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0�

¯¤±�, ½5´�a��XÚ¥����5U. 3²

;�G��"��¥, ·�Ï~b�G�x��DÑ���ì, ,

���ì|^G�x�&E¢yéXÚ�½5���.
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n��5XÚ

 ẋ(t) = Ax(t) + Bu(t), t ≥ t0

x(t0) = x0

x ∈ Rn´G�Cþ, u ∈ Rm´Ñ\Cþ, A ∈ Rn×n, B ∈ Rn×m.

1. u = 0, ẋ = Ax .

2. u = Kx , ẋ = (A + BK )x .

eA + BK�HurwitzÝ
, KXÚ´G��"	½�.
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ó§A^þ��"��XÚ, ØU¢yéG�x��DÑ, I��


Ù¦�?n��(&EÂ8!?èì!�äÏ�!)èì). =

u = Kq(x).  ẋ(t) = Ax(t) + BKq(x), t ≥ t0

x(t0) = x0
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þzì: ©¬~�¼êq(x) : Rn → Q ⊂ Rn, Ù¥Qk�.

~Xµ

(1)&EÂ8ìµx(t1) = 30

(2)?èìµ 

· · ·

0 ≤ x ≤ 50 −→ 1

50 ≤ x ≤ 100 −→ 2

· · ·

(3)&E�äÏ�

(4))èìµ1 −→ 25(�¥m�), ��¢S��q(x(t1)) = 25.
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Figure: Quantization regions
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Ï~b½þzì÷v±eü�b�

b�1: �3¢êM > ∆ > 0, ¦�e¡ü�^�¤á:

|z | ≤ M ⇒ |q(z)− z | ≤ ∆,

|z | > M ⇒ |q(z)| > M −∆,

Ù¥M,∆©O´þzì�þzUå�þzØ�.

b�2: �3¢ê∆0 > 0, ¦�

q(z) = 0, ∀|z | ≤ ∆0.
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k�Uåþzì�"�

“Saturation”µ�Úþz.XÚG��Ñþz��M�, þzØ�

é�, ù¦��én�XÚ�O���ØU��ýÏ8�.

“Deterioration”µ²ï:NC��z. �O8I�XÚG�v


�C�, þzØ�û½
U���°Ý. ;��U���O8I

������.

IüÕ�Oþz¼êq��"��5K. �ª��Ñ\�G�

½/ISS

Delchamps, 1990; Raisch,1995; Chou, Chen, Horng,1996; Feng,

Loparo,1997; Sur,Paden,1998; Lunze,Nixdorf,Schroöder, 1999;
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�N!þzì

¦^Xeþzì

qµ(x) := µq(
x

µ
), µ > 0.

Ù¥µ´�N�C�ëê. �3k��m:?1N!,�Ïk:

M��O�²L¶

ØI�ëYN!.

“zooming-out”µO�þzUå, ��XÚG��±�ÿþ.

“zooming-in”µA^�", Ó�~�þzØ�¦G�ªu²ï:.
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�N!þzì

Linear system. Wong,Brockett,1999; Aström,

Bernhardsson,1999; Liberzon, Brockett,2000; Elia,

Mitter,2001;Ishii, Francis,2002; Liberzon,2003, Liberzon,

Neusić, 2005.

Nonlinear system. Neusić, Teel, Sontag, 1999, Neusić, Teel,

2004, Liberzon, 2006, 2009, Liberzon, 2012.
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Liberzon(Automatica03)�Ä�5XÚ

(∗)

 ẋ = Ax + Bu, t ≥ t0

x(t0) = x0

Ù¥A ∈ Rn×n,B ∈ Rn×m´½~Ý
, x ∈ Rn´G�Cþ, u ∈

Rm´��Ñ\.
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Theorem (Liberzon(Automatica03))

XJ�3�"��,¦�XÚ(∗)�ÛìC½, K�3��k�

Uåþzì��"��Æ¦�XÚ(∗)�ÛìC½.

yyy²²²VVV���:

1. Zoom-out u = 0. O�µ, ��XÚG��±�ÿþ.

2. Zoom-in \\�", ~�µ, ¦�XÚG�ªu�:.
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Liberzon&Nešić (AC07)�Ä�Z6��5XÚ

(∗∗)

 ẋ = Ax + Bu + Dd , t ≥ t0

x(t0) = x0

Ù¥A ∈ Rn×n,B ∈ Rn×m,D ∈ Rn×sÑ´½~Ý
, x ∈ Rn´G

�Cþ, u ∈ Rm ´��Ñ\, d ∈ Rs´äk��þ.�k.Z6.
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Definition

ëY¼êα : [0,∞) −→ [0,∞)áuK∞, XJα´î�4O, α(0)

= 0, �r → +∞, α(r)→ +∞.

~µα(r) = r2 ∈ K∞.

Definition

XÚ(∗∗)´Ñ\�G�½�(ISS), XJé?¿�Ð©�x0±9

?¿k.�Z6d , �3γ1, γ2, γ3 ∈ K∞¦XÚ÷v

|x(t)| ≤ γ1(|x0|) + γ2(||d ||[t0,+∞),∀t ≥ t0,

lim
t→+∞

sup |x(t)| ≤ γ3( lim
t→+∞

sup |d(t)|).

5µ�d = 0�, ISS òz��ÛìC½.
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Theorem (Liberzon&Nešić (AC07))

�ÄXÚ(∗∗), �3��þzì��"��Æ¦�XÚ(∗∗)Ñ\

�G�½.

yyy²²²VVV���:

1. Zoom-out u = 0. O�µ, ��XÚG��±�ÿþ.

2. \\�"��. ØÓuÃZ6�5�¹, duZ6d , I�

3Zoom-out�Zoom-in�m=�, =þz��Ñ�½��, µÒ�

�, þz�$u�½��, µÒ��, �ª�±��µ´k.�, =

��m�Z6Ø¬\È¦�µªuÃ¡�.
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·��ÄXe��5XÚ

(∗ ∗ ∗)

 ẋ(t) = f (x(t)) + Bu(t) + Dd(t), t ≥ t0

x(t0) = x0

Ù¥x ∈ Rn´G�Cþ, u ∈ Rm´��Ñ\, d ∈ Rs´���k

.Z6, f : Rn → Rn´ÛÜLipschitz¼ê.

·�b½�3Ý
K ,

�~êN, �~êL, ¦�∀x ∈ RnÑk

xT (f (x) + BKx) ≤ −N|x |2, |f (x)| ≤ L|x |.

5: L�K�NÃ'.
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Theorem

�ÄXÚ(∗ ∗ ∗), �3��þzì��"��Æ¦�XÚ(∗ ∗ ∗)Ñ

\�G�½.

·��¦^Xeþzì

qµ(x) := µq(
x

µ
), µ > 0,

�¦þzì�M,∆÷v±e^�

M > 5∆ +
2||BK ||

N
∆.
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XÚ´·ÜXÚ, §�¹ëY�Cþ�lÑ�Cþ.

1.ëYCþ XÚ�G�x±9ü�Ð��0���¨Cþτout ,

τin, Ù¥τout ∈ [0,Tout ], τin ∈ [0,Tin].

2.lÑCþ Ð��µ0��NC�ëêµ±9Ð��“no” �Ü6

Cþcapture, Ù¥capture ∈ {“yes”, “no”}.

·��O�"��Æ�

u(t) =

 0, capture = “no”

Kqµ(x), capture = “yes”.
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XÚCþ�üz�¹ëY¯��lÑ¯�.

1.ëY¯� x÷vXÚ��§, ��¨Cþτout , τin÷v

τ̇out =

 1 τout < Tout

0 τout = Tout ,

τ̇in =

 1 τin < Tin

0 τin = Tin.

2.lÑ¯� �NC�ëêµ�Ü6Cþcapture÷ve¡��

{.
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lÑ¯��{

step 1(Ó¼):

If capture = “no”

if |qµ−(x)| ≤ `outµ− and τ−out ∈ [Tc ,Tout − Tc ]

then µ = Ωoutµ
−, capture = “yes”

end

if τ−out = Tout

then µ = Ωoutµ
− , τout = 0

end

End
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step 2(N��å):

If capture = “yes”

Zoom-out:

if |qµ−(x)| ≥ `outµ−

then µ = Ωoutµ
−, τout = 0

end

Zoom-in:

if |qµ−(x)| ≤ `inµ− and min{τ−in , τ
−
out} ≥ Tin

then µ = Ωinµ
−, τin = 0

end

End
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Ù¥Tin,Tc ,Tout ,Ωin,Ωout ´�ê�÷ve¡�Ø�ª

Tin ≤ Tout ,

Tc <
1

2
Tout ,

Ωout >
M

M − 2∆
, by Lemma 2

Tout < log Ωout/L, by Lemma 1

Ωin < 1,

Ωin(M − 2∆)− 3∆ >
2||BK ||

N
∆. by Lemma 2

Ù¥`in, `out½ÂXe

`in = Ωin(M − 2∆)− 2∆, `out = M −∆.
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�Ó¼5

Lemma (1)

�3���mt1 ≥ t0±9¼êρx , ρµ : R≥0 → R≥0, ¦�

||x ||[t0,t1] ≤ ρx(|x0|+ ||D||||d ||[t0,+∞))

µ(t1) ≤ ρµ(|x0|+ ||D||||d ||[t0,+∞))

±9∀t ≥ t1, ·�Ñkcapture = “yes”, |x(t)| ≤ Mµ(t).

yyy²²²VVV���:

1. |x(t)| ≤ eL(t−t0)(|x0|+ 1
L ||D||||d ||[t0,t])

2. µ(t0 + kTout) = Ωk
outµ0, k = 0, 1, 2 · · ·

3. Tout < log Ωout/L
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½Â

µ̂ :=
2||D||||d ||[t0,+∞)

N(M − 2∆)− 2||BK ||∆
.

Lemma (2)

∀t ≥ t1, ·�Ñkµ(t) ≤ Ωout max{µ̂, µ(t1)}.

5µ

1. µ(t1) ≤ ρµ(|x0|+ ||D||||d ||[t0,+∞))

2. |x(t)| ≤ Mµ(t),∀t ≥ t1.

3. é�ISS½Â¥�γ1, γ2.
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?�ε > 0. �3���mt2 ≥ t1¦�

|d(t)| ≤ lim
t→∞

sup|d(t)|+ ε, ∀t ≥ t2.

½Â

µ̃ :=
2||D||

N(`in −∆)− 2||BK ||∆
( lim
t→∞

sup|d(t)|+ ε).

Lemma (3)

�3���mt3 ≥ t2, ¦�∀t ≥ t3Ñkµ(t) ≤ Ωout µ̃.

5:

1. |x(t)| ≤ Mµ(t),∀t ≥ t1.

2. é�ISS½Â¥�γ3.



0� �5XÚ ��5XÚ

~f1. �ÄXÚ 
ẋ = sin x + u + 10d

x(0) = 1000

·��K = −2, N´��

| sin x | ≤ |x |, ∀x ∈ R

x(sin x − 2x) ≤ −x2, ∀x ∈ R.
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~f2. �ÄXÚ

ẋ1 = −2x1 + x2

ẋ2 = 2x1 sin x1 + 2x2 + u(t) + 100d(t)

x1(0) = 0

x2(0) = 10000

·��K = (−1,−4), N´��

|f (x)| ≤ 4|x |, ∀x ∈ R2,

xT (f (x) + BKx) ≤ −|x |2, ∀x ∈ R2.
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·��k.Z6

d(t) ∈ [0, 0.01]

±9�ëê���

M = 50,∆ =

√
2

10
, µ0 = 10,

Tin = Tout = 0.16,Tc = 0.01,

Ωin = 0.4,Ωout = 3,

?1�ý.



0� �5XÚ ��5XÚ

Figure: Simulation result for example 1
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Figure: Simulation result for example 2
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1 Ã¡�XÚ�k��"½5.

2 æ�*ÿe���üÑ.

3 �"Uåk��, lÑXÚ�"½5�Âñ5�.
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D. Liberzon and D. Nešić, ISS of linear systems with

quantized state measurements, IEEE AC, 2007. (137)

C. Li, L. Li and C. Zheng, ISS of nonlinear systems with

quantized state measurements, preprint.



0� �5XÚ ��5XÚ

������!


	½éÉÜ
	ÏßÐÔÏµÍ³
	·ÇÏßÐÔÏµÍ³

