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Abstract The mixed principal eigenvalue of p-Laplacian (equivalently, the
optimal constant of weighted Hardy inequality in LP space) is studied in
this paper. Several variational formulas for the eigenvalue are presented. As
applications of the formulas, a criterion for the positivity of the eigenvalue
is obtained. Furthermore, an approximating procedure and some explicit
estimates are presented case by case. An example is included to illustrate the
power of the results of the paper.
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1 Introduction

As a natural extension of Laplacian from linear to nonlinear, p-Laplacian plays
a typical role in mathematics, especially in nonlinear analysis. Refer to [1,10]
for recent progresses on this subject. Motivated by the study on stability speed,
we come to this topic, see [2,3] and references therein. The present paper is a
continuation of [5] in which the estimates of the mixed principal eigenvalue for
discrete p-Laplacian were carefully studied. This paper deals with the same
problem but for continuous p-Laplacian, its principal eigenvalue is equivalent
to the optimal constant in the weighted Hardy inequality. Even though the
discrete case is often harder than the continuous one, the latter has its own
difficulty. For instance, the existence of the eigenfunction is rather hard in the
nonlinear context, but it is not a problem in the discrete situation. Similar to
the case of p = 2 ([3,4]), there are four types of boundaries: Neumann (denoted
by code ‘N’) or Dirichlet (denoted by code ‘D’) boundary at the left- or right-
endpoint of the half line [0, D]. In [7], Jin and Mao studied a class of weighted
Hardy inequality and presented two variational formulas in the DN-case. Here,
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we study ND-case carefully and add some results to [7]. The DD- and NN-cases
will be handled elsewhere. Comparing with our previous study, here the general
weights are allowed.

The paper is organized as follows. In the next section, restricted in the
ND-case, we introduce the main results: variational formulas and the basic
estimates for the optimal constant (cf. [8,9]). As an application, we improve the
basic estimates step by step through an approximating procedure. To illustrate
the power of the results, an example is included. The sketched proofs of the
results in Section 2 are presented in Section 3. For another mixed case: DN-case
studied in [7], some complementary are presented in Section 4.

2 ND-case

Let p and v be two positive Borel measures on [0, D], D < oo (replace [0, D]
by [0,D) if D = o0), dp = u(z)dz, and dv = v(x)dz. Next, let

Lpf = (lf'P2f), p> 1

Then the eigenvalue problem with ND-boundary conditions reads

{Eigenequation: Lyg(z) = —Au(z)|g|P~2g(z); 0

ND-boundaries: ¢'(0) =0, ¢(D)=0 if D < oco.
If (A, g) is a solution to the eigenvalue problem above, g # 0, then we call
A an ‘eigenvalue’ and g is an ‘eigenfunction’ of \. When p = 2, the operator
L, defined above returns to the diffusion operator defined in [4]: u=!(vf’),

where u(z)dz is the invariant measure of the diffusion process and v is a Borel
measurable function related to its recurrence criterion. For o < 3, define

Cla, B = {f: f is continuous on [a, (]},
¢*(a, 3) = {f: f has continuous derivatives of order k on (o, 3)}, k > 1,

and
B B
pes0) = [ D) = [ 1rpa

Similarly, one may define € («, 3). In this section, we study the first eigen-
value (the minimal one), denoted by \,, described by the following classical
variational formula:

A = nf{D,(f): f € €xl0, D], p(lfP) = 1, F(D) =0if D < o0}, (2)

where

u(f) = pop(f), Dp(f) =DpP(f),
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and
Cxlo, Bl ={f € €lo, []: A = % (a, 8) and f has compact support},

with p* the conjugate number of p (i.e., p~1+p*~1 = 1). When p = 2, it reduces
to the linear case studied in [4]. Thus, the aim of the paper is extending the
results in linear case (p = 2) to nonlinear one. Set

oo, B] = {f: f is absolutely continuous on |, ]}.

As will be proved soon (see Lemmas 3.3 and 3.4), we can rewrite \, as
Aep = t{Dy(f): u(|fP) =1, f € /[0, D], (D) =0} (3)

By making inner product with g on both sides of eigenequation (1) with
respect to the Lebesgue measure over (a, ), we obtain

Aa,s(|9P) = D3P (g) — (vlg'[P~%d 9)15.

Moreover, since ¢'(0) = 0, we have

Au(lglP) = Dy(g) — (vlg'P*4'9) (D),

where, throughout this paper, f(D) := lim,_.p f(x) provided D = oo. Hence,
with
P(Dp) ={f: f € &[0,D], Dp(f) < oo},

A=A, I'is the optimal constant of the following weighted Hardy inequality:

Hardy inequality : w(|f

") S ADp(f), [ € 2(Dp);
Boundary condition:  f(D) = 0.

Note that the boundary condition ‘f’(0) = 0’ is unnecessary in the inequality.
Throughout this paper, we concentrate on p € (1,00) since the degenerated
cases that either p = 1 or oo are often easier to handle (cf. [11; Lemmas 5.4,

5.6]).
2.1 Main notation and results

For p > 1, let p* be its conjugate number. Define

o(z) =o' (x), p(dz) = i(z)dz.
We use the following hypothesis throughout the paper:
u, v are locally integrable with respect to the Lebesgue measure on [0, D],

without mentioned time by time.
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Our main operators are defined as follows.

I(f)(z) = _m/o P dp (single integral form),

(double integral form),
R(h)(x) = u(x) [~ |hP2(W'h + (p — 1)(h? + W)v)|(x) (differential form).

These operators have domains, respectively, as follows:

F1={f €€[0,D]: v*" "' f' € €(0,D), flo,p) >0, f'l(0.p) < 0},

T ={f: f €€|0,D], flo,p) >0},

A = {h: h € €*(0,D)N€[0,D], h(0) =0, h|gp) <0if 2(0, D) < oo,

and hl(g py < 0 if 2(0, D) = oo},

where v(a, 8) = [ f dv for a measure v. To avoid the non-integrability problem,
some modifications of these sets are needed for studying the upper estimates.

T = {f € €lxg, x1]: P 1f € €(x0,21), F'l(@o,e1) < 0 for some

wo, 71 € (0, D) with 29 < 1, and f = f(- V 20)Ljg4,)}
%I = {f: [ = fljp, for some zg € (0,D) and f € €[0,x0]},
H = {h: 3z € (0,D) such that h € €[0,z0] N € (0, z9), hl(0,20) <0,

hl(zo,p] = 0, h(0) = 0, and ((s)up)(v’h + (p— 1)(h* + I')v) < 0},
;L0

In Theorem 2.1 below, for each f € Z, inf,¢ (o p) I(f)(z)~! produces a lower
bound of A,. So the part having ‘supinf’ in each of the formulas is used for the
lower estimates of \,. Dually, the part having ‘infsup’ is used for the upper
estimates. These formulas deduce the basic estimates in Theorem 2.3 and the
approximating procedure in Theorem 2.4.
Theorem 2.1 (Variational formulas) For p > 1, we have

(i) single integral forms:

inf sup I(f)(z)"' =\, =sup inf I(f)(x);
feZr 2€(0,D) fez; «€(0,D)

(ii) double integral forms:

inf  sup II(f)(x)"' =X\, = sup inf II(f)(x)"".
feFn aesupp(f) reFy »€0.D)

Moreover, if u and v' are continuous, then we have additionally
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(iii) differential forms:

inf  sup R(h)(z) =\, =sup inf R(h)(x).
he’ xe(0,D) hex ©€(0,D)

Furthermore, the supremum on the right-hand side of the above three formulas

can be attained.

The following proposition adds some additional sets of functions for
operators I and II. It then provides alternative descriptions of the lower and
upper estimates of \,.

Proposition 2.2 Forp > 1, we have
A\, = sup inf II(f)(z)"%;
iy . (f)(x)
Np= inf  sup II(f)(z)"?

feFnUFy xesupp(f)

= inf sup M(f)(x)"
feF zesupp(f)

= inf sup I(f)(x)",
fE?’:JcE(OD)

where

T =1{f: [ €€[0,D] and fI(f) € L(u)},
:{f Jag € (0 D) f = f]]-[O,a:()) € (g[oaxO]a
F'0,00) <0, and P T e €(0,10) )

Define k(p) = pp*?~! for p > 1 and

Op = Sup :u’(oax)lj(an)p—l
z€(0,D)

As applications of the variational formulas in Theorem 2.1 (i), we have the
following basic estimates known in [11].

Theorem 2.3 (Criterion and basic estimates) For p > 1, the eigenvalue A, >
0 if and only if o, < 00. Moreover, the following basic estimates hold:

(k}(p)O‘p)_l < )\p < 0-p_1>

In particular, we have A\, =0 if (0, D) = oo and A\, > 0 if

D
/ (0, )P 1o (s)ds < oco.
0

The approximating procedure below is an application of variational
formulas in Theorem 2.1 (ii). The main idea is an iteration, its first step
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produces Corollary 2.5 below. Noticing that A, is trivial once 0, = oo, we
may assume that o, < oo for further study on the estimates of A.

Theorem 2.4 (Approximating procedure) Assume that o, < 0.
(i) Let

f1= 0 DY fy = L II(f)P Y 6, = sup, H(f)(@), n>1.
x€(0,D

Then 0, is decreasing and
Ap = 8,1 = (k(p)ap)

(ii) For fized xo,x1 € (0, D) with xy < x1, define

. *—1
FROT = (v x07x1)1[07x1)7 From — fCCO7Z’III(fZ’07Z’1)p Lio,z1)>

and
5, = sup inf II(fyo%)(z), n>1
x0,T1: TO<T1 <1
Then 6], is increasing and
D A W

Next, define

5n: sup D T0,T1\ )
ro<T1 p( n )

Then 3;1 >\, and dpy1 = 0, forn >1

The following Corollary 2.5 can be obtained directly from Theorem 2.4. It
provides us some improved and explicit estimates of the eigenvalue (see Example
2.6 below).

z0,T1 ||P
[l A

Corollary 2.5 (Improved estimates) Assume that o, < co. Then
_ —1 _ _
P28 2Nz 2 (kp)oy)

where

1 1 /e p*—1 p—1
01 = sup [ / </ﬁtDp p dt) ds} ,
NS P sy A g #(di)

6/ 1 p—1 d p*ild Pt
= su - v(tVx,D) t s .
= s [ 0 [evanrtian) e

Moreover,

— 1 D
01 = sup [,u 0,2)0(x, D)P~1 + = / v(t, D)YPu dt} € [op, poy),
1= o W00 PP 4 s [ ot Duan)| € loppe)
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01 <68 for1<p<2anddy =6 forp=>2.

When p = 2, the assertion that §; = &} was proved in [4; Theorem 3]. To
illustrate the results above, we present an example as follows.
2.2 Example

Example 2.6 Let du = dv =dz on (0,1). In the ND-case, the eigenvalue A,

satisfies

1
)\zlz/p = Lp — DY sin~1 L.
p p

(4)

For the basic estimates, we have

o= ()" G

Furthermore, we have

— 1 1
57 =pr (- 1),

1 1 1—x 1 - 1/p*
51/p——{ su 7/ 1— e hP dz} :
L+t sen) (L— )V Jy ( )

The exact value )\11)/ P and its basic estimates are shown in Fig. 1. Then, the
improved upper bound (ﬂ/ P and lower one 3}/ P are added to Fig. 1, as shown
in Fig. 2. It is quite surprising and unexpected that both of 51/10 and gi/p are
almost overlapped with the exact value )\11,/ P except in a small neighborhood of
p = 2, where 5i/ P'is a little bigger and gi/p is a little smaller than )\11,/ P Here,

5’11/p is ignored since it improves 31/‘7) only a little bit for p € (1,2).

3 Proofs of main results

Some preparations for the proofs are collected in Subsection 3.1. They may
not be used completely in the proofs but are helpful to understand the idea in
this paper and may be useful in other cases. The proofs of the main results
are presented in Subsection 3.2. For simplicity, we let T (resp. 17, |, ||) denote
increasing (resp. strictly increasing, decreasing, strictly decreasing) throughout
this paper.

3.1 Preparations

The next lemma is taken from [1; Theorem 1.1, p.170] (see [13] for its
original idea). Combining with the following Remark 3.2, Lemmas 3.3 and 3.4,
it guarantees the existence of the solution (), g) to the eigenvalue problem.

Lemma 3.1 (Existence and uniqueness) (i) Suppose that uw and v are
locally integrable on [0,D] C R (or [0,D) C R provided D = o) and v > 0.



256 Mu-Fa CHEN et al.
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Fig. 1 Middle curve is exact value of )\11,/ P Top straight line
and bottom curve are basic estimates of )\,1,/ P

Fig. 2 Improved bounds 6;“’ and gi/p are added to Figure 1.

Given constants A and B, for each fixed A, there is uniquely a solution g such
that g(0) = A, ¢'(0) = B, and eigenequation (1) holds almost everywhere.
Moreover, vP*~1¢' is absolutely continuous.

(ii) Suppose additionally that uw and v are continuous. Then g € €0, D]
and the eigenequation holds everywhere on [0, D].

If eigenequation (1) holds (almost) everywhere for ()p,¢g), then g is called
an (a.e.) eigenfunction of X,.
Remark 3.2 (i) One may also refer to [6; Lemma 2.1] for the existence of
solution to eigenvalue problem with ND boundary conditions provided D < co.
When D = oo, the Dirichlet boundary at D means g(D) = 0, which is proved
by Proposition 3.7 below.

(ii) By [11; Theorems 4.1, 4.7], we see that the eigenequation in (1) has
solutions if and only if the following equation has solutions:

(Ig'P2g") (x) = —Xii(z)|g|P2g(x),
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where % is related to v and u in the eigenequation. Hence, the weight function v
in the eigenquation is not a sensitive or key quantity to the existence of solution
to the eigenequation and can be seen as a constant.

Define @7 [0, D] = {f: f € &7[0, D], f has compact support} and
Aip =nf{D,(f): f € @k[0,D], || fll, =1, and f(D) =01if D < oo}, (5)
>‘P = lnf{Dp(f) Up*ilf/ € %(Oa D)a f € %[O,D], HfHP = la f(D) = O}a (6)

where || - ||, means the norm in LP(u) space. The following quantities are also
useful for us. Set o € (0, D) and define

0,« .
NG = mE{Dy(f): u(f?) =1, f € /[0,0] and flja p) = 0},

AP = inf{Dy(f): f € €[0,0], " " f € €(0,0), p(|fIP) =1, flia,p) = 0}
The following three lemmas describe in a refined way the first eigenvalue and
lead to, step by step, the conclusion that

X=X = Aep = Aipy

Lemma 3.3 We have A\, = A\, .

Proof It is obvious that A\, > A, ,. Next, let g be the a.e. eigenfunction of
Aip- Then g € €[0,D] and vP*~1g’ € €(0,D) by Lemma 3.1. Since L,g =
—Xiplg[P~2g, by the arguments after formula (3), we have

— D
—(vglg' P95 + Dp(g) = Apllgllb.

Since ¢'(0) = 0 and (g¢')(D) < 0, we have A, > D,(g)/|lg|[h. Because g €
¢k|0, D], it is clear that Dy(g)/|lg|l> = A\p. We have thus obtained that

Ap S Awp S Ap,

and so A\, = Asp. There is a small gap in the proof above since in the case
of D = oo, the a.e. eigenfunction g may not belong to LP(u) and we have
not yet proved that (g¢’)(D) < 0. However, one may avoid this by a standard
approximating procedure, using [0, o, instead of [0, D) with «,, T D provided
D =o0:

lim AL = Tim inf{D,(f): u(|f1?) = 1, f € €[0, on],
T € G0,an), flianp) = 0}
= \p-

Similarly, )\Sk?l’,a") — )\*,p as n — 00. O

Lemma 3.4 For X*p defined in (3), we have X*J, = Ay p. Furthermore,

A= Ap = Aep = Ay

). )
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Proof On one hand, by definition, if 5,11 > 3,, then )\Sk?,’,ﬁ") > )\(0 Fr1) e
have thus obtained ©.5) ©0D)
lim A p™ > A, = A

* *,D
n—00 P P

On the other hand, by definition of X*J,, for any fixed € > 0, there exists f
satisfying B
1fllp =1, f(D)=0, Dp(f) <Ap+te.

Let 5, T D and f, = (f— f(ﬂn)) [0,3,)- LThen Dy(fn) 1 Dp(f) as n T oo. Choose
subsequence {n, }m>1 if necessary such that

= Dylfa) _ i Dylfa,)

n—oo ”anp m—0oo anmHg

By Fatou’s lemma and the fact that f(D) = 0, we have

lim (|f,, |5 > | Lm fo, || =[f[5=1
m—0o0 m—0o0

Therefore, we obtain

m A% < Tim Dp(f’;,)

n—o0 n—o0 ||fn\|p
m—oo ”fanp
llmm_)OO p (fnm )

< Dy(f)
< Ap &
Since lim,,— o )\Sﬁ%ﬁn) = Ay p, We get X*J, = Ay p. Moreover,
Xp > X*,p =Ap=Ap 2 Xpa
and the required assertion holds. O

The following lemma, which serves for Lemma 3.6, presents us that {)\(0 a)}
is strictly decreasing with respect to a.

Lemma 3.5 For o, € (0,D) with o < [, we have )\Ek?,;a) > Ai?j;ﬁ).
Furthermore, A Oﬁ" L Ap as B, 11 D.

Proof Let g (# 0) be an a.e. eigenfunction of )\Sﬁ%a). Then ¢'(0) =0, g(a) =0,
and L,g = —)\Sk?z’,a)|g|p_zg on (0, ). Moreover,

o D0,0{ ﬁ
A = ) pesp - / |fPdw



Mixed eigenvalues of p-Laplacian 259

(see arguments after formula (3)). By the proof of Lemma 3.3, the proof of
the first assertion will be done once we choose a function g € 7|0, 5] such that

7(0) =0, G(8) =0, and
Dy (g) Dy’(3)

8)
_ (=A%), (™)
1917000~ 191006 ) ’

To do so, without loss of generality, assume that g o) > 0 (see [12; Lemma
2.4]). Then the required assertion follows for

) = (94 Moy @) + LD (0. € 0,6,

once ¢ is sufficiently small. Actually, by simple calculation, we have

cb

(B—ap
a 8 er(8 = z)?

~||P _ p P _ p

1812 0.5 = 191200y + /0 (Ig + el — lgiP)dp + / S m(a).

Since

Dy (g) = Dp(g) + v(a, B),

0,
\0a) _ Dp(9)

inequality (7) holds if and only if

ev(a, ) “ clP _|qlP e 7 — 2V u(da (0,@)
B—op © </0 (lg +el” =gl )du+(ﬁ_a)p/a (8 —x)Pu(d ))A*vp :

It suffices to show that

p—1 o oz P |g(x)|P
vy < ([ )

By letting € — 0, the right-hand side is equal to

A5 /O pg?~'dp,

which is positive. So the required inequality is obvious for sufficiently small ¢
and the first assertion holds. The second assertion was proved at the end of the
proofs of Lemma 3.4. O

The following lemma is about the eigenfunction of A,, which is the basis of
the test functions used for the corresponding operators.

Lemma 3.6 Let g be the first eigenfunction of eigenvalue problem (1). Then
both g and g’ do not change sign. Moreover, if g > 0, then g’ < 0.



260 Mu-Fa CHEN et al.

Proof If there exists a € (0, D) such that g(a) = 0, then )\Sk?,’,a) < Ay p by the

minimum property of )\Sﬁ%a). However, by Lemma 3.5, we get )\Sﬁ%a) L Asp as

a TT D. This is a contradiction. So g does not change its sign. Next, consider
¢'. By [12; Lemma 2.3|, if there exists € (0,D) such that ¢'(z) = 0, then
Jxg € (0, ) such that g(xg) = 0, which is impossible by the strictly decreasing

property of )\Sk?,’,a) with respect to . So the assertion holds. U

Before moving on, we introduce a general equation, non-linear ‘Poisson
equation’ as follows:

Lyg(x) = —u(z)|fP~*f(x), =€ (0,D). (8)

Integration by parts yields that for z,y € (0, D) with = < y,
Y
o@)lg 29 (@)~ olalg P ) = [ 1P 0
x

By replacing f with A?"~lg, it is not hard to understand where the operator I
comes from. Moreover, if g is positive and decreasing, ¢'(0) = 0, then

o(y) — 9(D) = / D@(x)( I Iflp‘zfdu>p*_ldx, ye(©,D).  (10)

Replacing f with AP"~lg, it is easy to see where the operator II comes from,
provided ¢g(D) = 0 (which is affirmative by Proposition 3.7 below). Finally,
assume that (A, g) is a solution to (1). Then A\, = —Lyg/(|g[P~2gu). Hence, by
letting h = ¢’ /g, we deduce the operator R from the eigenequation.

3.2 Proof of main results

Proofs of Theorem 2.1 and Proposition 2.2 We adopt the circle arguments
below to prove the lower estimates:

Ap = Ap
> sp i o(f) (=)~
= fselg)[ xei(r&fD) I(f)(z)™?
= 2By
> riacton "
>\

Step 1 Prove that

Ap =N, > sup inf I )L
b2 R s nt ()@
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It suffices to show the second inequality. For each fixed h > 0 and ¢g €
%[0, D] with ||g||, = 1, g(D) = 0, and v’" ~1¢’ € €(0, D), we have

/ODlgpldMZ/ ‘/ i l/p(vt) v
L ora] (o]
/o

_ (P e [
- /0 el wpar /0

<Dy(g) sup H(t),
te(0,D)

- o

For f € Zy with sup,¢ (o py I (f)(z) < oo, let

h(t) 1/p

"(dz)

by Holder s inequality)

D _ 1p—1
h p 1
ol p(da)

(by Fubini’s Theorem)

where

t
h(t) = / P (s)u(s)ds.
0
Then A’ = fP~'u. By Cauchy’s mean-value theorem, we have

sup H(z) < sup II(f)(z).
z€(0,D) 2€(0,D)

Thus, A, > inf,c(o,p) II(f)(x)~!. The assertion then follows by making the
supremum with respect to f € Zp;.

Step 2 Prove that

sup inf II z)" = sup inf II z) ' = sup inf I z)~ L
iy A (f)(x) sup ut ) (f)(x) sup ut) (f)(x)

(a) We prove the part ‘>’. Since .#; C Zp, it suffices to show that

su inf II )1 > su inf [ 2)!
sp it D)@ > s e 1))

for f € Fr with sup,c(o,p)[(f) < oo. Since f(D) > 0, by replacing f in

the denominator of II(f) with — f f'(s)ds and using Cauchy’s mean-value
theorem, we have

sup I(f)(z) < sup I(f)(x) < ox.
2€(0,D) 2€(0,D)
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So the assertion holds by making the supremum with respect to f € .Z;.
(b) To prove the equality, it suffices to show that

sup inf I(f)(z)"'> sup inf II(f)(z)"%
swp it (@) > s it (7))

For f € .7y, without loss of generality, assume that inf (o p) I(f)(z)~! > 0.
Let g = f[ﬂ(f)]p*_l. Then g € .#;. Moreover,

v)=g = [ [T e 20,
ie.,
Ia)@™ > _inf (@)
Hence,

su inf I )V > inf T 2y V> inf IT 2)!
sp it K@) > e 1)@ > it (7))

and the assertion holds since [ € .Zj is arbitrary.
Then there is another method to prove the equality: prove that

sup inf I(f)(z)"t =N,
iy (f)(z) p

Let g be an a.e. eigenfunction corresponding to A,. Then g is positive and
strictly decreasing. It is easy to check that g € .#;. By (9), we have

Ap = iInf T )7 < su inf I z) L
p =, dut (9)(z) sup ot (f)(z)

Step 3 When u and v’ are continuous, we prove that

sup inf II z)"' > sup inf R(h)(2).
fe€EF z€(0,D) (f)( ) hesr €(0,D) ( )( )

First, we change the form of R(h). Let g with g(D) = 0 be a positive
function on [0, D) such that h = ¢’/g (see the arguments after Lemma 3.6).
Then

R(h) = —u H|hP~2[o'h+ (p — Du(h? + )]} = —

ugh T Lyg.

Now, we turn to our main text. It suffices to show that

sup inf II(f)(z)"' > inf R(h)(z) for every h € .
S (f)(z) sty (h)(x) y
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Without loss of generality, assume that inf,c py R(h)(z) > 0, which implies
R(h) > 0 on (0,D). Let f = g(R(h))?”"~! (g is the function just specified).

Since u, v' are continuous, we have f € % and
u(@) [P (x) = ~Lyg(x), =€ (0,D).

Moreover, by (10), we have

*

9(y) — g(D) = / D@(a:)( /0 ' fp‘ldu>p e

So g?~1/fP~t > II(f) on (0, D) and

. . fp_l . -1 . -1
inf R(h) = inf < inf IT < su inf I x) .
(0,D) () 0.0) gv=1 " (0,D) () feflf)n z€(0,D) (H)

Hence, the required assertion holds.

Step 4 Prove that
su inf R(h)(x) > )\
he 2€(0.D) (1)) > 2
when » and v’ are continuous.
Note that

seo)( [ fpld/t)p*l < i)y <ote0)( [ ’ f”ldu>p*1-

If ©(0,D) < oo, then choose f € Lp_l(,u)_ to be a positive function such that

g= fII(f)P" 7! < o0.Set h = ¢'/g. Then h € J# since u and v’ are continuous.
Moreover, L,g = —ufP~! and

1 -t

T
If ©(0, D) = oo, then set h = 0. So R(h) = 0. In other words, we always have

sup inf R(h)(z) > 0.
he ©€(0,D) (h){e)

Without loss of generality, assume that A, > 0 and g is an eigenfunction of
Ap, 1.e.,
Lyg = =Apulg["?g.
Let h =g¢'/g € 7. Then R(h) = A, and the assertion holds.

Step 5 Prove that the supremum in the lower estimates can be attained.
Since

0=\, > inf II >0, 0=X,> inf I 1>0
p> nf () (@) p> dnf (/) (@)
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for every f in the set defining A, the assertion is clear for the case that A\, =
0. Similarly, the conclusion holds for operator R as seen from the preceding
proof in Step 4. For the case that A, > 0, assume that g is an eigenfunction
corresponding to \y. Let h = ¢//g € #. Then R(h) = \,, I(g)~! = A, by
letting f = Ay “'g in (9) and II(g)~! = A, by letting f = A "'g in (10)
whenever g(D) = 0.

Now, it remains to show that the vanishing property of eigenfunction at D,
which is proved in the following proposition by using the variational formula
proved in Step 1 above.

Proposition 3.7 Let g be an a.e. eigenfunction of A\, > 0. Then g(D) = 0.
Proof Let f=g—g(D). Then f € %p. By (10), we have

*_1
ro=3 [Cao( [ora) a

We prove the proposition by dividing it into two cases. Denote

M(z) = /xD W(t) < /Ot d,u)p*ldt.

(a) If M(z)= oo, then f(x) = g(x) — g(D) < oo and

)\;—P*f(x) = /fo)(t)</0t gp—ldu>p*_ldt > g(D)M(z) = 00

once g(D) # 0. So there is a contradiction.
(b) If M(x) < oo, then

D t pr=1
s = [Coo( [ aoran) a< 010 <.

T

Replacing f in the denominator of II(f) with this term and using Cauchy’s
mean-value theorem twice, we have

p,1 p—l p—l
supH(f)gisupf—ilzi sup <1_g(D)> :i<1_M> )
(0,D) Ap (0,0) 9° Ap 2€(0,D) g() Ap 9(0)

The last equality comes from the fact that g || . If g(D) > 0, then
\-

p1< inf sup II(f)(z) < sup H(f)(x)<)\;1,

Fe€Z1 4e(0,D) 2€(0,D)

which is a contradiction. Therefore, we must have g(D) = 0. g

By now, we have finished the proof of the lower estimates of A,. Dually,
one can prove the upper estimates without too much difficulty. We ignore the
details here.
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The following lemma or its variants have been used many times before (cf.
[3; Proof of Theorem 3.1], [2; p.97], or [7], and the earlier publications therein).
It is essentially an application of the integration by parts formula, and is a key
to the proof of Theorem 2.3.

Lemma 3.8 Assume that m and n are two non-negative locally integrable
functions. For p > 1, define

s =( [ ’ n(y)dy)p_l, M) = [ s

and
co= sup S(z)M(zx) < oo.
z€(0,D)
Then
/ m(y)Syl Py < — L S(@) @M e (0,2,
0 1— m P

Proof of Theorem 2.3 First, we prove that \, > (k(p)o,)~!. Fixing r €
(0,p/p*), let f(z) = D(x,D)P""/P. Applying m(z) = u(x), n(zx) = d(x) to
Lemma 3.8, we have

M(z) = p(0,z), S(z)=i(x, D)™, co=o0p,

and

v . op . (/0
| o0 Dy utdy) < 2 ot D0,
0 P
Since . .
P2 = = (ER o, D)o mta))
p
we have .
sup 1(f)(z) < 2L o (11)
2€(0,D) 1 ===

By Theorem 2.1 (i), (11), and an optimization with respect to r € (0, p/p*), we
obtain

Ml <(sup inf T 2)™)7! <pp*p_1o =k(p)oy.
S (s ne ()@ ) 0= k(D)o

Now, we prove that A\, < O'p_l. For fixed zg, 21 € (0, D) with z¢ < 1, let
f(x) = 0(x V 20, D)Ljg 4y ().

Then

T

I(f)(x) = &(xg, D)P 1 (0, z) +/ o(t, DY~ u(dt), x € (xo,x1),

Zo
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and I(f)(z) = oo on [0,x0] U [z1, D] by convention 1/0 = co. Combining with
Theorem 2.1 (i), we have

' > inf I(f)(@) = o(ao, D) p(0,20), w0 < a1.

Thereby the assertion that A, < o, I follows by letting 21 — D. Since

D

D
)P "oz < L )P " Lo(s)ds < ,8)P 7 Lo(s)ds,
(0, 2) <,D></ (0, 57" i (s)d </0 (0, 57" i (s)d

xT

the assertions hold. O

From the proof above, it is easy to understand why we choose the test
function as f = [+, D]'/?" in [5; Proof of Theorem 2.3 (a)] in the discrete case.

Proof of Theorem 2.4 Using Cauchy’s mean-value theorem and definitions of

85, On, Op, and A, it is not hard to show the most of the results except that
Op1 = 0, Put f = f,°" and g = f,.97". Then g = fII(f)? ~'. By simple
calculation, we have

Dylg) = /0 TP g (@) de = /0 ) /0 " duld (@) o) de.

Exchanging the order of the integrals, we have
T 1
D,(g) = —/ fpl(t),u(dt)/ ¢ (z)dx (by Fubini’s Theorem)
0 t

< / " P gu(d)  (since g(ar) > 0)
0

o (t)\p—1
< g’dp sup (=<
/o te(0,01) <g(t))

< ullglP) sup I(f)(z)7"

z€(0,x1)

So the required assertion holds. O

Proof of Corollary 2.5 (a) The calculation of §; is simple. We compute 4]
first. Consider the term inf,—,, II(f{*"")(z). By calculation, we obtain that
for x € (wg, 1), the numerator of (II(f{*"")(x)?"~1Y|, equals

i [T [ s(ff“’“)“duylds ~otwan)( [ x(ff“’“)“duyl] |

which is obviously non-negative. So

*

v(z,xy)
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is increasing in = € (xg,x1). Hence,

) 1 z1 s . p*—1 p—1
0, = su Ai/ @8</0t\/x,x L dt> ds]
17 ey [V(wo,wl) - (=) 0 (& @0, 21} w(dt)

1 D s . p*—1 qp-1
= sup ———— (s vtV xg, D)P~ pu(dt ds i
moe((]I,)D) (xg, D)P~1 [/mo ( )</o ( 0. DYl )> }

In the last equality, we have used the fact that II(f{*"")(z¢) is increasing in
x1 € [xg, D]. Indeed, let

Ni(s,y) = /S p(t,y) u(dt),  f(s,y) = 0(s)Np—1(s,9)" L.

zo

T e p— [yf<s,y>ds+ / "o(s)ds /Omﬂxo,y)plu(dt)

ﬁ($0ay) o 0
Yy
= m /IO f(37y)d3 + M(O,.’L‘o)ﬁ({ﬂo, y)p_l
=: H1(y) + Ha(y),

and

a% Np-1(s,y) = /s(p — 1)o(t,y)P*0(y)u(dt) = (p — 1)o(y) Np—2(s, y),

zo

j—y f(s,9) = (5" 1>@<s>Np1<s,y>P*—2§—y Np1(s5.9),

gy o= [ gy ouki s fa)

Hence, the numerator of dH;/dy equals

<§—y Aif(s,y)ds)ﬁ(wo,y) —0(y) /x: f(s,y)ds

y *
= (a0, )0) [ 005 Npea(s,) 2 Nya(s.p)ds

zo

+ 0w 0)f.9) — 000) [ " f(s.p)ds

= () (mxo,y) [ N N (s

0

-/ y@(s)Nm(s,y)p*-lds) T (a0, F . y).

0

Since
ﬁ(x07y)Np—2(say) - Np—l(87y) 2 07 s € [x07y]a
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So

268
we see that dH;/dy is positive. It is obvious that dHy/dy is positive.

IT(f7%Y)(x0) is increasing in y and the required assertion holds.

(b) Compute §1. By definition of &1, we have

== [ (ot ) aan
= w0.aiteo,y+ [ ([ owar) wtan

o

" (t)Pu(t)dt = D(xg, x1).

Hence,
5= sup <,u(0,x0) (xo,xl)pl+m / ﬁ(s,xl)p,u(ds)>
! / ’ ﬁ(s,D)pu(ds))

0 > py-lty__ -
ILL( 7:1;0)1/('%.07 ) + ])(xO’D) .

>

= sup <
20€(0,D)

In the second equality, we have used the fact that
1 1 o

0,20)0(xg, x1)P™" + = / Uv(s,x1)Pu(ds) T in 1.

0, z0) a1+ s | ot Pt

Indeed, it suffices to show that
[ otsoruts) < s [Mils.pputds), o <a<
U(s,x 5) < = (s, s), wo<w ,

© : (z0,9) Jo o ’ Y

0

(o, ) Jay
which is equivalent to
1 v oy (s, a)”
—_ vs,pd8+/ - — = ds) > 0.
oo . e+ [ (Gt s s
Since p > 1 and o(t,x) < v(xp,x) for z >t > x(, we have
ot y)P [ﬁ(t,f{) + ﬁ(x,y)r S My Pey) DoY)
o(t,x) o(t, z) v(xo, )  D(wo, )

o(t, z)P
for t > ¢ and the required assertion holds.
(c) Comparing 6] and d;. It is easy to see that

/:DD (-, D)Pdp = /:DD p(t, D)P~! /tD o(s)dsp(dt)

= ["a6) [ ot ppwianas,
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xT

D
10, 2)0(z, D) = / i) [ o DYt

Let ay(s) = o(s)/0(x,D) for s € (x,D). Noticing that a, is a probability
on (x,D), by the increasing property of moments E(|X[*)/* in s > 0 and
combining the preceding assertions (a) and (b), we have

D s
01 = sup / ax(s)/ p(t Vv, D)L u(dt)ds
z€(0,D) Jx 0

D s pr=1 qp-1

< sup [/ ax(s)</ otV x,D)pl,u(dt)> ds] (if p* —1>1)
z€(0,D) LJx 0

= §].

Similarly, if p* — 1 < 1 (i.e., p > 2), then §; > §].
(d) Prove that §; < pop. Using the integration by parts formula, we have

xT

/I v(y, D)’ u(dy) = 0(y, D)P (0, y)lz, +p/ (y, D)~ o (y) (0, y)dy

Zo o
T

< 0y(z, D) — p{ao, DPu(0,20) +poy [ 9(u)d.
0
Since v(z, D) < oo, letting  — D, we have

— 1 D
01 = sup <,u 0, z)0(xo, D)P~ ! + Ai/ v(-,D pd,u)
20€(0,D) ( ) ( ) V(l’o,D) o ( )

< swp [M(07$0)ﬁ($0,D)p_1
z0€(0,D)

+ m <— v(xg, D)P (0, z0) + poy /:BOD v(y)dy)]

= POp,

and the required assertion holds. U

4 DN-case

From now on, we concern on p-Laplacian eigenvalue with DN-boundaries. We
use the same notation as the previous ND-case since they play the similar role
but have different meaning in different context. Let D < oo, p > 1. The p-
Laplacian eigenvalue problem with DN-boundary conditions is

{Eigenequation: Lyg(x) = —u(x)|g|P~2g(z);

12
DN-boundaries: ¢(0) =0, ¢ (D)=0if D < oc. (12)
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The first eigenvalue A\, has the following classical variational formula:

D)
Ay = f{ﬂ(lflp)' F0)=0, f#0, f € %[0, D],

WL € €(0,D), Dy(f) < oo}. (13)

Correspondingly, we are also estimating the optimal constant A := A, Lin the
weighted Hardy inequality:

n(fIP) S ADy(f), f(0) =0, [feP(Dyp).

For p > 1, define % = v' 7" and #(dz) = 0(z)dx. We use the following operators:

I = : "’ P=1d ingle integral f
(f)(x) = W/z [P dp (single integral form),

I(f)(x) = %1(55) [/Oxﬁ(s)(/j fpldu>p*1d8:|p1

(double integral form),
R(h)(z) = —u "{|hP2[v'h + (p — Dv(h* + )]} (x) (differential form).
The three operators above have domains, respectively, as follows:
F1={f €€[0,D]: v"* ' f €%(0,D), f(0) =0 and f'|py >0},
Fn={f: f€€[0,D], f(0) =0and f|qpy > 0},

H = {h: h € €'(0,D)N€0, D], hlo,p) > 0 and / h(u)du = oo}7
0+

where fo , means fos for sufficiently small € > 0. Some modifications are needed
when studying the upper estimates:

“é;/ = {f € (5[0’$0]: f(O) =0, Up*_lf, € (g(oaxO)af/|(0,:c0) >0
for some x¢ € (0,D), and f = f(- Azo)},

Fu = {f: £(0) =0,3z0 € (0, D) such that f = f(- Azo) >0
and f € %[0,1’0]},

H = {h: Jxg € (0,D) such that h € €[0,z0] N (0, z0), hl(0,20) > 0,
hl(zo,p) = 0, / h(u)du = oo, and sup ['h + (p — 1)(h? + K )v] < O}.
0+ (071:0)

When D = oo, replace [0, D] and (0, D] with [0, D) and (0, D), respectively.
Besides, we also need the following notation:

Ty ={f: f(0)=0, f € €[0,D] and fII(f) € LP()}.
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If (0, D) = oo, then A, defined by (13) is trivial. Indeed, let
J =1 p] + "),

where h is chosen such that h(0) = 0 and f € €*(0, D) N €0, D] (for example,
h(z) = —22- 572 +2x-5°1). Then D,(f) € (0,00) and u(|f|P) = oo. It follows
that A, = 0.

Otherwise, 11(0, D) < co. Then for every f with u(|f|P) = oo, by setting

FEO = f(- Awg) € LP(p),
we have
00 > D(f)) = D(f), o0 > p(|f*") = u(|fI") aswo— D.

In other words, for f ¢ LP(u), both pu(|f|P) and D,(f) can be approximated by
a sequence of functions belonging to LP(u). Hence, we can rewrite ), as follows:

Ny = nf{D,(f): pl| ) =1, (0) =0, and f € €10, D) &[0, D]}.  (14)
In this case, we also have
Ap = mf{D,(f): ([ f1P) =1, f(0) = 0, f = F(- A o),
f € €0,z0) NE|0,xg] for some o € (0,D)}.
We are now ready to state the main results in the present context.

Theorem 4.1 Assume that (0, D) < co. Forp > 1, the following variational
formulas hold for X\, defined by (14) (equivalently, (13)):

(1) single integral forms:

inf sup I(f)(z)"'=X\,=sup inf I(f)(z)"}
feF; 2€(0,D) fez; ©€(0,D)

(ii) double integral forms:

Ap= inf sup I(f)(x)"" = inf _ sup I(f)(x)"",
feZr z€(0,D) fEFUT} 2€(0,D)

N\, = sup inf II(f)(z)"'= sup inf II(f)(z)"".

i ez ©€(0,D) () ez =€(0,D) ()

Moreover, if u and v' are continuous, then we have additionally
(iii) differential forms:

inf sup R(h)(z) =\, =sup inf R(h)(z).
hest x€(0,D) hesr v€(0,D)

Define
k(p) =pp™™~", o,= sup p(z,D)p(0,z)P"".
z€(0,D)
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As an application of the variational formulas in Theorem 4.1 (i), we have the
following theorem which was also known in 1990s (cf. [11; Lemmas 3.2, 3.4]).

Theorem 4.2 (Criterion and basic estimates) For p > 1, A\, > 0 if and only
if 0, < 00. Moreover,

(k(p)ap) ™t < Ap <ot

In particular, we have X\, = 0 if (1(0, D) = oo and Xy, > 0 if

D
/ (s, D) "o (ds) < oc.
0

The next result is an application of the variational formulas in Theorem
4.1 (ii).

Theorem 4.3 (Approximating procedure) Assume that p(0,D) < oo and
op < 00.

(i) Let

1= 79(0’ ')l/p*’ fn-i-l = ntI(fn)p*717 o = sup II(fn)(x)7 n =1

Then 0, is decreasing in n and
Ao 26,0 > (k(p)oy)
(ii) For fized xo € (0,D), let
17 =00, nao), F0 = L)) (Ao

0= sup inf II(f7))(x), n>1.
z0€(0,D) z€(0,D) ( )()

Then 6], is increasing in n and

o, =8 =N
Moreover, define
: LA
n= Sup ————_

z0€(0,D) Dp(f»,(LxO)) ’

Then . B
5n = >\p7 6n+1 = 6;, nz 1.
Most of the results in Corollary 4.4 below can be obtained directly from
Theorem 4.3.

Corollary 4.4 (Improved estimates) Assume that (0,D) < oo and A, > 0.
We have

Q
AN
WV
S
oI
WV

Ao =671 = (k(p)oyp) ™,
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where

1 D . p*—1 p—1
01 = sup [ </ Otpp dt> ds} ,
= o e ), )

1 D pr=1 qp-1
5 = S(l(l)pD) (Ox)pl[/ (/ 2(0,t A x)P~? (dt)> ds] .
xe (0,

Moreover,

01= sup <M(a:,D)19(0,x)p_1 + ﬁ(()l’ ) /01’ ﬁ(O,t)pu(dt)> € [op, poyl,

z€(0,D)

01 =61 forp>=2andd <) for 1 <p<2.

When p = 2, the equality d; = d; was proved in [4; Theorem 6.

Most of the results in this section are parallel to that in Section 2. One
may follow Section 3 or [4,7] to complete the proofs without too many
difficulties. The details are omitted here. Instead, we prove some properties
of the eigenfunction g, which are used in choosing the test functions for the
operators.

Lemma 4.5 Let (A, g) be a solution to (12), g # 0. Then g’ does not change
sign, and so does g.

Proof First, the solution provided by Lemma 3.1 is trivial: g = 0, if the given
constants A and B are zero. Because we are in the situation that g(0) = 0,
we can assume that ¢'(0) # 0. Next, we prove that ¢’ dose not change sign by
seeking a contradiction. If there exists 29 € (0, D) such that ¢'(x¢) = 0, then
g(xg) # 0 by [12; Lemma 2.3]. Let

9= 9110,20] + 9(20)L(z,D)-

By simple calculation, we obtain

Dy(9) = (—Lpg, 9)u = Apho,ze (1917)-
So

oD@ oallgl?)
n(lglP)  po,w(191P) + plzo, D)lg(zo)[P
which is a contradiction. Therefore, ¢’ does not change sign. Since g(0) = 0,
the second assertion holds naturally. U

< Ap,
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