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Abstract

In this paper, we extend the research presented in [26] by establishing the alge-
braic structure of the Gaussian Probability Density Membership Function (Gaussian-
PDMF) space. We consider fixed objective and subjective entities, denoted as (h,p),
and provide the explicit form of the membership function. Consequently, every fuzzy
number with the membership function in X ,(R), denoted as &, can be uniquely iden-
tified by a vector (z;d~,d",u~,u"). Here, z € R represents the “leading factor” of
the fuzzy number Z with a membership degree equal to 1. The parameters d~ (left
side) and d* (right side) denote the lengths of the compact support, while pu~ (left
side) and u™ (right side) represent the shapes. We introduce five operators: addition,
subtraction, multiplication, scalar multiplication, and division. We demonstrate that,
based on our definitions, the Gaussian-PDMF space exhibits a well-defined algebraic
structure. For instance, X}, ,(R) is a vector space over R, featuring a subspace that
forms a division ring, allowing for the representation of fuzzy polynomials, among other
properties. We provide several examples to illustrate our theoretical results.

Key Words. Fuzzy numbers; Gaussian probability density membership function (Gaussian-
PDMF) space; Fuzzy arithmetic; Abelian group; Ring; Fuzzy Vieta’s formula; Linear space;
Fuzzy equations.

1 Introduction

Fuzzy numbers and fuzzy set theory are topics originated from Zadeh ([33]) by dealing with
the imprecise quantities and uncertainty. Since then, they have found successful applications
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in a wide range of areas, including pure and applied mathematics, computer science, and
related fields such as fuzzy logic, fuzzy information, soft computing, and fuzzy control.

In general, a fuzzy number can be uniquely determined by its membership function. The
construction of an appropriate membership function is the cornerstone upon which fuzzy
set theory has evolved. For existing references, see [0, 16, [19, 27, 29, B0] and the references
therein. Particularly, in the realm of artificial intelligence, linguistic variables are associated
with a membership function based on subjective choices (see, for instance, [3, [L7]).

Once membership functions of fuzzy numbers are identified, a fundamental concern is
performing arithmetic operations on them. In the fuzzy world, arithmetic operations on real
numbers at the classical crisp set level translate into algebraic operations on membership
functions. Numerous papers have explored the fundamental definitions of these operations
and the corresponding algebraic structures. Triangular norms, for example, address binary
operations on the interval [0, 1] ([L5]). Interactive fuzzy numbers and their arithmetic opera-
tors are proposed through joint possibility distributions ([32, 8, [10]), with a notable method
offering minimum norm via the sup-J extension principle ([11}). Intuitionistic fuzzy sets,
along with probabilistic addition, have successfully addressed fuzzy aggregation problems
in expert systems ([[l, 2, 24, B1]). Moreover, in the context of fuzzy differential equations,
a common definition of (generalized) Hukuhara differentiability necessitates designing the
difference between two fuzzy numbers using a-cuts of their corresponding membership func-
tions ([9, 14, 20]). Applications encompass various classes of membership functions such
as triangle MF, trapezoidal MF, Sigmoid MF, among others. MATLAB’s standard toolbox
offers more than 11 different types of membership functions for constructing fuzzy models.

In [26], a new class of membership functions is introduced through the composition of
two types of nonlinear functions: h : [0,1] — R and p : R — [0, 1]. Here, h represents subjec-
tive perception, while p provides objective information via the probability density function.
This class of functions defines the Probability Density Membership Function (PDMF') space
Xnp(R). Specifically, h is chosen as the tangent function, and p is given by the Gaussian
kernel p(-, ) with 0 = 1 and g undetermined, where 1 measures fuzziness, and arithmetic
operations are designed via p to achieve a linear structure. Such class of MFs is called as the
Gaussian-PDMFs. Notably, the a-cuts representation is unnecessary during computation
implementation.

In this paper, we introduce a new notation of the fuzzy number Z with the membership
function in Gaussian-PDMF space X, ,(R). As we show later, Z is uniquely identified by a
vector [x;d~,d", u, ut], where z € R represents the “leading factor” of the fuzzy number &
with membership degree equaling to 1, d~ (resp. d~) is the length of the compact support on
the left side (resp. right side) and p~ (resp. pu™) represents the shape of the left (resp. right)
side. We design five algebraic operations: addition, subtraction, multiplication, division and
scalar multiplication in terms of the five parameters of 7.

The first result is that addition ¢ forms an abelian group on Xj,(R). Due to the
existence of the inverse element, the minus & can be seen, or directly defined by, the addition
of the inverse element. Furthermore, together with the multiplication ®, X; ,(R) turns to a
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commutative ring with identity. Following the standard procedure of the algebra, we state
several basic properties of the space X ,(R) with two operations @ and ®. Collecting those
elements with inverse under multiplication, we form a subset of X}, ,(R), denoted by U(X).
As a result, the cancellation law holds with respect to & and ®. We give several applications
for this algebraic structure, such as the solvability of fuzzy equations, Binomial Theorem,
fuzzy Vieta’s formula, etc. The last scalar multiplication on X} ,(R) is the basic operation
for the linear algebra. By constructing a basis of X}, ,(R), we give the coordinates of & and
shows that the coordinate mapping is a isomorphism from X, ,(R) onto R°.
The structure of the paper is organized as follows. In Section [, we present the basic con-
cepts of fuzzy numbers and outline the requirements of the membership function. In Section
, we provide exact definitions of arithmetic operators on X}, ,(R), along with the algebraic
structure such as abelian group, commutative ring with identity, etc. Additionally, we intro-
duce a binomial theorem and demonstrate its application to second-order fuzzy equations.
In Section Q, we prove that X}, ,(R) is a vector space and establish the isomorphism between
X p(R) and R®. In Section fj, we present numerical examples and corresponding graphs to
illustrate the operations under consideration. Finally, in Section f, we offer a concluding
remark to provide a comprehensive summary of the paper.

2 Preliminary

The formulation of membership functions is the crucial step in the design of fuzzy system.
There are several methods to develop them. We summarize some of them as follows:

1) L-R linear functions, which is the simplest possible model ([[7]);

2) Rational functions of polynomials ([12, 13]);

3) B-Spline MF ([25]);

4) Piecewise linear functions ([28] and refs [8-20] in it);

5) Gaussian PDMF and the corresponding Gaussian-PDMF space X}, ,(R) ([26]).

In all of these definitions of fuzzy numbers, the membership function needs to satisfy the
following assumptions:

Definition 2.1 A fuzzy number A is a fuzzy subset of the real line R with membership
function fa which possesses the following properties:

a) fa is fuzzy conver,
b) fa is normal i.e., 3xg € R such that fa(zo) =1,

c) fa is upper semi-continuous,



d) The closure of the set {x € R|fa(x) > 0} is compact.

Definition @ is straightforward and has been used extensively in practical applications
([22]). However, the above conditions are too vague and a particular class of functions, named
as monotonic fuzzy numbers, is introduced with the following more precise assumptions:

Definition 2.2 A monotonic fuzzy number b, denoted by b= (a,b,c), is defined as a mem-
bership function f(x) which possesses the following properties ([7]):

a) f(x) is increasing on the interval [a,b] and decreasing on [b, ¢],
b) f(x) =1 forx=0b, f(x) =0 forx <a orx>c,
c) f(z) is upper semi-continuous,

where a, b, ¢, are real numbers satisfying —oo < a < b < ¢ < 400.

Clearly, a class of triangular fuzzy numbers is a subset of the class of monotonic fuzzy
numbers. It is due to the fact that, in the definition of the triangular fuzzy numbers, the
function in the condition a) of Definition @ is restricted by linear ones ([1§]).

Recently, a new class of fuzzy numbers called PDMF is given in [26], in which extra
information between a, b and b, ¢ are clarified. More precisely, a monotonic number l~), denoted
by b = ((a,b,¢); P(x~,y7),Q(z",y")), is defined as a membership function f(x) which
possesses the following structure:

;

0, x € (—00,al
h™(z)
/_ W)y, € (a,h)
f(a?) = 1, r=2"0 (2.1)
W (a)
[ vwan sewo
W x € [e,+00).

In (@), h~,h* are the auxiliary functions satisfying
i) limg o+ A (2) = lim, - A (x) = —o0, limg, - h™ () = lim,_+ AT (2) = 400,
ii) A~ is continuous and increasing on (a,b), h' is continuous and decreasing on (b, ¢),

and p~,pT are probability density functions (PDFs) satisfying

+oo +oo
/ p (y)dy =1, / pr(y)dy =1, p~(t) >0, p*(t) >0, Vte (—o0,+00).

o0 —0o0

- Moreover, it is required that the shape of f(z) passes through P, Q.
The following Theorem stated in [26] provides the well-posedness of the definition (@)

for f(x):



Theorem 2.1 Let

r—a cC—X

h™(x) = h( ), ht(z) = h( ) with lim h(z) = —oco, lim h(z) = +o0,

b—a Cc— z—07F z—1-

and h(x) is continuous and increasing on (0,1). Let p~ and p*™ be originated from the same
class p of PDFs. Then there exists at least one pair (h,p) such that the graph of fn, passes
through P and Q, i.e., fry(x™) =y~ and fr,y(z%) =y*. Moreover, the PDMF in the space

Xpp(R) :={frp(x) : R —0,1] is as the form of (@) ra<b<c}
fulfills all requirements in Definition @ and Definition @

In this paper, to specify the class of functions under consideration, we fix h as the tangent
function and p is given by the Gaussian kernel p(-, ) with ¢ = 1 and p to be undetermined,
i.e.

W) = tan(mr — 2), 2 € (0,1), plt) = plt: p) = \/%_We_;(t_“)g, LeR (22)
The two control points P(x~,y~),Q(z",y™") are placed on each side of the central point
B(xo, 1), and the shape of the function passes through A(xg —d~,0) and C(z + d*,0) with
d~ = 29— a and d* = ¢ — =g, respectively. See Figure P for the sample of the shape of
the membership function. Note that here d~ and d' are the deviation measures from the
center x( to the left side and right side, respectively. Clearly, taking into account (@), the
function in the PDMF space has the explicit form

(

0, xr € (—00,xg — d ]
fo(z;20,d”,u7), x€(xg—d ,z0)
frp(z) =<1, T =1 (2.3)
fo(z;mo, d™ u™), € (xg,20+d)
0, T € [z + dt,400)
where f_ and f, are given by
fo(zymg,d™ pu7) = /tan(d_(l‘_xﬁd - \/12_716_5(t_u)2dt’ z € (zo —d~, xo),
£ (@20, d* i) = /tan(d’l(zoJrﬁx)g) 1 b g 5 & (zo,00 4+ V) (2.4)
; T, AT, . Jon ; ;

The function as above is the Gaussian-PDMF and the corresponding function space is the
Gaussian-PDMF Space. More precisely,

Xpp(R) = { fram(z) : R — [0,1] is as the form of (2.3) with (2.4)}. (2.5)



As described in Theorem 4.1 of [26], there is a unique vector ((zo—d~, xo, zo+d*); u=, u*)
for each membership function fiu, ¢(z) in the Gaussian-PDMF space passing through the
two control points P(x~,y7), Q(zT,y™).

Consequently, it is reasonable to give two equivalent notations of the Gaussian-PDMF as

<(l’0 - di,l’o,xo + d+); Pa Q> — <$0;d77d+7luivlu+>' (26)

Here, (u~, pt) can be uniquely identified by means of the inverse functions of Formula (@)
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Figure 1: Fuzzy number 1 = ((—1,1,2); P,Q) or (2;2,1, u~, u)
where 1~ is uniquely identified by the point P via f_(z) in (@)

via the information on two control points P(z~,y~),Q(z",y"). Note that in the classical
Zadeh’s summation notation (see, for instance, Chapter 2 of [27]), the above information
gives g = 0/(xg —d™) +y~ Ja~ + 1/xo+yT /T +0/(xo+ dT).

In the sequel, we will use the new notation (zg;d~,d", u~, ™) for the fuzzy number
Zo with the membership function (@)—(@) The advantage of the revision is that the
assumption a < b < ¢ is replaced by the positivity of d~ and d*. We emphasize that in
(@), xo represents the crisp part of the fuzzy number z, and the other four parameters
represent its fuzzy part, respectively. More precisely, the fuzzy number 7y can be identified
by three parts: Value xg, Ambiguity d~,d" and Fuzziness p—, ut (see [4, 5, 21] and references
therein). They capture the relevant information contained in the fuzzy number and could
be useful for developing ranking procedure of fuzzy numbers. For instance, Value z has
the key property of permitting us to associate a real value with the fuzzy number z,. This
approach is beyond the scope of this paper and will be considered elsewhere.

3 Arithmetic operators on X ,(R)

We now define the addition, multiplication, subtraction and scalar multiplication on the
Gaussian-PDMF space X, ,(R) in (@
T; instead of Z; = (w;;d; ,d, pu; , p), for any i =0,1,2,---.
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Definition 3.1 Let &1, %y be two Gaussian-PDMF's in X, ,(R), we define

(1) 1@ Ty = (w1 + xo;dy dy , dfdf, puy + po, pf + p3),

(2) Az = (Az; (d)* (dF)N A, dut),

(3) &1 © Ty = (w1 — wa;dy (dy) 7', df (dy) 7' piy — i s iy — fhs),
(4) T1 @ &2 = (v1ae; (dy )" % (df)lnd?ufﬁbz’,u?uﬂ

Some remarks are in order.

Remark 3.1 Note that a < b < ¢ implies d~,d" # 0. Hence the crisp number x € R is
excluded in the Gaussian-PDMF space since it coincides to the class of vectors (x;0,0, -, ")
where d~ = d* = 0. In this case, each crisp number is formally equivalent to a class

{9 = (2;0,0, 1, 11, ), Vi, p1y € R}

Consequently, © € R can be seen as the “limitation” of some quotient class of X ,(R)
satisfying

—
T 1231190{x € Xpnp(R) for any p,,p, € R}

and all arithmetic operations on the Gaussian-PDMF space will coincide with the corre-
sponding operations on R.

Remark 3.2 Note that in the existing literature, ranking fuzzy numbers are one of the most
important research topics in fuzzy set theory. Mathematically speaking, ranking fuzzy numbers
can be seen as ranking the functions as the form of (R.3) in Gaussian-PDMF space. One
simple ranking method to evaluate Gaussian-PDMF numbers is that: for any z,7 € X, ,(R),
T < g if and only if x <y. As shown later, all properties of crisp numbers continues to keep
under Definition

Remark 3.3 One of the main advantage of Definition is that, as we show later, the nice
algebraic structure of Gaussian-PDMF makes the computation to be universal. For instance,
it is no need to add the assumptions that the fuzzy numbers involved have to has same signs,
nor the existence of the fuzzy number of H/gH difference. Furthermore, it is not necessary
to use the a-cuts of the fuzzy numbers to perform calculations.

The first Theorem on the algebraic structure of Gaussian-PDMF space X, ,(R) under
Definition @ is:

Theorem 3.1 X} ,(R) together with the binary operation @ is an abelian group. More
precisely,

(i) The binary operation & is associative:

(fl s> {Z'Q) Br3=21P (fz S5 i’g), for all ; € Xh7p(R), 1=1,2,3. (31)
7



(ii) There exists a unique two-sided identity element 0 = (0;1,1,0,0) such that

007=200, foral &€ X;,(R). (3.2)

(iit) For every & € X;,(R) there exists a two-sided inverse element —7 € X, ,(R) such
that
—i®i=30—-2=0. (3.3)
Moreover, —% = (—z;(d™)~1, (d")™Y, —p~, —u™) coincides to the scalar multiplication
AT with A = —1.

(iv) The binary operation @ is commutative:

if'l @532 = ig @i’l, fOT‘ all il € Xh’p(R>, 1= 1,2 (34)

Remark 3.4 Compare to the Hukuhara difference and generalized-Hukuhara dz’%@nce (see,

for instance, [14, 23] and references therein), the difference © in Definition shows a

clear and simple algebraic structure of the fuzzy numbers. Hence, the subtraction of T and
the addition of its negative —x are compatible, which is not true for most of the existing
definitions.

Proof of Theorem @: For (i), set Z; = (w;; d; , d, pu; , p7),i = 1,2,3. Recall Formula
(1) of Definition @, it holds

(T1®T0) @ T3 = (w1 +andidy, didyr, iy +py, il +pn) @ (w33dy,d3 s pg 13
= (w1 + 32+ wgidydydy Ay, py + g+ i+ pd 4 )
= (w1 + (w2 + wa); dy (dy dy), df (dsdf ),y + (s + ), 1 + (13 + 1)
= T ® (T2 ® T3).

For (i4), it is trivial that 0 = (0;1,1,0,0) is a two-sided identity. If 0/ is also a two-sided
identity, then 0 = 0 @ 0'=0', which means that 0 is unique.
Assertion (ii7) is straightforward since for any d—,d* # 0, it holds

— i@ &= (—x;(d) (dY) T —pm, —pt)y @ (md,dT T, nt) = (051,1,0,0).

Clearly, due to Formula (2) of Definition @, (-1)z = —17.
Finally, the commutativity of @ is a direct consequence of Formula (1) of Definition @
due to the fact that dyd, = d,d; and djdf = dfd. O
As a direct consequence of Theorem @, the linear fuzzy equation can be solved with the
following formula:



Proposition 3.1 Let b,¢ € X, ,(R) with b= (b;dy ,d, iy, i) and & = (c;dz , dF, pz, pul).
Let a € R\ {0}. Set & = (x;d~,d", =, ut) be an undetermined fuzzy number such that

ai ®b==¢ (3.5)

Then there ezists a unique fuzzy number T belonging to X, ,(R) satisfying (@) with the

formula
1 fe—b (dNE (AN oy o
I—E(C@b)—< a 7(%) 7(%) ) a ) a . (36)

In the next theorem, we show that X} ,(R) is a commutative ring together with the
operations addition and multiplication.

e

Theorem 3.2 X}, ,(R) together with & and ® is a commutative ring with identity
Ix = (1;e,e,1,1). More precisely,

(i) (Xnp(R), ®) is an abelian group;

(11) (71 ® T2) @ T3 = T1 @ (T2 ® T3) for all T; € Xpp(R), i = 1,2,3 (associative multi-
plication);

(ZZZ) j1®(f2@j3) = Zi‘l®j2@£1®ﬂ~f3 cmd ([i’l@{ig)(@jg = f1®i‘3@f2®f3 fO?" all
Z; € Xpp(R), i =1,2,3 (left and right distributive laws);

(1v) T1 @ Ty = Ty @ Ty for all T; € X ,(R), i =1,2 (commutative);
(v) Xnp(R) contains an identity element 1x = (1;e,e,1,1) such that
Ix®@i=3®1x forall 7€ X,,(R). (3.7)
Proof: Set Z; = (x;;d; ,d;, pu; ,p),i=1,2,3. We give the proof one by one.
(i) This is Theorem @

(ii) Recall Formula (4) of Definition @, it holds
- - - N\Ind- ndt - _ _
(T1 @ T2) ® T3 = (zawo; (dy)"%, (d)"% pypy, il pg) ® (w33ds, di, g, i)
= (wqwgmg; (dy ) (A g )

_nflnd* n+lnd+ - -
= <$1$25E3;(d1 )l () S]a(df)l (@) 3}7M1N2H3»MILN;N:—;>

- ii'l ® (fz ® (%3)



(iii) Recall Formula (1) and (4) of Definition @, we first compute the left distributive law:

F1® (2 ® &)
= 51 @ (v2+ w3y +dg,dy +df py +pg g+ )
= (w1(wa + ws); (A7) BB (@ )™EE), (g + g ), pf (1 + 1))
= (1w + waws; (dy) 0 (dy)™ 9 (d)E (A gy + s o g+ )
= 11 QTP T QI3
The right distributive laws can be verified similarly.
(iv) Formula (4) of Definition @ gives
F@Fy = (o (d)™ % (@) py g il )
= (o (dy )™, (A3 gy gy i o)
= Ty ® T1.
Here we use the fact that a™® = b™¢ for all a,b > 0.
(v) For any & = (z;d~,d", u~, u™), it holds that
(Lie,e, 1,1y ® (z;d ™, db p=, pt)y = (Laye™ e 1pm, 1t = (m;d =, d¥ p, p*)

and the second identity holds since a™¢ = a for any a € R¥.

Now we extend the binary operations on finite arithmetic operations with the following

notations. .
The standard n sum @571 of Z1,--+ , &, € Xp,(R) is defined inductively by
i=1
1 n—1
i = #; and for n>1, <@x> ®
i=1 i=1

for any positive integer n.
Consequently, the following properties of ring hold:

Theorem 3.3 (X, ,(R),®,®) has the following properties: (Properties of ring)

(i) 0 @i =2®0=0 for all & € X;,(R);
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(—il) X .CZ’Q = ii'l X (—ii'g) = —(i'l X ii'g) fOT’ all i’z c Xh’p(R%Z' = 1, 2,‘
(ZZZ) (—531) (059 (—532) = ‘%1 &® Li‘g fOT all 572 € Xh’p(R>,Z' = 1, 2,‘
(

(iv) (A1) ® To = 1 ® (AT2) = ATy ® T2) for all N € R and 7; € X} ,(R),i=1,2;

D ) (@y’> = PP @ @) for all i,4; € Xpp(R), i =1, ,n, j =
i=1 i=1 j=1
1, .m.

Proof: We give the proof one by one.
(i) For any Z = (x;d~,d", u~, u™), it holds that
(0:1,1,0,0) @ (@;d~,d*, =, ) = (0z; 14 19" 0p=, 0p™) = (0;1,1,0,0)
and the second identity holds since a™! = 1 for any a € R¥.

(ii) By the definition of ®, we compute
(=2) @ % = (i (d)7(d]) ™ —pr, =) @ (wa3dy ds s g, p3)
= (= (7)™ (d)) ™) =y g, =i i)
= (@a(=22); (d) ™% (d]) ™y (=), i (—1ad)
= I ® (—12)
and

(—2) @& = (=(wwa); ((d)™ )71 (@) )™ =y pa ), — (i 113)

(_j'l) & (_j'Q) = <—ZE1, (d1_>717 (di’—)ila _ILLI_7 _#’1’—> ® <_‘T27 (d2_)717 (d;)ila _N2_a _ILL;’_>
= (e ((dy) )™ () )6 iy )
= (w1wa; (d])™ %2, ()05, iy gy, e 1)

= [Z'l ®j§2
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(iv) By the definition of scalar multiplication, we compute

(A21) @&y = (=2 (d0) (d)N Mg M) @ (w3dy,d3s g s piy)
=y (AN (AN Moy g, M i)
= (21 (Aza); (dy)M e (AN iy (g ), g (M)
= i ® (\Ey)

and

(i) @dr = (s (a0 ) (@) Az Mt i)
= N7 ® Z9).

(v) We prove it by induction. The assertion is trivial for m = n = 1. Assume that

(#1® - 0F) @[ ®n) = DD @ o)
i=1 j=1
holds for all n < N and m < M. Then by the distributive law (Formula (éii) of
Theorem @), it holds

(T1 @ PINDING1)Q (1 D -+ D Unm)
= (19 BIN)Q( D BIM) PTur1 X(T1 B - D YN)
N M
@ T @7Y;) D @Nt1 @) D D (Tng1 @ Ynr)

N+1 M

@ :z:l®y]

||€B 7@

Similarly,
N M+1
(@@ @IN) @S By S i) =P P @®F).
i=1 j=1
Hence the assertion holds true for any m,n € N. O

We now consider those elements in X, ,(R) which have an inverse under multiplication.
They form a group, and this “group of units” is very important in algebraic structure theory.
We start with the following definitions:
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Definition 3.2 An element & in X, ,(R) with is said to be left (resp. right) invertible if
there exists §j € Xpp(R) (resp. Z € Xp,p(R)) such that j ® & = 1x (reps. T ® % = 1x). The
element § (resp. Z) is called a left (resp. right) inverse of &. An element T € X} ,(R) that

is both left and right invertible is denoted by ' and said to be invertible or to be a unit.

Theorem 3.4 Let
UX)={Z=(r;d",d",pn",u") € Xpp,(R) | 2 #£0,d” #£1,d" # 1,4~ #0,u" #0}. (3.8)
Then it is the set of all units in X, ,(R). Moreover, for any & € U(X),
i®j=00r j®2=0 = §=0. (3.9)
Remark 3.5 Note that for &1,T5 € X3, ,(R), the following assertion is false:
f1®F=0 = §=0 or &=0.
In fact, any Ty = (0;dy ,dy , iy, i3 ), with the leading term x5 = 0, acts as both a left and

right zero divisor of the nonzero element &7 = (x1;1,1,0,0). According to the definition of
the zero element 0 in Xnp(R), the following two expressions are equivalent:

P @iy =0<= 1125 =0, Indy Indy; =0, Ind{ Ind] =0, uypy =0, upug =0.
Consequently, all elements in U(X) are invertible.

Remark 3.6 Note that the right and left cancellation laws hold in U(X) by Assertion (@),
that is, for all z; € U(X),1=1,2,3,

T1RTy=T1 RT3 or T2Q@T1=T3R®T1 = To=T3.
Proof of Theorem @: For any & € U(X), taking into account that 1x = (1;e,e,1,1),

the inverse of  is uniquely given by

1 1 1
:'Efl

1 1
- <E’exp<lﬂd_)’exp(lnd+)’ u__7_+>

1

Clearly, (@) is trivial. 0O
As a direct consequence of Theorem @, it is possible to update the result for the first

order fuzzy linear equation (@) in Proposition B.1. We have

Proposition 3.2 Let a = (a;d;,d}, py, ut) be in U(X), b= (b;dy,d ;1) and é =
(e;dz df,us, puth) bein Xpp(R). Set = (x;d=,dt, u=, u™) be an undetermined fuzzy number
such that

ar®b==c (3.10)
Then there exists a unique fuzzy number T belonging to Xy ,(R) satisfying () More
precisely,
. c—b Ind; —1Ind, Indf —Ind\ po —py po —py
- . e b c < < : A1
’ < a ’eXp( Ind; )’eXp( Indf B (%) (310

13



The next binomial theorem is frequently useful in computations. We define 2° be the
identity element 1y. The element " is defined to be the standard n product Z®Z®- - - ® Z.

Recall that if k£ and n are integers with 0 < k < n, then the binomial coefficient Z)
is the number n!/(n — k)!k!, where 0! =1 and n! =n(n —1)(n —2)---2-1forn > 1. It is

obvious that (Z) is actually an integer.

Theorem 3.5 (Binomial Theorem). Let n be a positive integer and T, 9, T1, T, -+ , Ty €
Xnp(R).
(i) (@ y)" = é (") ey
k=0 k ,

(i) Moreover,
n!

(fil@”'@js)n:@m

where the sum is over all s-tuples (iy,1s,- -+ ,is) such that iy + iy + -+ +i5s = n.

~11 ~12 ~is
xl ®x2 ...®x85’

Proof: Assertion (i) can be proved using induction on n and the fact that & and g satisfy
the distributive law and the commutativity. In fact, we compute

ey = (Toy)"

—1 n
_ j,n—i-l D @ (Z) jk—&-l ® ~n—k @ @ (Z l’k ® yn—k—H @ yn+1> e gn-{—l
k=0 k=1
n—1
_ antl n n ~k+1 n—k ~n41
P @ g_BO((k>+(k+l>)x ® 7 )@y
n—1
N n—+1\._ o
— lﬂz—i—l ® @ (k . 1)1,16—}—1 ® yn k) ® yn—i-l
k=0
= g (n—]: 1) P+ & gnJrlk) o
k=1
n+1
n+ 1> ~k o ~n+l—k
- (")
k=0 < k
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Note that we use the formula that for £ < n, it holds

n n n! n!
(k:) * (k+1) B R O S V]
nl(k +1) nl(n — k)
=)+ =Rk + 1)
nl(n+1) <n+1>'

- " \k+1

(n—k)(k+1)!
Assertion (ii) can be proved using induction on s. The case s = 2 is just part (i) since

. ~\n ~ () e n! _ i
(T1 P T2) :@(k>mlf®m2 b= mm’f@mﬂ
k=0 k+j=n "

Assume that (i7) is true for s. Note that

(‘%1 @"'@js@js—kl)n - ((531 @@fs) EB.TS_H)H

n! k! . . 4 .
_ 521 512 Fis 5
— w < @ R (z’sl)xl ® T4 ®xs) ® T,

k+j=n i1tig+-Fis=k
P n! i o i o o 7
= T RIy - RITRT
D) (G DG 2 s s+l
i1+ig+-Fis+ji=n (Zl') (23)(j>
by part (i). The proof is complete. O
As a simple consequence of Theorem @ with n = 2, we solve the following fuzzy

quadratic equation.

Proposition 3.3 Let b, ¢ € X, (R) with b= (b;dy  df, piy, 1" and & = (c;dz, d, s, ).
Set & = (x;d",d", u=, ut) be an undetermined fuzzy number such that

Pobedeie(dee) =0. (3.12)
Then & = b and & = ¢ are solutions of the equation ()

Remark 3.7 Note that the solvability of fuzzy quadratic equation is much more complicated
than the standard quadratic equation due to the lack of cancellation law in Xj ,(R) (see

Remark (@)) Nevertheless, under some suitable conditions on the coefficients a,b, ¢, one
can give an quadratic formula for the fuzzy quadratic polynomial
i obr@e=0. (3.13)
15



One possible assumption is that a € U(X) and Equation () can be expressed as a product
of

Pz ®q) @ (rz® §) = 0.
Moreover, one can expect that the roots T1,Ts of the fuzzy quadratic polynomial P(Z) =
az? @ b @ ¢ satisfy

F1® T =0a""h, I QIy=a ‘¢,
which is the fuzzy Vieta’s formulas for a € U(X). Compare to the “crisp” polynomial

case, the main difference is that the fuzzy numbers are quinary arrays and a systematic
analysis of the algebraic structure is needed.

4 Vector space

We analyze the Gaussian-PDMF space with two operations: addition and scalar multi-
plication. We claim that,

Theorem 4.1 X, ,(R) is a vector space satisfying the following ten properties (azioms):
(1) The sum of 1, %2, denoted by &1 & T, is in Xp,(R).
(2) &1 @ Ty = T2 D T;1.
(3) (21 @ T) © T3 = 71 © (T2 ® T3).
(4) There is a zero vector 0 in X ,(R) such that ¥ ® 0 = i for any ¥ € X, ,(R).
(5) For each @ € X}, ,(R), there is a vector —i in X ,(R) such that ¥ @ (—i) = 0.
(6) The scalar multiplication of & by A, denoted by A%, is in X, ,(R).
(7) MZ1© T2) = A1 © A\Ta.
(8) (A1 + X2)T = MT B AT
(9) M(Ae) = (MiA2)z.
(10) 17 = 7.

Remark 4.1 Technically, X, ,(R) is a real vector space. All of the theory in this section
should holds for a complex vector space if the scalars are complex numbers and Rule (2) of
Definition is adapted to complex numbers. The detail of the proof is beyond the scope of
this paper and need to be done in the future.
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Proof of Theorem WY.1: Assertion (1) — (3), (6) are trivial. (4) and (5) is the assertion
(#7) and (i7i) of Theorem B.1.
For (7) — (10), by Formula (1) and (2) of (@), we compute

= A(w1 + xo;dydy  df df, py py i p3)
= (M1 + x2); (dydy) (ddy)N Mpp + pg), Mt + p13))

= (Amy 4 Axo; (d)M(d)N (A3 Ay + Mg, Apd + Mg )

— AL ® Moy,
and
M +22)7 = (M A+ Ao)z; (AN, (dF) 2 (A + Xo)u™, (M + Ao ™)
= (s (@M (d)M M, Apt) @ (o (d)N2, (d4)2, Ao, Aap™)
— ME D Mo,
and
M) = M(ow; (d7)*2, (A7), dop™, Aap™)
= (Mda; ((d7)22)M, ((dF)2)M, AMdap™, Mdop™)
= (M7,
and finally

12 = (lo; (dy)', (df)' 1pg, 1pf) = &

In the sequel, we present a basis of the linear space X ,(R).

Definition 4.1 An indexed set of vectors X = {&1,Za,---,%,} in Xpp(R) is said to be
linearly independent if the equation

MT1L B Al @ -+ @ N, = 0
has only the trivial solution, A\ = 0,--- A\, = 0.

Under the above definition, we have
17



Theorem 4.2 A set of vectors X = {Z, %2, T3, %4, T5} in Xp,p(R) as the form
i.l = <17 17 17070>7 i.2 = <0;€7 17070>7 :i.3 = <07 1767070>7 :i.4 = <07 17 17 170>7 i.5 = <07 17 1707 1>
is a basis for X, ,(R). More precisely,
1. X is a linear independent set, and
2. Xnp(R) can be spanned by X,ie. for any T € X, ,(R), there exists \; € R,i =
1,2,3,4,5 such that
5
T = Z iy = MT1 B Aoy D A3T3 D \aZy D A5 Ts.
i=1
Moreover, the set of scalars A1, -+, A5 is unique.

We call that the coordinates of & relative to the basis X (or the X'-coordinates of )
are the weight \{,--- , A5 such that

T = MT1 @ Aoy D A\3T3 D A\ay D As5Ts.

We call the vector in R”
] = [ de s A )

the X-coordinate vector of . The mapping = +— [i] is the coordinate mapping
X

determined by X. In fact, it connects the Gaussian-PDMF space X, ,(R) to the standard
Euclidean space R®. We have

Theorem 4.3 The X -coordinate vector of T = (x;d~,d*, u~, u™) is given by
[:c] _ [:c,lnd*,lndtu*,m]
x

for any T € X, ,(R). Moreover, the coordinate mapping x — [:f:} is a one-to-one linear
X

map (isomorphism) from X, ,(R) onto R, i.e., for any A1, A2 € R,

o], = [a] [,

Proof: It is straightforward. O

5 Numerical simulation

In this section, we illustrate three examples to show the advantage of the Gaussian-PDMF
space with the algebraic structures. The first and the second example are linear first order

18



fuzzy equation, with real numbers and fuzzy numbers coefficients, respectively. The third
one is a quadratic monic fuzzy equation.

Example 1. Let b,é € X, ,(R) with 1 = (1;1,1,0,0) and 3 = (3;4,1,1,2). Let a = 2.
Set & = (z;d~,d", p~, ;") be an undetermined fuzzy number in X, ,(R) satisfying (@),
ie.,

27 @1 =3 (5.1)
Solution A. Using Proposition @, Z is given by

| 1
i=-3o1) =1;21,5,1).
z 2(@) <77727>

The corresponding fuzzy numbers are in Figure a and Figure a

0.8 0.8
0.6 5 0.6
0.4 0.4
0.2 / 0.2
0.0 0.0

-1 0 1 2 3 4 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

Figure 2: The graph of 3 and 1 Figure 3: The graph of %(3 o1)
Solution B. Using Theorem @, we compute the X'-coordinate vector of T as
1] =[10000] . [3] =[3m4012]
X X X X

(.1) holds if and only if
2], + (1], = 3] 52)

(@) is a standard arithmetic equation and can be solved as

M - [1,1112,0,1,1] ,
X 2 X
It means that

1
P =(1;2,1,-,1).
x <77727>

We show an example of Proposition @, which solves ai @ b = ¢.

Example 2. Let b,¢é € X,,(R) with 1 = (1;1,1,0,0) and 3 = (3;4,1,1,2). Let
a=(2ee1,1). Set & = (z;d",d", p~, u") be an undetermined fuzzy number in X}, ,(R)
satisfying (), ie.,

2t @1=3. (5.3)
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Solution. Note that Theorem @ is no longer applicable and we apply Proposition @ We

first compute
. 1 5
2_1:<§;1717171>7 3@1:<2’47]‘71’2>

Hence
i=2"®@Bol)=(1;1,1,1,2).

The corresponding fuzzy numbers are in Figure @ and Figure B

1.01
1.0

0.8
0.8

0.64 0.6 q

0.4 0.4

0.2 0.2

0.0+ 0.04

Figure 4: The graph of 2 Figure 5: The graph of 27! ® (35 1)

Example 3. Let 2 = (2;e,e,1,2) and 3 = (3;1,1,0,1). Set & = (x;d~,d*, u~, ut) be
an undetermined fuzzy number in X ,(R) satisfying

P 92503 =0. (5.4)

Solution. We solve the 5-tuple Z one by one.

For X;,,(R), we have 2* + 2z — 3 = 0. Hence, x; = 1 or zo = —3;

For d~, we have

(@) e 1t =1e (Ind ) +Ind” +0=0<«Ind (Ind” +1) = 0.

Hence, d; = 1ord, =e™!;

1.

I

For d*, we have the same equation as d~. Hence, df =1 or dj = e~

o For =, we have (u=)*+ u~ = 0. Hence, u; = —1 or u, = 0;
e For p*, we have (uF)* 4+ 2u* +1 = 0. Hence, pj, = —1.
Interestingly, there are 2* fuzzy numbers in X, ,(R) satisfying Equation (@)

T = (x,-;dj_,d:,ul_, —1) for any 4,5, k, 1 =1,2.

20



6 Final remarks

In summary, our research introduces a new class of membership functions, merging subjective
perception and objective information through the Gaussian Probability Density Membership
Function (Gaussian-PDMF) space. This space, denoted as X}, ,(R), uniquely identifies fuzzy
numbers, symbolized by Z, with a vector notation (x;d~,d", u~, u*). We define five algebraic
operations, revealing a robust structure within X} ,(R). Especially, addition & forms an
abelian group, and multiplication ® establishes a commutative ring with identity. This
structured algebraic framework proves instrumental in solving fuzzy equations, applying the
Binomial Theorem, and exploring fuzzy Vieta’s formula.

Our work could extend theoretical insights into fuzzy numbers, providing a fresh frame-
work for understanding and applying fuzzy mathematics. The practical utility of this alge-
braic structure is demonstrated through several numerical examples. We hope this research
should contributes to the broader field of fuzzy mathematics and related research areas.

References

[1] K. T. ATANASSOV, Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20 (1986), pp. 87—
96.

[2] K. T. ATANASSOV, Intuitionistic fuzzy sets, vol. 35 of Studies in Fuzziness and Soft
Computing, Physica-Verlag, Heidelberg, 1999. Theory and applications.

[3] V.S. CosTA, B. BEDREGAL, AND R. H. SANTIAGO, On closure properties of L-valued
linear languages, Fuzzy Sets and Systems, 420 (2021), pp. 54-71.

[4] M. DELGADO, M. A. VILA, AND W. VOXMAN, A fuzziness measure for fuzzy numbers:
Applications, Fuzzy sets and systems, 94 (1998), pp. 205-216.

[5] ——, On a canonical representation of fuzzy numbers, Fuzzy sets and systems, 93 (1998),
pp. 125-135.

[6] J. DOMBI, Membership function as an evaluation, Fuzzy sets and systems, 35 (1990),
pp. 1-21.

[7] D. DuBoIS AND H. PRADE, Fuzzy sets and systems: theory and applications, Academic
press, 1980.

[8] D. DuBoIs AND H. PRADE, Additions of interactive fuzzy numbers, IEEE Transactions
on Automatic Control, 26 (1981), pp. 926-936.

[9] D. DuBois AND H. PRADE, Towards fuzzy differential calculus part 3: Differentiation,
Fuzzy sets and systems, 8 (1982), pp. 225-233.

21



[10]

[22]

E. Esmi, L. C. bE BARROS, AND V. F. WASQUES, Some notes on the addition

of interactive fuzzy numbers, in Fuzzy Techniques: Theory and Applications, R. B.
Kearfott, [. Batyrshin, M. Reformat, M. Ceberio, and V. Kreinovich, eds., Cham, 2019,
Springer International Publishing, pp. 246-257.

E. Esmi, V. F. WASQUES, AND L. CARVALHO DE BARROS, Addition and subtraction

of interactive fuzzy numbers via family of joint possibility distributions, Fuzzy Sets and
Systems, 424 (2021), pp. 105-131. Uncertainty.

R. E. GIACHETTI AND R. E. YOUNG, A parametric representation of fuzzy numbers
and their arithmetic operators, Fuzzy sets and systems, 91 (1997), pp. 185-202.

M. L. GUERRA AND L. STEFANINI, Approximate fuzzy arithmetic operations using
monotonic interpolations, Fuzzy Sets and Systems, 150 (2005), pp. 5-33.

M. HUKUHARA, Integration des applications mesurables dont la valeur est un compact
convezxe, Funkcialaj Ekvacioj, 10 (1967), pp. 205-223.

E. P. KLEMENT, R. MESIAR, AND E. PAP, Triangular norms. position paper i:
basic analytical and algebraic properties, Fuzzy Sets and Systems, 143 (2004), pp. 5—26.
Advances in Fuzzy Logic.

E. KRUSINSKA AND J. LIEBHART, A note on the usefulness of linguistic variables for

differentiating between some respiratory diseases, Fuzzy sets and systems, 18 (1986),
pp. 131-142.

Y. Lt AND W. PEDRYCZ, Fuzzy finite automata and fuzzy reqular expressions with mem-
bership values in lattice-ordered monoids, Fuzzy sets and systems, 156 (2005), pp. 68-92.

D. LianGg, D. Liu, W. PEDRYCZ, AND P. HuU, Triangular fuzzy decision-theoretic
rough sets, International Journal of Approximate Reasoning, 54 (2013), pp. 1087-1106.

S. MASHCHENKO, Sums of fuzzy sets of summands, Fuzzy Sets and Systems, 417 (2021),
pp- 140-151.

M. L. Purt AND D. A. RALEScU, Differentials of fuzzy functions, Journal of Mathe-
matical Analysis and Applications, 91 (1983), pp. 552-558.

N. A. RaaMmAN, L. ABDULLAH, A. T. A. GHANI, AND N. AHMAD, Solutions of
interval type-2 fuzzy polynomials using a new ranking method, in AIP Conference Pro-
ceedings, vol. 1682, AIP Publishing, 2015.

Y. SHEN, First-order linear fuzzy differential equations on the space of linearly correlated
fuzzy numbers, Fuzzy Sets and Systems, (2020).

22



[23]

[24]

[25]

[20]

[27]

28]

[29]

[30]

[31]

32]

[33]

L. STEFANINI, A generalization of hukuhara difference and division for interval and
fuzzy arithmetic, Fuzzy sets and systems, 161 (2010), pp. 1564—1584.

E. SzmipT AND J. KACPRZYK, Distances between intuitionistic fuzzy sets, Fuzzy Sets
and Systems, 114 (2000), pp. 505-518.

C.-H. WANG, W.-Y. WaNG, T.-T. LEE, AND P.-S. TSENG, Fuzzy b-spline member-
ship function (bmf) and its applications in fuzzy-neural control, IEEE transactions on
systems, man, and cybernetics, 25 (1995), pp. 841-851.

H. WANG AND C. ZHENG, A class of fuzzy numbers induced by probability density func-
tions and their arithmetic operations, Fuzzy Sets and Systems, 467 (2023), p. 108581.

L. X. WaANG, Course In Fuzzy Systems and Control, A, Prentice-Hall, Inc., 1996.

B. WEN, W. Gu, B. Yang, H. Li, AND X. CHEN, A nowvel approach for fnlp
with piecewise linear membership functions, Chemometrics and Intelligent Laboratory
Systems, 191 (2019), pp. 88-95.

H.-C. Wu, Decomposition and construction of fuzzy sets and their applications to the
arithmetic operations on fuzzy quantities, Fuzzy Sets and Systems, 233 (2013), pp. 1-25.

—, Arithmetic operations of non-normal fuzzy sets using gradual numbers, Fuzzy Sets
and Systems, 399 (2020), pp. 1-19.

7. Xu, Intuitionistic fuzzy aggregation operators, IEEE Transactions on fuzzy systems,
15 (2007), pp. 1179-1187.

L. ZADEH, The concept of a linguistic variable and its application to approximate
reasoning—i, Information Sciences, 8 (1975), pp. 199-249.

L. A. ZADEH, Fuzzy sets, information and control, vol, 8 (1965), pp. 338-353.

23



	Introduction
	Preliminary
	Arithmetic operators on Xh,p(R)
	Vector space
	Numerical simulation
	Final remarks

