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1. Introduction and main result

Consider a continuous-time and homogeneous Markov chain {X(¢) : + > 0} on a probability space (2, #,P) with the transition
probability matrix P(r) = (p;;()) on the countable state space Z, := {0,1,2,...}. In this paper we assume that the considered
transition rate Q-matrix Q = (g;;) is totally stable and conservative, which means ¢; := —g; = ¥, q;; < oo forall i € Z,.

Given a Q-matrix, if there exists such a positive integer m that for all i > 0,

9 ivm > 0, q;; = 0, j>i+m,
we call it a Q-matrix with uniformly finite range upward; symmetrically, if for all i > m,
Gii-m >0, g;=0, 0<j<i-m,

it is called a Q-matrix with uniformly finite range downward. In particular, in the case of m = 1, the Q-matrix is also called single
birth O-matrix and single death one, or skip-free upwardly one and skip-free downwardly one, respectively. For simplicity, we call
them m-birth Q-matrix and m-death one respectively. For the systematic results of single birth processes and single death ones, refer
to Chen (2004, 1999), Chen and Zhang (2014), Mao and Zhang (2004), Zhang (2001, 2018), Zhang and Zhou (2019), Mao et al.
(2022). In this paper, we focus on the m = 2 case, namely 2-death processes. Until now, there is still a big gap except the criteria
for recurrence and uniqueness of 2-death processes. One can see Zhang (2023) for reference. In Li and Li (2021) they consider the
down/up crossing property of weighted Markov collision processes which are of 2-death in fact.

In the past decade years, due to the advantage of single exit, single birth processes are always regarded as the largest class of
Markov chains which are expected to obtain explicit criteria in various aspects. Besides, although m-death processes maybe of infinite
exit and the existence of invariant measures (u,),o and stationary distributions are difficult to deal with, but the answer for single
death processes has been obtained. In Wang and Zhang (2014) and Zhang (2016), the recursive formula and direct representation for
(u,)ys0 are obtained respectively. However, for 2-death processes, this question has been unsolved for a long time since the dimension

* Corresponding author.
E-mail address: zhaoyibnu@mail.bnu.edu.cn (Y. Zhao).

https://doi.org/10.1016/j.spl.2024.110120
Received 28 December 2023; Received in revised form 15 February 2024; Accepted 20 March 2024

Available online 26 March 2024
0167-7152/© 2024 Elsevier B.V. All rights reserved.


https://www.elsevier.com/locate/stapro
https://www.elsevier.com/locate/stapro
mailto:zhaoyibnu@mail.bnu.edu.cn
https://doi.org/10.1016/j.spl.2024.110120
http://crossmark.crossref.org/dialog/?doi=10.1016/j.spl.2024.110120&domain=pdf
https://doi.org/10.1016/j.spl.2024.110120

Y. Zhang and Y. Zhao Statistics and Probability Letters 210 (2024) 110120

of the solutions to the equation 4Q = 0 is larger than one, which is different for single death processes which could determine (x,),5
explicitly together with the positive property for (u,),,. Fortunately, we obtain the answer recently by investigating the coefficients
of formal representation for (4,),5¢-
Now consider a 2-death Q-matrix Q = (g; ) which means that for all i > 2,
4ii2>0, ¢;=0, 0<j<i-2.
Let

7= ap. £2i>0
k>t

By the conservativeness of the Q-matrix, q(()o) =0.

Let

n
GE[") =1, n>1; GE") =L Z q?k_l)Gg’), 2<i<n.

i

9ii-2 (531
Define
n n
M _ DG G _ Y (=D
G =34q{7"GY, G\"=34"""GY, nx2. (1.1)
£=2 =2

In convention that ¢, _; = ¢y _, = 1. Note that q(()o) = 0. Then we can extend the definitions of {Gf")} forall0<i<nas

G =1 nz0, G"=—1_

(€=1) ~(n)
k q G b 0<Lk<n.
Dhek=2 jeri<t<n
Equivalently, it is not difficult to check by Lemma 2.1 that
n=1 G0 (=1

GV=3 -t o0<k<n
i—x 4ii—2

Now we first state our main result.

Theorem 1.1. For an irreducible and regular 2-death Q-matrix, the invariant measures of the corresponding process can be represented
as uy =1 and

o= q]—z (60 +mG"), n>2,
where
. G(()2m+1) G(()z m)

Here the constant multiple factor is not counted. Moreover, assume that the process is recurrent. Then it is ergodic if and only if
(2m+1) (2 m) )
inf (;02_1 = sup GOZ—II G2 ™ and u = Z[ln < +o00.
w1\ gD | T\ gEm 167 A0 =
Meanwhile the stationary distribution of the process is x, = ”7” foralln>0.

The paper is organized as follows. Section 2 contains some preliminaries which are key technical tools used throughout the rest
of the article. Sections 3 is devoted to the proof of our main result. In addition, several examples are given to illustrate the validity
of our result.

2. Preliminaries

In this section we prove two lemmas. The first lemma is presented as follows, in which some notations are partly modified
from Zhang (2023).

Lemma 2.1. Define

n
1 .
g =1, nx1; g”=—Yq" " 2<i<n
4ii-2 =i
The following relation holds:
n @i=1) (n)
g q;
W=y —— i1<t<n, @1

izo+1 dii-2
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and
"=GMY agi<n+l, 2.2)

ie.,

(i) (n—1)

_ X
GV=Y "1 — 2gt<n
= dii-2

Proof. In fact,

(n) n =1) (n)
(n) _ Zq(k> o _ 9n _ 81 i
_1 qnn 2 k=n qnn 2 i=n qi,i—Z

Assume that Eq. (2.1) holds up to i. Now

w _ _1 ® ) _ ) ® g0
g = Y ag m <q + ) 4 )
ll—

dii-2 i<k<n

i<k<n—1
("> n (=1 _(n)
_ Z ") 2 & 4y
qu2 ‘quk, o1 A2
(n) n (n)
q; q
-4 ‘. Zq(k) (¢-1)

dii-2 5 202 Y9ii-2 o

(n) n “-1) (n)
4; + &1 4y

dii-2 54 -2
n &= _(n)

Zgzl de

)

which means that Eq. (2.1) holds in the case of # =i — 1. So the first assertion is checked. Then we turn to the second assertion to
show that

G(n+1)

11 , 2<i<n+1l

The proof is also by induction on i with i < n. Indeed, g(") 1= G;’:’l'). Assume that the relation (2.2) holds until i +1 < n+ 1. Then
it follows that

n n
) 1 k) <n> 1 (k) ~(n+1)
8 1= T Z = g z Gk+l
k= 0i=2 k=i

dji-2
L
_ o I)G/(:Hl) _ GEHI)'
9ii-2 S

So, by induction, the relation holds for all 2 <i<n+1.
Now the proof of Lemma 2.1 is finished. []

The second lemma is a key one.

Lemma 2.2. Assume that the 2-death Q-matrix Q = (g;;) is irreducible, then for all k > 0 and n > 0, it holds that

G;ck+2n) >0 and G;{k+2n+l) < 0.

Proof. It is obvious that for k > 1, Gik) =1>0and

o[ if k=0,
G}(kﬂ) 7 —+ = CI§1) =—qy, ifk=1,
S . 1 P Y

i k-2

So GY*" <0, Vk > 0. Note that G = 0. Then, for m > 2 and k > 0,

(k+m*1) (ktm=1)  j4m-2 G(i)q(k+'n—2) k+m=2 G(t)
i

G(k+m) Dirm-1 + Z _ Z i k+m—2
Dpetrm—1 k+m—3 i=k dii—2 imk dii-2
(k+m—1) (k+m—1) k+m=2 (i)
_ G, Dtm—1 + Glm=1 _ z Gy diktm—2
Dkct+m—1k+m-3 k imk dii-2
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(k+m—1) k+m=2
_ G Ditm—1 k+m—2 2 Gl kym—2
Apetm—1 k+m—3 imk dii-2
k+m—1 (i)
_ G i frm—2
i=k ql,l 2

Assume that these assertions hold until » = m. Now by the assumption we get

k+2m+1 ~(0) m  ~(k+20) m  (k+26+1)
G(k+2m+2) _ z Gk i k+2m _ Z G Ak+2¢ k+2m _ Z G D426+1,k+2m
) = = T =
=k dii-2 =0  Qk+2¢k+20-2 720 p+26+1,k+26-1
m k+20)
G, Ap+2¢ k+2m
>- ) =

=0 Qk+2¢k+20-2

Further,

(k+22) (k+2m)
G! G

Ake+2¢ k+2m i Dk 2m,k+2m

o<tam—1 k420 k+20-2 e+2m ke+2m=2

(k+2£)
<3 =
<
o<tam—1 k420 k+20-2
G*+20)

D426 k42
mo Gl((k+2m)

Ak k+2m k422 k+2m
< —++

Ciem—1
kk-2  1gtam—1  dk+20k420-2

G(k+2f)

- z Gk jet2s + Z 2 k422 k25

quk_z m—1<s<m 1<f<m=2 qk+2f k+26-2 1<s<m
Glk+2m=2)

k
t e+2m=2,k+2s
Dt 2m—2k42m—4 i<

Gik+20)

1 k (k+2m—2)
< Z i jeras + Z —_— Z Qis2e k25 = G
9kk=2 p—i<s<m 1<t am—2 Tk+20 k420-2 1 1 Tsm

(k+2f)

< ! z Gihv2s T Z 2 Gi+2¢ kt2s T Com—2-

qk,k—2 m—1<s<m 1<f<m=2 qk+2f k+26-2 1<s<m

Eventually, we recursively obtain

(k+2)

A k+2s T Gk+2.k+2s T Ch1

9kk=2 2&5am k+2.k 2&5<m

(k+2)
1
= Z Gicjet+2s +
Qi k=2 1<5am i+2.k 1<sam

1 (k+2)
Z G ras — G},
9kk=2 1<5am

1
Z Gick+2s + Cr0
9k.k=2 1<5<m

1
= i k+2s
qk,k—2 0<s<m

ck,m <

Dpe42,k+2s

VA

VA

0, if k =0;
—qy9, ifk=1,
-1, ifk>2

IN

In the cases of k = 0 or k = 1 and ¢;;, = 0, then the equalities in these inequalities above do not hold simultaneously, otherwise
{k,k+2,....k +2m} is closed which is a contradiction with the irreducibility. Hence whatever k is, it always holds that ¢, , < 0,
further

G;k+2m+2) > —c

> 0.

k,m
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Similarly, by the assumption we get

m+1 G (k+20)
k

m GUH2E+D)
Glk+2m+d) _ Ak+2¢ k+2m+1 k D26 +1,k+2m+1
¢ = —
=0 Qk+2¢ k+20-2 £=0 Gk+20+1,k+20-1
m Ak26+1)
G, dr+20+1 k+2m+1
N7 = =dy i1
=0 Qic+26+1,k+2¢-1
Further,
G2+
d S k D20 +1,k4+2m+1 _G(k+2m+1)
k.m+1 = k
0t <m—1 Gic+26+1,k+2£-1
(k+1) (k+20+1)
Gy kst kt2mtl G, A+26+1,k+2m+1
>z —+ +dy
Dpet1,k—1 I<tam—1 Ape426+1,k+20-1
G*+D Gk+2r+D)
5 _k " k _ glk¥2m=1)
E Dhet1,k+25+1 D — D426 +1,k+25+1 k
Dkt 1.k=1 py_i<s<m I<tam—2 A2+ k20 -1 11 <sm
1 2041
G;Ck+ ) chk+ £+1)
zZ— Z Dict1k+25+1 T Z P —— Z Grvar+1 kst F A1
e+ 1Lk—1 py_i<s<m I<tam—2 WA2E+LIA20-1 1y I<ssm
Then by the same recursive procedure, we thus have
G+ (k+3)
Ay > —X— il S +d
km+l Z p+1,k+25+1 43, k+25+1 k2
k+1.k—=1 2<5em Gk+3.k+1 2<sam
k+1)
G(
k (k+3)
z2— Qs k2541 — G

e+ 1.k—1 1 <sam
(k+1)
Gy

> — Z Qi1 k2s+1 T it
k+1.k=1 1<5m

(k+1)
Gy

e Dhe1,k+25+1
Die1,k—1 0<s<m

0, if k=0;
>4, if k=1;
1+ Bkl f g >0,

G k—2

ke+2m+3
So d; .1 = 0. Further G; +2mt3)

< —dymy1 < 0. Hence the assertions hold when » = m + 1. From induction the conclusions are
followed. The proof is finished. []

3. Proof of Theorem 1.1

By the equation of xQ = 0 we obtain that

Hiq; = Z HiGji + Mig1bisri + Hisadipis 120
0j<i

Summing up from O to n, then

n n+l
— G+ (n+1)
Z Hid; = Z Hj (qj —4; ) + Z Hi(@iim1 + dii—2) + 1410 + Hns29ne2n
i=0 0<j<n i=2
n n+l
_ G+1) _ (n+1)
= Z Hi (‘1,- —q; ) + D Hi(dii—1 + di-0) + Midi0 + Hupodnson
i=0 i=2
n n+l
+1
= 2 Hidi — M;qf" '+ Hps2dniops 12 0.
i=0 i=0
Further,
1 n+l
+1
Hnya = Z wa™Y, nzo.
qn+2,n i=0
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We will check that

n—1

1 ¢ ¢ -1

Hy = Z(Hoqé)+mqi ))g}" ' onz2.

qn,n—2 /=1

Firstly,
1 . 1 1 .
(1) (1) (1) &) @Y\ 0

Hy=— Q2 Miq; " = — (#oq + 19 ) =— (ﬂoq + g )g .

20 ,za T 4 0 ! @0 ,Z’l 0 b

Assume that the assertion holds up to » + 1. Using Lemma 2.1 now we have

n+l
1 (n+1) (n+1) (n+1)
Hpso = <M0£IO + 119, + Z Hiq;
i=2

qn+2,n
1 n+1 1 i—1
+1 +1 ¢ ¢ i—1) (n+1
= pods™ + uyg" )+Z—Z(ﬂoqé)+ﬂlq§ )>g}’ g
qn+2,n i=2 qi,i—Z /=1
| n nel gU=D) (D)
1 1 13 13 14 i
= woay™ + g+ Y (ﬂoqg '+ g )) y —
qn+2,n =1 i=f+1 qi,i—Z
n
1 (n+1) (n+1) @) @)\ (1)
=3 <uoqo" + g™+ Y (Moqo + 414, )gf"
n+2,n /=1
1 n+l
3 4 1
= > (Moqé)+mq§ )>g}"+)
An+2,n o2}
1 n+l 1
4 4 2
= 3 (o) i) 607 = L (w6 uG) .m0
‘In+2,n /=1 qn+2,n

where the last identity is due to (1.1). Besides, via Lemma 2.2, (1.2) could be naturally derived by the positive property of the
invariant measures. For the second assertion, if the process is ergodic, then

G@m+D Gem
=i 0 )= 0
H1 = ,l,gfl <G§2m+l)> ,snlgl) <Gi2 m)>

and Y, . 4, < c0. On the other hand,
(T )ns0 = (My/ X, Hnso 1S the unique stationary distribution for the process, therefore it is ergodic. [

4. Applications

In this section we demonstrate the validity of our results by showing three concrete examples as follows, which are taken
from Zhang (2023).
Example 4.1. Letq;; , =1foralli>?2,q,9=1,g;,4; = 1foralli>0and g;; =0 for other j # i. Then qfi) =—1foralli> l,qf”l) =1
and q(k) =0 forall Kk >i+2>2. Hence

i

g =102 gl =-l gl =gl g 2<i<n
Further
g =()"F,_ . 1<i<n,

where {F,} is the Fibonacci sequence:

n+l n+1
5 5

-1 -1
Ho = Mo — Hi, /’ln=/'42g5n >+u1g§” . onz3.

Then

So

\%
w

fy =ty (=12 F, g+ py (1" F, 3 = po(=1)"F, s + iy (=1)"3F,_;, n
Let y, = 1. For the positive property of y,, on the one hand, for all n = 2k,

AZk—l — (=B 2k—1
I < # :_A+i l
A2k _(_B)Zk 1—(—B/A)2k
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On the other hand for all n =2k + 1,
A% — (-B)* 14 A2 0

> =
A2k+1 _ (_B)2k+l A+ B(—B/A)Zk

Hy

Hence, u; = B and further y, = 1 — B = B? and
ty=(=1)""2(F,_, - BF,_|)=B", n>3.

Sou,=B"foralln>0and y:=3 ou, = A2. Then the stationary distribution is followed by z, = u,/u = B"*? for any n > 0.

Example 4.2. Let O = (g; j) be a regular and irreducible Q-matrix satisfying
Giio=c¢>0, ¢; 1=a20, i22; qp=d20, ¢;;,=b>0, i20,
and ¢;; = 0 for other i, j > 1 with i # j. Assume that the process is recurrent, ie., a +2¢ > b. Then qil) =—d, qff) = —(a+c) for all

i>2, q(i+') =b and q(k) =0 forall k>i+ 1> 1. Hence

i i

g(") __a+c

n—1 "

g =1mn>1), (n>2),

and

0} =_a+cg§n>+é )

i-1 c o ¢ i1’ 2<isn—-1

By the theory of difference equations, we obtain
() _ (_l)n_i n—i+1 n—i+1 :
i —m(lll —izl ), ISISI’I,

where

_a+c+\/(a+c)2+4bc B _a+c—\/(a+c)2+4bc
e 2¢ B 2¢ '
Then we have
1 - b -
== (buo —dpy) . py = g ™" + zmg;" D) nz3.
So for n > 2,
b(=D"2 -1 D id -1(d
= o2 = (- ) (B (5 -4) -2 (——,1)).
Hn ”"czl—zz(l 2) LTI G B WY A A P
Let u, = 1. For the positive property of u,, on the one hand, for all n = 2k,

H

Uy < b <1+ Mk >l b
d—ch (dfe =)+ (4] (=) " (d/e = 1) d=chy
On the other hand for all n =2k + 1,

b A=Ay > b
"y > 1+ .
' d—th( (d/c—/ll)—(ﬂl//12)2k (d/c—1y) I d—cly
Hence,
b 2b
M=

d—chy 2d+\/(a+c)2+4bc—(a+c).

Further it is derived that
-1
Hy = Hy (—12)" , n>1.

So

u:

-1
Zy,,=1+/4] Z(—Az)" =14y Z(—Az)”<+oo

n20 nx1 n20

if and only if —1, < 1, equivalently, a + 2¢ > b. Hence, the process is ergodic if and only if @ + 2¢ > b. Now in the ergodic case,
u=1+pu;/(1+4,) and the stationary distribution is followed by

1+ Ay (1+ %) 1y

Ty= L (=2)" Y nz L

=T T
+ A+ uy + A+ uy

Example 4.3. Letq;; , =1foralli>2,q;,;,,=1foralli>0,qy =g, =1and g; =0 for other i,j > 1 with j # i. Then qfi) =-1

for all i > 1,q§i+1) = qf.”z) =1 and qjk) =0 for all k > i +2 > 2. Meanwhile q(” =2, q(()2> =1 and q(()f) =0 for any ¢ > 2. Hence

0

g =102 1), g =-1, g =g +gP =2,

n—1 n—
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and
0 = -l el 2<i<nnt
Further
0= (554 1). r<ien
where [n] represents the largest integer less than or equal to n. Hence

b= @) 8 =2 = (2 ) €+ (14 ) & = 1+ 2,

and for n > 4,

= (2= )&+ (L) g7 gy g

e (252 e (2] ) e (25 1)
In the case of n = 2k + 1, then
Hope1 = =2k +k+ (k+ Dpy ==k + (k+ Dpy.
Further, for all k£ > 0, uy,,; > 0 if and only if y; > k/(k + 1), which implies that x; > 1. In the case of n = 2k + 2, then
Hopar =20k + 1) =k — (k+ Dy = k+2 — (k+ Dy;.

Therefore, for all k > 0, py;,, > 0 if and only if y; < (k+2)/(k + 1), which implies that y; < 1. Hence y; = 1 and further y, =1 is
the unique invariant measure of the process. Then the process is recurrent but not ergodic. In fact, by rearranging the states, it can
be regarded as a simple random walk or a symmetric birth-death process on Z.
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