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with an analytic proof and a unified treatment is given for the conservative and
non-conservative cases. Moreover, the criteria for zero-exit and zero-entrance of non-
conservative birth-death Q-matrices are obtained again. Meanwhile, a similar treat-
ment is given for the corresponding problem of single birth Q-matrices with immigra-
tion.
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solution
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1 DEFGHIJ
��K��� Z+ := {0, 1, 2, . . .}����� (X(t))t≥0,��L������ P (t) = (pij(t),

i, j ∈ Z+), ��L����� Q = (qij, i, j ∈ Z+) �� P (t) ��� 0 �����

qij := lim
t→0

pij(t) − δij

t
, i, j ∈ Z+.

L��������� Q ��, ����M
0 ≤ qij < ∞, i �= j;

∑
j �=i

qij ≤ −qii =: qi ≤ ∞, i ∈ Z+.

���� i ∈ Z+ �� qi < ∞, ��� Q ���� ��; ���� i ∈ Z+ �� qi =
∑

j �=i qij

(�� ,
∑

j∈Z+
qij = 0), ��� Q ���!��. "!� Q �� "!�, # "#!�, $

!%��� ��.

&�$'�� Q, N(�)* P (t), "+�L������ Q (#! [5, , 75 %�$ 2.21]),

��)*� Q ��%��&)*, &� Q )*. &)*�'$�()�O, Q ��%�� Q )

*�-'$. �()P*�+,-$�., '.Q��(/+0��)� Q ��12�L��
��� P (t), �'$�23*, �4')*�/00$'����, � Q )*�M�()�1+
,5-624. �.78/03, 4*19 Q )*�'$�. &)*'$�():5 Q ��!

�5#!�6;, #5 Q ���7�23<=2345678R.

&� Q �� Q = (qij : i, j ∈ Z+), ��8' (�� , ���) λ > 0, >*

λxi =
∞∑

j=0

qijxj , 0 ≤ xi ≤ 1, i ∈ Z+ (1.1)

S�9?: (2:), ��� Q ���23<�; ��8' (�� , ���) λ > 0, >*

λyi =
∞∑

j=0

yjqji, yi ≥ 0, i ∈ Z+ ;

∞∑
i=0

yi < ∞ (1.2)

S�9?:, ��� Q ���234�.

T�U9, >* (1.1) =>* (1.2) �:��!5 λ :; (#! [5, , 91 %�$ 2.37]), @ 

",:���;�AB�V dimU C dimV . 1 dimU = 0 � Q ��23<, dimV = 0 � Q

��234; /< , dimU = 1 = dimV = 1 AB�� Q ��D3<=D34.
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� Q ��%�� Q )*Q, CY Kolmogorov AJ>*��� BQ )*, CY Kolmogorov

AD>*��� FQ )*. B! [5, , 75 %�$ 2.21]) 9, ZC Q )*N(�;:� BQ )*

#� FQ )*. B! [5, , 97 %�$ 3.2] 9, BQ )*'$K;ÆK Q ��23<; B! [5, ,

101 %�$ 3.6] 9, FQ )*'$K;ÆKZC Q )*2Q9LD Q ��234. 1;. Q )

*'$�, $M��E+ #! [5, , 102 %�$ 3.8, , 115 %�$ 3.26].

3<=34�1BN;80ZC)*�OEF�, )*�PG$+=2QRS�()�. F

�, �8 Q ��H� (� Q ��!�;%�� Q )*'$) ;234, � Q ��� μ 2Q��

RST�ZC Q )*� μ 2Q��RS (#! [7, 8]).

"!G��, ��7�DH Q ��=DI Q ��AB&<�23<L234�JI1B.

[\ 1.1 � Q �� Q = (qij : i, j ∈ Z+), ���� i, j ∈ Z+, j ≥ i + 2 �� qij = 0, ;

N := sup{i + 1 : qi,i+1 = 0, i ∈ Z+} = inf{i :� k ≥ i �� qk,k+1 > 0} < ∞,

����DH Q ��, �/� Q )*��DH Q )*. K N ≥ 1 �, #�� Q �� (L)*)

�UKJVK�DH Q �� (L)*).

���� i, j ∈ Z+, j ≤ i − 2, �� qij = 0, qi,i−1 > 0, ����DI Q ��, �/� Q )

*��DI Q )*.

]LML� Q �� "�#!��. �:KJVK�!�DH Q ��, NMN [12] O��

>W� 1984 OPP&<Q23<�1B^�, QJRRS=XTW [11] � 1986 O&<�^�
�ASTU, 1999 OXTW [6] �UKJVK�!�DH Q ��, O0U�AS>W+023<

�1B^�, ! [5, �$ 3.16] ���&YTU. Chen �� 2005 OO/<.! [10] Q�AS>
W, VVQ:KJVK�!�DH Q ��23<=!�DI Q ��234�1B^�, Z[)

! [3, 4, 9] O<, !� Q ���H�=WH��1B "\E�6/#!�03��23<=

D34() (#! [2, , 5 X]), Z;&<Q#!�HY Q ���23<=234�1B. "!

�_*]W��,DH Q ��23<=DI Q ��234�1B^�X^`#!�03, 1;

,!�=#!�Za03��1B6Y$. 78-Z, "!NY$_$Q!�=#!�Za03
�U�[�DH Q ��23<�1B().

�.DH Q ��, 2�23<, \�D3<; �.DI Q ��, 2�234\�D34. b
] , �+023423<�1B^�, [^#\9\QDH Q ��D3<=DI Q ��D3

4�1B. M]]��L^�, F�D3<5)*�PG�;, 1D3478.)*�WH��.

� ci := qi −
∑

j �=i qij � Q ��� i `�#!�_. _*Ea��.

[c 1.2 &�DH Q �� Q = (qij : i, j ∈ Z+). �^ q
(k)
n =

∑k
j=0 qnj (k < n), � Q �

��23<� (�� , BQ )*'$) K;ÆK R :=
∑∞

n=N mn = ∞, �Q

mN=
1

qN,N+1
(1+cN+q

(N−1)
N ), mn=

1
qn,n+1

(
1+cn+q(N−1)

n +
n−1∑
k=N

(cn+q(k)
n )mk

)
, n>N ; (1.3)

�� , K;ÆK R̃ :=
∑∞

n=N m̃n = ∞, �Q

m̃N=
1

qN,N+1
(1 + cN + q

(N−1)
N ), m̃n=

1
qn,n+1

(
1 + cn + q(N−1)

n +
n−1∑
k=N

q(k)
n m̃k

)
, n>N. (1.4)
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[c 1.3 &�DI Q �� Q = (qij : i, j ∈ Z+). �^ q̄
(n)
k =

∑∞
j=n qkj (n > k), � Q �

��234�K;ÆK R :=
∑∞

n=0 mn = ∞, �Q

m0 = 0, mn =
1

qn,n−1

(
1 +

n−1∑
k=0

(ck + q̄
(n)
k )mk

)
, n ≥ 1.

�� Q ��#!�, � FQ )*'$K;ÆK R = ∞.

�X&<Q�$ 1.2 �TU"C#!�HY Q ��23<�1B^�; 8Z, NY$_$Q

!�=#!�Za03�U�[�DH Q���23<1B(), �$ 1.3�_`TU= (!�

LD#!�) HY Q ��234�1B"C6;X+,�, 3 X&<.

2 de Q fghijk
PTU�$ 1.2, aO�TUbc`_$ ( (#!�) U�[�DH Q ���6/().

[c 1.2 lmn (a) [^PP�ab�K��� Z+ := {−1, 0, 1, . . .} ��^$'d�U
KJVK�!�DH Q �� Q̂ = (q̂ij : i, j ∈ Z+) ��

q̂−1,j = 0, j ∈ Z+; q̂i,−1 = ci, q̂ij = qij , i, j ∈ Z+.

(b) befT�� Q �23<�K;ÆK Q̂ �23<�,  #! [5, , 97 %�$ 3.2] �

TU. ,8, [^,K��� Z+ �#!�DH Q ��23<�1�LY3QabK��� Z+

�UKJVK�!�DH Q ��23<�1�.

(c) B! [5, �$ 3.16] 9, Q̂ 23< (�� , Q )*'$) K;ÆK R :=
∑∞

n=N mn = ∞,

�Q mn B (1.3) �^, c1,$'E++T.

(d) �cTUZ'd�
∑∞

n=N m̃n =
∑∞

n=N mn 0de.

PP, e9 mn ≥ m̃n (n ≥ N). ,8, �
∑∞

n=N m̃n = ∞, �
∑∞

n=N mn = ∞. �e, K∑∞
n=N mn = ∞ �, �

∑∞
n=N m̃n < ∞, �(�fAb�H� N0 ≥ N , "+���� n ≥ N0,

Mn :=
n∑

k=N

mk > 1 ; K := 2
∞∑

k=N0+1

m̃k < 1,

B. Mn ;. n Dghg` ∞, @�fL� n > N0,  "�)\gWTU

mk ≤ 2m̃kMn−1, N ≤ k ≤ n. (2.1)

h'�, B mN = m̃N C Mn−1 > 1 (]L8� n − 1 ≥ N0) 9, k = N �E+ (2.1) I3*. %

io` � − 1(< n) E+ (2.1) !3*, ��. k = �(≤ n), �

m� ≤ 1
q�,�+1

(
1 + c� + q

(N−1)
� +

�−1∑
k=N

q
(k)
� 2m̃kMn−1 + c�M�−1

)

≤ 1
q�,�+1

(
1 + c� + q

(N−1)
� +

�−1∑
k=N

q
(k)
� m̃k

)
2Mn−1 = 2m̃�Mn−1.

� k = � � (2.1) I]]3*. ,8, B\gW9, �fL� N ≤ k ≤ n, (2.1) I3*. j

L =
∑N0

k=N mk, ��fL� n > N0, �

Mn = L +
n∑

k=N0+1

mk ≤ L +
n∑

k=N0+1

2m̃kMn−1 ≤ L + KMn−1;
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k$i

Mn ≤ L + LK + · · · + LKn−N0−1 + Kn−N0MN0 =
L − LKn−N0

1 − K
+ Kn−N0MN0 .

j n → ∞, X<ljE+: ∞ ≤ L/(1 − K). ,8
∑∞

n=N m̃n = ∞. `8, TUQ�$�,k'

E+. Tl.

B�$ 1.2  om+0�cZ'X+.

pq 2.1 &�DH Q �� Q = (qij : i, j ∈ Z+). �
∞∑

n=N

1 + cn + q
(N−1)
n

qn,n+1
= ∞,

ÆB , � supn qn,n+1 < ∞, ��DH Q ��23<. �(� N0 ≥ N , "+K n ≥ N0 �, ��

q
(n−1)
n ≥ qn,n+1, �� Q ��h23<.

pq 2.2 &�HY Q �� Q = (ai, bi, ci : i ∈ Z+), �Q ai := qi,i−1, bi := qi,i+1, ci :=

qi − (ai + bi), i� a0 = 0. %�

bi > 0, i ≥ N ; ai > 0, i ≥ N + 1,

8_ N �L^#�^ 1.1. j

μN = 1, μn =
bNbN+1 · · · bn−1

aN+1aN+2 · · · an
, n ≥ N + 1.

��HY Q ��23<K;ÆK
∞∑

n=N

1
μnbn

( n∑
k=N

μk(1 + ck) + μNaN

)
= ∞.

ÆB , K N = 0 �, �HY Q ��23<K;ÆK
∞∑

n=0

1
μnbn

n∑
k=0

μk(1 + ck) = ∞. (2.2)

�cX+Q (2.2) I_$��:KJVK ( (#!�) �HY Q ��, "M�B! [2] P

m+�^�, 1J"!�jVDOTU�$ 1.2 �/<>WPdTU-, #! [13]. M#��r
"!VV (#!�DHLDI Q ���+,-$: X^#!�HY���6;1B`DHL
DDI Q ��.

�VV ( (#!�) U�[DH Q ���23<, P���cÆn�!� Q ��

q0 = 0; q12 > 0; qi,i+1 > 0, qij = 0, i ≥ 2, j ≥ i + 2. (2.3)

]L, 8_ 0 �KJ�; q1j ≥ 0 (j ≥ 3). �^

F (n)
n = 1, F (i)

n =
1

qn,n+1

n−1∑
k=i

q(k)
n F

(i)
k , 0 ≤ i < n. (2.4)

sc 2.3 &�3� (2.3) Q�!� Q �� Q = (qij : i, j ∈ Z+), �fLo��Hk�

J ≥ 2, h\ �^�p

m̂
(J)
J =

1
qJ,J+1

(
1 + q

(J−1)
J

)
, m̂(J)

n =
1

qn,n+1

(
1 + q(J−1)

n +
n−1∑
k=J

q(k)
n m̂

(J)
k

)
, n > J.
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a�^

m̂
(1)
1 =

1
q1

, m̂(1)
n =

1
qn,n+1

(
1 +

n−1∑
k=1

q(k)
n m̂

(1)
k

)
, n ≥ 2, (2.5)

�d�
∑∞

n=J m̂
(J)
n �de�5 J :;, �d�

∑∞
n=J m̂

(J)
n (J ≥ 1) 0de.

mn � RJ :=
∑∞

n=J m̂
(J)
n . S4TU�fL J ≥ 1, � RJ < ∞ ��. RJ+1 < ∞. PP,

B m̂
(J)
n ��^+<

m̂(J+1)
n − m̂(J)

n =
1

qn,n+1

(
qnJ − q(J)

n m̂
(J)
J +

n−1∑
k=J+1

q(k)
n (m̂(J+1)

k − m̂
(J)
k )

)
, n > J ≥ 2;

m̂(2)
n − m̂(1)

n =
1

qn,n+1

(
q(1)
n − q(1)

n m̂
(1)
1 +

n−1∑
k=2

q(k)
n (m̂(2)

k − m̂
(1)
k )

)
, n ≥ 2.

aB (2.4) = m̂
(J)
n ��^ZEn�cZI, 2qO\gWTU"��M

−m̂(J+1)
n m̂

(J)
J ≤ m̂(J+1)

n − m̂(J)
n ≤ F (J)

n , n > J ≥ 1,

"C

F
(K)
k ≤ m̂

(K)
k /m̂

(K)
K , k ≥ K ≥ 1.

c1
m̂

(J)
n

1 + m̂
(J)
J

≤ m̂(J+1)
n ≤

(
1 +

1

m̂
(J)
J

)
m̂(J)

n , n > J ≥ 1.

B8�9 RJ < ∞ ��. RJ+1 < ∞. Tl.

[c 2.4 �3� (2.3) Q�!� Q �� Q = (qij : i, j ∈ Z+), Q ���23<� (�� ,

Q )*'$) K;ÆK R̂ :=
∑∞

n=1 m̂n = ∞, �Q m̂n, � (2.5) Q��^� m̂
(1)
n , h�

m̂1 =
1
q1

, m̂n =
1

qn,n+1

(
1 +

n−1∑
k=1

q(k)
n m̂k

)
, n ≥ 2. (2.6)

mn �8!� Q ��, 23<h�>*

(λ + qi)ui =
∑
j �=i

qijuj , ui ≥ 0, i ∈ Z+

�8' (�� , ���) λ > 0 �#9?::K. B8 Q ���Æ`9, u0 = 0. � u1 = 0, �

ui ≡ 0 (i ≥ 2). En�I, � Q ��23<�>*

(λ + qi)ui =
∑
j �=i

qijuj , u0 = 0, u1 = 1, ui ≥ 0, i ∈ Z+ (2.7)

�8' (�� , ���) λ > 0 �::K.

�c[^ArisTU�$E+.

(a) �fL λ > 0, TUT(� I ≥ 2, "+>* (2.7) �: {ui}∞I ;. i RoDgg.

h'�, 8�>* (2.7) Y� u0 = 0, u1 = 1, ;

(λ + q1)u1 =
∞∑

i=2

q1iui, qi,i+1(ui+1 − ui) =
i−1∑
j=0

q
(j)
i (uj+1 − uj) + λui, i ≥ 2. (2.8)
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o��� C ∈ [1, 1 + λ/q1), �B u1 = 1 C (2.7) +<
∞∑

i=2

q1iui = λ + q1 > Cq1 ≥
∞∑

i=2

Cq1i.

@(� i ≥ 2, "+ ui > C. � I := min{i ≥ 2 : ui > C}. �cO\gWsTU: {ui}∞I �Ro
Dgg�. PP, B I ��^9 ui ≤ C < uI (0 ≤ i ≤ I − 1), 1B (2.8) 9

qI,I+1(uI+1 − uI) =
I−1∑
j=0

qIj(uI − uj) + λuI ,

@ uI < uI+1. �e, %i {ui}n
I RoDgg, En (2.8)  +0

qn,n+1(un+1 − un) >

I−1∑
j=0

q(j)
n (uj+1 − uj) =

I−1∑
i=0

qni(uI − ui) ≥ 0,

@ un < un+1. ,8B\gW9 {ui}∞I ;. i �RoDgg�.

(b) "�2po� λ = 1. �^

m̃n =
1

qn,n+1

(
1 + q(I−1)

n +
n−1∑
k=I

q(k)
n m̃k

)
, n ≥ I.

;. n ≥ I \g, beTU

F (I)
n ≤ qI,I+1m̃n, n ≥ I. (2.9)

�cTU>* (2.7) �:CY
(uI − C)m̃n < un+1 − un < (uI+1 − uI)F (I)

n + unm̃n, n ≥ I. (2.10)

PP, B (2.8) 9

un+1 − un =
1

qn,n+1

( I−1∑
i=0

qni(uI − ui) +
n−1∑
i=I

q(i)
n (ui+1 − ui) + un

)
, n ≥ I. (2.11)

�", K n = I �, J]� uI+1 − uI < (uI+1 − uI)F
(I)
I + uIm̃I , aB (2.11) I+0

uI+1 − uI =
1

qI,I+1

( I−1∑
i=0

qIi(uI − ui) + uI

)
> (uI − C)

q
(I−1)
I + 1
qI,I+1

= (uI − C)m̃I .

%io` n − 1 � (2.10) I�3*. �B (2.11) IC%i, $>c +

un+1 − un ≥ 1
qn,n+1

(
q(I−1)
n (uI − C) + (uI − C)

n−1∑
i=I

q(i)
n m̃i + un

)
> (uI − C)m̃n.

t$>c 9

un+1 − un <
1

qn,n+1

(
q(I−1)
n uI + (uI+1 − uI)

n−1∑
i=I

q(i)
n F

(I)
i +

n−1∑
i=I

q(i)
n m̃iui + un

)

< (uI+1 − uI)F (I)
n +

un

qn,n+1

(
1 + q(I−1)

n +
n−1∑
i=I

q(i)
n m̃i

)

= (uI+1 − uI)F (I)
n + unm̃n. (2.12)
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@B\gWT+ (2.10) I.

(c) l�TU>* (2.7) �: (ui) :KK;ÆK R̂ = ∞.

'.�, � (ui) �K, �B (a) 9 u∞ := limn→∞ un < ∞. aB (2.10), [^�

R̃ :=
∞∑

k=I

m̃k ≤ 1
uI − C

lim
n→∞

n∑
k=I

(uk+1 − uk) =
u∞ − uI

uI − C
< ∞.

]L0 R̂, R̃ ��m$ 2.3 Q� R1, RI . @Bm$ 2.3  9 R̂ < ∞.

q-, i R̂ < ∞. Bm$ 2.3 9, �$6 K ≥ 1 � RK < ∞. @ R̃ < ∞. B. u∞ =

uI

∏∞
k=I uk+1/uk ; uk+1/uk > 1 (k ≥ I), @ 9

∏
k≥I uk+1/uk 5d�

∑
k≥I log(uk+1/uk) 0

de (K uk+1/uk → 1 �),
∑

k≥I log(uk+1/uk) n5
∑

k(uk+1/uk − 1) 0de. �e, ]L0
un > C ≥ 1 (n ≥ I), B (2.9) = (2.10)  +

0 <
un+1

un
− 1 ≤ (uI+1 − uI)F

(I)
n

un
+ m̃n < (1 + qI,I+1(uI+1 − uI))m̃n, n ≥ I.

tn"�h', X< u∞ < ∞, � (ui) �K. B8*�X<�$E+3*.

u 2.5 (1) K q1j = 0 (j ≥ 3) �, � Q ��oY� 0 `�KJ` (��^ 1.1 Q N = 1)

�!�DH Q ��, #�u��$ 1.2 �TUQPG� Q̂ 3I. 8���$TUQ� C o� 0,

TU>W \E�! [5, �$ 3.16] �>W.

(2) �$ 2.4 �TUQ C �VO�..7 Q ��,$FQ q1j (j ≥ 3) 2��2 (�v'�

�[) Us�wx. $+�, � Q ��QDc�pF�#DH��3I, F�, q2j(j ≥ 4) 2��

2�, �>Wy]��q�. 8Z, �TW�bcsr.! [14].

l�, [^VV��U�[DH Q ��:

q01 > 0, q0k ≥ 0, k ≥ 2; qi,i+1 > 0, qij = 0, i ≥ 1, j ≥ i + 2.

]]�� i `�#!�_

ci = qi −
∑
k �=i

qik ≥ 0, i ≥ 0.

]L: KfL k ≥ 2 !� q0k = 0 �, �� Q ��oY�$M�DH Q ��, �/.�^ 1.1 Q
� N = 0. �c�$Q[^rAsOQDc�O�st, ,�Mtst�20/u� Q ��Q
 v60, S�3I (20.

[c 2.6 ��w ( (#!�) U�[DH Q �� Q = (qij : i, j ∈ Z+), � Q ���23

<�K;ÆK R :=
∑∞

n=0 mn = ∞, �Q

m0 =
1
q0

, mn =
1

qn,n+1

(
1 +

n−1∑
k=0

(cn + q(k)
n )mk

)
, n ≥ 1.

�� , R̃ :=
∑∞

n=0 m̃n = ∞, �Q

m̃0 =
1
q0

, m̃n =
1

qn,n+1

(
1 + cn +

n−1∑
k=0

q(k)
n m̃k

)
, n ≥ 1.

mn PP�ab�K��� Z+ := {−1, 0, 1, . . .} ��^$'d� −1 �KJ��!� Q

�� Q̂ = (q̂ij : i, j ∈ Z+) ��

q̂−1,j = 0, j ∈ Z+; q̂i,−1 = ci, q̂ij = qij , i, j ∈ Z+.
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[^z9, �� Q �23<�K;ÆK Q̂ �23<�. 1 Q̂ H�3� (2.3)�!� Q��,

B�$ 2.4 9, Q 23<K;ÆK Q̂ 23<, h�K;ÆK
∑∞

n=0 mn = ∞.

`.d� ∑∞
n=0 mn 5

∑∞
n=0 m̃n �0de�, /<�$ 1.2 TU. �QÆ.xu, [^&<

_`TU: PP, e9 mn ≥ (m0 ∧ 1)m̃n (n ≥ 0). ,8, �
∑∞

n=0 m̃n = ∞, �
∑∞

n=0 mn = ∞;

�e, K
∑∞

n=0 mn = ∞ �, �
∑∞

n=0 m̃n < ∞, �(�fAb�H� N0, "+���� n ≥ N0,

Mn :=
n∑

k=0

mk > 1 ; K :=
∞∑

k=N0+1

m̃k < 1.

B. Mn ;. n Dghg` ∞, @�fL� n > N0,  "�)\gWTU

mk ≤ m̃kMn−1, 0 ≤ k ≤ n. (2.13)

h'�, B m0 = m̃0 C Mn−1 > 1 (]L8� n− 1 ≥ N0) 9, k = 0 �E+ (2.13) I3*. %i

o` � − 1(< n) E+ (2.13) !3*, ��. k = �(≤ n), �

m� ≤ 1
q�,�+1

(
1 +

�−1∑
k=0

q
(k)
� m̃kMn−1 + c�M�−1

)

≤ 1
q�,�+1

(
1 + c� +

�−1∑
k=0

q
(k)
� m̃k

)
Mn−1 = m̃�Mn−1.

� k = � � (2.13) I]]3*. ,8, B\gW9, �fL� 0 ≤ k ≤ n, (2.13) I3*. j

L =
∑N0

k=0 mk, ��fL� n > N0, �

Mn = L +
n∑

k=N0+1

mk ≤ L +
n∑

k=N0+1

m̃kMn−1 ≤ L + KMn−1;

k$i

Mn ≤ L + LK + · · · + LKn−N0−1 + Kn−N0MN0 =
L − LKn−N0

1 − K
+ Kn−N0MN0 .

j n → ∞, X<ljE+: ∞ ≤ L/(1 − K). ,8
∞∑

n=N

m̃n = ∞.

`8, TUQZ'd�0de.

3 dv Q fghijw
"X,_`TU�$ 1.3, Z&< (!�LD#!�) HY Q ��234�1B^�. ZJ

N,{<DI Q ���'$2QRS.

[c 1.3 lmn �>* (1.2) Q, j λ = 1, �

(1 + qi)yi =
i−1∑
j=0

yjqji + yi+1qi+1,i, i ≥ 0.

ZV{=+
n∑

i=0

(1 + qi)yi =
n−1∑
j=0

yj(q̄
(j+1)
j − q̄

(n+1)
j ) +

n+1∑
i=1

yiqi,i−1, n ≥ 0.
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k1�
n∑

i=0

(1 + ci + q̄
(i+1)
i )yi =

n−1∑
j=0

yj(q̄
(j+1)
j − q̄

(n+1)
j ) + yn+1qn+1,n, n ≥ 0.

B. Q �� "�#!��, 2p%� q0,−1 = 0, �
n∑

i=0

(1 + ci)yi + q̄(n+1)
n yn +

n−1∑
j=0

yj q̄
(n+1)
j = yn+1qn+1,n, n ≥ 0.

B8 +

yn+1 =
1

qn+1,n

n∑
i=0

(1 + ci + q̄
(n+1)
i )yi, n ≥ 0, (3.1)

@K y0 = 0 �, yi ≡ 0, � y = (yi : i ∈ Z+) 3�>* (1.2) �9?: (2:). ,8, ��>*

λyi =
∞∑

j=0

yjqji, y0 = 1, yi ≥ 0, i ∈ Z+ (3.2)

�: y = (yi : i ∈ Z+). S4fT ∑∞
n=0 yn = ∞ K;ÆK R =

∑∞
n=0 mn = ∞.

�8, �^ σn =
∑n

i=0 yi.  "TU

mn+1 ≤ σn+1 − σn(= yn+1) ≤ (1 + c0 + q̄
(1)
0 )σnmn+1, n ≥ 0. (3.3)

h'�, ]L0
m1 = 1/q10, σ1 − σ0 = (1 + c0 + q̄

(1)
0 )/q10, σ0 = y0 = 1,

��I� n = 0 3*. %io` n − 1 � (3.3) I3*. B y0 = 1 > 0 = m0 C (3.1) I9

σn+1 − σn =
1

qn+1,n

(
σn +

n∑
i=0

(ci + q̄
(n+1)
i )yi

)

≥ 1
qn+1,n

(
1 +

n∑
i=0

(ci + q̄
(n+1)
i )mi

)
= mn+1,

;

σn+1 − σn ≤ 1
qn+1,n

(
σn + c0 + q̄

(n+1)
0 + (1 + c0 + q̄

(1)
0 )

n∑
i=1

(ci + q̄
(n+1)
i )σi−1mi

)

≤ 1
qn+1,n

(
σn + c0 + q̄

(1)
0 + (1 + c0 + q̄

(1)
0 )σn−1

n∑
i=0

(ci + q̄
(n+1)
i )mi

)

≤ (1 + c0 + q̄
(1)
0 )σn

qn+1,n

(
1 +

n∑
i=0

(ci + q̄
(n+1)
i )mi

)

= (1 + c0 + q̄
(1)
0 )σnmn+1.

@�. n, (3.3) I3*. ,8, B�y\gW9, �fL� n ≥ 0 � (3.3) I3*.

�
∑∞

n=0 yn < ∞, �B (3.3) C m0 = 0 < 1 = y0 9
∞∑

n=0

mn ≤
∞∑

n=0

yn < ∞.
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q)s, �
∑∞

n=0 mn < ∞, B σn+1/σn ≥ 1 (n ≥ 0),  9K σn+1/σn → 1�, d�
∏

n σn+1/σn,∑
n log(σn+1/σn) "C

∑
n(σn+1/σn − 1) 0de. 1B (3.3) I9

0 ≤ σn+1

σn
− 1 ≤ (1 + c0 + q̄

(1)
0 )m̄n+1, n ≥ 0.

aB
∑∞

n=0 mn < ∞,  +0
∏∞

n=0 σn+1/σn < ∞. c1
∞∑

n=0

yn = lim
n→∞σn = lim

n→∞

n−1∏
i=0

σi+1

σi
=

∞∏
i=0

σi+1

σi
< ∞.

`8, E+,$rA+T. aEn! [5, �$ 3.6], omX<E+,krA. Tl.

u 3.1 �^

m̌0 = 1, m̌n =
1

qn,n−1

(
1 +

n−1∑
k=0

(ck + q̄
(n)
k )m̌k

)
, n ≥ 1,

�" m̌n vz mn �, �$ 1.3 y]3*. h'�, befT m0 ≤ m̌0, "C

mn ≤ m̌n ≤ (1 + c0 + q̄
(1)
0 )mn, n ≥ 1.

,8,
∑∞

n=0 mn = ∞ K;ÆK ∑
n=0 m̌n = ∞.

;.DI Q ���234, B�$ 1.3  om+0��Z'X+.

pq 3.2 &�DI Q �� Q = (qij : i, j ∈ Z+). �
∑∞

n=1 q−1
n,n−1 = ∞, ÆB , �

supn≥1 qn,n−1 < ∞, ��DI Q ��234. �(� n0 ≥ 1, "+K n ≥ n0, ��

cn−1 + q̄
(n)
n−1 ≥ qn,n−1

3*, �� Q ��h234.

pq 3.3 &�HY Q �� Q = (ai, bi, ci : i ∈ Z+), �Q
bi := qi,i+1 > 0, i ≥ 0; ai := qi,i−1 > 0, i ≥ 1; ci := qi − (ai + bi) ≥ 0, i ≥ 0.

i� a0 = 0, ��HY Q ��234K;ÆK
∑∞

n=0 mn = ∞, �Q
m0 = 0, m1 =

1
a1

, mn =
qn−1

an
mn−1 − bn−2

an
mn−2, n ≥ 2.

ÆB , � ci = 0 �. i ≥ 0 !3*, � Q ��234K;ÆK
∞∑

n=0

μn

n∑
k=1

1
μkak

= ∞. (3.4)

w| (2.2) 5 (3.4) I,  9!�HY)*�23<=234�x� “�}” � [1]. tZ, �

cX+Q;.#!��HY Q��2341B, "M�B! [2]Pm+�^�. V�"!�E{,

ZJ&<���$C�TU.

[c 3.4 &�DI Q �� Q = (qij : i, j ∈ Z+), �� Q ���'$2QRS (μi) ��

μ0 = 1, μn =
1

qn,n−1

n−1∑
k=0

(ck + q̄
(n)
k )μk, n ≥ 1, (3.5)

�Q q̄
(n)
k ��$ 2.4 Q��^. k$i, � Q ���'$2Q��RS (πi) K;ÆK μ :=∑∞

n=0 μn < ∞, 8� πi = μi/μ.
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mn B>* μQ = 0,  9

qiμi =
i−1∑
j=0

μjqji + μi+1qi+1,i, i ≥ 0.

ZV{=+0
n∑

i=0

qiμi =
n−1∑
j=0

μj(q̄
(j+1)
j − q̄

(n+1)
j ) +

n∑
i=0

μi+1qi+1,i, n ≥ 0.

k1
n∑

i=0

(ci + q̄
(i+1)
i )μi =

n−1∑
j=0

μj(q̄
(j+1)
j − q̄

(n+1)
j ) + μn+1qn+1,n, n ≥ 0.

B8X<

μn+1 =
1

qn+1,n

n∑
i=0

(ci + q̄
(n+1)
i )μi, n ≥ 0.

@ y (3.5) o� (μi), �", �6z$'��,x�L^�+0� Q ���'$2QRS. J

$E+J].

yz {|XTW�"!�}3)*Q�&~�|{, 0�{|~}��~�L#=M�.
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