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1 Introduction

Consider a continuous-time homogeneous Markov chain {X(¢): ¢ > 0} on a
probability space (€2,.%,P), with transition probability matrix P(t) = (p;;(t))
on a countable state space F := {0,1,...}. We call {X(¢): ¢t > 0} a single
death process if its transition rate matrix @) = (g;;: ¢,j € E) is irreducible
and satisfies that ¢;;—1 > 0 for all ¢ > 1 and ¢;;—; = O for all ¢ > j > 2.
Such a matrix @ = (gi;) is called a single death @-matrix. Assume that @ is
conservative and totally stable (i.e., ¢; := —q;; = Z#i ¢ij < oo for all i € E).
Define the first hitting time for all ¢ > 0:

7 = 1inf{t > 0: X(t) =i}.

Let V be a non-negative function and not identically equal to zero on E. Fix
19 € E. We consider the integral-type functional for single death processes in
this paper:

o = / V(X (1))dt. (1.1)

It is well known that the integral functional Y (¢) := fg f(X(s),s)ds, where
f is a non-negative function, has attracted lots of attention, due to their
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importance in practical applications. The integrals arise naturally in the theory
of inventories and storage (see [6,7]). In an inventory system or storage
reservoir, the integral represents the holding cost associated with the stock
in the system over a particular period of time. The moments and distributions
of the integrals were investigated. For queueing theory, particularly those
involving automobile traffic such as traffic jams and intersection bottlenecks,
the integrals up to dissipation are related to the cost of the the flow-stopping
incident. See [2], where f(X(s)) = sX(s). Some limit theorems were
established. For biology, in the study of response of host to injection of virulent
bacteria, f(X(s)) = bX(s), with b > 0, could be regarded as a measure of the
total amount of toxins produced by the bacteria during (0,¢), assuming a
constant toxin-excretion rate per bacterium. Here, X (¢) denotes the number of
live bacteria at time t, the growth of which is governed by a birth and death
process. In [8], where f(X(s)) = X(s), it was concerned with the joint
distribution of X (¢) and Y (¢) and with its limiting forms. In [9], it established
some limit theorems on branching processes concerning the behavior of the
vector process (X(t),Y(t), N(t)), where N(t) denotes the total number of
particle-deaths occurring during (0,¢). More contents are seen in [10] and
references therein.

In [12], for birth-death processes, the moments and distributions of
integral-type functional (1.1) have been obtained. See [5] also. Wang [13,14]
distinguished integral-type functional as upward or downward for birth-death
processes. Wu [15] and Yang [16] obtained some intermediate results, where the
question is investigated for a more general and general homogeneous denumer-
able Markov processes, respectively. Based on this, Hou and Guo [3] solved the
problem completely by using the theory of the minimal non-negative solution of
system of non-negative linear equations. See [4] for more general integral-type
functionals.

For certain stochastic process and certain integral-type functional, we
naturally want to get explicit results, like birth-death processes. In [17] and
[18], the moments and distributions of integral-type upward functionals for
single birth processes were obtained.

Without single-exit property of single birth processes, single death processes
may be of infinite-exit so that is more difficult to deal with. In [11], on a finite
state space, we have obtained the moments, the stay times, and the Laplace
transform of the distribution of integral-type downward functionals for single
death processes; further, the high order moments of integral-type functional
in the case of V' =1 on a countable state space has been solved by limitation
approach, which was obtained firstly in [20] by different method. This paper is a
continuation of [11,19,20]. We focus on obtaining some recursive representations
of high order moments of integral-type downward functionals for single death
processes.

The following sequences are used throughout this paper:
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:anj, k>n2>0,

>k
and
Ggi)zl, Gg): Z an)Gk), 1< n<i.
an 1k —n+1

It is easily known that

i—1 ~(k) (i)

) ] Gy

¢ =1, =" 1<n<i
p— qk,k—1

The main result is as follows.

Theorem 1.1 Assume that the single death Q-matriz Q = (g;5) is irreducible
and the corresponding Q-process is recurrent. Give ig € E and a positive integer
n = 1 arbitrarily. Then

Bl =n Y. Z (OFeSiy L izip=0,n>1.

i0+1<k<i 2k

This paper is organized as follows. The decomposition of moments of
integral-type downward functional is given in the next section, which reveals the
relations between moments from different starting states. Meanwhile, another
explicit representation of integral-type functional is also presented in Section 2.
Then Section 3 is devoted to the proof of Theorem 1.1. Finally, we apply
Theorem 1.1 to more general integral-type downward functionals for single
death processes.

2 Decomposition of moments of integral-type functional

Consider the moments of &;,. Set

”O =E&:, n>1.

Note that
mgf) =E¢&' =0, n>1.

Set mgg) = 1. Now, consider a decomposition of the moments of integral-type

downward functional. Define
w™ = m{ 12>21,n2>0;

7 i,0—1
in particular, wl(o) = 1. We denote wz(l) by w; simply. By the Polynomial
Theorem, we obtain the following assertions.

Theorem 2.1 Under the conditions of Theorem 1.1, for any ig € E, we have
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m{) = (wigp1 + -+ w;)™

|
n: (nig+1) n; S
= Z Wi 1 ] )7 i >19, n = 1.

Njga1! - 1!
Nig+1++n;=n fo+1 !

Proof Denote [V (X(t))dt by [ simply. From the definition of &, and the
single death and strong Markov properties, it follows that

(1) E. /TiO
Z’LO ?
7'1'0
([ e )
0 Tig+1
Tio
_E, / L / /
Tig+1
Ti—2 Tig
—wz—i-E( (/ >>++EZ<E,</ ﬁri0+1>>
Tig+1

Ti—2 Tig
:wi+Eil/ +-'-+Ei0+1/
0 0

= (w; + Wiy + -+ wig1) Y

So the assertion holds in the case of n = 1.
Assume that the assertion holds until n — 1. By the single death and strong
Markov properties, it is seen that for all ¢ > ig + 1,

==
S WLITAN VA
U

Tig n
()
Ti—1
n

n—1
it SO () )
s=1
cn(e( [ )
Ti—1
) n—1 n i1\ N—S Tig \ § Tig \ 7
=m;;_;+ Z s E; ; E;—1 ; +E;_1 ;
s=1
n—1
n n n—s
= mgz)fl + Z <S>m§7i1)m§ )1 io T mg )1 o
=1
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Note that mz((f)io = 0. Hence, the equality above is true for all ¢ > ig. Further,
m(™ (s) (n)
120_ zz 1+Z<> zz 1mz 1zo+mz 1,:—2
(s) (n)
+Z< ) m;_ 11 P 210+miz2,i0
i () (n)
n S n
= S 35 (i i

l=i—1 (=i—1 s=1

Hence, we can obtain recursively that

’L’LO Z m@@ 1+ Z Z( )mgﬂé SlméS)l'Lo

{=ig+1 {=ig+2 s=1

By the assumption, we know that

m) = Z wi + ZZ: Z() Vwig1 + - +we)®. (2.1)

l=ig+1 {=ig+2 s=1

If (wiy+ 1+ 4w;)™ = oo, then there exists such p € [ig41,i] and k € [1,7]

k)

that wl(, = oo; further, wl(;n) = 0. By (2.1), we know that

If (wi0+1 + 4 wi)(”) < 00, then

(Wigs1 + -+ we)™ < o0, wén) < oo, Le€lip+1,1].

Further, it follows that

Z Z( > (n=e) (Wig1 + -+ +wp—y)®

(= i0+2 s= 1
= D7 ((wigrr +---F w) ™ = (Wigg + - +we)™ — wf")
(=ip+2

= (in_H 4+ -+ w, Z ’LUen .
{=ip+1
Hence, by the arguments above and (2.1), it holds that

mﬁfg = (Wigg1 + -+ w;)™.
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That is, the assertion holds in the case of n. By induction, the assertion holds
for all n > 1. The proof is finished. ([

(n)

iigr W€ only need to get the explicit formula

By Theorem 2.1, to represent m;
(s) ( (s)

of my, 4 (or w,”). To do this, we need some notations as follows. Define

SID SR DR (4 I v U N

i+1<U<k 1<s<n—1

Obviously, M\ = 0ifi >k > 1 and M = 0. Define

n— . n— 1 n— .
Mi( b — V(l)wz( Y + - Z QikMi(k 1), n,t = 1. (2.2)
k>it1

Obviously, M(*) = V(i) for all i > 1.

First, we introduce some properties about the definitions above. The proof
of the following proposition is similar to [20, Proposition 2.2], which is omitted
here to save space.

Proposition 2.2 Under the conditions of Theorem 1.1, the following
assertions hold:

m = 3w+ M) iz, (2.3)
i0+1<l<e
(n—1) (n—1) (n ) ny
le? szn +M+1k <S>ml:g ’ ]z 1
1<s<n—1
<i<j<k,nz (2.4)

(

Our result on the representation of w;) by the above notations is presented
as follows.

Theorem 2.3 Under the conditions of Theorem 1.1, we have

k)M(n 1)

1—nz i,n > 1.

k> qk,k—1

Hence, combining Theorems 2.1 and 2.3, we obtain another representation

of m( ) for all i > ig.
To prove Theorem 2.3, we need three lemmas. The first lemma is presented
as follows, which will be proven similarly as the proof of [20, Lemma 2.4].

Lemma 2.4 Under the conditions of Theorem 1.1, for alln > 1, (mgfll, 1>
1) satisfies the following equation:

(i+1) O N :
T + Z T Vs N (2.5)

T
£>i+1

qi qi
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Proof Denote f; V(X (t))dt by f; simply. To prove the assertion, we use the
induction. First, we prove the assertion in the case of n = 1. Define the first
jumping time

m = inf{t > 0: X(t) # X(0)}.
By the strong Markov and the single death properties, it follows that

Wi = Mj4i—1

m Ti—1
(L)
0 1
= V(i)EiT]l —f—Ei/ -
m
= V(Z) —{—Ei<]Ei</z_ ﬁm)>
i m

V(i) i g / ik /
= + —FE; +
. . D LB

i i k>i+1
- q@k (hk’
= + Z Z myge—1 + Z mii—1
di k>i+1 di l=i+1 k>i+1 qi
(5+1) Oy
) ) 2
_ 4 — w; + qli Wy + ( )
i >t qi qi

So (m;;—1, i > 1) satisfies the following equation:

(i+1) © Vi
b X e
q; (>l qi 4i

WV
—_

Ty =

Hence, the assertion holds when n = 1.
Assume that the assertion holds until n — 1. By the strong Markov property,
the single death property, and independence of 7; and X (7)), we derive that

(n) m Ti—1\ ™
Mg = Ez(/ —i—/ >
) 0 771

s=1
n—1 S
n!V(i)" n n—s qik i—1
=LY (DEwamr ¥ e [T
q’i s=1 $ k>itl q’L 0
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1
_ n'V < n'V ik %k n
- + n s . mk i—1 + Z i
% s=1 k>i+1 4 i ksip1 L

From (2.3), it follows that

(n)

ii—1
n'V . 1n'V i (s) (s—1)
- +z§nﬁlz%xzwzw% )
s=1 k>i+1 l=i
gt (N~ )
k n
- ’(Zw )
+1 di l=i
n'V n — n—s (i+1)  (s) (0) (s s—1)
- +Z P s+1 i ’UJ + Z 4q; + Z qszZk
s=1 94 i+l k>it1
1 +1)
+@f”+z%w+z% )
i £2i+1 k>it1
:II+ ( (i+1) n+ Zq we + Z qun 1>'
i £i+1 k>i+1

By the assumption, we get that

' \n—1 .
(= PV (b3 )

4 0>i+1

n—1 .
n!V (i) i+1) (s 0 (s s—1
IO (01 S 0004 3 quar )

s=2 >i+1 k>i+1
n!V ()" 1 (1)
q?—l 7
n—1
TL'V( ) (i+1) (s—1)
+ T n—st+l ( 4; w + Z ql we + Z qix M
=2 qz 0>i+1 k>i+1

Further, by the assumption, it is derived recursively that

| \n—2
n'V(:LzQ wz@)
2lg;

n—1
n! (i41) (s—1)
+Zs|qn—s+1(ql w4 3 q e + Y aa
s=3 1

£>2i+1 k>i+1
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n!V (i) w(nfl)

T (n-Dlg

= L/V(Z) U]Z(nil).
qi

Hence
n V ) n— 3 TL n TL
mz(,i)flzn ,(Z)wz( 1)"‘ <(+1 )+Zqz wg)"‘th 1)>

i £>i+1 k>itl
(H—l)

— 4G + Z qz ")_|_ M( )

t>it1 qi qi

Hence, the assertion holds for n. By the induction, we know that (wgn), i>1)
satisfies equation (2.5) for all n > 1. O

The second lemma is presented as follows, for which the proof parallel to
the one of [20, Lemma 2.5] and is omitted here.

Lemma 2.5 Under the conditions of Theorem 1.1, fix a positive integer n > 1

and define
(n 1)
hi = nz i>1. (2.6)

qk,k—1

Then (h;, i > 1) is the minimal non-negative solution of equation (2.5) and

satisfies
1 ne
Qz,zfl r>it+1

The third lemma is presented as follows.

Lemma 2.6 Under the conditions of Theorem 1.1, given ig € E arbitrarily,
we have

(n—1) . .
MZ0+11, 12> 10.

Proof From [3, Theorem 9.5.2], we know that (mng, i > 0) is the minimal
non-negative solution to the following equation:

V( -
Lig Z qz] 7’L ) ml('Z'o 1), 1 7& io.
J#Z

From [1, Theorem 2.13] (Localization Theorem) and single death property, it

follows directly that (m EZ), > ig) is the minimal non-negative solution to the
following equation:

Tig = Z Qz] nq() m('n'—l)’ 7> ’io. (2.8)

1,10
.]7527.] >ig
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Define
1)

TL
Yyi=mn Z Z lo+1z_ Z hk+Mz(:+112’ i 2 o,

i0+1<k<i £k qu 1 i0+1<k<i

where h; is defined in (2.6). Note that

Z Qi+l , | nV(i) (n-1)

] J ) i0+1,i0
jtio 1, j>io Qip+1 Qip+1

i j n nV (i n—
= ¥ (S meengn) e

JZi0+2 Tio+1 i0+1<k<y Qip+1
1 +2)p 1
= < ’L(S?Fl io+1 T Z q@0+1hk‘ + an(ng) (by (2.2))
Gig+1 kg2
1 i0+2
= Gt (‘11%11 Migs1 + Gios1iohior1)  (by (2.7))
10
= hi0+1
= Yip+1-

For all i > ig+ 2, by the strong Markov property and the single death property,
we can check easily that

n—1
_ - 1N\
mﬁo Y= mz(,ifi) + Z (n >m511 ¥ 55)1 0" (2.9)

Then it is derived that

Z q%] ”V(Z) m
qi

1,20
J#1,3>10
(1+1)
= > Z a i+ My
io+1<k<i—1 k>l+l
Gij o (n-1) , nV (i Y qij (=3
+ZEMZ] + Z +Z%Z<> 117,0 ]zfl
jzit+l j=i+1 s=1
. —1
nV (i) == (n—1 1
+ Z( . >m§f;1 Im . (by (2.4), (2.9))
v s=1
1 n—1
_ . —s—1
= Z< > m;_ 110< Z qijm gz i (n_s)v(z)mz(sz )>
i s=1 j=i+1

S0 e+ MU (by (22), (27))

io+1<k<t
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= Z hi + Mz:+1lz_1 + Z ( > m 57;:‘;) (by (2.3), Lemma 2.4)

io+1<k<i
1
= S me+MI (by (2.4))
i0+1<k<i
= Y-
Hence, we have checked that (y;, i > ip) is a non-negative solution to equation

(2.8). Further, it is followed that mgu)) < y; for all @ > dg from the minimal
(n)

1207

property of (m,.’, i > ig) immediately. So the assertion is proven. O

Now, we prove the main result presented previously.

Proof of Theorem 2.3 On the one hand, by Lemmas 2.4, 2.5, and the minimal
property, we obtain that h; < wgn) for all ¢ > 1, where h; is defined in (2.6).
On the other hand, by Lemma 2.6, it is seen that fw( " < < h; for all 4 > 1. Hence,
it holds that h; = wl( " for all ¢ > 1. The assertion is proven. (|

3 Proof of Theorem 1.1

To prove Theorem 1.1, we also need some lemmas. The first lemma is presented
as follows.

Lemma 3.1 Under the conditions of Theorem 1.1, we have

(n—1)

GOV (0ym}
mf <n Y Y E o i>ig>0,n> 1.

o+ 1<k<i (>k qe.e-1

(n)

Proof Fix g, (mi’io, i > 1ip) is the minimal non-negative solution to equation
(2.8) as in the proof of Lemma 2.6. Now, rewrite (2.8) as follows:

Gio+1j , "V o+1) -1

Tig =0,  Tijp41 = J i0+1,i0°
j>ig+1 Gig+1 Gigp+1
s,5—1 qsj nV (s -1 .
Te= T m g+ Y L+ ()mgnm ) s>+ 1.
qs - qs qs ’

7>s

Define
f) V(Om (n—1)

Ezo

qee—1

aen ¥ YO

i0+1<k<i L2k
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Note that
Qip+1,j p
joigq1 o+l

n Qig+1,5

v (om

(n—1)

ézo

>

Tio+1 i0+1<k<j L=k

Jj>io+1

Qip+1,j

qee—1

(£)my

(n—1) (n—1)

80

V(€)m,,

n
Jj>io+1

(i0+2)
_ nqloJrl

©)
(¥ S
(>ip+1
4
G v(om

Qig+1 qee—1

(n—1)
4,i0

Ly v

io+1<k<j 2k

)

qe,0—1

(n—1)

n Gl(f) V(g)mé,io

(k)

2.

0>ip+1

G
2

i0+1
0>ip9+1

>

£>i9+1

>

B Qip+1 qee—1
V({0)m

qee—1

(n—1)

l,ig

(i0+2)
;41

Gig+1

n
+

>

Gio+1

(n—1)
l,io

nq(io+2)

(6)
i0+1 G;

Zo+1v(€)m

to+2<k<l

D

k>io+1

Qip+1

Gio+1 >k

qee—1

(k)

4
io—‘rlG](iZ )

V(f)m(nfl)

Ev’LO

@)
Gio-i-l

Gip+1 qee—1

0>i0+1
Hence, we obtain that
nV(ig+1
L Vo +1)

Gig+1

Qig+1,j
10+1,7 P
Gig+1

(n—1)
i0+1,i0

j>i0+1
(n—1)
l,ig

i0+2 {4
_ nqgo?:i : Gl(ozi-lv

(&)m

+ HQZ"()-&-l,io Z

Qip+1 qee—1

>i9+1

l n—1
Ggo)—kl V(e)mé,lo :

+ Nqio+1,io

>

Tio+1 E>i0+1

n )

(>ip+1

qee—1

(n—1)
C,io

V({&)m

qe0—1

lo+1

= Zig+1-
For u > ig + 1, it follows that

Z Quj nV (u)

j>u Qu

(n—1)
u,20

(n—1)

€zo

GV (O)m

>

Biot+1 (25

qee—1

(n—1)

D3> > °

i>u Qu i0+1<k<j £k

DI P priid vl

i>u u<k<j L=k -1

qee—1

(n—l

n nV(u)
Gu

DN DD D

j>u Ju io+1<k<u £k

u,i0

(n—1)

Zzo

v (eym

qee—1
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nV(u) (n—1)
Qu "
(ﬂ)m(n 1) &u—f— ) G(f)v(g)m(”i—l)
e n Z k) Z _|_ n Z Z k f, 0
qu >u >k qe0—1 qu it l<k<u >k qe,0—1
|4 e
+ n (U) SLiol)
qu ’
(nfl) (g) E) gn 1)
Sy VMDY s s VO
uise 1 Tk i+1<k<u >k qe.e-1
LV ol
Qu ’
(0) (n—1) u 5) (n—1)
_ NGu,u—1 Z G“ V(é)mﬁ,ig + nq; ) Z Z V E) Zlg
qu ~u qee—1 Qu it 1<k<u >k qee—1
|4 n—
V@)
qu ’
{4 n—1 ” ¢ n—1
_ Nqy,u—1 Z Gg‘)v(g)mg,zo ) 4 nQ’z(x ) Z Z Gl(c)v(g)mé,zo :
qu >u qee—1 qu it 1<k<u >k qee—1
Further,
Quu—1 21+ z qﬂ yi + ——— nV( ) (n 1)
qu = u J Qu uzo
l n—1 l n—1
_ Nuu—1 Z Z Glg)v(f)mg,z’o : n NGu,u—1 Z Gi)V(f)mé,io )
qu it1<h<u1 (>k qee—1 qu >u qee—1
u @) (n—1)
+ nqg ) Z Z Gk V(f)me,io
Qo I<h<u 5k de,e-1
G(Z (f)m(n 1) (u+1) G(Z)V(f) (”'—1)
Nqu,u—1 ngu k £yio
= +
Z Z qee—1 Qu Z Z qee—1

i+1<k<u £k +1<k<u >k

GOveymiY

l,ig

qe0—1

Hence, (z;, ¢ > ip) is a non-negative solution of equation (2.8). Meanwhile, it

()

is obtained that m( ()) < z for all @ > i from the minimal property of m; i

immediately. So the assertion is proven.

The second lemma, is presented as follows.
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Lemma 3.2 Under the conditions of Theorem 1.1, we have

(6
Miio = Z Zw, 1 =149 = 0.

iot1<k<i ok 1601

Proof On the one hand, by Lemma 2.5, when n = 1, it holds that

4
hy = Z M E>1
sr 21

and (hg, k > 1) is the minimal non-negative solution of the following equation:

>k+1

By Lemma 2.4, it is seen that (mjx_1, K > 1) satisfies the equation above.
Hence, hy, < my 1 for all k > 1. Then

E hk < E Mg k—1 = Mg, k > 1.
10+1<k<e 10+1<k<e

On the other hand, by Lemmas 3.1 and 2.5, when n = 1, it holds that

()
Mg < Z Zw: Z hi, 1>19>0.

iot1<h<i >k 1 ke

So the assertion is proven. O
The third lemma is taken from [11, Corollary 1.2] directly. In the following,

the definition of {Z»(év) is similar to &,.

Lemma 3.3 Assume that the single death Q-matriz QW)is totally stable,

conservative, and irreducible on the finite state space En :={0,1,...,N} (N >
2). Set
N, N
mz(,ion) = Ei(§z'( .
Then
7 N G(E)V /¢ m(N’n_l)
B —n S e VOme, . 0<ig<i<N,
o e — qee—1
—ig+1 /=k
(N.n) _
20,20 :

Now, we prove the main result.

Proof of Theorem 1.1 In the following, we prove the assertion by combining
induction with limitation approximation. For this, fix n > 1 and N > 2. We
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copy the approximating construction in the proof of [20, Lemma 2.5] completely,

and define the transition rate matrix QV) = (qgv), 0 <i,j < N)on Ey as
follows:
( 4ij, i,j <N,
qZ(N)7 i<N7j:Na
qu“ =< (gvnVN)Y1+nGWNay), i=N,j=N-1,
—(qN\/N)(l—i—nG(N)aN), i=j=N,
0, i=N,j<N-—1,
where (n—1) (n-1)
GV = max gW ) anN = My, My < 00
1N * 1, M](\;Lfl) =00
Define
and
GgN’i)zl, G£LN=J Z q 1<n<i<N.
qnn 1 n+1<k<i
Note that
i) =qi, 0<i<N, ¢"=¢" 0<i<k<N
Further,
(N) _ () (N) (1 _
Gj —Gj,l j<i< N, VW(k)y=V(k), 1<k<N. (3.1)
Now, by Lemma 3.3 and (3.1), for any n > 1, we have
€)m(N’n_1)
Nn) ( £yi . .
Mo Z Z ° ’ 0<ZO<Z<N’ (32)
i0+1<k<i k<C<N qé,ﬁ—l ’
(N n) _ =0
10,%0 :

Now, we will prove two facts as follows. The first fact is

E)V(ﬁ) (n—1)
0 1y

my
“e Nt (3.3)
i0+1<k<i £k Qre—1

The second fact is

GOvemyr (n)

Z Z Do =My g (3.4)

10+1<k<i 02k de.e—1
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At first, when n = 1, by (3.2), we obtain that

R VD W UC R o

i0+1<k<i k<OKN Qe 4 1 f0+1<k<i

Under the assumption of the theorem, similar to the proof of [20, Lemma 2.5],

we can get

=k QM 1

Further, we derive that the following facts hold:

GOy
ZZOT Z Z ’ NTOO’

iot1<ke<i ok 1601

and
§ § mMi g,
i0+1<k<i 1>k qg -1

where the last equality is held by Lemma 3.2. Hence, both (3.3) and (3.4) hold
in the case of n = 1.
Assume that both (3.3) and (3.4) hold until n — 1. Denote

. GV (Om
1(10'_n Z Z

o+ 1<k<i (>k qe.e-1

(nfl)

Give k satisfying ig + 1 < k < i. Fix £ > k. We investigate the monotonicity of
the following series:

4 N,n—
GOV emy Y
. 1{£<N} . (3.5)
(N) N>2
dp o1 =

From the construction of Q¥+ and the assumption above, we know that

0 (N+1n-1) (0 (N,n—1)
GOV (my . | GvOmEY
(N+1) CHEN+1} F (N+1) TN}
dyo1 dy01
l N,n—1
GOV (OmyT Y
= “Lieeny-
qe0—1

Due to

N N
qj(\”)v 1 Z 4N 2 qN,N—1, Qé,gzl =q-1, 1<L<N -1,
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i.e.,
N
qé,le > qe-1, 1<LELN,

by the arguments above, we derive that

l N+1,n—1 l N,n—1
GOV (Omyy Y . . GOV (OmyT Y .
(N+1) CH{IKN+1} (N) TN
dp 01 Qg1

which means that series (3.5) is increasing. Hence, combining these facts with
the assumptions above, we get

l N,n— /¢ n—
v @mg Y GOvom"
™) Lgeeny | Qo1 ’ T oo.
p0-1 "+

Further, by the monotone convergence theorem and (3.2), it is obtained that

zzon) Z Z 0 Lreny | Vf?(f, N 71 oo,
i0+1<k<i £k qU 1

which implies that (3.3) holds for n.
n _ ()

Now, we come to prove (3.4) for n: m, i = Vii,- By Lemma 3.1, one gets

that m! .) <v «(-) So we only need to prove the inverse inequality.
iy y

57,()) < 00. Otherwise, if mE Z[))

inequality holds obviously. Applying Lemma 2.6 and (3.1) on the finite state
space En directly, we obtain that

To do that, we assume m = oo, then the inverse

GO py(Nin=1)

(Nn) E My (Njn—1) . .
M SN Z Z T+Mo+1z , g <1< N, (3.6)
i0+1<k<i k<N Qg1
where
Nn 1) (N,n—s) _(N,s)
= D D )meadm
(+1<u<k 1<s<n—1
and

No—1 Nn-1) 1 N) . /(N1
M = VOmETT S M L
LH1<k<N

By the assumption above, it holds that mﬁ’s) T mg as N ftooforallu>j>0
and 1 < s < n — 1, which implies that

N" Y T Z Z ( ) unu S%m( )1,Z71 = Mf(l?_l)

(+1<u<sk 1<s<n—1
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Due to
n 1)

00 > Yzl())—” Z Z Mi(:;fﬂ).,

i0+1<k<i £k QZE 1

where the equality is followed from Proposition 2.2 and Theorem 2.3
immediately, by the assumption above, it is seen that

N Nmn—1 N n—1 Nmn—1
Z qék )Me(k x Lipeny = Z qzzc : “Lipeny + qéN)M( )
k=041 E>0+1

(Nyn—1
< Y aaMy" Y Lpeeny + D audy "
k>+1 k>N
Z qéleS,?f
k>+1

< 0
and
Non—1 -
Me( ! )<V(€m”1+—2qngék = e()
k>0+1

for all £ > 49 + 1. Further, by the dominated convergence theorem, we derive
that

lim M"Y = dim V(Om)" Y + lim ! ST a1y

N—oo N—o0 N—ocon
k>0+1
n—1 1 n—1
= V(E)még 1)+ﬁ Z QZk:Mg(k )
k>0+1

_ ap(n=1)

= M"Y,
Now,

G](f)Mg(Nn 1) G(E)M(n 1) G(f M(n 1)

Z (V) Lpeny < Z N ) Lgeeny | Z q < 0
>k Qo021 ek Qe >k £-1

(n)

as N T oo due to my ;o < 00. Here, the proof for the increasing property of the

series {1{Z<N}/Qé]21} is similar to the one for (3.5).
By the arguments above and the dominated convergence theorem, taking
the limitation for both sides of (3.6), one obtains that

G\Om _

i0+1,2 1,90

() _ )

o 1o 1S proven, ie., (3.4)

Hence, we get the inverse inequality holds. So m
holds for n.
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By induction, (3.3) and (3.4) hold for all n > 1. The proof of the assertion
is finished. I

At the end, we apply Theorem 1.1 to more general integral-type downward
functionals for single death processes. Let r be such a non-negative function on
R, that its differential function ' > 0. Fix ig € E. Define

() = /O VX)L ) = B (), T =T+ r(O)V.

From [4, Lemma 2|, it follows immediately that
Bigi(r) =B [ VX0, 0> i

0

Hence, by Theorem 1.1, it is derived that

(077
Eiliy(r) = ) ZG O isiso

i0+1<k<i £k de.e-1

In particular, when r(¢) = t", where n is a positive integer, define

WV
o

e = / " rvX@)d, n
0

Note that 5@'(0 = ¢&;, and 7(0) = 0. Then

Hence,

E{n 1)

- Z Z , i=ig=0,n>1,

io+1<k<i 2k de.e—1

and

= > Z . i = 0.

i0+1<k<i L2k de.e—1

The results above can be used to investigate polynomial ergodicity and Central
Limit Theorem for single death processes. Refer to our subsequent work on
these topics.
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