterpart of the continuous energy (4.3), is constant. In view
of (4.8), we will assume in the sequel that 8 > 1/4, for which system (4.7) is
unconditionally stable.
We assume that the output is given by the following discretization of (4.4)
k+1 k
U
y* = Bz(

TZ“). (4.9)

Let us explain why the study of system (4.7)-(4.9) cannot be tackled from
Theorems 2.1 and 3.1. For this, we express this system as a first order one. Setting

uk + yhtl 0 ;
2= sk At = -1
Wbk | ~ A, (1+ (A1)2(5 — %)Ao) 0 )’
At
system (4.7) can be rewritten as
Pkl _ ok 2k 4 phtl u®
ZTE Yy (7) 0 . 4.10
At ot 2 § Vo ( )

One can check that the eigenvectors of the operator A, are

(Pi'm=1(ii’\fl'“¢j ) Aj.at = . - (411)
SRR i -y



Observability of time discrete systems. 19

It follows that this approximation scheme does not conserve the eigenvectors of the
continuous system, except in the case where 3 = 1/4, which actually corresponds
to the natural midpoint discretization already seen in Section 2. This is particularly
obvious when looking at system (4.7) as (4.10).

As before, for any s > 0, we define as in (1.10)

Cs = span {®; : the corresponding ip; satisfies | ] < s}, (4.12)

Note that for any s > 0, the vector space Cs coincides with the space

Cs,at = span {®; a; : the corresponding
1

Ao Nr = 105
T e - monne

In other words, this space is stable under the actions of the discrete semi-groups
generated by Aay. It follows that taking the initial value in that space makes sense.

Once again, we claim that the semi-discrete system (4.7)-(4.9) is observable
when filtering in the class Cs/a;:

satisfies |p;| < s}.

Theorem 4.1. Let 8 > 1/4 and 6 > 0. There exists a time Ts such that for all
T > T, there exists a positive constant kr 5, such that for At small enough, the
solution of (4.7) with initial datum (uo,vo) € Cs/n¢ satisfies

‘ uk+L ok 2
Ba(—5r—)
At

krsE® < At Z .
Y

kAte(0,T)

(4.13)

Remark 4.2. The assumption that B = (0 ;Bs) is done only to simplify the
presentation, the theorem is still true when dealing with an observable admissible
operator B = (Bj ;0), i.e. with the output function y(¢) = Byu(t), see Theorem 4.6
below. However, we are not able to handle the case where the observable operator
B = (By ; B2) acts on the two components u and @, that is y(t) = Byu(t) + Bau(t),
except when S = 1/4, where Theorem 2.1 applies. This probably comes from
technical reason.

Before entering into the proof, we give some preliminaries properties on the
solutions of the Newmark approximation scheme (4.7).

Lemma 4.3. The solution of (4.7) can be expanded as

uk = Z a; exp(iw;kAt)d;, (4.14)
JEZ*
where
wj = 2 arctan < Ath; > (4.15)
AL 21+ (8- 1/90202 )

and the coefficients (a;);cz+ are determined by the initial data.
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Proof. Tt is sufficient to look for solutions of the form u* = exp(iw;kAt)¢p;. System
(4.7) is then equivalent to

eiwj(k+l)At + eiwi (E—=1)At _ 2eiwjkAt] ¢
(At)? !
+ A [ﬂewj(kﬂ)m . Qﬂ)emjmt Jrﬂewj(kfl)m} ;= 0.

This gives that

e (220) e (420 <o
This leads to M? (A2
~—

g (Wi 2 2y _
sin ( 5 )(1+ﬁuj(At) ) =
Thus we deduce that
tan? (“’J’A’f) _ B (An? 1
2 /4 1+ (B-1/4u3(At)?

by which we arrive at (4.15).

Besides, using the orthogonality of the eigenvectors, one can compute the
energy in terms of the coefficients (a;)

1+ (8 —1/4)u3(At)?
Ek — 12 C2),2 j )
;('aﬂ +|(L ]| )ILL] 1+6M3(At)2

This implies in particular that if the initial data is taken in C5, ¢, the energy of
system (4.7) is equivalent to

E =" (lag* +la—[) 2. (4.16)

7>0

Indeed, in this case, we get :

E<FEF<E.

Proof of Theorem 4.1. Set 6 > 0, (uo,v0) € Cs/a¢, and let u* be the solution
of (4.7).

By assumption, the continuous system (A, B) is exactly observable, where
B has the particular form B = (0 ; By). Hence, from (1.5) the resolvent estimate
holds true and takes the following form :

1 2 1 2
M2 ([ A8 Gz — 22)|| + 1oz +iwzll” ) +m? [ Bazally > [ 45| + 2l

VweR, z= ( “ ) € D(A), (4.17)

Z2
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for some constants M, m > 0.

We follow the proof given in Theorem 2.1. We split the proof into three parts.

Step 1: Fourier Transform estimates. Here we introduce the functions we will
use through the proof and we study their Fourier transform.
Set x € D(R). We denote x* = y(kAt). Let g* = x*u* and

gk+1 + gkfl

I =

— ng B
+ Ao (Bg"H + (1= 20)g" + 89" ).
Taking (4.7) into account, we get that

7+ (Xk+1 T 2Xk) (uk n ﬁ(At)QAouk)

YLk (uk+1 ok

T AR

k+1 k
9 Tt —u

At At +0(48) AO( At ))

1 k k—1 k k—1

R (e ))

+

In particular, both f and g are in I2(AtZ, H) and then their Fourier transform is
well-defined and belong to L?(—Z;, ). From the definition of f* we deduce

g sin? (%)
At)2 2 (TAL
) 1— 4ﬂ S1n (T)

+ Ao)g(f) (1 — 4Bsin? (TTN))

for=(-+

Note that the symbol of the operator switches from hyperbolic type to elliptic one

when the sign of the term
AN

1 — 43 sin? (TT)

switches from positive to negative. Hence, we shall be careful in using the resolvent
estimate (4.17), which gives relevant estimates only in the hyperbolic range.

However, we claim that the frequencies involved in our problem actually are
in this range, that is

{r s.t. 1 — 43sin® (TTN) > 0}.

More precisely, similarly as in the proof given in the previous section, the Fourier
transform of ¢ is mainly concentrated in (—d/At, §/At).

Lemma 4.4. For any € > 0, set

a(x) = 2arcsin (L), ae = a(d+e), Ve = a(0+€)—a(d). (4.19)

24/1 + B2
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Then, recalling the definition of E in (4.16), we have the tho following estimates:

1 /At H 1 H ag/At l
1 A2 dr < 7/ AZg(r H
21 —7/ At 09 e /At 0

Q¢ 4 9 d2X 2
+7rAt(sm( )) [Supp(x)] ‘ﬁ OOE- (4.20)

2d _ 1 ac/ Ot 2 (TAt
<

_27T —ocg/At 2 )g()

Qe At N2 S| d2X 2 =
—| E. (4.21
Jr7rAt(sm( )) [Supp(x)] ‘dt2 oo (421)

Proof. Since the function u* is in [°°(AtZ, H), it belongs to S’(AtZ, H), and then
its Fourier transform makes sense. Actually, using (4.14),

ﬁ(T) = Z ak(swk (T)¢k7

k s.t.pk|<d/At

2

2 (TAt dr

1 /At
2W/_w Zsin (20 g(r)

and so

S (A)C{ 2acs ( 0 ) 2acs'( d )}
upp(@ r — |, —arcsin [ ——— ) |.
PP At 2 /1+ 302/ At 2/1+ 352
In particular, we can estimate § by using

/At

o(r) = / Yr-nimdi= Y adk(r - w).

—m/ At k s.t.|pe|<8/At

Recalling the definitions «, and 7. in (4.19), taking into account the above two
formulas, for |7| > a./At, we get

1 2 .
|[43a)|” = X el - w?

k s.t.pk|<d/At

sip {ROPH X alP?), (@22

[€1>7e /At k st |uk|<d/At

IN

On the other hand, since x is smooth and compactly supported, one can use as
before (see (3.18)) that

R < () supp0 ] 2X] (423
T — .
X - sin(%m) PP dt?
Integrating (4.22) on 7 in the interval |7| > a./At, taking into account (4.23), we
attain
1 2 2a At N4
adaear < 55 () sl 2 2
/|7'|>o¢€/At 0 ( ) At Sln(’YQE) | | dt?
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which implies (4.20). Inequality (4.21) can be derived similarly and is left to the
reader.

Step 2: The resolvent estimate. Now we apply the resolvent estimate (4.17)
to the desired function f (7). For 7 such that
Qe
N

7| <

which satisfies
At 1

2 )— 1+ 66 +¢)?’

1>1— 4f@sin? (T (4.24)

taking

w(t) = —

z1(1) = g}(T)(l — 4f3sin? (TAt))

2
29(7) = iw(r)z1(7)

into (4.17), it gives

R 2 1 2
M2||f(o)|| +m? () Bea (D)5 2 || AT 2 ()| + liwma @l (4.25)

Using (4.24) and integrating in 7 on [—7/At, 7/ At], we obtained that:

/At f( /At TNt 2 Tt 2
M? —sin(— g d
/—‘n’/At f(r dT+m /TI'/At exp( 5 )Atsm( 5 )g(T)) y T
ac /Dt .Al 2
S (N — Yo
<1+ﬁ(5+5) ) /ai/m 09| dr
1 e/ At TA, 2 Tt 2
_ j——)— si g dr.
U TP /—as/m exp(i— >Atsm( 2 >g< I
Using the estimates (4.20) and (4.21), Parseval’s identity leads to
gh T
MO e |11+ 2t D | Ba (557 I
2
4 _
> <1+ﬂ(6+e)2> (AtZkeZ ’Aog H - Sm4(7 /2)|Supp( )| ‘TX OOE) (4-26)
gkl d 2 _
+ 1507 (At ZkeZ’ N; || - sin2('yg/2) [Supp(x)[* ’TX OOE>-

Step 3: To the observability inequality. The last part is very close to the
second step presented in Theorem 3.1. For completeness, we present however the
main steps.
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For the first term of (4.26), using the explicit expression of f* given in (4.18)
and the following remark

i= Y s = || (1 a07a0)s] < a4 02 eI,

J st |ps|<d/ ANt
we easily get that

+1 kguk+1_k2

AL FEIP < 6(1 + Bo2) At S 4
(S > s
k+1 _ oy k o k-1
+3(1+50%) Y (X th;rx ) [ub|). (4.27)
kEZ
For the second term of (4.26), we get
gk+1_gk 2 Xk+Xk+1 uk+l ok 2
Atkz: BQ( At ) <2Atz( ) B2( At ) y
EZ kEZ
2 W NTE
+ 24t
5 (Y ()
X +Xk+l Wkl gk 2
<2Atke§;( ) Ba(—)),
+20300% (Xk%gxk)g HA§ (uh 1+ u’“)H2 . (4.28)
k€eZ
Besides,
AtZHA ng —AtZ|X |2H,42 kH (4.29)
and
gkttt — gk 2 1 F 4 xRN 2 || uh D — R 2
Atkezz At H ZQAt];Z( 2 ) At
k+1 k92|l k+l k|2
_th(X — X ) 4 ;” (4.30)

kEZ
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We also remark that

k+1 k|2

1 1 2 1 2 1 - 1
< q([adet |+ faset )+ 5 | (e ),
2 2
uF _|_2uk+1 . HAS% 2 | UkHA; uk _—

eI < g ’ (14 o) B0

2ol + la-sf?) < |45

(4.31)
wher HA(; 2| stands for the operator norm of A, * from H into itself.

Putting (4.27), (4.28), (4.29) and (4.30) in (4.26) and using (4.31), we obtain:

k+1 k

k K+l o - 2
X"+ X U U
om2At <7) B(7>
maty (5 )|,
kEZ

> () & F et

2
k1 _ ok

At

u

1 R 2
+2(1+ﬂ(5+6)2)AtZ( >—)

Xk-l—l _ Xk 2
sy ()
kEZ
k+1 _ 2 k+1 _ k2
—4C%E° At Xy 6(1 + B6%)E° At X =X
B kezz( At ) Z ( At )

ay (R

(1+552)E0(1+(ﬁ%)) )|su X2 ‘dt ‘ (4.32)

2 [40*

1+6(5+6

— 3(1 + 862)2 HAg

At
sin® (%)

To conclude the proof, we now specify the function x. We look for

where ¢ is a nonnegative smooth function satisfying:

Supp(¢) C (0,4), o(t)=1 vt € (1,3).

With this choice,
d2q§

supp(0)| 5| < g
[Supp(x |dt2 T2 a2
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and so it is bounded uniformly by Cy/T when T — oo. Putting this into (4.32)
we have
2

k1, k 1 9
meer 3 (=), 2 () e
k+1
Atkezz( >2E0(1+ﬁ(5—|—5HA (1+562))

k—1

Atk%(x . 72AX;+X )2

112
— 3(1 + B82)?2 HA(;E

At Cy? At N2
77sin2(“’75)?¢ (1+86%)E(1+ (Sin(l;)) ). (433)
But Xk+1 _Xk 2 1 N2
NZ(*) R
el . (4.34)

- 2X +x 1

Atz ( ) A0 Ty
kez

Hence choosing T' large enough, the right hand side of (4.33) is positive. More

precisely, if 7' > 47§ _ for some £ > 0, where T _ is the solution of

1
_ —— |4, 4C% 1 52
(1+ﬂ(5+5)) ‘ (1+ﬂ(5+5 [0 CHACh+6(1 45 )
_12 1 g2
— 3(1 + 852)2 HAO | = ‘ =0, (435)
for At small enough, there exists k7 s such that
k+1 kL [|2
0 o utTt —
krsE <At Y ‘BO(N ) X (4.36)

kAte(0,T)
One can then optimize in € and prove that the optimal time T}y satisfies
Ts < 4Té’5:0. (4.37)

Remark 4.5. Note that we did not optimize the time estimate (4.37) only for
simplicity. However, one can try to optimize each Cauchy-Schwarz inequality, but
this would make the proof harder to read. Besides, the final result we would obtain
on the time estimate would have the same magnitude, and would not be sharp.
One could try, as an exercise, to slightly improve this time estimate as we did in
Section 2.

For sake of completeness, we also give the complete assumptions when dealing
with an observation operator

y(t) = Bru(t) and y" = Byu*. (4.38)
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corresponding respectively to the continuous and the discrete outputs.

Theorem 4.6. Assume that B; € £(D(Ay),Y), and that the system (4.1)-(4.2) is
both admissible and observable with respect to the output (4.38).

Set § > 0. Then there exists Ts > 0 such that for any T > Ty, there exists a
constant kr s > 0 such that for all At small enough, for any initial data in Cs/ay,
the solution of the system (4.7) satisfies

brsEC <At ||Budtf; (4.39)
kAte(0,T)

Sketch of the proof. The proof is very similar to the previous one. Let us then
only point out the main differences.
Inequality (4.17) becomes

1 2 . 12
M2( [ 4f oz = 22)|| + 1Ag2s +iwzall®) +m2 | Braaly 2 45| + 2l

21

VweR, z= ( ) € D(A), (4.40)

Z2

In the second step, with the same choice of z1, 22, w, we obtain that for 7 < a/At,
At [P
Bij(r) (1 — 4B sin? (T—))
2 Y
And then, integrating this in 7 € (—w/At,7/At) and using Parseval’s identity,

this provides
2
w28 3 O B
into (4.26). The rest of the proof is the same.

N 2
m? < m? ||Blg(7')||y :

Applications. There are plenty of applications of the previous result. For instance,
we present an application to the boundary observability of the wave equation.

Consider a nonempty open bounded domain 2 € R and I'y be an open
subset of 92. We consider the following initial boundary value problem:

Uy — Agu = 0, re, t>0,
u(z,t) =0, x e, t>0, (4.41)
w(z,0) = ug, u(z,0)=vy, €N

with the output

ou
t)=—| . 4.42
v =] (1.42)
This system is conservative and the energy of (4.41)
1
B(t) = 5/ [lwe(t, ) + [V, 2)]?] e, (4.43)
Q

remains constant, i.e.
E(t) = E(0), Vitelo,T). (4.44)
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The boundary observability for the system is described as: For some constant
C=C(T,Q,Ty) >0, solutions of (4.41) satisfy

E(O)<C/0T/r0

Note that this inequality holds true for some triple (T, 2, o) satisfying Geometric
Optics Condition introduced in [1], which asserts that all rays of Geometric Optics
in Q touches the sub-boundary T'g in a time 7. In this case, (4.45) is established by
means of micro-local analysis tools (see [1]). From now, we assume this condition
to hold.

We then introduce the following time semi-discretization of (4.41):

2
%‘ dTodt, ¥V (ug,vo) € Hy() x L*(Q). (4.45)

k1 k=1 _ ok
uotu Co A (B (- 20t + ) e ek €2

(At)?
uk =0, redVkeZ
I T
(5= ) = (w0 w) € HY(®) x LA(9),
(4.46)
. . . . 1
where (3 is a given parameter satisfying 8 > ;.
The output functions y”* are given by
ouF
k
=—1 . 4.47
V=0 (4.47)

System (4.41)—(4.42) (or system (4.46)—(4.47)) can be written in form (4.1)—
(4.2) (or (4.7)) with observable (4.38) if we introduce the following notations:

H = L*(Q), D(Ao) = H*(Q)NHy(Q), Y =L*Ty),
AogO = _Aar</7 VQO S D(Ao),

0
B1<P=af(5

One can easily check that Ay is self-adjoint in H, positive and boundedly invertible
and

NGNS D(Ao),
To

D(AZ) = HY(Q), DA = H™'(Q).

Proposition 4.7. With the above notation, By € £(D(Ao),Y) is an admissible
observation operator, i.e. for allT > 0 there exists a constant Kp > 0, independent
of At, such that:

If u satisfies (4.41) then

I,

for all (ug,vo) € H} () x L3(Q).

dp |2 2 2
2| drodt < K ( lluollfyq + lurllace) )
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The above proposition is classical (see, for instance, p. 44 of [6]), so we skip
the proof.
Hence we are in the position to give the following theorem:

Theorem 4.8. Set 5 > 1/4. For any § > 0, system (4.46) is uniformly observable
with

(uo,v0) € Cs/nt-
More precisely, there exists Ty, such that for any T' > Ty, there exists a positive
constant kr s independent of At, such that the solutions of system (4.46) satisfy

T/ At
s (1900l + ool*) < At Z/ 2 i, (4.48)
k=0

for any (uo,vo) € Cs/n¢-

Proof. The scheme proposed here comes from a Newmark discretization. Hence,
it is a direct consequence of Theorem 4.6, once we have checked that the in the
class Cs/n¢, the energy EV is equivalent to the left hand side of (4.48):

2 (170l + ol ) < B0 < 5 (14 (8- 3)5) (17uoll® + o).

On this particular example, one can try to use microlocal tools to explain
the propagation of the waves in the semi-discrete level. Recall that for the wave
equation we may use the Geometric Control Condition [1], which says, roughly
speaking, that the optimal time of control is given by the time needed for all the
rays to meet I'g. When discretizing in time the wave equation as in (4.7), the
symbol of the operator becomes (see for instance [7])

s (757) - Je (1 amsin® (7))

As said before, this symbol is not hyperbolic in the whole range of frequency when
£ > 1/4. Hence we consider only the case where 3 = 1/4, that is when the symbol

is
am e (75) ~Jef

In this case, one can reasonably assume that the optimal time is given by the time
needed by all the rays to meet I'g as in the continuous case. But the bicharacteristic
derived from this hamiltonian are straight lines as in the continuous case, except
that their velocity is not 1 anymore. Indeed, one can prove that along the rays

< §/At,

corresponding to ’f

‘ ‘7 1 S 1
ALy = 52
1—|—tan( ) I+
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It follows that we expect that the optimal observability time T in the class Cs/a;
is 5
Ty = (14 2075,

where T} is the optimal observability time for the continuous system. According
to this, the estimate Ty given in (2.3) has the good growth in 4.

5. Fully discrete schemes.

In this section, we analyze the fully discrete approximation schemes of
3=Az, 2(0)=2"€X, (5.1)
where A is a skew adjoint operator in X with compact resolvent. The observation
is given by
y = Bz(t), (5.2)
where B € £(D(A),Y).
Besides, we assume that this system is exactly observable.

We assume that we have a sequence (Ay,, By) of operators such that:

1. The limit operators (Ao, By) coincide with (A, B).

2. The operators Aj, are skew adjoint in a sequence of Hilbert spaces X} and
with compact resolvent.

3. The operators By, are in £(D(Ap), Yr), where Y}, are Hilbert spaces, and their
operator norms from D(A4y) to Y are uniformly bounded by Cp.

4. The sequence of operators (Ay, By,) is uniformly admissible, that is for any
T, there exists a constant Kr such that for any A small enough,

T
/0 1B exp(tAn)°|2 dt < Kr||20]% (5.3)

where exp(tA;,) stands for the semi group associated to the equation
2= Apz, 2(0)=2"¢€ X,.

5. The sequence of operators (A, By) is uniformly observable, that is there
exists a time T™ such that for any T' > T™, there exists a constant kp such
that for any h small enough,

T
2
ke |2 < / | By exp(tAn)zol, dt. (5.4)
' 0
The parameter h refers to the mesh size of the space semi-discrete approximation.

Remark 5.1. We might think that the pair (A, By) converge to (A, B) when
h — 0 and that the Hilbert spaces (Xp, D(Ap)) converge to (X, D(A)). This will
be the case in the applications, in the sense of the gamma convergence.
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Lemma 5.2. There exist two positive constants M and m such that for all h > 0,
forallw e R,

. 2 2 2
M?|[(An = iw)zllx, +m? [1Bazlly, > lzlx, ., =€ D(An). (5.5)

Proof. Tt is sufficient to remark that the constants entering in (5.5) depends only
on T*, Kp and k7, see for instance [12]. Let us sketch the proof for completeness.
Fix h > 0 and w € R. Set 2" € D(A;), and

2(t) = exp(tAn)2°, v(t) = 2(t) — e™?20, f= (A —iw)2°.
Then

s = exp(tAp)Apz® = exp(tAp)(iwz’ + f) = iwz(t) + exp(tAy)2°.
Hence we deduce that

0 = iwv + exp(tA4r) f,
and thus

t
v(t) = / e (t=5) exp(sdp)f ds.
0

But z(t) = v(t) + 2%, and then
2

T T t
/ IBrz(t), dt§2T||tho|\;+2/ ‘/ e By exp(sAy) f ds||  dt.
0 0 0

From Cauchy Schwarz’s formula, the second term can be handled as follows:
T
[
0

Then, choosing T' > T™*, and using (5.3)—(5.4), we get

Y

2 T t
dtg/ t/ | B exp(sAn) f1l3, ds dt
0 0

72 T
< —

¢
/ =) By, exp(sAp) f ds
0

Y

| By, exp(sAh)fo,h ds.

T2
kr ||, <27 || B2, + S ErfIl%,

from we deduce (5.5).

Then, by remarking that in the proofs presented above, the time observ-
ability constants of the time-discrete approximation scheme only depends on Cp,
M, m, and the filtering parameter d, we can derive observability results for fully
discretized approximations schemes, for instance :

Theorem 5.3. Consider a sequence of operators (Ap, By) as above, and let us con-

sider the schemes

k41 _ ok
At

e Xh.

k+1 k
& :Ah(%), in X, ke,

(5.6)
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with the output function

y* = B2, keZ. (5.7)
Define
" = span {<I>§-h) : the corresponding iugh); satisfies |u§-h)| < s}, (5.8)
where ,ugh) and <I>§h) denote the eigenvalue and the corresponding eigenvector of
Ap,.

Set & > 0. Then there exists Ts such that for all T > Ty, there exists a
positive constant kr s such that for all At and h small enough, the solution of
(5.6) satisfies

2 2
ksl <ot Y Bl 59
kAte(0,T)

This theorem does not need any new proof: it is a simple corollary of Theorem
2.1 and inequality (5.5). This provides a simple efficient way to prove uniform
observability results for fully discrete schemes as we will show in the applications
hereafter.

Roughly, if the sequence of space discrete operators (Ay, By,) satisfies items 1
and 2, which are natural, one only needs to study the space semi-discrete system

z= AhZa y(t) = th(t)v

and prove (5.3) and (5.4) to obtain uniform observability estimates on the fully
discrete schemes (5.6)-(5.7).

Applications. Let us consider the wave equation in a 2-d square. More precisely, let
Q = (0,7) x (0,7) C R We consider the wave equation with Dirichlet boundary
conditions

i—Azu=0 in Qx(0,7)

u=0, on I x(0,T) (5.10)

u(z,0) = uo(z),4(r,0) =ur(z) in .

In (5.10) * = 9/0t denotes partial derivation with respect to time and A, is the
Laplacian in the space variable x = (z1, z2) € Q. Moreover, the energy of (5.10)

E@=%AﬂW@ﬂF+WW@Mﬂw, teR

is constant.
Let Ty denote a subset of the boundary of € constituted by two consecutive
sides, for instance,

N
Ty = {(1’1,’/T) 1T € (O,W)}U{(’]T,(L'Q) T € (0,7’(’)} =Ty UTls.
As in (4.42), the output function y(¢t) = Bu(t) is given by

B d d
= = @) S a)

Bu = — = .
ovir, dzo rn dr Ts
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It is by now well known (see [6] and the previous section) that there exists T' > 0

and C' > 0 such that
T
E(0)<C / /
0o Jro

holds for every finite-energy solution of (5.10).
let us consider the finite-difference semi-discretization of (5.10). The following
can be found in [16]. We introduce a finite difference approximation scheme.
Given J, K € IN we set

Ou |2
— | dlydt
ov ’ 0

- ™ h— m
VESE TE+1

We denote by u;x(t) the approximation of the solution v of (5.10) at the point
xjk = (jh1, khs). The discrete schemes of (5.10) is as follows:

hi

(5.11)

. Ujpik T Uj—1k — 2Ujk Ujpt1 + Ujp—1 — 2Ujk
Ujk — 2 - 12
1 2
0<t<ij:177J7 kzlavK (512)
ujp, =0, 0<t<T, j=0,J4+1; k=0,K+1
ik (0) = ujk0, Ujk(0) =ujpy, j=1,---,J; k=1,--- | K.

System (5.12) is a system of JK linear differential equations. Moreover, if we
denote the unknown

U(t) = (ur(t), ug1 (t), -+ ugn(t), - uik (), gk (t), - sk (t)7,

then system (5.12) can be rewritten in vectorial form as follows

(5.13)

Ut)+ A U(t) =0, 0<t<T.
U(0) = Uno, U(0)=Unp,

where (Un 0, Un1) = (Wjk,0, Ujk,1)1<j<I1<k<K € R2/E are the initial datum and
the corresponding solution of (5.12) is given by (Up, Uh) = (Ujk, Ujk)1<j<JA<k<K-
Note that the entries of Aj, belonging to M ;x(R) may be easily deduced from
(5.12).

As a discretization of the output, we chose

(BaU) gy = “h—"l’“ k=1, K, (5.15)

The corresponding norm for the observation operator By, is given by

J K
B0, = 3 GO By [Laslo?,
1= =
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Besides, the energy of the system (5.13) is given by

K
>l P+

k=0

hiha

En(t) = 5

J
0

J

i1k (t) — ugi(t) ‘2

. Ujt1(t) — wjn(t) ‘2) (5.16)

heo

+

As in the continuous case, this quantity is constant.
Eh(t) :Eh(O), VOo<t<T.

In order to prove the uniform observability of (5.13), we have to filter the high
frequencies. To do that we consider the eigenvalue problem associated with (5.13):

App = M. (5.17)

As in the continuous case, the eigenvalues co\"*"1:72 are simple and purely imag-
inary. Let us denote 7%"1:h2 the corresponding eigenvectors.

Let us now introduce the following classes of solutions of (5.13) for any 0 <
<1

o~

C,(h) = span {@?""-"2 such that AFM"2max(hy, he) < 24/7}.
The following Lemma holds (see [16]):

Lemma 5.4. Let 0 < v < 1. Then there exist T, such that for all T > T, there
exists k = k1 > 0 such that

T
MﬂM@S/Hﬂwm&ﬁ
0

holds for every solution of (5.13) in the class a(h) and every hy, ho small enough

satisfying
hq g
=< /.
Sup ‘ ha ‘ Vi—y

Now we present the time discrete schemes we are interested in. For any At >
0, we consider the following time Newmark approximation scheme of the system

(5.13):
Ukl 4 k=1 _ ok
(At)?
(UO +U Ut - U°
2 7 At
with 3 > 1/4.

A (6U’“+1 +(1-28)U" + ﬁU’H) —0,
(5.18)

) = (Un,0,Un,1),
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The energy of (5.18) given by

I 1"A}%(Uk+Uk+l)“2+1HUW—U’f ?
2

T2 2 2 At

(At)Q 1 Uk+1 _ Uk
18- 122 a4y ()
TUs-1g h At
which is a discrete counterpart of the time continuous energy (4.3) and remains
constant (see (4.8) as well).

The following theorem can be seen as a directly consequence of the Theorem

2
L keZ (5.19)

4.6:

Theorem 5.5. Set 0 < v < 1. Assume that the mesh sizes hy, ha, At goes to zero

such that
wf|< [T, el o, 520
P ho 4—~’ At = '

where T is a positive constant.
Then, for any 0 < 0 < 2./7/7, there exist Ts > 0 such that for any T > Tj,
there exists kr s~ > 0 such that the observability inequality

krs, >O0E" <At Y ||BU*
kAte(0,T)

holds for every solution of (5.18) in the class Z’;(h) for hi, ho, At small enough
satisfying (5.20).

2
[

Proof. We are in the setting given before and thus Lemma 5.2 hold. Hence, to
apply Theorem 4.6, we only need to verify that Cs,»; C Cy(h). But

g al V7
A — <2 <2 .
Al < At~ 1At T max{hi, ho}

and the proof is over.

6. Further comments and open problems

1. The resolvent estimate seems to be adapted to work on the time-discrete
approximation schemes, as we have seen in this paper. However, although this
method is quite robust, we are not able to deal with observability inequality with
loss. Actually, this question is also open at the continuous level.

2. There are still some issues to analyze, even at the continuous level, to
recover the optimal time. To our knowledge, the time obtained by the resolvent
estimate is not optimal in general. Another spectral method is known, the so-
called wave packet method introduced in [11]. However, the result it provides is
always worse than before, especially on the time estimate. Indeed, the equivalence
between the wave packet estimate given in [11] and the observability inequality
(1.4) is obtained by using the equivalence on the resolvent estimate. However we



36 Sylvain Ervedoza, Chuang Zheng and Enrique Zuazua

conjecture that the wave packet method as exposed in [11] shall be more robust
and meaningful, but this would require the derivation of a more direct proof.

3. There are several different methods to derive uniform observability inequal-
ities for the systems (4.46). In [15], a discrete multiplier technique is established to
derive the uniform observability of the wave equations in a bounded domain. The
same order of filtering parameter §/(At) is attained but a smallness condition on
0 is imposed. Theorem 2.1 generalized this result to any § > 0, as the dispersion
diagram in [15] suggested.

References

[1] C. Bardos, G. Lebeau, J. Rauch, Un ezemple d’utilisation des notions de propagation
pour le controéle et la stabilisation de problemes hyperboliques. Nonlinear hyperbolic
equations in applied sciences, Rend. Sem. Mat. Univ. Politec. Torino, 11-31 (1989).

[2] N. Burq and M. Zworski, Geometric control in the presence of a black box, J. Amer.
Math. Soc., 17(2004), no. 2, 443-471.

[3] E. Hairer, S.P. Ngrsett and G. Wanner, Solving ordinary differential equations. I
Nonstiff problems, Second edition. Springer-Verlag, Berlin, 1993.

[4] E. Hairer and G. Wanner, Solving ordinary differential equations. II Stiff and
differential-algebraic problems, Second edition. Springer-Verlag, Berlin, 1996.

[5] A.E. Ingham, Some trigonometrical inequalities with applications to the theory of
series, Math. Z. 41, 367-369(1936).

[6] J.-L. Lions, Controlabilité exacte, perturbations et stabilisation de systémes distribués,
Tome2. Recherches en Mathématiques Appliquées, Masson, Paris, 1988.

[7] F. Macia, On the lack of observability for the wave equations: A gaussian beam ap-
proach, Asymptot. Anal. 32(2002), no. 1, 1-26.

[8] L. Miller, Controllability cost of conservative systems: resolvent condition and trans-
mutation, J. Funct. Anal., 218-2 (2005), 425-444.

[9] A. Miinch, A uniformly controllable and implicit scheme for the 1-D wave equation,
M2AN Math. Model. Numer. Anal. 39 (2005), no. 2, 377-418.

[10] L. N. Trefethen, Group Velocity in finite difference schemes, SIAM Rev. 24(1982),
no. 2, 113-136.

[11] K. Ramdani, T. Takahashi, G. Tenenbaum and M. Tucsnak, A spectral approach for
the exact observability of infinite-dimensional systems with skew-adjoint generator, J.
Funct. Anal., 226 (2005), 193-229.

[12] M. Tucsnak and G. Weiss, Passive and conservative linear systems.

[13] G. Weiss, Admissible operators for linear semigroups, Israel J. Math., 65 (1989),
17-43.

[14] R.M. Young, An introduction to nonharmonic Fourier series, Pure and Applied
Mathematics, 93, 1980.

[15] X. Zhang, C. Zheng and E. Zuazua, Ezact controllability of the time discrete wave
equation. In preparation.



Observability of time discrete systems. 37

[16] E. Zuazua, Boundary observability for the finite-difference space semi-discretizations
of the 2 — D wave equation in the square., J. Math. Pures Appl., 78 (1999), no. 5,
523-563.

[17] E. Zuazua, Propagation, observation, and control of waves by finite difference meth-
ods, SIAM Rev., 47 (2005), no. 2, 197-243.

This appendix is aimed to develop analternate proof to Theorem 3.1 based
on the wave packet method from [11] :

The exact observability property of system (1.1)-(1.2) is equivalent to a so-
called wave packet estimate. Let us define for w € R and € > 0

Je(w)={m € A such that |p, —w| <e}.

There exists €9 >0 and « > 0 such that for all n € A

and for all z = Z em®Pm : |Bz|ly > allz|lx - (-1)
meJ&o(Hn)

Appendix A. Wave packet estimates : Admissibility and
Observability.

A.1. Admissibility.

Let us assume that system (1.1)-(1.2) is admissible. Then there exists a positive
constant K7 such that :

T
| @I dt < Krloly ¥ a0 € D) (A1)
0

The goal of this section is to prove that this property can be read on the
wave packets as well.

Proposition A.1. System (1.1)-(1.2) is admissible if and only if
There exists r >0 and D >0 such that for all n € A

and for all z = Z a®; : |Bz|ly < Dzl x - (A.2)
ledr(pn)

Proof. We will prove separately the two implications by Ingham’s type arguments.

Assume that system (1.1)-(1.2) is admissible. We will need the existence of a
time 7" such that there exists a function m satisfying
m(t) <0,  |t|=T/2,
m(t) <1, |t] <T/2, (A.3)
m(r) =1, |7] < 1.

The existence of such time T" and function m is postponed.
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Then, let us consider a wave packet zg = Zle T (o) ¢;®;. Then the admissi-
bility gives

T
2 2
Krlwl% > / 1B=(0)|% di
> [ mie—1/2) | B0} de
R
> Z o, — ) < ay, By, a, Be1, >y
l1,l2€J1 (n)?
> Z < allBCI)anlQB(I)b >y
l1,lo€J1 (n)?
2
> |[Bzlly -

This concludes the proof of estimate (A.2).

Now we assume that estimate (A.2) holds for some r > 0 and D > 0. Set
zo € D(A), and expand zg as

zZ0 = E Zky ZE = E Cl<I)l.

keZ l€J,.(2kr)

Here again, we shall assume the existence of a time T and a function M such that

M@)=0, [t|=T/2,
M () > 1, [t| <T/2, (A4)
Supp M C (—2r,2r).
Then
T 2 2
/0 |Bz(t)[ly < /]RM(t*T/Q) 1B=(t)|ly dt
<

Z /]RM(t —T/2) < Bz, (t), B2y, (t) >y dt.
k1,k2

But these scalar products vanishes most of the time. Indeed, if |k; — ko] > 2,

/ M(t — T/Q) < szl (t), B2k2 (t) >y dt =
R

Z M, — ) < a, B®y,, a1, B®;, >y=0
(I1,l2) €T (2k1m) X Jp(2kaT)
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from (A.4).This implies that

T
/0 IB=t))> < /IRM(tT/2);<||sz(t)|f/+2§)?<sz(t),sz+1(t)>)dt
< 3/]RM(t—T/2)Zk:||sz(t)||y dt
<

7 M= 1/ B0l i

< 30 [ ME-TDY a0l a
k

< 3DM(0) ||zl -

This closes the proof, since admissibility at time 7' is obviously equivalent to
admissibility in any time 7.

It follows that Proposition A.1 holds as soon as we have proved the existence
of the two functions m and M satisfying (A.3) and (A.4), which appears naturally
in many Ingham’s type theorem proofs, [5].

I think one possible function M can be found in Tucsnak’s book. For the
other one, i do not have a single clue, but i am really convinced it shall exist.

A.2. From the Wave Packet estimate (.1) to the Observability.

This subsection is devoted to prove the following proposition, which is a by-product
of the analysis of [11], as Marius Tucsnak pointed it out to us.

Proposition A.2. Assume that (.1) holds, that is :
There exists € >0 and a >0 such that for all n € A

and for all z = Z cm®Pm : [Bzlly > a2l x -
me]ao(l"n)

Then the observability estimate (1.4) holds in a time T* such that

T gw\/12+m(1+i)2, (A.5)

e a?(1 —exp(—1))
where Ky is the admissibility constant corresponding to T =1 in (1.3).
Proof. Let z € D(A), w € R. Denote by
V(w,e) = span((bj such that |p; —w| < 5).

Write
z=2z1+4 22, 2z €V(w,e), 29€V(w,e)"
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Using Cauchy Schwarz inequality, we get that for any n € (0,1)

1
1By = =Bl — (7 -1) 1Bzl

1
(1 =ma? el = (= 1) 1Bzl

v

Besides,

| Bzzlly < ||B(A - iwl) " (A - iwI)ZQHY

< ||B(A —iwI)™" Hs(v(w’s)*’y) (A —iwl)zs]|
We claim that the following lemma holds :
Lemma A.3. Let us define K(w,€) as
K(w,e) =||B(A - iwI)_lHE(V(%E)*’Y) .
Then for any € > 0, K(w,€) is uniformly bounded in w, that is
K(e) = sup K(w,€) < 0. (A.6)

weR

Besides, the following estimate holds

/ K 1

where K1 is the admissibility constant in (1.3).

Let us postpone the proof to the end of the section.
It follows that for all m, M € R?,

M2 (A = iw)2|x +m? || Bz[} > m2a?(1 =) |2 [}
1
2 2( - 2 _ 2
+ (M m (n 1)K(E) ) (A — cowl) 2%
1
> m202(1 — 2 2 2 ot 2 2
> mPa?(L =) [l + ¥ (M2 = m? (1 1)K ()) 2]k

For all € (0,1), one recover the resolvent estimate by solving

1
m2a2(1 — 1) = €2 (M2 - mQ(f - 1)K(5)2> =1,
n
which leads to
1 1 1
2= M?=—-+—K()% A8
=21y T 22 T o2 ) (A.8)

Remember that from the resolvent estimate the estimate on the optimal time is
given by
T <7M,
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and since the resolvent estimate holds for all n € (0,1) with (M,,m,) as in (A.8),
it follows that the optimal time satisfies

1 1
T < my\ = +

<mf5+ KE)” (A.9)

Hence the estimate (A.5) follows.

Proof of Lemma A.3. Note that i do not claim that the estimate given in
Lemma A.3 is sharp, and it would interesting to try to improsve this estimate !
Let us first notice this resolvent equality.

(A—iwl)—1T = A-—(1+iw)l
(A— (1 +iw) )M —(A—iw)™) = (A—iwl)™t
Hence
K(w,e) < [|B(A-(1+ Z.‘“‘J)I)AH;:(X,Y) (7 — (A - Z.""I)il)H):(v(w,e)*,X)

Obviously
I = (A= D)™ gy S T+
Hence we restrict ourselves to the study of
|B(A-(1 +z‘w)])*1||£(x,y) .
Let us remark that for all z =) a;®; € X,
(A-(Q+in)) 'z = Y Z,(Nj_lw)_laj@j

= /00 exp(—t)z(t) dt,
0

where z(t) is the solution of (1.1) with initial value z. This implies that

|B(A = (1+iw) )~ 2| = H/OOO exp(—t)Bz(t) dt i

< (/OOC exp(—t) dt) (/0

Y
[eS)

exp(—1) | B()[5. dt)

< / exp(—t) | B=(t)[% dt.

But using the admissibility of the operator, we obtain
k+1

/0 exp(—1) | Bz dt < %exp<—k> /k B2 dt
< (X ew-k)Ki|I%
k€eIN
K 2

1 —exp(—1)
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The estimate (A.7) follows.

Appendix B. An alternate proof of Theorem 3.1.

Let us recall the setting of Section 3. We consider a scheme which can be read as
L =T a 2R, 20 = 2, (B.1)

where Ty is a linear operator which has the same eigenvectors as the operator A.
We also assume that the scheme is conservative. This implies that there exist real
numbers A; a4 such that

TAt¢j = exp(i)\ijtAt)qu. (B2)

Moreover, we assume that there is an explicit relation between A; o+ and p; under
the following form:

1
/\j,At = E h(/,LjAt), (B3)
where h is a smooth strictly increasing function satisfying:
|h(z)] < . (B.4)

Again we introduce an operator Aa; such that the solution of (3.1) coincides
with the solution of the linear system

Skl Lk

2k 4 ktt 0
A —Ae(T ) e (B5)
This is done by the definition
Aped = knae(p)o;, (B.6)
where 5 h(wit)
wAt
kat(w) = ~ tan ( 5 ) (B.7)

Set > 0. The main idea of this proof is to work on the continuous level, but
not on the continuous system (1.1), but rather on the continuous systems

2= Apz, Z(O) =20 € C&/At- (B8)

with output y(t) = Bz(t) as before.

Our goal is to prove a uniform resolvent estimate similar as (1.5) for the
sequence of operator (Aa:, B) and then to apply Theorem (2.1) to obtain the
desired observability estimate uniformly in At.

Note that we are very close to the mathematical setting presented in Section
5 to address the fully discrete problem. Hence we propose to obtain a uniform
resolvent estimate as in Section 5 and we only to check the hypothesis of Lemma
5.5.
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Lemma B.1. e Uniform continuity. For all At > 0,

Hyj
B <Cp sup {7} B9
|| ||£('D(AA¢)I'_TC5/At,Y) 516/ A8 kAt(,U/JAt) ( )

o Uniform Admissibility. System (B.8) is uniformly admissible.
e Uniform Observability. System (B.8) is uniformly observable.

Proof. To prove the first item, we write, for z € C5/a;, that

1B=]y

IN

Cp||Az] x

IN

ol gzl e
and the result follows.
The proof of the two others items is based on Lemma B.2:
Lemma B.2. For w € R and € > 0, set
JAw)={m e A such that |\, —w| <e},

where (A\y,) is the sequence of eigenvalues of Any. We have the following Lemma:
Let
1

£ = 0.
SupuAtgé{k/At(:u)}

Then J2H () C Jey () if || < 5/ At.

Indeed, from the admissibility of the continuous system, we deduce that (A.2)
holds for (A, B). Then from Lemma B.2, we show that estimate (A.2) holds as
well, and finally we conclude from Proposition A.1 and the estimates given on the
admissibility constants K in(A.1) that this implies the uniform admissibility.

For the last item, we use Proposition A.2. First, since (A, B) is observable,
(.1) hols for B on the eigenvectors of A. From Lemma B.2, it is obvious that (.1)
holds uniformly in At by choosing € small enough. Besides, the estimates given
in (A.8) prove that the resolvent estimate holds uniformly, and therefore that
(Aat, B) are uniformly observable in a finite time, on which we have the estimate

(A.5).

Using Section 5 and the theorems therein provides the result. Note however
that this proof is longer than the one presented in Section 3 and is based on the
main result Theorem 2.1 as well. Actually, this gives a longer path than via the
resolvent estimate to prove (3.12).
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