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§1. Ú ó

3©z [1]¥�(%é)«L§ïÄ
È©.�¼�©ÙÚÝ�O�, ¦3©z [2]¥

«©�)«L§��þÈ©.�¼Ú�eÈ©.�¼. ©z [3]Ú [4]©Oé���Ú��

�àg��ê¼L§ïÄ
d¯K, ��eZ¥m(J. ©z [5]K3dÄ:þA^�K�

5�§|����K)nØ��)û
d¯K. éuA½��ÅL§ÚA½�È©.�¼,

g,´F"U
��?�Ú�wª�(J, XÓ)«L§. ©z [6]Ú [7]éü)L§�È

©.�¼?1
?�Ú�ïÄ, ��
�þÈ©.�¼�©ÙÚÝ�O�. �©�Äük

L§��eÈ©.�¼. ØÓuü)L§��õü6Ñ, ükL§�UÃ¡6Ñ, ù�JÝ

\�. ·���{´kïÄk�G��mükL§, 2^4��{5)û�êG��mü

kL§��A¯K.

� X = {X(t), t > 0}´½Â3VÇ�m (Ω,F ,P)þ�mëYàgê¼L§, G�

�m��êG��m E = {0, 1, 2, · · · }, Ù=£VÇÝ
� P (t) = (pij(t)), =£�ÇÝ


Q = (qij). �©�Ä�L§ X ´ükL§, =Ù=£�ÇÝ
 Q = (qij)÷v:

qi,i−1 > 0, i > 1; qi,i−j = 0, i > j > 2.

�©b½=£�ÇÝ
 Q = (qij)þ��­½�Å (= qi := −qii =
∑
j 6=i

qij <∞ (i > 0))�

´Ø���.

∗I[g,�ÆÄ7�8 (1OÒ: 11571043!11771047!11871008)]Ï.
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� V ´½Â3 E þ��Kk���Øð�"�¼ê. ½ÂükL§ X �G� iÄ¥

�� τi = inf{t > 0 : X(t) = i}. �ÄükL§��eÈ©.�¼

ξ =

∫ τ0

0
V (X(t))dt (1)

�©ÙÚÝ. � V ≡ 1�, ξ = τ0, � ξ���Ý=�G� 0Ä¥����Ý. ©z [8]Ú [9]

©OéükL§G� 0Ä¥����Ý9p�Ý�
ïÄ, ��
p�Ý�4íL�, �

Ùy²'�E,, �©ò/ÏÈ©.�¼�Ñ���é{'�y².

- Pk(·) = P(· |X(0) = k), Ek(·) = E(· |X(0) = k). 2PÈ©.�¼ ξ �©Ù¼ê�

Fk(x) = Pk(ξ 6 x), Ù LaplaceC�P�

ϕk(λ) = Eke
−λξ =

∫ ∞
0

e−λxdFk(x). (2)

�Äk�G��m EN = {0, 1, 2, · · · , N}þükL§ X(N) = {X(N)(t), t > 0}, Ù=
£�ÇÝ
 Q(N) = (qij , 0 6 i, j 6 N)� N + 1�Ý
, G� N ´��9, =

Q(N) =



−q0 q01 · · · q0,N−1 q0,N

q10 −q1 · · · q1,N−1 q1,N

0 q21 · · · q2,N−1 q2,N
...

...
. . .

...
...

0 0 · · · qN,N−1 −qN


. (3)

aq½Â X(N) ��eÈ©.�¼ ξ(N) 9Ù©Ù� LaplaceC� ϕ
(N)
k (λ). K·�ke�

(J.

½n 1 � EN þükL§ X(N)�=£�ÇÝ
 Q(N)��­½�ÅØ���.

(i) KÙ�eÈ©.�¼� LaplaceC��

ϕ
(N)
0 (λ) = 1, ϕ

(N)
k (λ) =

∆
(k)
N (λ)

∆N (λ)
, k = 1, 2, 3, · · · , N, (4)

Ù¥

∆N (λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

W1 q12 · · · q1,N−1 q1,N

q21 W2 · · · q2,N−1 q2,N

0 q32 · · · q3,N−1 q3,N
...

...
. . .

...
...

0 0 · · · qN,N−1 WN

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, Wi = −(λV (i) + qi), 1 6 i 6 N,


 ∆
(k)
N (λ) ´±��þ (−q10, 0, · · · , 0)T �O ∆N (λ) ¥1 k �¤��1�ª (1 6

k 6 N).
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(ii) ½Â q
(i)
k =

∑
j>i

qkj (i > k > 0). -m
(N,n)
k = Ek(ξ

(N))n. K


m

(N,n)
k =

k∑
i=1

ε
(N,n)
i , 1 6 k 6 N ;

m
(N,n)
0 = 0,

(5)

Ù¥
ε
(N,n)
k =

1

qk,k−1

(
nV (k)m

(N,n−1)
k +

∑
k+16i6N

q
(i)
k ε

(N,n)
i

)
, 1 6 k 6 N − 1;

ε
(N,n)
N =

nV (N)m
(N,n−1)
N

qN,N−1
.

(6)

½Âê� {G(`)
k }Xe:

G
(j)
j = 1, G

(j)
k =

1

qk,k−1

∑
k+16i6j

q
(i)
k G

(j)
i , 1 6 k < j 6 N. (7)

Kd©z [8; íØ 2.3]9 (7)��, ½n 1¥� ε
(N,n)
k ��L«�

ε
(N,n)
k = n

N∑
i=k

G
(i)
k V (i)m

(N,n−1)
i

qi,i−1
, 1 6 k 6 N. (8)

dd(Ü½n 1á���e¡(Ø.

íØ 2 3½n 1�^�e, k
m

(N,n)
k = n

k∑
i=1

N∑̀
=i

G
(`)
i V (`)m

(N,n−1)
`

q`,`−1
, 1 6 k 6 N ;

m
(N,n)
0 = 0.

(9)

Ïd, 3k�G��m, ükL§�eÈ©.�¼p�Ý�ÏL$�ÝwªL«. ·�

'%�´, 3�êG��m, d(Ø´Ä�,¤á? 3 V (i) ≡ 1�, ©z [9]y²
(Ø�

(. ��ãd(J, I�^� (7)½Â�ê� {G(`)
k }, �´d�vk “k, ` 6 N”��¦. ©

z [9; ½n 1.1]�ãXe.

½n 3 b��êG��m E þükL§ X ´~��. K

Ekτ
n
i = n

∑
i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
, k > i > 0, n > 1.

3©z [9]¥, 'u½n 3��ªy²�~E,. �©¥, ·�3©z [9]��
ó�Ä

:þ, òêÆ8B{Ú©z [9]¥¤¦^�4�%C{�(Ü, |^½n 1�(Ø, �Ñ�

��é{'�#y².

�©�¡�SNSüXe: 31�!ò�[y²½n 1Ú 3, Ó��Ñ�êG��m

ükL§rH{Âñ�Ç�þe.�O. 31n!, A^©z [2]¥��{, UY?Øk�

G��mþükL§�eÈ©.�¼�©Ù, ¿A^ÙïÄüaAÏÊ3�m�©Ù.
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§2. Ì�(J�y²

�y²�©�Ì�(J, k�Ñ��Ún9Ùy².

Ún 4 �êG��m E þükL§ X �eÈ©.�¼ ξ �©Ù¼ê� LaplaceC

� ϕk(λ)÷v±e�©�§|:
qk,k−1ϕk−1(λ)− (λV (k) + qk)ϕk(λ) +

∑
i>k+1

qkiϕi(λ) = 0, k > 1;

ϕ0(λ) = 1.

(10)

y²: PükL§�Äga��� η1, = η1 = inf{t > 0 : X(t) 6= X(0)}, - F (x) =

Pk(η1 6 x). KdaL§�5��, F (x) = 1− e−qkx. ?
,

Eke
−λV (k)η1 =

∫ ∞
0

e−λV (k)xdF (x) =
qk

λV (k) + qk
, (11)

±eæ^PÒ
∫ v
u ≡

∫ v
u V (X(t))dt. éu k > 1, Kdrê¼5±9 η1 � X(η1)Õá�5

�, k

ϕk(λ) = Eke
−λ

∫ τ0
0 = Ek

[
Ek
(
e−λ

∫ τ0
0 |Fη1

)]
= Ek

[
Ek
(
e−λ

∫ η1
0 · e−λ

∫ τ0
η1 |Fη1

)]
= Ek

(
e−λV (k)η1EX(η1)e

−λ
∫ τ0
0
)

= Eke
−λV (k)η1 · Ek

(
EX(η1)e

−λ
∫ τ0
0
)
.

2|^ (11), aL§�Xe5�:

Pk(X(η1) = i) =
qki
qk
, i 6= k,

±9ük5�, ��

ϕk(λ) =
qk

λV (k) + qk

(qk,k−1
qk

ϕk−1(λ) +
∑

i>k+1

qki
qk
ϕi(λ)

)
,

dd�y (10)�1�ª. � k = 0�, Ï P0(τ0 = 0) = 1, � ϕ0(λ) = E01 = 1. (10)�1�

ª�y. �

½n 1�y²: qÚn 4Ú (10), �±�� ϕ
(N)
k (λ)÷veª

qk,k−1ϕ
(N)
k−1(λ)− (λV (k) + qk)ϕ

(N)
k (λ) +

∑
k+16i6N

qkiϕ
(N)
i (λ) = 0, 1 6 k 6 N ;

ϕ
(N)
0 (λ) = 1.

(12)

d Cramer{K)�5�§| (12), ��)� (4). ½n 1 (i)�y.
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�¦m
(N,n)
k , 5¿�

m
(N,n)
k = (−1)n

dn

dλn
ϕ
(N)
k (λ)

∣∣∣
λ=0

,

r (12)ü>é λ¦� ng, - λ = 0, 2¦± (−1)n, =�
qk,k−1m

(N,n)
k−1 − qkm

(N,n)
k +

∑
k+16i6N

qkim
(N,n)
i + nV (k)m

(N,n−1)
k = 0, 1 6 k 6 N ;

m
(N,n)
0 = 0.

(13)

P

ε
(N,n)
i = m

(N,n)
i −m(N,n)

i−1 , 1 6 i 6 N.

d (13)�±��

qk,k−1ε
(N,n)
k = nV (k)m

(N,n−1)
k +

∑
k+16`6N

q
(`)
k ε

(N,n)
` , 1 6 k 6 N − 1

Ú

qN,N−1ε
(N,n)
N = nV (N)m

(N,n−1)
N .

dd�� (6). 2dm
(N,n)
0 = 0, íÑ

m
(N,n)
k =

k∑
i=1

(m
(N,n)
i −m(N,n)

i−1 ) +m
(N,n)
0 =

k∑
i=1

ε
(N,n)
i , 1 6 k 6 N.

l
�y (5). Ïd·��¤
½n 1 (ii)�y². ½n(Øy.. �

3y²½n 3�c, ·�ky²��Ún.

Ún 5 b��êG��m E þükL§ X ´~��. K

Ekτ
n
i 6 n

∑
i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
, k > i > 0, n > 1.

y²: �½ i, Ù� (Ekτ
n
i , k > 0)´±e�§����K):

xi = 0, xk =
∑
j 6=k

qkj
qk
· xj +

n

qk
Ekτ

n−1
i , k 6= i.

dÛÜz½n (ëw©z [10; ½n 2.13])Úük5�, �Ñ: (Ekτ
n
i , k > i)´±e�§��

��K):

xi = 0, xk =
∑

j>i,j 6=k

qkj
qk
· xj +

n

qk
Ekτ

n−1
i , k > i. (14)

þ¡�§­#��
xi = 0, xi+1 =

∑
j>i+1

qi+1,j

qi+1
· xj +

n

qi+1
Ei+1τ

n−1
i ,

xs =
qs,s−1
qs
· xs−1 +

∑
j>s

qsj
qs
· xj +

n

qs
Esτ

n−1
i , s > i+ 1.
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½Â

yk = n
∑

i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
, k > i.

K

∑
j>i+1

qi+1,j

qi+1
· yj = n

∑
j>i+1

qi+1,j

qi+1

∑
i+16k6j

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

= n
∑

j>i+1

qi+1,j

qi+1

( ∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
+

∑
i+1<k6j

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

)
=
nq

(i+2)
i+1

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
+

n

qi+1

∑
k>i+1

q
(k)
i+1

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

=
nq

(i+2)
i+1

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
+

n

qi+1

∑
`>i+1

E`τ
n−1
i

q`,`−1

∑
i+26k6`

q
(k)
i+1G

(`)
k

=
nq

(i+2)
i+1

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
+
nqi+1,i

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
,

?
,

∑
j>i+1

qi+1,j

qi+1
· yj +

n

qi+1
Ei+1τ

n−1
i =

nq
(i+2)
i+1

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1
+
nqi+1,i

qi+1

∑
`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1

= n
∑

`>i+1

G
(`)
i+1E`τ

n−1
i

q`,`−1

= yi+1.

éu u > i+ 1, Kk∑
j>u

quj
qu
· yj +

n

qu
Euτ

n−1
i

= n
∑
j>u

quj
qu

∑
i+16k6j

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
n

qu
Euτ

n−1
i

= n
∑
j>u

quj
qu

∑
u<k6j

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+ n

∑
j>u

quj
qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
n

qu
Euτ

n−1
i

=
n

qu

∑
k>u

q(k)u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
nq

(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
n

qu
Euτ

n−1
i

=
n

qu

∑̀
>u

E`τ
n−1
i

q`,`−1

∑
u+16k6`

q(k)u G
(`)
k +

nq
(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
n

qu
Esτ

n−1
i

=
nqu,u−1
qu

∑̀
>u

G
(`)
u E`τ

n−1
i

q`,`−1
+
nq

(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
n

qu
Euτ

n−1
i
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=
nqu,u−1
qu

∑̀
>u

G
(`)
u E`τ

n−1
i

q`,`−1
+
nq

(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
,

?
,

qu,u−1
qu

· yu−1 +
∑
j>u

quj
qu
· yj +

n

qu
Euτ

n−1
i

=
nqu,u−1
qu

∑
i+16k6u−1

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
nqu,u−1
qu

∑̀
>u

G
(`)
u E`τ

n−1
i

q`,`−1

+
nq

(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

=
nqu,u−1
qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1
+
nq

(u+1)
u

qu

∑
i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

= n
∑

i+16k6u

∑̀
>k

G
(`)
k E`τ

n−1
i

q`,`−1

= yu.

Ïd, ·��y
 (yk, k > i)´�§ (14)����K). 2d)���5�, á��Ñ:

Ekτ
n
i 6 yk (k > i). Ún(Øy.. �

½n 3�y²: d�, ´ükL§�eÈ©.�¼3 V (i) ≡ 1�AÏ�/. ·�æ

^êÆ8B{�4�%C{�(Ü. �d�½ n > 1Ú N > 2. ���E©z [9; Ún 2.5]

y²¥�%C�E, 3k�G��m EN þ½Â=£�ÇÝ
 Q(N) = (q
(N)
ij , 0 6 i, j 6 N)

Xe:

q
(N)
ij =



qij , � i < N, j < N ;

q
(N)
i , � i < N, j = N ;

(qN ∨N)(1 + nG(N)aN ), � i = N, j = N − 1;

−(qN ∨N)(1 + nG(N)aN ), � i = N, j = N ;

0, � i = N, j < N − 1,

Ù¥

G(N) = max
16i6N

G
(N)
i , aN =

M
(n−1)
N , �M

(n−1)
N <∞;

1, �M
(n−1)
N =∞,

M
(n−1)
i = Eiτ

n−1
i−1 +

1

n

∑
k>i+1

qikM
(n−1)
ik , i, n > 1,

Ú

M
(n−1)
ik =

∑
i+16`6k

∑
16s6n−1

(
n

s

)
E`τ

n−s
`−1 E`−1τ

s
i−1, i, k > 1.
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½Â

q
(N,i)
k =

N∑
j=i

q
(N)
kj , 0 6 k < i 6 N

Ú

G
(N,j)
j = 1, G

(N,j)
k =

1

q
(N)
k,k−1

∑
k+16i6j

q
(N,i)
k G

(N,j)
i , 1 6 k < j 6 N. (15)

5¿�

q
(N)
kk = qkk, 0 6 i < N ; q

(N,i)
k = q

(i)
k , 0 6 k < i 6 N.

Ïd, (Ü±þÚ (7)±9 (15), á���

G
(N,j)
k = G

(j)
k , 1 6 k 6 j 6 N. (16)

d�díØ 2½ (9), k
m

(N,n)
k = n

k∑
i=1

N∑̀
=i

G
(N,`)
i m

(N,n−1)
`

q
(N)
`,`−1

, 1 6 k 6 N ;

m
(N,n)
0 = 0.

(17)

½Â

τ
(N)
i = inf{t > 0 : X(N)(t) = i}.

?¿�½ k > iÚ n > 1. d (17)Úük5� (r iÀ� 0)��:

Ek(τ
(N)
i )n = n

∑
i+16j6k

∑
j6`6N

G
(N,`)
j E`(τ

(N)
i )n−1

q
(N)
`,`−1

, N > k. (18)

·�e¡y²: � N ↑ ∞�, k

Ek(τ
(N)
i )n

x n
∑

i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
= Ekτ

n
i . (19)

Äk, � n = 1�, d (18)��:

Ekτ
(N)
i =

∑
i+16j6k

∑
j6`6N

G
(N,`)
j

q
(N)
`,`−1

=:
∑

i+16j6k
h
(N)
j .

3½nb�e, d©z [8; Ún 2.6]�y²�,

h
(N)
j

x ∑̀
>j

G
(`)
j

q`,`−1
, � N ↑ ∞,
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?
íÑ: � N ↑ ∞�, k

Ekτ
(N)
i

x ∑
i+16j6k

∑̀
>j

G
(`)
j

q`,`−1
= Ekτi

¤á, d?�����Ò¤á´du©z [8; ½n 1.1]. Ïd, (19)éu n = 1¤á.

b� (19)�� n− 1Ñ¤á. P

ν
(n)
ik := n

∑
i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
.

éu�½� ` > i, �	ê�{G(N,`)
k E`(τ

(N)
i )n−1

q
(N)
`,`−1

· 1{`6N}
}
N>2

. (20)

d (16)Ú Q(N+1)��E±9c¡�b��

G
(N+1,`)
k E`(τ

(N+1)
i )n−1

q
(N+1)
`,`−1

· 1{`6N+1}

=
G

(`)
k E`(τ

(N+1)
i )n−1

q
(N+1)
`,`−1

· 1{`6N+1} >
G

(`)
k E`(τ

(N)
i )n−1

q
(N+1)
`,`−1

· 1{`6N+1}

>
G

(`)
k E`(τ

(N)
i )n−1

q
(N+1)
`,`−1

· 1{`6N} =
G

(N,`)
k E`(τ

(N)
i )n−1

q`,`−1
· 1{`6N}.

du

q
(N)
N,N−1 > qN > qN,N−1, q

(N)
`,`−1 = q`,`−1, 1 6 ` 6 N − 1,

Ïd

q
(N)
`,`−1 > q`,`−1, 1 6 ` 6 N.

?
dþã?ØíÑ

G
(N+1,`)
k E`(τ

(N+1)
i )n−1

q
(N+1)
`,`−1

· 1{`6N+1} >
G

(N,`)
k E`(τ

(N)
i )n−1

q
(N)
`,`−1

· 1{`6N}.

Ïd, (Üc¡�b���:

G
(N,`)
k E`(τ

(N)
i )n−1

q
(N)
`,`−1

· 1{`6N}
x G

(`)
k E`τ

n−1
i

q`,`−1
, � N ↑ ∞.

?
d±þ?ØÚ�K¼ê�üNÂñ½n±9 (18)��: � N ↑ ∞�,

Ek(τ
(N)
i )n = n

∑
i+16j6k

∑̀
>j

G
(N,`)
j E`(τ

(N)
i )n−1

q
(N)
`,`−1

· 1{`6N}
x n

∑
i+16j6k

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
= ν

(n)
ik .
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�eI�y²: Ekτ
n
i = ν

(n)
ik . 
dÚn 5��, Ekτ

n
i 6 ν

(n)
ik . ��I�y²��Ø�ª.

�d, ·�b� Ekτ
n
i <∞. ÄK, XJ Ekτ

n
i =∞, ù���Ø�ªg,¤á. 3k�

G��m EN þ��A^©z [9; Ún 2.6], ��:

Ek(τ
(N)
i )n 6 n

∑
i+16j6k

∑
j6`6N

G
(`)
j M

(N,n−1)
`

q
(N)
`,`−1

+M
(N,n−1)
i+1,k , i 6 k 6 N, (21)

Ù¥

M
(N,n−1)
`k =

∑
`+16u6k

∑
16s6n−1

(
n

s

)
Eu(τ

(N)
u−1)

n−sEu−1(τ
(N)
`−1 )s, ` > 1,

M
(N,n−1)
` = E`(τ

(N)
`−1 )n−1 +

1

n

∑
`+16k6N

q
(N)
`k M

(N,n−1)
`k , ` > 1.

3c¡�b�e, ·���: éu?¿ u > j > 0Ú 1 6 s 6 n− 1, � N ↑ ∞�, k

Eu(τ
(N)
j )s

x Euτ
s
j

¤á, U


M
(N,n−1)
`k

x ∑
`+16u6k

∑
16s6n−1

(
n

s

)
Euτ

n−s
u−1Eu−1τ

s
`−1 = M

(n−1)
`k

¤á.

du

∞ > Ekτ
n
i = n

∑
i+16j6k

∑̀
>j

G
(`)
j M

(n−1)
`

q`,`−1
+M

(n−1)
i+1,k ,

þª�Ò´d©z [9; ·K 2.2Ú½n 2.3]á���, ?
d±þb�é¤k k > i+ 1��

∑
k>`+1

q
(N)
`k M

(N,n−1)
`k · 1{k6N} =

∑
k>`+1

q
(N)
`k M

(N,n−1)
`k · 1{k<N} + q

(N)
`N M

(N,n−1)
`N

6
∑

k>`+1

q`kM
(N,n−1)
`k · 1{k<N} +

∑
k>N

q`kM
(N,n−1)
`k

6
∑

k>`+1

q`kM
(n−1)
`k <∞

Ú

M
(N,n−1)
` 6 E`τ

n−1
`−1 +

1

n

∑
k>`+1

q`kM
(n−1)
`k = M

(n−1)
` .

�d��Âñ½níÑ

lim
N→∞

M
(N,n−1)
` = lim

N→∞
E`(τ

(N)
`−1 )n−1 + lim

N→∞

1

n

∑
k>`+1

q
(N)
`k M

(N,n−1)
`k 1{k6N}
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= E`τ
n−1
`−1 +

1

n

∑
k>`+1

q`kM
(n−1)
`k = M

(n−1)
` .

du Ekτi <∞, � N ↑ ∞�k

∑̀
>j

G
(`)
j M

(N,n−1)
`

q
(N)
`,`−1

· 1{`6N} 6
∑̀
>j

G
(`)
j M

(n−1)
`

q
(N)
`,`−1

· 1{`6N}
x ∑̀

>j

G
(`)
j M

(n−1)
`

q`,`−1
<∞.

ê� {1{`6N}/q
(N)
`,`−1}üO5�y²aqu (20).

�3 (21)ü>�4�, d±þ?ØÚ��Âñ½n, ��

ν
(n)
ik 6 n

∑
i+16j6k

∑̀
>j

G
(`)
j M

(n−1)
`

q`,`−1
+M

(n−1)
i+1,k = Ekτ

n
i ,

Ïd����Ø�ª¤á. �·��y Ekτ
n
i = ν

(n)
ik , ?
 (19)'u n¤á.

dêÆ8B{�, é�� n > 1, Ñk (19)¤á, ?
, Ekτ
n
i = ν

(n)
ik . ½ny.. �

e¡5w��{ü�íØ.

íØ 6 3½n 3�^�e, ½Â

E∞τ
n
i = lim

k→∞
Ekτ

n
i , i > 0.

Ké�� E∞τ
n
i (i > 0, n > 1), ½öÓ�Ñk�, ½öÓ�ÑÃ¡.

y²: d½n 3�,

E∞τ
n
i = n

∑
j>i+1

∑̀
>j

G
(`)
j E`τ

n−1
i

q`,`−1
, i > 0. (22)

�

E∞τi =
∑

j>i+1

∑̀
>j

G
(`)
j

q`,`−1
, i > 0. (23)

e E∞τ0 <∞, dük5��, éu?¿ 0 6 i < `, Ñk∞ > E∞τ0 > E∞τi > E`τi, �2d

(22)Ú (23)�,

E∞τ
2
i 6 2E∞τi

∑
j>i+1

∑̀
>j

G
(`)
j

q`,`−1
= 2!(E∞τi)

2 6 2!(E∞τ0)
2, i > 0.

b�� n − 1, Ñk E∞τ
n−1
i 6 (n − 1)!(E∞τi)

n−1 (i > 0). éu?¿ 0 6 i < `, Ñk

E∞τ
n−1
i > E`τ

n−1
i . Kd (22)Ú (23)±9b��

E∞τ
n
i 6 nE∞τ

n−1
i

∑
j>i+1

∑̀
>j

G
(`)
j

q`,`−1
6 n!(E∞τi)

n 6 n!(E∞τ0)
n, i > 0.
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d8B{�y�� E∞τ
n
i < ∞ (i > 0, n > 1). e E∞τ0 = ∞, Kd (23)�, E∞τi = ∞

(i > 0), ?
�� E∞τ
n
i =∞ (i > 0, n > 1). �

d½n 3Ú (23), 5¿�

S := sup
k>0

Ekτ0 = E∞τ0 =
∑
j>1

∑̀
>j

G
(`)
j

q`,`−1
.

©z [8]y²
ükL§rH{��=� S <∞. ½Â

µ0 = 1, µi =
1

qi,i−1

i−1∑
k=0

q
(i)
k µk, i > 1; µ :=

∑
i>0

µi.

d©z [11]�, ükL§H{��=� µ <∞, ²­©Ù (πi)�: πi = µi/µ (i > 0).

©z [12]¥�Ñ
)«L§rH{Âñ�Ç�wªþe.�O, ·����EÙy²,

Ó���e¡ükL§rH{�Âñ�Ç�O.

é γ > 2, ½Â

α(γ) = sup
{
ε > 0 : sup

i>0
‖pi·(t)− π‖Var 6 γe−εt, ∀ t > 0

}
,

Ù¥ ‖ · ‖´�C��ê. ?
, ½Â α = α(∞) = lim
γ→∞

α(γ).

½n 7 b��êG��m E þükL§ X ´rH{�. Kke¡��O:

α(γ) 6
2µ ln(γµ)

S
, γ > 2.

edükL§�´�ÅüN�, K

α(γ) >
1− 2/γ

S
, γ > 2.

?
, α > 1/S.

y²: d©z [12; ½n 2.2]����þ.. �y²e., 5¿�, d�b�dükL

§´�ÅüN�, Kd©z [10; ½n 5.43]½ö©z [13]�, 7�3dükL§�ü�E�

��SÍÜL§ (X1(t), X2(t)). ½Â¼ê

g(i2) =
∑

16k6i2

∑̀
>k

G
(`)
k

q`,`−1
, i2 > 0

Ú

τ
(2)
0 := inf{t > 0 : X2(t) = 0}.

d©z [8]�, g(i2) = Ei2τ
(2)
0 . d�, k Ω2g(i2) = −1 (i2 > 1). �½¼ê f(i1, i2) = g(i2),

dÍÜ�>�5, ��

Ω̃cf(i1, i2) = Ω2g(i2) = −1, i1 > 0, i2 > 1.
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du´�SÍÜL§, �ÍÜ� T := inf{t > 0 : X1(t) = X2(t)}Ú τ
(2)
0 ÷v±e'X:

T 6 τ (2)0 , Pi1,i2-a.s., i1 6 i2.

Ïd, k

Ei1,i2f(X1(t ∧ T ), X2(t ∧ T )) = f(i1, i2) + Ei1,i2

∫ t∧T

0
Ω̃cf(X1(s), X2(s))ds

6 S − Ei1,i2(t ∧ T ), i1 6 i2.

- t → ∞, �� sup
i16i2

Ei1,i2T 6 S. du�S, é¡/, Ón�� sup
i1>i2

Ei1,i2T 6 S. Ïd, ·

�k

M := sup
i1,i2>0

Ei1,i2T 6 S.

dd9 [12; ½n 4.2]á��y: é?¿ γ > 2, α(γ) > (1− 2/γ)/M > (1− 2/γ)/S, ?
,

α > 1/M > 1/S. e.�y. �

±þ(ØÚy², ·^u�êG��m E þ���aL§.

§3. Ê3�m�©Ù

�!òUY?Øk�G��m EN þükL§ X(N) �eÈ©.�¼ ξ(N) �©Ù, ¿

A^ÙïÄÊ3�m�©Ù. ob½Ù=£�ÇÝ
 Q(N)�­½�Å�Ø��. ©O�Ñ

τ
(N)
i Ú η

(N)
1 �þI.

Äk�Ä�1�aÊ3�mXe.

�½ 1 6 i 6 N . - V (i) = 1, V (j) = 0 (j 6= i). d�, ξ(N) =
∫ τ0
0 V (XN)(t))dt´L

§ X(N)3«ý�cÊ33G� i�o�m. K

(i) � i 6 k 6 N , k

Pk(ξ
(N) 6 x) =

1− e
−qi,i−1x

/ i∑
j=1

G
(i)
j

, x > 0;

0, x < 0;

(ii) � 1 6 k < i, k

Pk(ξ
(N) 6 x) =



i∑
j=k+1

G
(i)
j

i∑
j=1

G
(i)
j

+

k∑
j=1

G
(i)
j

i∑
j=1

G
(i)
j

(
1− e

−qi,i−1x
/ i∑
j=1

G
(i)
j
)
, x > 0;

0, x < 0.
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¢Sþ, d (8)O���:

ε
(N,n)
k =


0, i+ 1 6 k 6 N ;

n ·
G

(i)
k m

(N,n−1)
i

qi,i−1
, 1 6 k 6 i.

2díØ 2��

m
(N,n)
k =


n ·

i∑
j=1

G
(i)
j

qi,i−1
·m(N,n−1)

i , i 6 k 6 N ;

n ·

k∑
j=1

G
(i)
j

qi,i−1
·m(N,n−1)

i , 1 6 k < i.

� i 6 k 6 N �, dþª, 4í/��:

m
(N,n)
k = n ·

i∑
j=1

G
(i)
j

qi,i−1
·m(N,n−1)

i = · · · = n!

( i∑
j=1

G
(i)
j

qi,i−1

)n
, n > 1,

?


ϕ
(N)
k (λ) =

∞∑
n=0

(−λ)nm
(N,n)
k

n!
=
∞∑
n=0

(
− λ

i∑
j=1

G
(i)
j

qi,i−1

)n
=

qi,i−1

qi,i−1 + λ
i∑

j=1
G

(i)
j

.

d Laplace�C�, á=��(Ø (i).

� 1 6 k < i�, dc¡�?Ø�,

m
(N,n)
k = n ·

k∑
j=1

G
(i)
j

qi,i−1
·m(N,n−1)

i = n!

k∑
j=1

G
(i)
j

qi,i−1

( i∑
j=1

G
(i)
j

qi,i−1

)n−1
, n > 1,

?


ϕ
(N)
k (λ) =

∞∑
n=0

(−λ)nm
(N,n)
k

n!
=

k∑
j=1

G
(i)
j

i∑
j=1

G
(i)
j

· qi,i−1

qi,i−1 + λ
i∑

j=1
G

(i)
j

.

d Laplace�C�, á=��(Ø (ii).

£�cü!�SN, ·�®²é ξ(N) �©ÙÚÝïÄ�Ù, ¤^�{´©O)�©�

§| (12)Ú (13), �3¢SA^¥, �O��B, ��±�Ä±e�4í{ (Ùg�
u©

z [2]).
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·K 8 é ξ(N)�©Ù, keª¤á:

ϕ
(N)
k (λ) =

k∏
j=1

gj(λ), 1 6 k 6 N, (24)

Ù¥ 
gk(λ) =

qk,k−1

λV (k) + qk −
N∑

i=k+1

qki
i∏

j=k+1

gj(λ)

, 1 6 k < N ;

gN (λ) =
qN,N−1

λV (N) + qN
.

(25)

y²: {P
∫ v
u V (X(N)(t))dt�

∫ v
u . - gk(λ) = Ek exp(−λ

∫ τk−1

0 ). Kdrê¼5, í

Ñ: éu 0 6 i < k 6 N ,

Eke
−λ

∫ τi
0 = Ek

[
Ek
(
e−λ

∫ τk−1
0 · e−λ

∫ τi
τk−1

∣∣Fτk−1

)]
= Ek

(
e−λ

∫ τk−1
0 EX(N)(τk−1)

e−λ
∫ τi
0
)

= Eke
−λ

∫ τk−1
0 · Ek−1e−λ

∫ τi
0

= gk(λ)Ek−1e
−λ

∫ τi
0

= · · · =
k∏

j=i+1
gj(λ),

3þª¥� i = 0, =� (24). 2drê¼5Ú η1 � X(N)(η1) Õá�5�, íÑ: éu

1 6 k < N , k

gk(λ) = Ek
[
Ek
(
e−λ

∫ η1
0 · e−λ

∫ τk−1
η1

∣∣Fη1

)]
= Ek

(
e−λ

∫ η1
0 EX(N)(η1)

e−λ
∫ τk−1
0

)
= Eke

−λ
∫ η1
0 · Ek

(
EX(N)(η1)

e−λ
∫ τk−1
0

)
=

qk
λV (k) + qk

(qk,k−1
qk

+
N∑

i=k+1

qki
qk

Eie
−λ

∫ τk−1
0

)
=

qk,k−1
λV (k) + qk

+
1

λV (k) + qk

N∑
i=k+1

qki

i∏
j=k

gj(λ),

±9

gN (λ) = ENe−λV (N)η1 =
qN

λV (N) + qN
=

qN,N−1
λV (N) + qN

.

dd�y (25). Ún(Øy.. �

�?�ÚïÄükL§�eÈ©.�¼�©Ù, 48/½Âõ�ª:
LN+1(λ) ≡ 1, LN (λ) = λV (N) + qN ,

Lk(λ) = (λV (k) + qk)Lk+1(λ)−
N∑

i=k+1

qki
i∏

j=k+1

qj,j−1Li+1(λ), 1 6 k < N.
(26)
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�±�y

gk(λ) =
qk,k−1Lk+1(λ)

Lk(λ)
, 1 6 k 6 N (27)

Ú

Lk(0) =
N∏
j=k

qj,j−1, 1 6 k 6 N,

þª´õ�ª Lk(λ)�~ê�, Lk(λ)�pg� N + 1− k��Xê�
N∏
i=k

V (k).

k��Ä±eõ�ª��B:

Lk(λ) =
Lk(λ)

Lk(0)
, 1 6 k 6 N + 1. (28)

d (26)Ú (28), w,k
LN+1(λ) ≡ 1, LN (λ) =

λV (N)

qN,N−1
+ 1,

Lk(λ) =
λV (k) + qk
qk,k−1

Lk+1(λ)− 1

qk,k−1

N∑
i=k+1

qkiLi+1(λ), 1 6 k < N.

(29)

d·K 8, (26)� (29)��í�e¡(Ø.

·K 9 é ξ(N)�©Ù�d (26)9 (28)½Â�õ�ªke�'X:

ϕ
(N)
k (λ) =

k∏
j=1

qj,j−1 ·
Lk+1(λ)

L1(λ)
=

Lk+1(λ)

L1(λ)
, 1 6 k 6 N.

�½ λ > 0, K {Lk(λ)}16k6N+1'u küN~. ¯¢þ, w,, LN (λ) > LN+1(λ). b

��� k + 1üN5¤á. (Ü (29)íÑ

Lk(λ) >
qk

qk,k−1
Lk+1(λ)− 1

qk,k−1

N∑
i=k+1

qkiLk+1(λ) = Lk+1(λ).

Ïd, üN5é k�,¤á. d8B{�, üN5o¤á. ?
, éu?¿ λ > 0Ú 1 6 k 6

N + 1, okLk(λ) > LN+1(λ) = 1, dd�, éõ�ªLk(λ) (�d/, é Lk(λ))
ó, �

kK�.

õ�ªLk(λ)�~ê�Lk(0) = 1, 
Lk(λ) (�U�)�pg�gê� N + 1− k. -

Lk(λ) = ck0 + ck1λ+ ck2λ
2 + · · ·+ ck,N+1−kλ

N+1−k, 1 6 k 6 N + 1, (30)

d�, ck0 = 1 (1 6 k 6 N + 1), ck,N+1−k =
N∏
j=k

V (j)/qj,j−1 (1 6 k 6 N). d (29)�½�

õ�ªLk(λ)÷ve¡5�.
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·K 10 éd (28)½Â�õ�ª, keª¤á:

Lk(λ)−Lk+1(λ) = λ
N∑
j=k

G
(j)
k V (j)Lj+1(λ)

qj,j−1
, 1 6 k 6 N. (31)

?


Lk(λ) = 1 + λ
N∑
i=k

N∑
j=i

G
(j)
i V (j)Lj+1(λ)

qj,j−1
, 1 6 k 6 N. (32)

y²: d (29), í�: éu 1 6 k 6 N , k

Lk(λ)−Lk+1(λ) =
1

qk,k−1

N∑
i=k+1

qki(Lk+1(λ)−Li+1(λ)) +
λV (k)

qk,k−1
Lk+1(λ)

=
1

qk,k−1

[ N∑
j=k+1

q
(j)
k (Lj(λ)−Lj+1(λ)) + λV (k)Lk+1(λ)

]
.

2d©z [8; íØ 2.3]���� (31). ?


Lk(λ) = LN+1(λ) +
N∑
i=k

(Li(λ)−Li+1(λ))

= 1 + λ
N∑
i=k

N∑
j=i

G
(j)
i V (j)Lj+1(λ)

qj,j−1
, 1 6 k 6 N.

�y (32). �

'�Lk(λ)Óg��Xê, ��e¡�(J.

·K 11 d (28)½Â�õ�ªXê (� (30))÷ve�'X:

ck` − ck+1,` =
N+1−`∑
j=k

G
(j)
k V (j)cj+1,`−1

qj,j−1
, 1 6 k 6 N, 1 6 ` 6 N + 1− k, (33)

Ù¥�½ cN+2−`,` = 0. ?
¤k ck` > 0, � ck` > ck+1,` (1 6 k 6 N , 1 6 ` 6 N + 1− k).

y²: é 1 6 k 6 N , d·K 10��

N−k∑̀
=1

(ck` − ck+1,`)λ
` + ck,N+1−kλ

N+1−k

=
N∑
j=k

N−j∑̀
=0

G
(j)
k V (j)cj+1,`

qj,j−1
λ`+1 =

N−k∑̀
=0

N−`∑
j=k

G
(j)
k V (j)cj+1,`

qj,j−1
λ`+1

=
N+1−k∑̀

=1

N+1−`∑
j=k

G
(j)
k V (j)cj+1,`−1

qj,j−1
λ`

=
N−k∑̀
=1

N+1−`∑
j=k

G
(j)
k V (j)cj+1,`−1

qj,j−1
λ` +

V (k)ck+1,N−k
qk,k−1

λN+1−k.
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'�Óg�Xê, �y (33).

d ci0 = 1Ú (33), íÑ ck1 > ck+1,1, ?
 ck1 > cN1 = V (N)/qN,N−1 > 0 (1 6 k 6

N). 2�E|^ (33)Ú ck,N+1−k =
N∏
j=k

V (j)/qj,j−1 > 0 (1 6 k 6 N), N´íÑ ck` > 0,

� ck` > ck+1,` (1 6 k 6 N , 1 6 ` 6 N + 1− k). �

y3�A½�¼ê V 5ïÄXe�1�aÊ3�m.

�½ 1 6 j < i 6 N . - V (i) = V (j) = 1, V (k) = 0 (k 6= i, j). d�, ξ(N) =∫ τ0
0 V (X(N)(t))dt´L§ X(N) 3«ý�cÊ33G� i� j �o�m. ·�ïÄ ξ(N)/

Ekξ
(N)�©Ù.

d(32), ��: � i+ 1 6 k 6 N + 1�, Lk(λ) = 1; � j + 1 6 k 6 i�,

Lk(λ) = 1 +

( i∑̀
=k

G
(i)
k

qi,i−1

)
λ;

� 1 6 k 6 j �,

Lk(λ) = 1 +

( i∑̀
=k

G
(i)
`

qi,i−1
+

j∑̀
=k

G
(j)
`

qj,j−1

)
λ+

( i∑̀
=k

G
(i)
`

qi,i−1

)( j∑̀
=k

G
(j)
`

qj,j−1

)
λ2.

P

a =

i∑̀
=1

G
(i)
`

qi,i−1
, b =

j∑̀
=1

G
(j)
`

qj,j−1
, a ∧ b = min{a, b}, a ∨ b = max{a, b}.

(i) � i 6 k 6 N �, Lk+1(λ) = 1, ?
d·K 9�,

ϕ
(N)
k (λ) =

Lk+1(λ)

L1(λ)
=

1

L1(λ)
,

�

Ekξ
(N) = − d

dλ
ϕ
(N)
k (λ)

∣∣∣
λ=0

= a+ b.

Ïd, ξ(N)/Ekξ
(N)©Ù� LaplaceC��

ϕ
(N)
k

( λ

Ekξ(N)

)
= L1

( λ

Ekξ(N)

)−1
=
[
1 + λ+

ab

(a+ b)2
λ2
]−1

.

�	õ�ªL1(λ/Ekξ
(N)). dc¡�?Ø�, Ù�kK�.

� a 6= b�, L1(λ/Ekξ
(N))kü�Ø���K�, P� −1/α1, −1/α2 (α1 > α2 > 0),

�

ϕ
(N)
k

( λ

Ekξ(N)

)
=

1

(α1λ+ 1)(α2λ+ 1)
.
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� Laplace�C�� ξ(N)/Ekξ
(N)ÑlV�ê©Ù:

Pk

( ξ(N)

Ekξ(N)
6 x

)
=

∫ x

0

e−t/α1 − e−t/α2

α1 − α2
dt, x > 0.

²LO��,

α1 =
ab

ab+ (a ∧ b)2
, α2 =

ab

ab+ (a ∨ b)2
.

� a = b�, L1(λ/Ekξ
(N))kü����K� −2, �

ϕ
(N)
k

( λ

Ekξ(N)

)
=

1

(λ/2 + 1)2
.

� Laplace�C�� ξ(N)/Ekξ
(N)Ñl± 2Ú 2�ëê� Γ©Ù Γ(2, 2):

Pk

( ξ(N)

Ekξ(N)
6 x

)
=

∫ x

0
4te−2tdt, x > 0.

(ii) � j 6 k 6 i− 1�, P

c =

k∑̀
=1

G
(i)
`

qi,i−1
, d =

k∑̀
=1

G
(j)
`

qj,j−1
. (34)

d·K 9�,

ϕ
(N)
k (λ) =

Lk+1(λ)

L1(λ)
=

1 + (a− c)λ
1 + (a+ b)λ+ abλ2

,

�

Ekξ
(N) = − d

dλ
ϕ
(N)
k (λ)

∣∣∣
λ=0

= c+ b.

K

ϕ
(N)
k

( λ

Ekξ(N)

)
=
A1(λ)

B1(λ)
,

Ù¥

A1(λ) = (c+ b)2 + (c+ b)(a− c)λ, B(λ) = (c+ b)2 + (c+ b)(a+ b)λ+ abλ2.

� a 6= b�, B1(λ)kü�Ø���K�, P� −β1, −β2 (β1 > β2 > 0). K

ϕ
(N)
k

( λ

Ekξ(N)

)
=

α1

λ+ β1
+

α2

λ+ β2
,

d Laplace�C�� ξ(N)/Ekξ
(N)Ñle¡©Ù:

Pk

( ξ(N)

Ekξ(N)
6 x

)
=

∫ x

0
(α1e

−β1t + α2e
−β2t)dt, x > 0.
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²LO��,

β1 =
(c+ b)(a ∨ b)

ab
, β2 =

(c+ b)(a ∧ b)
ab

,

α1 =
(a− c)β1 − c− b

|a− b|
, α2 =

c+ b− (a− c)β2
|a− b|

.

� a = b�, B2(λ)kü����K�, P� −β (β > 0). K

ϕ
(N)
k

( λ

Ekξ(N)

)
=

ν1
λ+ β

+
ν2

(λ+ β)2
,

d Laplace�C�� ξ(N)/Ekξ
(N)Ñle¡©Ù:

Pk

( ξ(N)

Ekξ(N)
6 x

)
=

∫ x

0
(ν1e

−βt + ν2te
−βt)dt, x > 0.

²LO��,

β =
c+ b

a
, ν1 =

(a− c)(c+ b)

a2
, ν2 =

(c+ b)2

a2
− ν1β =

(c+ b)2c

a3
.

(iii) � 1 6 k 6 j − 1�, �U (34)½Â cÚ d. 5¿�

i∑
`=k+1

G
(N,i)
`

qi,i−1
= a− c,

j∑
`=k+1

G
(N,j)
`

qj,j−1
= b− d.

d·K 9�,

ϕ
(N)
k (λ) =

1 + (a− c+ b− d)λ+ (a− c)(b− d)λ2

1 + (a+ b)λ+ abλ2
,

�

Ekξ
(N) = − d

dλ
ϕ
(N)
k (λ)

∣∣∣
λ=0

= c+ d.

K

ϕ
(N)
k

( λ

Ekξ(N)

)
=
A2(λ)

B2(λ)
,

Ù¥

A2(λ) = (c+ d)2 + (c+ d)(a− c+ b− d)λ+ (a− c)(b− d)λ2,

B2(λ) = (c+ d)2 + (c+ d)(a+ b)λ+ abλ2.

� a 6= b�, B2(λ)kü�Ø���K�, P� −γ1, −γ2 (γ1 > γ2 > 0). K

ϕ
(N)
k

( λ

Ekξ(N)

)
= ζ0 +

ζ1
λ+ γ1

+
ζ2

λ+ γ2
,
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d Laplace�C�� ξ(N)/Ekξ
(N)Ñle¡©Ù:

Pk

( ξ(N)

Ekξ(N)
6 x

)
= ζ0 +

∫ x

0
(ζ1e

−γ1t + ζ2e
−γ2t)dt, x > 0.

Pþª�>©Ù¼ê� F (x). K

dF (x) = ζ0δ0(dx) + (ζ1e
−γ1x + ζ2e

−γ2x)dx,

Ù¥ δ0(dx)�ü: 0� DiracÿÝ, = δ0(A) = 1, � 0 ∈ A; δ0(A) = 0, � 0 /∈ A. ²LO

��,

γ1 =
(c+ d)(a ∨ b)

ab
, γ2 =

(c+ d)(a ∧ b)
ab

, ζ0 =
(a− c)(b− d)

ab
,

ζ1 = γ1 ·
a− c+ b− d− ζ0(a ∨ b)− a ∧ b

|a− b|
,

ζ2 = γ2 ·
a ∨ b+ ζ0(a ∧ b)− a+ c− b+ d

|a− b|
.

� a = b�, B2(λ)kü����K�, P� −γ (γ > 0). K

ϕ
(N)
k

( λ

Ekξ(N)

)
= µ0 +

µ1
λ+ γ

+
µ2

(λ+ γ)2
,

d Laplace�C�� ξ(N)/Ekξ
(N)Ñle¡©Ù:

Pk

( ξ(N)

Ekξ(N)
6 x

)
= µ0 +

∫ x

0
(µ1e

−γt + µ2te
−γt)dt, x > 0.

²LO��,

γ =
c+ d

a
, µ0 =

(a− c)(b− d)

a2
,

µ1 =
(a− c+ b− d

a
− 2µ0

)
γ, µ2 = (1− µ0)γ2 − µ1γ.
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Integral-Type Functionals Downward of Single Death

Processes

WANG Jing1,2 ZHANG Yuhui2

(1School of Mathematics and Statistics, Yili Normal University, Yili, 835000, China)

(2School of Mathematical Sciences, Beijing Normal University, Beijing, 100875, China)

Abstract: In this paper we consider the integral-type functional downward of single death processes in

the finite state space, including the Laplace transformation of its distribution and its polynomial moments

as well as the distribution of staying times. As applications, a new proof for the recursive and explicit

representation of high order moments of the first hitting times in the denumerable state space is presented;

meanwhile, the estimates on the lower bound and the upper one of convergence rate in strong ergodicity

are obtained.

Keywords: single death process; integral-type functional; first hitting time; staying time
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