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§1. Introduction and Main Results

Wang and Yang ! present probabilistic meanings for a lot of numerical characteris-
tics of birth-death processes, such as returning probability, extinction probability. This
paper is devoted to considering the corresponding problems for the single birth processes
described as follows.

On a probability space (€2,.%,P), consider a continuous-time, homogeneous and ir-
reducible Markov chain {X(¢) : ¢ > 0} with transition probability matrix P(t) = (pi;(1))
and state space Zy = {0,1,2,...}. We call {X(f) : £ > 0} a single birth process if its
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density matrix @ = (g;; : 4, € Z) has the following form

—q qo1 O 0 0

qgio —¢1 qi2 0 O
Q - s (1)
g0 @21 —q¢2 q23 O

where ¢; 1= —qis > > Gij, Giit1 > 0, Giips = 0 for i € Z; and j > 2. The matrix in (1) is
JF#
called a single birth ¢}-matrix deduced by

gt +o(t), if j<iorj=i+1;
pis (1) =
1 —qit +o(t), it j=i
as t — 0. Throughout the rest of the paper, we consider only totally stable and conserva-
tive single birth Q-matrix: ¢; = —gi = >_ qi; < oo for i € Z . Especially, if ¢;; = 0 for
J#i
0<i<j—2andj>2, then (1) is just a birth death @-matrix.
k
Some notations are necessary before moving on. Define qum = > gnjfor0<k <n
7=0

(k,n € Zy) and

1 1 n=1 (k)
mo — —, My = <1+an mk), nx=l1,
qo1 Gnn+1 k=0
1 n—1 (k)
do — 0, dyy — <1+an dk), n> 1,
Grn+1 k=0
. 1 n—1 ,
Fm =1, R = Y ¢PFEY 0<i<n.
I+l k=i

Then the numerical characteristics defined below play important roles in studying single
birth processes:
) ) i—1 i—1 k
R=3mn, Zm= Y F™, d=sup [ > da/ 3 ESO)}, S =sup 3 (F{d — dy).
n=0 n=m >0 “n=0 n=0 k>0 n=0
To explain what the numerical characters might mean in probability, we introduce some
stoping times. Denote the first leaping time and the n-th jumping time by n and 7,

respectively, i.e.,

Np = inf{t >np1: X(@) # X(Ma1)}, n

WV

1; n= lim n,,
n—o0
where ng = 0. The first hitting time and the first returning time of the state ¢ are defined

respectively as follows

7 = inf{t > 0: X(t) = i}, o; = inf{t = m : X(t) = i}.
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Though these numerical characteristics may seem complex, they do have explicit
probabilistic meanings and make a positive contribution towards understanding the process
clearly. Let P;(A) = P(A| Xy = i), i.e., the condition probability given {Xy = i} and
Eil4 = P;(A) for some measurable set A. Then Zhang 2l proved that m,, = E oy, R =
Eon and pointed out that

Po(oo <m) =1 - L

Zo

So R is the mean time of the first hitting co of the single birth process with starting from
0 and Py(og < n) = 1 once 1/Zy = co. In [3], we see that d = Ey79, Egop = 1/qo1 + d and

i—1

Eiro= S (EVd—d,), i>1.

n=0
It is easy to see that S = sup E;mo.

Based on the above re;i(ft& the following explicit criteria for several classical problems
can be understood clearly (cf. [2,4-7]).

The process is unique if and only if R = co. Assume that the Q-matrix is irreducible
and regular. Then the process is recurrent if and only if Zyp = oco. For the regular case,
the process is ergodic if and only if d < oo, and the process is strongly ergodic if and only
it § < 0.

Now we still need to study the probabilistic meanings of Z,, and Z,, ,, defined as

n—1 (m)
Zmmn = >, F;77, n>mz=0
i=m

with the convention that Z,,, = nz_:l Fi<m) = 0if m > n. It will be seen later that these
quantities are related to Pr(7, < 17':7517 which is the probability of arriving at m along the
trajectory before reaching n with starting from k.

Before presenting our main results, we mention that if the single birth process is

ergodic, then the stationary distribution (7;) can be described as (cf. [8])

1 i—1 i—1
M= ———\ s | Loma/ X FP k0. )
Qk,k+1Ck i>k tn=k n=k
Moreover,
i—1
Cr Y. F;Lk) = Egm + Eimi, 0<k <. (3)
n==k

It is easy to see that ci is the mean commute time between k and k4 1. Now, we present

our main results as follows.

Theorem 1  Suppose that m < n. Then Pr(7, < 7,) + Pr(7m < 7) = 1, and
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(i) for0 <k <n,

Zm k Zm k
P < = — P < =1- —;
k (Tn Tm) Zm,n k (Tm Tn) Zm,n
(i) for k > n,
AN
Pr(Tm < 7n) = ZnkPrt1(Tm < 7)) + mkTn _ Zmk + 1.

Zm,n Zm,n

Moreover, if the process is ergodic, then

1 fen 1 nal (=D
Pry1(Tm < Ta) = <— + > qanm,j) R .
Zmpn NCm Gt l jeml dnmn+1

It is easy to see that Pr(7,, < 7,) = 1 and Pr(7, < 7) = 0 for 0 < k& < m,
Pu(tm < 1) =0 and P,(7, < 7)) = L.
As for Pp(op, < 1), it is obvious that Pg(o,, < 7)) = Pr(tim < 7) for k £ m and

Pr(on < 7m) = Pr(7n < 7m) for k # n. Moreover, we have the following theorem.

Theorem 2  Suppose that m < n.

(i) Suppose the single birth process is ergodic. Then

Gnn+1Cn Gn.n+1Cn
Po(tm < o) = 2O P (0, < i) = 1 — et
n(Tm Un) anmZm,n n(an Tm) anmZm,n
(ii)
Gm,m+1 Gm,m+1
PO < ) = 1 — 2L P (7, < 0y) = DAL
A0 < ) 4T T <o) =

and P (i < om) = 1, Pp(om < 7)) = 0.

Pr(om < n) is the probability of reaching m along the trajectory through finitely
many jumps with starting from k. In particular, P,,(0,, < 1) is the probability, starting
from m, of returning to m along the trajectory through finitely many jumps after leaving

m, which is called a returning probability.

Corollary 3  For Pi(o,, < 1), we have

1 if &<m;
Gm,m+1 .
Prlo,, <n) =<1 —"1= if &=m,;
t(om <) GmZm
A
_Zln;k if k>m,

where we use the convention that 1/c0 = 0.
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In practical applications, Pr(og < 1) is called an extinction probability, i.e., the
probability that there exist k individuals initially but (through finitely many steps of
transition) they finally die out (namely reach the state 0). About extinction probability,

one may also refer to [9; Chapter 9] for the case m = 0 in Corollary 3.

§2. Proofs of the Main Results

Proof of Theorem 1 It is easy to see that Pr(7, < 7,) = 1 and P(7, < 7)) =0
for 0 < k < m. To prove the remainders, denote Py(7,, < 7,,) by pg. By the strong Markov

property of the process, for m < k # n, we have

Gk k41

k=l qr;j
Pk Pht1+ > —Dj.
=0 Gk

Then by the conservative property of Q-matrix and pr = 1 for 0 < k& < m, it follows from

the above equality that

k=1 .
Ut 1 (D — Prt1) = 22 o) i —piv)).  m<k#n (4)

Denote p; — piy1 by v; for i = 0. So we have the difference equation

LS
Vp = > @ Vi m<k<n
Gk k+1 i=m

with the boundary conditions p,, = 1 and p, = 0. By the induction, it is seen that
vi:fum~F.<m), m<i<n. (5)

K2

By definitions of v; and Z,, », it is derived that
n—1 n—1 (m)
1:pm_pnzlzvi:7jmlz Fz :Um’Zm,n-
T=m T=m

SO Uy, = 1/Zy,, and v; = Fz.<m> [Zmn(m < i <n). Therefore, it follows from p,, = 0 that

n—1 n—1 (m) n—1 (m) k—1 (m) Zm,k
pk:pk—pn:Z’Uz:<ZFz )/Zm,n:<ZFz _ZFZ )/Zm,nzl_Z
i=k i=k i=m i=m m,n

for m < k < n. By the similar argument, one can prove the second part of the assertion (i).
Of course, it is followed immediately from the property of Pr(7m, < 7) + Pr(7, < 7m) = 1

$00.
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To prove the assertion (ii), we will discuss firstly the relation between p,41 and pg
with £ > n + 1. By (4) and (5), it is seen that

el @) ) (S0
Vg = (quFz Um + D @ Vi), k> n.
Gk k+1 N i=m i=n

Then
1 k—1

q,i”(F.(m)vm — ), k> mn.

F,im>fum — = .

Qi k+1 i=n

Define u; = Fi<m>fum —v; (i =2 n). Thus, one obtains that

L
U = > QUi k> n.
Gk k+1 i—n

By the equalities above and the induction, it follows that u; = F;n)un (i = n). Hence, one
deduces that

vi = F 0 — g = F™ v, — ™y = By, — FYFEM o, — )

K2 K2 K2

— (F™ — F oy, + F ™, i>n.

Note that vy, = pr, — Pryr1 = —Pnr1. Furthermore, it is obtained that for k& > n,

R R ) (m) (n)
P =Dk —Pn=— > vi= > (Y FS™ — F™ Yo, + FyVpoga)

i=n i=n
m) _ N plm)
— (Zn,an - Z Fz )/Zm,n + Zn,kanrl
i=n

T PS™ Zi
= : —omE
nkDnt+1 + me, me, +

By the similar argument or the property Pp(7,, < 7,) + Pr(7n < 7n) = 1, one can prove
the second part of the assertion (ii).
Now it remains to show the assertion on the expression of p,4+1. Using the strong

Markov property with Theorem 1, we have

q 7 1 n—1 G
Po(tim < on) = s Pat1 + 20 ﬂpj
an j=0 Gn
(m) n—1 . .
Gn,n+1 an nj Zm7]
R T )
an mt an j:rzn:Jrl Gn Zm,n
-1
_ npn+1 q7<1n : Gy Dy
= Py + - S
qn qn j=m+1 qn Zm,n

Combining the above equality with the assertion (i) in Theorem 2, which needs only some

simple calculations, the required assertion holds immediately. [

Before proving Theorem 2, we introduce the following result (refer to [10]).
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Proposition 4 Given an ergodic Markov chain {X(t) : ¢ > 0} with the stationary
distribution (7;). Then for j # i, we have

1
qimi(Bimj + Ey7i)”

P,’(Tj < (Tz') =

Proof of Theorem 2  The assertion (i) follows directly from (2), (3) and Propo-
sition 4 by some simple calculations. By the strong Markov property and the assertion
below Theorem 1, it turns out that

m—1

Pon(mn < om) = > MPj(Tn < Tm) +
j=0 4m m

qm,erl

Pm+1 (Tn < Tm)

_ qm,erl P
dm
qm,m+1 _ qm,erl if n—=m+ 1

dm qum,erl

m+1 (Tn < Tm)

qm,m+1Zm,m+1 - qm,erl
GmZmn B mLmn
o qm,erl
B qum,n.

itn>m+1

The remainders of the assertion (ii) are easily obtained. O

Remark 5 By induction, it is not difficult to obtain that F{ F\™ < FI™ i > n >
m. Further, we get the following inequality: Z,,n < Zm i — ZnkuﬁLm)

it follows that Z,F\™ < Zim — Zimm, m < n. In particular, we see that Z,F\” < Zy — Zon

,m < n < k. Hence,

for all n > 0.

Proof of Corollary 3  Note that 7, T 1 as n — oo almost surely with respect to
Pr. Hence Pp(7,, < 1) T Pr(om < 1) as n — oo for k # m. Combining these facts with
the assertions proved above, one gets easily the first and the third parts of the assertion.

By the strong Markov property and argument above, it is seen that

Ml g Gm,m+1
Pi(om <) = Z:O —Pj(om <n)+ Tpm+1(0m <n)

7= m m

(m—1) 7
_ Gm + Gm,m+1 (1 . m,m+1)
m m Zm
_ qm,erl
GmZm
In the last equality, we use the fact that Zp, m41 = Sﬂ&m) =1. O
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§3. Examples

The first example is about the birth-death process which is a special class of single

birth processes.

Example 6  For birth-death processes with birth rate a; and death rate b; at 4, denoted
by (a;, b;). We have these important quantities with simple forms, as follows
VTL

mn:M[Oan]Vna dn:M[lvn]VTw Fvgm> - I/_7 n =m0,
'm

k
where pli, k] = > p; with {4} is the invariant measure having the following form
j=i
- bobr-- b
= —

1= 1);
aras - - - a; ( = )7

po =1,
and v; is another measure related to the recurrence of the process with v; = 1/u:b; (i > 0).
In the following, we always let v[i, k| denote the term Zk: v; and v[i, 00) == io: v; for some
measure. 7 7
For the process we have the following results, which can also refer to [1].
Corollary 7 Suppose that m < n. For birth-death processes, we have
(i) Pr(tm < m) = 1 and Pr(r, < ) = 0 for all 0 < k < m; Pr(rm < 1) = 0 and
Pe(mn < 7im) =1 forall k = n;
(i) Form <k <mn,
vilm, k — 1]
vilm,n —1]’

Vi[kvn B 1] .

Prl7im < ) = vilm,n —1|’

(iii) Po(mm < 0m) = 1, Pp(om < 7m) = 0 and
1

(Tn < Om) (@m + b)) i/ [m, 0 — 1] e
(iv) 1
Pr(mm n) = =1 = Palon "
(m < on) = G T b — 1 o=
(v)
1 if k<m
; ), 1 if k=m
fom <) = & b, o) :
| vmE—1] k> m
vim, oo)

in convention that 1/0c0 = 0.
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Proof By Theorems 1, 2 and Corollary 3, all the assertions are derived directly
except the assertion (iv), which is proven as follows. By the strong Markov property and

the assertion (i) as well as (ii), we have

bn n
Pul(mm < on) = PR Prt1(Tm < 7n) + ancjr ™ Pr—1(Tm < )
Qp,
- 7Pn— m n
ap, + by, (T < 7)
n itm=n-—1
an + by,
- n—1
anun_l/{(an +bn) > yz} ifm<n-—1
n—1
— 1/[(% +0n)pin X0 1/@}.
The proof is finished. [
Especially, the extinction probability
k—1 0
Prloo<n) =1=> v/ > Vn, kE>1.
n=0 n=0

The following example is an extension of the one in [8] or [11].
Example 8 Let ¢, 41 = 1foralln >0, quo =0, ¢gun—1 =b—a, ¢gopn—2 = a for all
n > 2 and ¢;; = 0 for other i # j, where a and b are constants satisfying b > a > 0.

By computing, we know that {Fy€> }n>k are generalized Fibonacci numbers for every

anrl _ qn+1

J g n=0, k>0,

k+n ’
pP—4q
where p = (b+ vb? + 4a)/2 and g = (b — Vb? + 4a)/2. Note that p > b and —1 < g < 0.

Now

1 n—m-+1 _ n—m-+1 _
(p P g q) it p £ 1

g o _]r—d p—1 qg—1
mn o n—m+1
nzm, 4 - ifp—1,
1—gq (1-4q)
1 n+2 n+2 _
“ P q q) ifp £ 1
m. _dP—ay p—l g—1
" n+l ¢t —g .
5 if p=1,
l—q (1—q)
and " "
1 72 _ 7L _
“ P q q) ifp £ 1
g _lr—d p—1 qg—1
n n qn+1 —q

if p=1.

+
l—q (1—q)?
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(o)
Hence, it turns out that R = > m, = oo, i.e., the process is always unique for all
n=0

b > a > 0. Moreover, we get that
o0 it p>1;

1
( Py 4 ) it p<1.
p—qgi\l—p qg—1

Thus, when p > 1 (equivalently, a + b > 1), we have Zy = oo, the process is recurrent and

L =

Pr(om <m) =1forall K > 0. When p < 1 (equivalently, a + b < 1), we have Zy < oo and

the process is transient,

1 it kK <m;
a+b if k=m=20;
Pk(Om < 77) = _ _
1_(1 p)(1—q) if k=m>0;
1+
_ _ pk—my _ _ _ k—m
L PA=9—p ])) ((11 P =g o

Moreover, for p #£ 1, we get that

Copg(phm = gy — phm Al g gkl oy — g

Pe(rn < i) = T ey e S —— m < k <n;
r—a)p—1)(g—1)
Po(m < 0g) = , 0 < mn;
o <00 = S — )~ T T
r—a)p—1)(g—1)
P < om) = , 1<m<n,
m( n m) (1+b)(pq(pn—m_qn—m)_pn—m+1+qn—m+1 +p_q)
for p = 1, one obtains that
k—m—(k—m+ 1)g+ g-—mt!
P — k< n;
KT < Tim) n—m—n-—m+1l)g+ ¢gr—mt’ MRS
(1-¢)?
P < — ’ O< ;
07 < o) n—m-—(n—m+ g+ gt "
1— 2
Pm(Tn < Um) = ( q) 1<m<n.

(D)0 —m—(—m D + g1

By the way, when p = 1, the process is null recurrent because d = oco.
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