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ABSTRACT. In this paper we establish a global Carleman estimate for the
fourth order Schrédinger equation with potential posed on a 1—d finite domain.
The Carleman estimate is used to prove the Lipschitz stability for an inverse
problem consisting in recovering a stationary potential in the Schréodinger equa-
tion from boundary measurements.

1. Introduction. The fourth order Schrédinger equation arises in many scientific
fields such as quantum mechanics, nonlinear optics and plasma physics, and has been
intensively studied with fruitful references. For instance, its general nonlinear form
is given in [12, 13] to take into account the role of small fourth order dispersion terms
in the propagation of intense laser beams in a bulk medium with Kerr nonlinearity.
The well-posedness and existence of the solutions has been shown (for instance, see
[10, 18, 20]) by means of the energy method and harmonic analysis. In this paper,
we are interested in the inverse problem for the fourth order Schrédingier equation
posed on a finite interval.

To be more precise, we consider the following fourth order Schrodinger equation
in = (0,1):

Z‘ut + Ugzax +PU - 07 (t,‘T) S (O,T) x 0
u(t,0) =u(t,1) = 0,uy(t,0) =ux(t,1) =0, te€(0,T) (1)
u(0,z) = up(z), x € .

For any initial data ug € H3(2) N HZ(Q) and p € L?(Q), there exists a unique
solution of (1) u € C([0,T]; L3(2)) N C([0,T]; H3(Q) N HZ(Q))(see, for instance,
19)).

The purpose of this paper is to determine the potential p = p(z), z € ) by means
of the boundary measurements. The problem we are interested can be stated as
follows: is it possible to estimate ||g — p||L2(Q), or better, a stronger norm of g — p,
by a suitable norm of the derivatives of u(q) — u(p) at the end point = 1 (or, at
x = 0) during the time interval (0,7)?
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Recently, the inverse problem of the Schrodinger equations has been intensely
studied (see [1, 2, 7, 11, 16, 17, 22] and the references therein). One of the main
techniques is the Carleman estimate ([1, 11, 14, 17, 22]), which is also a powerful
tool for the controllability and observability problems of PDEs.

However, for the higher order equations, due to the increased complexity, there
are few papers investigating the stability of the inverse problems via Carleman es-
timates. In [23], Zhang solves the exact controllability of semilinear plate equations
via a Carleman estimate of the second order Schrédinger operator. Zhou ([25]) con-
siders the observability results of the fourth order parabolic equation and Fu ([9])
derives the sharp observability inequality for the plate equation. In both papers,
they show the Carleman estimates for the corresponding fourth order operators for
1 — d cases, respectively.

To our knowledge, the result of determination of a time-independent potential
for the fourth order Schrédinger equation from the boundary measurements on the
endpoint is new. Furthermore, our work in this paper is the first one dealing with
the Carleman estimate of the fourth order Schrédinger equation.

To begin with, we introduce a suitable weight function:

U(z) = (z — x0)?, x9 < 0. (2)

Let A > 1 be a sufficiently large positive constant depending on 2. For ¢ € (0,7T)
and following [8], we introduce the functions

; z , e3ut() 1 » /\e?mzb(r) — edulldll
=, @(,w)—m an (t,2) = (T —t)

with a positive constant p. Denote by

T
Pu = iuy + Uggar, Q=(0,T)xQ and / (")dxdt = / /(~)d33dt.
Q 0o Ja
We also introduce the set
Z ={ue L*(0,T; H*(Q) N Hj(Q)), Pu € L*(Q),
Up (-, 1) € L*(0,T), tgaz(-,1) € L*(0,T)}.

The first main result is the following global Carleman estimate for system (1):

Theorem 1.1. There exist two constants g > 1 and C' > 0 such that for all
> po, one can find a Ny such that for all A > Ao = A, T,

/ ()\7M8<P792|U‘2+/\5M6<,0592|Ua;|2+)\3M4S0392‘sz‘2+/\M2<P92|Umx‘2)d$dt
Q

<C (/ |0 Pu|dxdt (4)
Q
T

T
+/\3u3/ (@392|um|2)(t71)dt+>\u/ (06 1z ) (2, 1)dt>
0 0

holds true for all u € Z, where the constants ug and C' only depend on xq.

Remark 1. Note that for simplicity, we give the exact form of the function ¥ (z)
in (2). In fact, the statement holds true for any function satisfying

YpeC* (), ¢v>0, ¥, #0 in Q with Q=1]0,1], V2 (0) > 0,1,(1) > 0.

It is worth to mention that, by taking zy > 1, one could switch the observation
data in (4) to the left end-point x = 0.
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Remark 2. Note that \g has the order of T2 with respect to the time T, as we
will show in the proof.

Remark 3. [24] shows an observability inequality which estimates initial data
by the measurement of Awu for a Schrodinger equation without the potential ¢
on Iy = {z € 0Q; (x — o) - v(z) > 0} using a multiplier identity and Holmgren’s
uniqueness theorem. Observability inequalities are technically related to our inverse
problem (see [21]). However, the approach in [24] can not be applied to our problem,
even though less observability data are considered.

Remark 4. Note that the Carleman estimate (4) also can be applied to the con-
trollability problems. In fact, one can derive the exact controllability of a controlled
fourth order semi-linear Schrédinger equations, with controls applied at the bound-
ary point z = 1 by following the standard procedure (see, for instance, [25]). Two
controls will be needed on the boundary, due to the fact that there exist two bound-
ary terms on the right hand side of (4) and each of them corresponds to a control.

In what follows, we shall denote by uP the solution of the system (1) associated
with the potential p. Following the standard procedure from the Carleman estimate
to the inverse problem (see, for instance, [17]), we answer the previous question with
the following Theorem:

Theorem 1.2. Suppose that p € L*=(2), ug € L*(Q) and r > 0 are such that

e up(x) € R oriug(z) € Ra.e. in Q,
o |ug(z)| >r>0ae. inQ, and
o uP € WH2(0,T; W3(Q)).

Then, for anym = ||q||Loo(Q) >0, exists a constant C = C(m, ”up”Hl(O,T;LOO(Q)) ,T)
> 0 such that for any p € L () satisfying

uP (t,1) —ul, (t,1) € H'(0,T) and  wP, (t,1) —ul_ (t,1) € H(0,T), (5)
we have that
Ip = all 720y <C llud (1) = wdy (s Dl o)
+ O [0 (1) = 0 (s D 0. -

Remark 5. By the classical regularity results for fourth order Schrédinger equa-
tions (see [5, Chapter 2] for example), we know that the ¢ which fulfills (5) and (6)
does exist.

(6)

The rest of the paper is organized as follows. In Section 2, we state a weighted
point wise inequality for the fourth order Schrodinger operator. In Section 3, we
establish a global Carleman estimate for a fourth order Schrédinger equation with
a potential. The proof of Theorem 1.2 is given in Section 4. Finally we list several
comments and some open problems for the future work.

2. A weighted point-wise estimate for the fourth order operator. In this
section, we shall establish a weighted identity for 1-d Schrodinger operator, which
will pay an important role in the proof of the Carleman estimate (4).
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Theorem 2.1. Assume that u is sufficiently smooth and ¥ € C?*(R™;R). Set
v = Qu where 0 is given by (3). Then
|0Pu|* — A, — B; — apf(Put 4+ Puv) — 61,,0( Putye + Puvg,)
=|I|* + | I2]® + D(ivty + 10vy) + 6ilylpe (V0ge — T0e) + 4iliy (VoeTy — TpeVs)
+ 16000 [Vaga|® + (2412100 — 24l4lugn + 4812, — 2004000 [Vas |
{ —(a1a2)s — 2(ag — V)ag — 4C41 20 + 3Co4,4 } B (7)
;c

—Aal,zxx — i(a&,zal)x - 3043,1’040 + 20’2&0

{ +2(ap — V)V — (a10), — 2a0a0 — C24 420 + [(a0 — V)az]se } op?
v b

_(al&O)w + (7a3,za0 - GQdO)a::r + C41,$a::vz + ltt

2
where
ayp = _4(12 = 3lplee + lm:cz)a asz = _4lxa
ag = li — U — 2l — 3l92m, (8)
Cos = Aly (1% — 20 — 20,1400 — 312,),
041 = _6lilw1 + 6l1l1x1 + 6lia; - la;a:a:wa
and

I = ivy + YU + asVps + Vizaw, I, = —ilyv + (ag — V) + a1v; + a3z (9)
Moreover, we have

1

2

) _ _ 1 _ _ _ _
A =ia3(ViUzz — UpUpg) — §a3(vmtvz — UptUg) + =032 (V405 — Tpvy)

+ 5@3,1 ('mea:@a:a: + ’wawvwx) + ay (vwwwﬁw + @za::pvzr) + C141 (’U:vmv'ﬁ + ’Dwzwv)

+ th (’Ua::r::n’lj - ’Dxmzv) - th (Uzzfljz - @xxvx) + (024 - 041@)(’1)1117 + ’Ezzv)
il (Vpa T — D) + il + asly) (vaD — Ty0) + %(2(11 — a3.00) (0,7 — Tw)

3 N o
+ (a0 — V)ag — Coap — 1,5 — Ca1 e + —03,200 — a200] (V30 + T50)

2
+ a3|vgaa|” + (azas — gag,mas - gaii,za: — a1)|Uga|?
+ (a1a2 + 1,40 — Coq — 2C41 5 + ga3,za1>|va:|2
+ <a1(‘I/ +ao) + [(a0 — V)ag], — (ga&,zao — a280 — Co4)gz — C41,zzx> |v|?,
B=—liv]* - %as(vx@m — Vg Uzg) + %(241 — a3,22) (VO — VV),

Remark 6. The key ideas of the proof is as the follows: we separate 6 Pu into the
even-order part I; and the odd-order part Iy as in (9) and compute the real part
of the product of I;I5. Identity (7) is a result by collecting those like terms in the
multiplication. Note that the extra function ¥ plays a crucial role for adjusting the
coefficient of the like terms, as we will see in Section 3.
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Proof. We may assume that u is sufficiently smooth. Since v = fu and notice the
definitions of a;,7 = 0,1,2,3 in (8), it is esay to get

OPu = iv; — iV + Vggrr + A0V + A1Vz + A2Vze + A3V400-

We divide Pu into I1 and I as in (9). Multiplying 6 Pu by its conjugate we have

4
0Pul”> = |L]* + |l + (L + L) = L + | L+ Y T, (10)
ij=1
where I;; denotes the sum of the i-th term of I; times the j-th term of Iin I I,
and its conjugate part in I I5.
The computations will be treated in the following two parts.
Part I: We compute I1;,j = 1,2,3,4. We first have

111 = 7lt(l}t5 + ’L_}t’U) = 7(lt|v|2)t + ltt|’U|2.
On the other hand, it is easy to get that

. o 1 o L
Iz = ia1 (v — Tyvy) :5{—a1’m(utv — 5v) + [a1 (v — DV )]¢ (1)

+ [a1(ve0 — O4v)|y — a1,4(VUy — VU;) }.
Moreover,

Iy =ia3(Vi0pez — UtUsza)
3 ~ _ 1 _ _
- §a3,m(vtvmx - Utvfﬂz) o 50'379“(?%”01; B ’U{Um)

i _ _ 1 _ _
- §[a3<vwvww - Uw”wz)]t + §a3,t(vajvxa: - 'U:vvmv)

i _ _ o o
+ 5{2a3(vtvzz - vtvrx) - a3(vztvx - Uztvm) + a3,z(vtvz - Utvcc)}z-

By replacing a; in (11) by ag .4, substituting it into the last term of (12), we
have
3 _ _ 7 _
Ly =— 5“3@(”{03:95 — VgV ) + Zaf&zxw(vtv — U4v)
)
- Z{[GS,II(v@x - 'l_}vx)]t + [GB,IJJ(Ut'D - ﬁtv)]az - a3,mmt(v6m - Evz)}
§ . (13)

{2 _ _ 2 _ _
- 7[a3(vxvxw - Umvwa:)]t + 7a3,t(vxvxm - 'Uwvmv)
2

2

1 _ _ _ _ _ _
+ 5{2a3(vtvm — U4Usg) — 03 (VatUg — VptUs) + 3,2 (04T — Ui03) }o-

Set
- 1 1
ap = ap — v — 5041,9: - ZGS,wwz-
4
Obviously, it is the coefficient of the term i(v;o — vv) in Z I,;. Taking the exact
j=1

form of ag,a1,as in (8) into account, one can verifty that ag is exactly the one in
(8). Furthermore,
i (v40 — Bv) = agh(Puv + Puv) — 2apag|v]* — a1do(ve® + U,0) (14)

- QQaO(Uxer + 1_)18361}) — asag (wacﬁ + ﬁchv) —ag ('Uxx:c:c’l_} + ﬁxw:cacv)-
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Meanwhile, for the first term of I14, recalling that ag = —4l,, we have
2
- la3,z(vt@$m - ’Dtvwz>
2
=610 (Putigy + Puvgy) + 6ilyrli(Vige — Vss) (15)

- 6lx93a0(v:vz'l_} + mev) - 6lxxa1(vx:v1_}:v + 'szvx) - 121mra2|vmz|2
- 6la:wa3(vwwz@za: + ’Dwzwvwz) - 6119: (Uza::rw’[)ww + 77za:a::lr,"vazw)~
Summing up I12 = i(ag — V) (vs® — T4v), I13 as (11) and T4 as (13), taking (14)
and (15) into accout, we arrive at
Z Ly ={-Yo + { -} + @00(Pub + Puv) + 61,10 Putze + Puvgy)

J=2,3,4

3 _ _ - o
+ Sa3.z (UZECEIIUIZL’ + vxzzmvmx) - aO(UZECEIIU + /Uza:x:rv)

2
3 _ _ - _
+ 5@3,1013 (Ua::rszw + /U:m:a:va:m) — asaop (Ua:a::cv + Ua::z::cv) (16)
3 B B 3 - o
+ §aa,za1(vmvm + VpaVs) + (§a3,wao — 200) (V220 + Uge)
i _ _ 3. o
+ §a3,t(vmvzr - vax:c) + §tha3,z(vrxv - vmrv) + 3a3,za2|vzz|2
) _ _ N _ .
+ Z(ag,’mt —2a1,1) (V0 — DUg) + a160 (V50 + Tyv) — 2a0do|v|?,
with
. _ _ ] _
0 103 (V¢ Ugy — VUspg) — §a3<thvw — UptUsg)
‘rx = Z B _ Z _ _
bhasa(os  0) + 5201 — a5.) (00 ~ 0)
xT
and

4
t
Part II: We compute the rest of I;;, with some extra terms coming from (16).
Set Cay = a3V —a3ap, which is the same notation as in (8). We have the following
identity:

7 7
{}e= (—Qag(vz@m — UpUgg) + = (201 — a3, 54) (V0 — MI)> .

-[24 - anO (’Uwzij + ’D:L’LUI’U) = 024('Uwzz@ + 'szzv)

C24 (Vg ¥ + Ugav) — Coglvg|? 2 2
= o 3C —C! .
< _024,1(,036,0 —%—Uﬂ)) _|_C24’m:‘,v‘2 i + 24,9:|'Uw‘ 24,azww‘v|

Consequently, it holds

4

E IZj - a{’)d0<vwww77 + ’szmv)
j=1

=0+ 2(ap — V)Vv0 + a1V (v, 0 + 0,0) + Co4(Viga® + Uzaav)
={C24(V220 + Vppv) — Coy (V50 + Vz0) — Cos|vz|® + (a1 ¥ + Cog 22)|v]* }2
+ 3C%4,2|v|? + {2(ap — ©)¥ — (a1 ¥), — Cos s 0|
Now we compute I35, = 1,2, 3,4. It holds

I31 = ia2lt (Ve — Uppv) = {2l (V2,0 — Tp0) }o — (ia2ly)x (VT — ULv),
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and

Z Is; = Cy + (a0 — W) aslze|v]* = [(a1a2)x + 2(ag — W)as]|ve|* — (a2a3)|vzel?,
j=2,3,4

with
C = (ao — W)az(v,0 + 0,0) + [(ao — V)as]s |[v]* + aras|ve|? + azaslve.|*.
For the term Iy, it holds:
Ly =il (Verea® — Vzzaa?)
=[ilt(Vowa¥ — VgaaV — VaaUz + VzaVs) — il (Ve ¥ — Vgav)

+ iltzz (V20 — V20)]o + 26tz (Va2 Vs — VzaVs) — iltpas (V20 — Vzv).

149 is considered with an extra term from I14 as follows:
Lz — @0 (Vazzz® + UzzzzV) =Cia1 (Vozza® + Vzzazv)
=E, + 2C41|vez|? — 4Cs1 22|V |* + Cat | 0]?,
with
E =Cy1 (Vaza¥ + Vpza¥) — C11(Vaz Vs + VzaVz) — Ca1,0(Vaa¥ + Uzz0)
+ C1,22 (V20 + 020) — 2Cu1 2|V |* — Ca1 e |0]*.

Note that it is not hard to verify that Cy; has the form as in (8).
Finally, the last two terms I3 and I44 equal to

143 = al(vmacazzﬁm + 'szxxvx) = Fm - al,xmm|vm|2 + 3a1,x|vzz|27
with

F= ai (vzzacl_}ac + fl_)n:x.rvm) - al,m(vxrﬁm + 17racvz) + al,:cm|vrc|2 - a’1|’UfI:.’E‘2)

and
s = 03(VaazaVrza + VrozaVaze) = (03[V202]*)z — 03,2 |Veeal®.
By the previous computations, combining all “%—terms”, all “a%—terms” and by
(10) we arrive at the desired inequality (7). O

3. Global Carleman estimate: Proof of Theorem 1.1. In this section, we
obtain a global Carleman estimate inequality for the Schrodinger equation (1) via
the point wise inequality (7). Recalling the definitions of [ and ¢ in (3), it is easy
to check that

081 < C(W)Iu"p,  n=1,---,8,
071, < C(P)A"T@?, n=1,---,3,
|ls] < CAT@?, | < CAT25.

We now give the proof of Theorem 1.1.

Proof. The proof is divided into several steps.
Step 1. Take
U(t,x) =12
Recalling the notations in (8), it is easy to check that the term {---}|v|? in (7)
satisfies

{' o }|’U|2 = 16lglmw‘v‘2 - DI‘U‘Qa |D1| > _C(/w))‘G/JS(pG' (17)
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Similarly, we have

{-- Yo |* = 1441310 |ve|* — Dolvs|?, |Dy| > —C ()N b, (18)
and
{ Hoeal® = 240300 |vea|* — Dalvgal?, D3| > =C()Np'e®. (19)
Now we consider those hybrid terms in (7). It holds
D(vv, — vy) 2 —=CO)N T (o] + [va]*), (20)
6ilila (V0gs — D0gs) 2 —C()N 2T (0] + |vga ), (21)
Ailyr (Vo Uy — VpaVs) 2 —CO)MTO? (Jvz|* + [vz0]?), (22)
aof(Puv + Puv) > —C ()N 1B |[v|> — C()|0Pul?, (23)
and
6l20 0 (Putypy + Puvys) 2 —C ()N 1% [vge | — C(4)|0Pul?. (24)

Taking (17)—(24) into (7), one can find a sufficiently large constant C(y) > 0,
only depending on %, such that

CW)(|0Puf> — Ay — By + M pBe®[o]” + X 00 [ua | + Nt 0042 ]%)

25
>16181,, 0| + 14412 10 [0 |? + 240200 Ve |? + 16000 |Vewe |- (25)

Step 2. Now we integrate (25) with respect to ¢ and x. By the definition of B and
v = Qu with 0(0,z) = 0(T,x) = 0, it is obvious that

- / Bydadt = 0. (26)
Q

Hence, we have

C () ( /Q |0 Pu|*dxdt — /Q Azdscdt)

> /(161§lm — C(¢)A6u8<p6)|v|2dxdt+/(144z§lm — C()N* b M) v, |2 dxdt
Q Q

+ / (24121 — C(D)N2pt0*) Ve | dxdt + / 16042 |Vawe |2 dadt.
Q Q
(27)

Since
L = Moo = M — 20)p,  luw = Mu(dp(z — 20)? + 2)p (28)

by (2) and ¢ < %2902, by choosing 1 > pg > 1 and A > \o(u) = C(¥)(T + T?), it
holds that

/ (16181, — C ()N B %) [v|2dadt > 16/ 28 (x — x0) 3\ B |v|? dadt.
Q Q
Similarly,

/ (144131, — C(PIN 1E ™) |0, [Pdacdt > 144/ 25(2 — 20) N3 5 v, |Pdadt,
Q Q

/ (24121, — C ()N 1t 0% [Vge|* ddt > 24 / 24z — 20)* N3t P v |2 dacdt,
Q Q

and
/ 1640 |Vope |2 dxdt > 16/ 22(x — x0) 2 A% Q| Ve |2 dadt.
Q Q
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For the term A, since v, v, v; and vy, vanish as x = 0,1 for any ¢ € (0,T'), we have

T T
7/ Azd:z:dt:—/ A(t,l)dt+/ A(t,0)dt
Q 0 0

T
_ / (2003 + 1204Lpp — 100,0) [0
0

+4lw‘vzajx|2 + 6lwz (v:pzw@ww + T}a:xwvww)) izédt

Recalling I, and I, in (28), by taking A sufficiently large, we have
T
/ A(t,0)dt > 0,
0
and
T T
0 0

Substituting the previous estimates into (27), it holds

/ AP0+ N pS0% a2 + Nt o [vaa > + M2 | vgaa|?)dadt
Q

T
<C(¢) </Q |‘9PUIdedlﬁ+/0 (NP3 (t, D) vaa (8, 1) + A, 1)|v:cxx(t71)|2)dt> :

Moreover, since v = ¢

vy = 0(uy + lpu),

u, we compute

By Young’s inequality, it is not difficult to obtain
/ N B 0% |u|?dxdt —|—/ N8 0° 02 Ju, |2 dadt
Q Q
—|—/ Nt o302 ug, |2 dadt +/ M2 002 Uy |2 ddt
Q Q
<C() / |0 Pul*dzdt
Q

+C(¥) /OT (NP (t, 1)0% (8, 1) [uas (8, DI + Mot 1)0% (8, 1) [uaa (8, 1)) dt,

which is exactly the statement of Theorem 1.1. O

4. Boundary observations. In this section, we give the proof of Theorem 1.2,
which is a direct application of the Carleman inequality (4). The standard procedure
can be found in [1, 17].

We first state a revised Carleman estimate:

Proposition 1. Let p € L>®(Q,R). Let I, be defined in (9) and
P, =0, +i0% +ip
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and the space
2, ={z€ L*(Q); Lpz € L*(Q), 2(t,0) = 2(t,1) = 2,(t,0) = z,(t,1) = 0,
forall t € (0,T), uzs(,1) € L*(0,T), uges(-,1) € L*(0,T)}.

Then for any m > 0, there exist pg > 1, \g > 0 and C' > 0 such that for each
p € L>®(Q) with ||p|| ;- < m it holds

/ (A" uB"0%|2? + |11|?) dadt
Q
T (29)
<c ( [ Rt [ OO znal? + gtz P) 1>dt)
Q 0

forall A > Ao, 1> po and z € Z,.

Proof. The term |I;]? can be added by directly taking (10) into account. Moreover,
the operator P can be changed to P, since p is assumed to be uniformly bounded
and the cost is a slight change of C' with respect to the upper bound m. O

Now we state the proof of Th. 1.2.

Proof. We divide the proof into two parts.

Step 1.(Model transformation) Pick any p,q as in the statement of the theorem,
and introduce the difference y := u? — u? of the corresponding solutions of (1).
Then y fulfills the system

y(t,0) = y(t, 1) = 0 (t,O) - ( 1)=0, te(0,T) (30)
(0,1‘) 0, x € Q.

with f := ¢ — p (real valued) and R := uP.

Since f € L?>(Q;R) and R € H'(0,T;L>(2)) and R(0,7) € R a.e. in §, we
can take the even-conjugate extensions of y and R to the interval (—T,T); i.e
we set y(t,r) = —y(—t,z) and R(t,z) = R(—t,z) for every (t,x) € (—T,0) x Q.
Moreover, we have that R € H'(—T,T;L>(£)), and y satisfies the system (30)
n (=7,7T) x Q. In the case when R(0,z) € iR, the proof is still valid by take
odd-conjugate extensions.

Changing ¢ into ¢ + T, we may assume that y and R are defined on (0,27) x 2,
instead of (=T,T) x .

Let z(t,z) = y:(2T — t,z). Then z satisfies the following system:

2t + 12ggze T 1q(x)z = if ()R (¢, ), (t,z) € (0,2T) x Q
z(t,0) = 2(t,1) = 0, 2,(¢,0) = 2,(¢,1) =0, ¢ € (0,27) (31)
2(T,x) = —if(x)R(T, x), x € Q.

Step 2. (Estimation on z) We will adapt the revised Carleman estimate (29) on z,
the solution of (31).
We consider the weight function in the time interval (0,27T), i.e
e3ud (@) e3ut(z) _ obullvll
6 =¢ )= d  Ita)=
¢ ¢lta) (2T—t) o (t,2) (2T — 1)

Let v = 0z and I is taken as in (9). Denote by

/ / 10zdxdt.
Q




INVERSE PROBLEM OF THE SCHRODINGER EQUATION 11

Then we have

|J| < (/OT/Q|11|2dxdt> (/ /92|z|2dxdt>

<A77 / /|11| dxdt + \7/? 4/ 02|z dxdt
0 Q

T T
<CONTT2p4 < / |1 2dadt + A8 / / <p792|22dxdt>.
0 Q 0 Q

The last inequality comes from the fact that ¢ is bounded from below.
Applying the Carleman inequality (29) (with 27 instead of T') on z, we obtain

/2

2T
gl <ex it [ ([ 1R+ O3 al? + Nipt?l?) 11) )

0 Q

<o it [ AT
Q
) 2T . 2T
st [ e Pt O [ a1
0 0
(32)

The last inequality holds true due to the fact that {(T,z) > I(t,z) for all (¢,2) €
(0,27) x Q, that ¢30% and 6? are bounded from above in (0,27) x Q and that

Ry € L*(0,2T; L>=(1)).
On the other hand, since v = 0z, we have

T
J:/ /Iﬂ‘)dmdt
0 Q
T T 1
:/ / ivt@dasdt +/ / ((\I/ + *Clgﬂx)‘q)lQ — a2|%|2 + y$$|2> dl‘dt,
0o Ja o Ja 2

1 1
=5 [ W@a)Pde =5 [ AT @) PR ) o

Using the hypothesis on R(T, z), it follows that

hence,

Im(J) > g /Q 2| £ ()2 d. (33)

Combining (32) and (33), we have that

2T
/ (2T £ () 2da < C (/ aa (1) + | Zana 1)|2> dt (34)
Q 0

for A and p large enough. Then (6) follows from (34) since
A
AT > M 0 with M = (1= Pl

This completes the proof of Theorem 1.2. O
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CHUANG ZHENG

Further comments and open problems.

1. In this paper we derive a boundary Carleman estimate for the fourth order
Schrodinger operator. It is well known that based on (4), we can derive the
observability inequality and, consequently, prove the controllability property
of the controlled system with two boundary controls. As a direct consequence
of this methodology, it is very likely to expect that the controllability property
holds for the fourth order Schrédinger equation with nontrivial potential ¢.
Such result is much more general than the existing one in [24], which is for
trivial potential ¢, even though only one boundary control is needed. It would
be interesting to know whether two controls on the boundary are necessary
with the nontrivial potential gq.

2. Tt is well known that the Carleman estimate is a useful tool to analyze inverse
problems. In fact, it has been studied for second order Schrédinger operator
not only in bounded domain, but also in an unbounded strip ([4]) or on a tree
([11]). One could expect similar results in different domains. Meanwhile, it is
still a challenging problem whether one can construct Carleman inequalities
for fourth order equations on higher dimensions.

3. Note that there are fruitful literatures considering the numerical approxima-

tion results for the second order Schrodinger equations. Similar to the discrete
Carleman estimate constructed by parabolic equation (see [3]), it would be
interesting to find out the discrete analogue of (4) for space semi-discretized
Schrodinger equation as the first step to solve discrete problems.
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