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Abstract

A computable necessary and sufficient condition of separation cutoff is obtained for a
sequence of continuous-time upward skip-free chains with the stochastically monotone
time-reversals.
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1. Introduction

Cutoff refers to a family of ergodic Markov chains showing a sharp transition when con-
verging to their stationary distributions. In this paper we will consider the separation cutoff.
For two probability measures p and v, the separation is defined as

sep(u, v) = max(l — &>
i Vi
Foreachn =0,1,...,let P™ (#) be the distribution of a finite ergodic Markov chain X t(") at

time ¢, whose stationary distribution is 77 ™. Then for any fixed 7,
lim sep(P(”)(t), 7™y = 0.
—00

However, involving n, it may happen that

0 fi 1,
lim sep(P®™ (cty), 7™) = ore= (1.1
n—00 1 forc < 1.

This is called the (separation) cutoff phenomenon proposed by Persi Diaconis [4]. The separa-
tion may be replaced by total variation distance [6] or max-L? distance [2], for example.

The concept of separation was introduced in [1] and has been intensively studied since then.
Strictly speaking, separation is not a distance (it is not symmetric in u and v). However,
separation is easily handled and powerful in the following sense. For a finite Markov chain,
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let P(t) be its distribution at time 7. Then there exists a fastest strong stationary time (FSST) t
such that

sep(P(t),7) =P[r >t] forallt >0, (1.2)

See [1] for the definitions and properties of FSST, and [7] for the existence of FSST in (1.2).

We have obtained the explicit criteria for separation cutoff of the birth and death processes
in [9], while in this paper we will give those of the upward skip-free chains. Let us first recall
some basics for the upward skip-free chains.

On finite state space {0, 1, ..., N}, let O = (g;;) be the generator of an irreducible and
conservative upward skip-free chain. Thatis, for 0 < i < Nand j > i 4+ 1, g;;j+1 >
0,gij =0;and for0 <i < N,q; := —q;; = Zj;éiqij < o0. ForO <k <i < N, define

k) _ Nk
q; —ijoqij,and _
_ i pDg®
FP=1, FP= L (1.3)
jmk1 0.1
Then define
i F_(k)
m=y ——, 0<i<N. (1.4)
o kk+1

Here, in (1.3) and (1.4), we set gy n+1 = 1 for convenience. By [10], the stationary distribution
is
Fy .
T = —, 0<i<N. (1.5)
qi,i+1My
Define

N i—1 N -1 j
T=YmYm, S=Ymy )
i=0  j=0 i i

Now we can state the main results in this paper.

ng. (1.6)

Theorem 1.1. For each n, assume that X ,(n) is an upward skip-free chain on {0, 1, ..., N,},
started at O and with the stochastically monotone time-reversal. Define T™ and S™ as in
(1.6) (with N replaced by Ny). Then there exists the separation cutoff in (1.1) with t, = 7™
if and only if
s 1
lim —— = —.
n—oo [T(”)]2 2
The following corollary gives a useful and sufficient condition for separation cutoff.

Corollary 1.1. For each n, let Q) = (qi(;)) be the generator of a skip-free chain started at 0
on{0,1,..., N,}, where ql.(;fzrl =1forl <i < N, and qlg') < ‘1151,11')+1 fork > i+ 1. If there
is C > O0and B > 1 such that F, I~ CBI=I asi — j — oo, then the separation cutoff occurs.

Next we would like to present some examples. We will focus on the restricted chains
of an upward skip-free chain X, with generator Q = (g;;) on £ = {0,1,2,...}. For an
increasing sequence {N,} with limit co as n — oo, we define a sequence of ergodic chains
{X™} as follows. For each X", let Q™ = (ql-(;l)) be its generator satisfying qi(]'.” = gij
(1<i<N,1=<j<N,) and q](\,"n)’N” = —Z;Vialq]vmj. Then Xt(") is a restricted chain of
X, on{0,1,..., N,}. We say that X, exhibits the separation cutoff if it occurs for the family
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of restricted chains {X t(")}. Obviously, the choice of the increasing sequence {/N,} going to co
has no impact on the occurrence of the separation cutoff for X;.

Example 1.1. Let qo1 = q10 = q12 = l and qi i+1 = qii-1 = qii—2 = 1, qis = =3 (i = 2).
Then the skip-free chain exhibits the separation cutoff.

Proof. By (1.3), we have
Fi(i) =1, Fi(ifl) —2. F(J) 2F(’ 1 + Fl‘(jfZ) (i—2>j>0).

It follows from Corollary 2.1 that the time-reversal chain is stochastically monotone.

Define a generalized Fibonacci sequence fo = 1, f1 =2,and f; = 2fi_1 + fi—2> (i = 2).
It is known that f; ~ C(+/2 + 1)’ for some C > 0. Then Fl.(j) = fioj ~C(W2+ 1)~
(i = j = 0). This implies the separation cutoff by Corollary 1.1. (|

Example 1.2. Letg; ;11 =1 (i > 0)and gij = 1/i (0 < j < i). Then the chain exhibits the
separation cutoff.

Proof. We split the proof into two parts.
(a) Since for j < i,
i+1
F(]) G+1) Z Fi(]+ )’
k=j+1

it is easy to check that the time-reversal is stochastically monotone by Corollary 2.1.

(b) We claim that _
FU =271 4 02172 asi—j— oo,
which implies the separation cutoff by Corollary 1.1.
In fact, inductively, we have

j k k

k=j+1 k=j+1
o o Lok—i—1 . .
~ 2l7]71 + 0(2!7‘]72) _ Z 2 [2171{71 + 0(2171{72)]
k=j+2
~ 2T L 0, 0
Example 1.3. Letg;i11 =1, qio = p' (i >0),andg;j = (1 — p)p'=/=1 (1 < j <i). Then
the chain exhibits the separation cutoff if 0 < p < (+/5 — 1)/2.
Proof. We split the proof into three parts.
(a) We first prove that _
FP = +4py =" fori—j>1. (1.7)
Inductively, assume that (1.7) holds for j =i — 1,...,i — k. Since Fl.(i) =1, we have

i—1

F(lkl) ZF(K)el-i-k_p_i_Z(l_i_p)l(l(H—k_(l_i_p)k
l=i—k l=i—k



302 Y. H. MAO ET AL.

(b) Next we prove that when 0 < p <(/5-1) /2 the time-reversal chain is stochastically
monotone. Indeed, since gx; < g i+1 for2 < i+ 1 <k, itis easy to see that (2.1) holds
fori > 1. Fori = 0, (2.1) becomes

Y+ <+ p)Y A+ VA= pptt forj> 1,
k> j k>j
which is equivalentto 0 < p < (\/5 - 1/2.

(c) If0 < p < (v/5—1)/2, then the separation cutoff occurs by Corollary 1.1. If p = 0, then
the birth and death process has the uniform stationary distribution, which was proved in
[5], [9] that there is no separation cutoff.

This completes the proof. ]

The rest of the paper is organized as follows. In Section 2 we give some properties for the
upward skip-free chain. And in Section 3 we present a criterion for the separation cutoff of
general Markov chains. Then in Section 4 we show the proofs for Theorem 1.1 and Corollary 1.1.

2. Finite upward skip-free chains
Define the time-reversal Q = (gij) of Q as
bid

- j
Gij = —qji-
J i J

It is clear that the process corresponding to Q is a downward skip-free chain. And by [3,
Theorem 5.47], we can easily determine its equivalent condition to be stochastically monotone
in the following.

Proposition 2.1. The time-reversal chain of Q is stochastically monotone if and only if

k ‘ k
Z F[E])Qki - ‘]i+1,i+2F1(\;) F](V)Qk,iJrl

- (i+1)
>/ Gk k+1 qi,i+1 FN k> Gk, k+1

fori+1<j<N. @2.1)

The following is a simple and practical condition for the time-reversal chain to be stochas-
tically monotone.

Corollary 2.1. Assume that g; ;11 = 1oy, If FY > FUY forall 0 <i < N — 1, and
qki < qk.i+1 forallk > i + 1, then the time-reversal chain is stochastically monotone.

Under the assumption that the time-reversal chain is stochastically monotone, Fill obtained
the following theorem in [8].

Theorem 2.1. For an ergodic continuous-time upward skip-free chain on the state space
{0, ..., N} started at O and with stochastically monotone time-reversal, let Q be its generator.
Then the FSST t has the distribution with the following moment generating function:

N
—AT A
Ee =1_[ , A >0,
A+ Ay

v=1

where A1, ..., AN are the nonzero eigenvalues of —Q and IE is the expected value.
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The following boundary theory will be useful for determining the distribution of the FSST.
Recall that the hitting time of state k is defined as tx = inf{r > 0: X; = k}.

Lemma 2.1. For the ergodic continuous-time upward skip-free chain X; on {0, 1, ..., N}, let

o0
in () =0, ¢,-j(x>=/ e MBX, = j t <Ty]dl forO<i, j <N
0

and ~
Yij(L) = /0 e MPi[X, = jldt forO<i, j <N.
It holds that
&Mn;(A)
AN om0
where /(1) = 1 — AY 0y i (), 0 () = 7 — AY 30 e ().

Proof. Since (¢;;j(A)) is the Laplace transform of the transition function for the process
before X; hitting N, it has the generator Q = (g;;,0 < i,j < N — 1). Then we have the
following Kolmogorov backward and forward equations:

Yij(A) = ¢ij (M) + forO0<i, j <N,

N—-1

A (M) = Y k(W) =8, 0<i, j<N-—1,
k=0
N-—1

M) = Y Mgy =8, 0<i, j<N-L
k=0

It is straightforward to prove that (v/;; (1)) satisfies the Kolmogorov equations associated to Q
and the details are omitted here. ([l
3. A general condition for separation cutoff

In order to use Theorem 2.1 to derive the criterion, we need the following result. This result
was originated in [5] and completed recently in [9].

Proposition 3.1. For each n, let T be a FSST of the ergodic Markov chain X ,(n). Assume
that there is C < 0o such that

E(z™)? < CEt™)® foralln > 1. (3.1
Then there exists the separation cutoff in (1.1) with t, = Et™ if and only if

(Ez™)? (Ez™)?

W — 00 o1, equivalently, W — 1 asn — oo. 3.2)
Proof. Set
£ _ z(m
Erm’

By (1.1) and (1.2), the separation cutoff in (1.1) with #,, = Et ™ is equivalent to £ ™ converging
to 1 in probability as n — o0o. On the other hand, since

B E(.L_(n))Z

(n) _ 12 . _
BE™ -1’ = G~
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(3.2) means that £ converges to 1 in L?(P). If (3.1) holds, then {€ ®} is uniformly integrable,
which implies that the separation cutoff is equivalent to (3.2). ]

We remark that the integrability condition (3.1) is natural for Markov chains. For example,
if X ,(”) is a family of upward skip-free chains started at O and with stochastically monotone
time-reversals, then, from Theorem 2.1, we can easily obtain

E(r™)* < k! (Er ™)k, k=1,2,....

4. Explicit criterion

In this section we will obtain the explicit criterion for the separation cutoff of upward skip-
free chains by deriving the explicit expressions of Ez ™ and E(z")? in Proposition 3.1. In the
following theorem, we first study the distribution of the FSST.

Theorem 4.1. Assume that X, is an ergodic upward skip-free chain on {0, 1, ..., N}, started
at 0 and with the stochastically monotone time-reversal. Let T be a FSST and P; (t) = Po[X; =
i]for0 <i < N. Then

@) Plr >t]=1—Pn()/7N;

(i) it holds that

A

o0
—/ e MPy(t)dt, A>0. .1
v Jo

]Ee—)\f —

Proof of Theorem 4.1(i). Let p;;(t) = P;[X; = j]and X} be the time-reversal chain of X.
Then 0
. wipiit
P =PilX] = jl = =——.
1

Since X is stochastically monotone, we have

pon () pyo()  min; pio(r)  min; po; (2)
N 0 0 T ’

Thus, by (1.2),
1 — Py(1) < poi (t)
—— =max| 1 - ——

; ;

) =Pt > t]. U
TN TTj

Proof of Theorem 4.1(ii). For A > 0, the integration by parts gives that
o
Ee ™ = A/ e MP[r < t]dt.
0

Then (4.1) follows from Theorem 4.1(i). O

To derive the explicit formulae for the moments of the FSST, we need the boundary theory
below, which establishes a relationship between the FSST and the hitting times.

Theorem 4.2. For the chain X; defined in Theorem 4.1, the Laplace transform of the FSST can
be expressed as

N

—1
Ee 27 = (no + an(Eoe—“k)—l> , A > 0. 4.2)
k=1
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Proof. By Lemma 2.1 and the integration by parts formula, we have
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o o
£.(0) = A / e MPlty < t]dt = / e MAdPrlty <t]) = Exe ™™ forO0 <k < N.
0 0

Using the skip-free property and the strong Markov property, we obtain

Eo(A) = Ege "™ = Ege **Ere ™ = Ege *™&(1).

As pony(A) = 0, nn(A) = 7y, and Z L om0 = YN mkEr (1), we have

oMy N

Yon(A) =

Then by Theorem 4.1, we have

N —1
A
Ee ™" = Vv () = [ﬂo + Zﬂk(Eoem)l] :

k=1

YN g 0) AN o (Boe )~

O

Now we can deduce the explicit criteria of the separation cutoff in Theorem 1.1 and Corol-

lary 1.1.

Proof of Theorem 1.1. For the chain X; in Theorem 4.1, we can obtain by (4.2) the explicit
expressions for the moments of the FSST t from those of the hitting times {tx}. In fact, by

taking derivatives in (4.2) twice, we obtain

N N
Er = ZﬂiEofz‘, Et? = 2(IEIr)2 + ZmEotiz — ZZm (Eori)z,

i=0 i=0

while by [10],

i-1 k E)

Eoti =) e, Eor? =2(Eom)? — 22 >

k=0 k=0 (=0 16-t+1

from which we can easily obtain
N J (k)
Et? = Z(Er) -2 T Eot.

Let S, T be as in (1.6). Then, we have

()
Er)2 " T12)

Thus, Theorem 1.1 follows from Proposition 3.1.

Proof of Corollary 1.1. For simplicity, we omit the superscript (n) in the proof below.

By (1.4) and (1.5), we have

ﬁiﬂ F@

.om= gl
=Y T . B-Dp

m; ~

Eote,
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Thus,
N i—1 N i—1

T = JTiij"‘“Z,B_l_IZIBH_I -1

i=0  j=0 i=0

and
N i—1 j
=3 n 23 H T
i=0  j=0k=0
N i—1
_ Jﬁ1+l

N

ﬂt+l
2&
= 1)2 Z

i=0
LN
2(8 - 12

Therefore, S/ T? ~ %, which implies the separation cutoff by Theorem 1.1. (|

Acknowledgements

We would thank an anonymous referee for suggestions and comments on the first two
drafts. Research supported in part by 985 Project, 973 Project (grant number 201 1CB808000),
NSFC (grant numbers 11131003, 11501531), SRFDP (grant number 20100003110005), and
the Fundamental Research Funds for the Central Universities.

References

[1] ALpous, D. AND D1aconis, P. (1987). Strong uniform times and finite random walks. Adv. Appl. Math. 8,69-97.

[2] CHEN, G.-Y. AND SALOFF-COSTE, L. (2010). The L2 cutoff for reversible Markov processes. J. Funct. Analysis
258, 2246-2315.

[3] CHEN, M.-F. (2004). From Markov Chains to Non-Equilibrium Particle Systems, 2nd edn. World Scientific,
River Edge, NJ.

[4] Driaconis, P. (1996). The cutoff phenomenon in finite Markov chains. Proc. Nat. Acad. Sci. USA 93, 1659-1664.

[5] Diaconis, P. AND SALOFF-COSTE, L. (2006). Separation cut-offs for birth and death chains. Ann. Appl. Prob. 16,
2098-2122.

[6] DING, J., LUBETZKY, E. AND PERES, Y. (2010). Total variation cutoff in birth-and-death chains. Prob. Theory
Relat. Fields 146, 61-85.

[7] FiLL,J. A. (1991). Time to stationarity for a continuous-time Markov chain. Prob. Eng. Inf. Sci. 5, 61-76.

[8] FiLL,J. A. (2009). On hitting times and fastest strong stationary times for skip-free and more general chains. J.
Theoret. Prob. 22, 587-600.

[9] Mao, Y. AND ZHANG, Y. (2014). Explicit criteria on separation cutoff for birth and death chains. Front. Math.
China 9, 881-898.

[10] ZHANG, Y. H. (2013). Expressions on moments of hitting time for single birth processes in infinite and finite

spaces. Beijing Shifan Daxue Xuebao 49, 445-452 (in Chinese).



	1 Introduction
	2 Finite upward skip-free chains
	3 A general condition for separation cutoff
	4 Explicit criterion
	Acknowledgements
	References

