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1. Introduction

In the recent work (Cattiaux and Guillin, 2009), Cattiaux and Guillin obtained, for homogeneous continuous Markov
processes, the rate of convergence to the invariant measure in total variation distance, by using functional inequalities. The
authors considered the ergodic diffusion processes, which means that the infinitesimal generator L satisfies the hypotheses:
for ¥ e C? and smooth f,

192w

o
L) = - L + 557 (OrE). and I(¥(f) = W'HOPr),

where I is the corresponding carré du champ operator associated to L, see Definition 2.2.

In the present paper, we extend their results in two directions. Firstly, we consider the general but reversible Markov
processes. Secondly, we consider the inhomogeneous diffusion process. The inhomogeneity brings more flexibility and
complex behaviors might appear consequently, see Saloff-Coste and Zafiiga (2007, 2009, 2011) for inhomogeneous finite
Markov chains, and Arnaudon et al. (2008), Cheng and Zhang (2016) for inhomogeneous diffusion. In both cases, we give the
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rates of convergence in the total variation distance by using corresponding inhomogeneous functional inequalities. Indeed,
to get the convergence rates, we will also use two elementary lemma, Lemmas 3.2 and 3.3 for the time homogeneous and
time-inhomogeneous case, respectively. There is no doubt that we follow closely the idea of Cattiaux and Guillin (2009).
However, in the inhomogeneous case, we keep the same assumptions as in Cattiaux and Guillin (2009). We deal with the
diffusion processes, without the reversible assumption. Since the generators are time-dependent, the reversible probability
measures should be time-dependent, which is not helpful for the convergence. See Saloff-Coste and Zafiiga (2007) for
example of inhomogeneous random walks, which admit the reversible probability measures time by time. We use the
reversibility instead of the property of diffusion, while in the time-inhomogeneous case what we get is new. Finally, let us
mention (Collet and Malrieu, 2008), where a commutation relation in the time-inhomogeneous case was given to guarantee
the time-dependent @-Sobolev inequalities.

The paper is organized as follows. In Section 2, we present the main results of our paper on the time-homogeneous
reversible Markov process and time-inhomogeneous diffusion process. In Section 3, we give the proofs of main theorems.

2. Main results

First, let us introduce some basic notations and definitions, used through this paper. We use C or C’ for a positive constant,
which may vary from line to line, and will indicate (in the subscript) the dependent parameters. We denote the entropy and
oscillation of a (probability density) function f, respectively by

B, (1) = [flogf du and Osc) = suplf(x) — S
Xy

We always let 1 be a fixed convex function in C?(R*), which satisfies

e 1 is locally uniform convex, i.e. for any A > 0, infj ;" > 0.
e (1) =0and limy_  ¥(x)/x = oco.

Definition 2.1. Given a measurable space (E, &), let 2(E) be the total of probability measures. For any w1, u, € 2(E), we
define the total variation distance between w1 and u, by

w1 — pallv = iug{ [11(A) — na(A)l ).

Our results below differ from that in Cattiaux and Guillin (2009) in two folds. Firstly, in Section 2.1, we give the
convergence rate in the total variation distance for time-homogeneous reversible Markov processes, in contract the diffusion
processes in Cattiaux and Guillin (2009). Secondly, in Section 2.2, we give the merging in the total variation distance for
time-inhomogeneous diffusion processes. Here the merging means the convergence from different initial laws, and we refer
to Saloff-Coste and Zufiiga (2007, 2009, 2011) for the case of finite Markov chains

2.1. Time-homogeneous reversible Markov processes

Assume the time-homogeneous Markov process (X;, Py) is reversible with respect to its stationary distribution w, for
more details, see Wang (2004). Let (P, );»o be the associated semi-group with the infinitesimal generator (L, D(L)) in L?(r),
that is

/ fPrgdu = f gPfdp. f.g e 2(u) and / flgdy = f glfdu, f.g € D(L).
E E E E

For any probabilistic density h w.r.t. «, the law of X; with initial distribution hdu is given by P;hdu . We also use notations
Iy(t,h) = [y(Pch)dw and I, (h) = I,(0, h) = [ y(h)du. The typical examples of reversible Markov processes include the
ergodic reversible diffusion processes in Wang (2004), reversible Markov jump processes in Chen (2004). We also refer to
these references for the functional inequalities.

Definition 2.2. We define a bilinear form

1
r¢f.g)= E(L(fg) —glf —flg), f.g e D(L),

the homogeneous carré du champ operator associated to the semigroup or the infinitesimal generator. We use abbreviation

r¢f)=r¢.f.

The carré du champ operator plays a crucial role in the analysis and geometry of Markov processes. The simplest example
is that the Euclidean Laplacian A gives rise to the standard carré du champ operator I'(f, g) = Vf - Vg, the usual scalar
product of the gradients. For further information, we refer to the original paper (Bakry and Emery, 1984) and a recent
monograph (Bakry et al., 2014).

Now, we can state our first main theorem for the time-homogeneous reversible Markov processes.
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Theorem 2.3. The following two statements are equivalent.
(I) For all probabilistic density h with I,(h) < oo and all time t, we have exponential decay
Iy (t, h) < e7/S 1, (h).
(I1) Forall “nice” probabilistic density h, in the sense of Cattiaux et al.(2007)and Bakry et al.(2014), the following I, -inequality

holds,
f Y < Cy / FQw'(h), hdp. (1)
Moreover, if any of the conditions is satisfied, we have
IPchie — pliv < €, e /1, (h). (2)

In order to get the convergence for fixed h, condition (II) can be relaxed to hold for all P;h, not necessary for all probability
densities; The I, -inequality is just the Poincaré inequality when ¥/(x) = (x — 1)?, and is the entropy inequality studied
in Zhang and Mao (2001) when ¥ (x) = xlogx. These special cases of Theorem 2.3 are then the generalization of Cattiaux
and Guillin (2009, Theorem 2.1 and 2.7).

We also consider the weak I, -inequality condition as in Rockner and Wang (2001) and Cattiaux and Guillin (2009), by
using the truncation argument. Then the total variation can be controlled by two terms, with the first one controlled by
VIy(t, h AK)forK > 0,and the second one controlled from the De La Vallée-Poussin theorem. Finally we have the following
theorem.

Theorem 2.4. If there exist a non-increasing positive function By and a positive functional N with N(P}h) < N(h), such that the
following weak I, -inequality

[ o < pots) [ v ndu+ s 3)
holds for all probability density h and s > 0, then we have

Iy (t, h) < &§(t) (I, (h) + N(h)),
where

()= infls > 0, fy(s)log(1) = 1) ()

Moreover, we have the total variation estimate

2 f ho(h)du

IPchp — pliv < Cy \/5(” (I (h A KO + N(h A KO) + o(K)

, VK >0, (5)

for some nonnegative ¢ growing to infinity.

Similarly, when y(x) = (x — 1)?, the weak I,-inequality becomes the weak Poincaré inequality, while the case ¥/ (x) =
xlog x corresponds to the weak relative entropy inequality. In the later case with N(h) = Osc?(+/h), we also give the e-decay
of entropy from the weak relative entropy inequality.

Theorem 2.5. If there exists a non-increasing positive 8 such that the weak relative entropy inequality

Ent,(h) < ﬂ(s)/ r(logh, h)du + s 0sc2(vh)
holds for all probability density h and s > 0, then we have g-decay of entropy

Ent, (Pch) < (% + &) &(e, t) Osc*(Wh), Ve >0, (6)
where

£(e, t) = infls > 0, A(s) 1og(§) <2t).

Moreover, we have the total variation estimate
4 f ho(h)du

- V2 [ he(h)d ’
(<po¢‘1)(7jfom ”)
(3492 VEED

for some nonnegative ¢ growing to infinity.

with §(x) = /x@(x), (7)

IPchin — v <
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2.2. Time-inhomogeneous diffusion processes

We study in this subsection the merging in the total variation distance for inhomogeneous diffusion processes with
different initial laws. Following Collet and Malrieu (2008), on R¢, we consider the following in-homogeneous SDE:

t t
X, :x+/ b(s,x;ﬁs)ds+f2/ o(s, X*)dBs, t=>r>0,
r r

where (B; );>o is a standard Brownian motion on RY. Let L; be the in-homogeneous generator:

d d
Lf () =Y ay(t, x)ogf (x) + Y _ bi(t, x)of (x),

ij+1 i=1

where @ = oo and b are smooth functions of (¢, x), and let (Ps,t)o<s<t be the associated semigroup, which satisfies the
semigroup property: forany s < r <'t, Ps; = PP, , Prx = I, and the Kolmogorov equations:

8sps,tf = _LSPS,[‘fv atps,tf = s‘tLtf~

We will always denote by py = poPo ¢ = isPs t, the law of X;.

In Collet and Malrieu (2008), the log-Sobolev inequality is studied for the in-homogeneous diffusion processes, and we
also refer to Cheng (2017) for a recent study on diffusions on manifolds with time-depending metrics. For more examples
of in-homogeneous diffusion processes see Collet and Malrieu (2008), Cheng (2017) and references therein.

Definition 2.6 ( Collet and Malrieu, 2008). Define a bilinear form

1
I(f,g) = E(Lt(fg) —fL(g) — th(f))v f.g € D(Ly),

the inhomogeneous carré du champ operator associated to the semigroup or infinitesimal generator. We use abbreviation

I(f) = I, )

Assume that L, is a diffusion operator, that is, for any @ e C?,

L(2(f) = ' (F)L(f) + @"(f) (). f € D(L) (8)
and
I(®().g) =2 ()(f.g) f.g € D(L). 9)

Given two different initial laws © and v, we assume u and p, are absolutely continuous w.r.t. v and v, with Radon-Nikodym
derivatives

dp due
=", and f=——".
fo o fe i,

Note that if x is absolutely continuous w.r.t v, then uP; is absolutely continuous w.r.t vP;. Indeed, let P;(x, dy) be the
probability transition function. By assuming that vP;(A) = f v(dx)P;(x, A) = 0 for some measurable set A, we see P;(x, A) = 0,
v-a.s., so that uP;(A) = fEfo(x)v(dx)P[(x, A) = 0. We also use notations

[‘//vt = / I//(ft)d\)[, and Iw = Lp’o .
Now, we can state our second main result for continuous inhomogeneous diffusion Markov processes.

Theorem 2.7. Fixt > 0. If the following I, s-inequality

[ wsan. = ) [wonigan, (10)
holds for 0 < s < t and us and vs, then we have exponential-like decay

lys<e fodnp,
holds for 0 < s < t. Moreover, we have the total variation estimate

1 s dr
lis — vsllv < e 2l /1, (11)

The constant C(s) is dependent of s and . Similar to the homogeneous case in Cattiaux and Guillin (2009), when
Y(x) = (x — 1)%, the I, t-inequality is just the Poincaré inequality while the case that v/(x) = xlogx corresponds to the
Log-Sobolev inequality. We give these two special cases in the following two corollaries without proof.
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Corollary 2.8. Fixt > 0. If Poincaré inequality
s(f?) — (vsf ) < C(s) vo(I(fy))
holds for 0 < s < t and s and vs, then
w(2) — (f P < e B8 )~ 1), s <.

Moreover, we have the total variation estimate

_ (S dr_
lizs — villry < e 0@ Ju(2) — 1.

Corollary 2.9. Fixt > 0. If Log-Sobolev inequality

Fs(fs)>
fs
holds for 0 < s < t and s and vs, then

Ent,,(5) = C(5)vs(

s _dr
Ent, (f;) < e o Ent,(dv/du), s<t.

Moreover, we have the total variation estimate

1 s dr
s — vellrv < v/2 e~ 290 €0 \/Ent,(dv/dp).

Similar to the time-homogeneous case (Theorem 2.3), we can also rewrite Theorem 2.7 in the following equivalence form.

Theorem 2.10. Givent > 0, the following are equivalent.

(I) Forall0 < sy <s < t, we have exponential decay
lys<e b, . (12)
(II) Forall0 <s <'t, I, s-inequality holds for ps and v, i.e.
[ v < e [ v (13)
Moreover, if any of the above two conditions is satisfied, then we have the total variation estimate

_Ll s dr
s —vsllv < Cy e 2o & Vips, V0O <sp<s<t.

3. Proofs of the main results

In this section, we will give the proofs of our main results in Section 2. In Section 3.1, we consider the time-homogeneous
case, and in Section 3.2, we consider the time-inhomogeneous case. We recall the function i being a fixed convex function
in C2(R™), which satisfies

e 1 is locally uniform convex, i.e. for any A > 0, infjg 4; " > 0.

e (1) =0and limy_,  ¥(x)/x = oo.

3.1. Time-homogeneous case

Lemma 3.1 (Pinsker Inequality (Pinsker, 1964; Cattiaux and Guillin, 2009)). Given a pair of probability measures (P, Q), there
exists Cy, > 0, such that

IP— Qllw < Cy /w(‘;%) dp.

Lemma 3.2.

L1yt = - / F(/(Prh). Peh) d.
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Proof. By definition, we have

d pm 8 /

Using the symmetry of L, we obtain

d
vt h) = /(L(w,(Pth)Pth) — PehL(y/(Pch)) — 2I°(y/(Pch), Peh)) de

= /\/f/(Pth)PthL*ldM—/lﬂ/(Pfh)L*(Pch)dM—Z/F(W’(Pth),Pth)du
= /t/f/(Pth)Pthl dl/«—/l/f/(Pth)L(Prh)dM—Z/F(Iﬂ/(Pfh), P:h)du
= —/W(Pth)L(Pfh)dM—Z/F(w/(Pfh), P:h)du

= den-2 f Iy (Peh), Peh)de,

which gives the conclusion. O

Now, we can proceed to prove the main theorems in Section 2.1.

59

Proof of Theorem 2.3. The total variation estimate (2) comes immediately from the Pinsker inequality (Lemma 3.1) and

condition (I). Then it suffices to prove the equivalence of the two conditions.
(I) = (II): If(I) holds, then
Iy (¢, h) — Iy (h) _ e /% —1

Iy(h
t s H
Taking t — 0 yields

d I, (h)

—| ILy(t,h) < ——,

dt lt=0 W( ) - Cvj

which gives by Lemma 3.2 that
[ vt <, [ rewm.nde
(II) = (1): If(II) holds, then replacing h by P;:h, we have
I(t, h) = / Y(Pch)dp < Cy / r(y'(Pch), Pch)dp,
which gives by Lemma 3.2 that
Iy(t, h) < —C¢%I,,,(t, h).
By using the Gronwall inequality,
Iy(t,h) < e /Y, (h). O
Proof of Theorem 2.4. If the weak I,;-inequality (3) holds, then replacing h by P;h, we have
Iy(t, h) < ﬂw(s)/‘ T(y'(Pch), Pch)du + sN(P:h)

d

d
< —ﬂw(s)alw(f, h) + sN(h),

and therefore

1 d S
—I,(t,h) <
o) a =50

Multiplying both sides with e!/#¥() and integrating on t over [0, t], we have
e/PvOL, (¢, h) — I, (h) < sN(h)(e"/Pv) — 1),

Ly(t, h) +

N(h).
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That is,
Iy (t, h) < e /PvO), (h)+sN(h), Vs> 0.

By the definition (4) of £(t) and minimizing on the right-hand side for e~*/#v(*) < s, we get the decay estimate
Iy (t, h) < §(t)(Iy (h) + N(h)).

By the truncation argument, Pinsker inequality (Lemma 3.1) and De La Vallée-Poussin theorem, we finally get the total
variation estimate (5):

IPthp — pllv = [IPch — I,
- /|P[(h AK) — /(h AK)duldu + 2 /(h — K)pgdpe

2
C hAK —— | he(h)d
<, /LA ’+¢(1<)/ o(hdn

<C \/g(r)(I (h AK)+N(h AK)) + 2 / ho(h)du
- v o(K) ’

for all K > 0 and some non-negative ¢ growing to infinity. O
Proof of Theorem 2.5. The proof of the first part is similar to that of Cattiaux et al. (2007, Proposition 4.1). So, it suffices

to prove the total variation estimate (7). Again by using the truncation argument, Pinsker inequality (Lemma 3.1), De La
Vallée-Poussin theorem, and the entropy decay (6) in the first part, we get

IPchis — pllrv = |Pch — Tl
= /lPt(h AK)— /(h AK)dpldp + 2 /(h — K)1poxdp

hAK hAK
=v2 [ AK)du/ [ P sl

+2 / (h— K)o

fﬁ(% \/get/h/\1<du05c< Pi( h/\K)))

(hAK
J he(h)du
20
gﬁ(lﬂ)%,/g(g,t)ﬁuw.

On the right-hand side by letting the two terms equal, i.e. taking

2 [ ho(h)d
1<:¢‘1<ff 1(/)( Jdu )
(1 +)2 VEE D)
we finally get the desired total variation estimate (7). O

3.2. Time-inhomogeneous case

In this section we will give the proof of our second main result in this paper, for the inhomogeneous case in Section 2.2.
We focus on the proof of Theorem 2.7, and at first we give the following lemma concerning the time derivative.

Lemma 3.3. For any measurable function h,
d
vi(h =) = velfileh = Lif)-

Proof. By Radon-Nikodym theorem and differentiation on time, we have that

d d
d[’ /hdﬂt dt ‘/Poythd,u = /‘PQYtLthd/,L = /Lthdﬂt = ff[L[hdUt
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4 f hfdv, = f Po.o(hf.)dv = / (Poceh) + Po(h Scf)dv = / (1) + h S f v,

which gives finally

/ftLthdvt = f(Lt(hft) + h%ff) dv; .

The formula is then proved by definition. O

This lemma is elementary, but critical to handle the inhomogeneous case. So far, we have not seen such kind of lemma
used before to study the inhomogeneous asymptotic behavior. We remark that in the homogeneous case, Lemma 3.3 is
reduced into the trivial one:

d
v(haft) = v(fiLh).

This is always true by letting v; = v and L; = L by homogeneity. On the other hand, even if L; admits a reversible probability
measure, say vy, what we need is an equation above concerning v, rather than v.

Proof of Theorem 2.7. By differentiation, we have

d
o [weo = % [rocutar
d
= /(Po,tLH//(ft) + PO,tlZ’/(ft)aft)dV
d
= v (Ley(f)+ I/f,(ft)afr) (14)

Taking h = ¥/(f;) in Lemma 3.3, we have

d ,
Vt(‘/f/(ft)aft) = v (fele¥'(ft) — L(W'(f ).
After putting this into (14) and using the diffusion condition (8), (9) and the I, (-inequality (10), we have

d
E/W(ﬂ)dw ve(Lew () + felew' () — Le(¥'(f)fy)

ve (W (LS + Sl (F) — Le(w'(F)fe) + v (F) ()
ve(=20L(Y (), fo) + " (Fo) 12 (fr)
— v (V)

- a [ i

By using the Gronwall inequality, we finally get the exponential decay

/Ws)dvs <e hdm f v(fo) dv.

The total variation control (11) is again an obvious application of the Pinsker inequality (Lemma 3.1). O

The proof of the equivalent form, Theorem 2.10, is similar. We make the differential in the exponential decay to get
I, s-inequality.

Proof of Theorem 2.10. Similar to the proof of Theorem 2.3, we now prove the other side: (I) = (II). In the previous proof
of Theorem 2.7, we know that

d
alv/,t = —Vt(lff//(ft)rt(ft)) . (15)
From the decay inequality (12), we have
s _dr
Lys = lysy _ e ot _ 1
s—So S—So
and after taking s — so and using (15),

, 1
/1// (st)Fso(fso)sto = —g s Ly s > TSO) Iy s -

Il//sSO

This gives the inequality (13). O
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