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Background

Single birth Q-matrix Q = (qij : i, j ≥ 0):
qi,i+1 > 0, qij = 0 if j > i + 1 for all i ≥ 0.
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1. irreversible;
2. single extremal point, single parameter;
3. applications in other fields.
4. applications in mathematics.

So the explicit criteria are expected.
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Background

Upwardly skip-free processes (W.J. Anderson, 1991);

generalized birth and death processes (J.K. Zhang, 1984);
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Background

Upwardly skip-free processes (W.J. Anderson, 1991);

generalized birth and death processes (J.K. Zhang, 1984);

Population processes: birth and death processes with
catastrophes; birth, death and catastrophe processes

i → i + 1

→ i − 1

→ i − 2

→ · · ·
→ 0

at rate bi

ai + cifi,i−1

cifi,i−2

· · ·
cifi0

where
∑i−1

j=0 fij = 1.
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Background

Brockwell, Gani, Resnick and Pakes et al (1982-1986) for
some special catastrophes fij (bi = b + λi, ai = 0, ci = ci,
i ≥ 0).

geometric: fij = p(1 − p)i−1−j (1 ≤ j < i); fi0 = (1 − p)i−1;

uniform: fij = 1/i (0 ≤ j < i);

binomial: fij =
(

i−1
j

)

pj(1 − p)i−1−j (0 ≤ j < i).

Aim: extinction times and probability of extinction.

Keys: generating function of Q-resolvent.
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Background

B. Cairns & P. Pollett (2004).

i → i + 1

→ i − 1

→ · · ·
→ 1

→ 0

at rate gib

gid1

· · ·
gidi−1

gi

∑

k≥i dk

where b +
∑

k≥1 dk = 1.
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Background

single birth process:
Yan, S.-J. and Chen, M.-F.(1986), Multidimensional
Q-processes, Chinese Ann. Math., 7(B)(1), 90-110.

Chen, M.-F.(2004), From Markov Chains to Non-Equilibrium
Particle Systems, Second Edition, World Scientific,
Singapore.�7{,f[u(2007),�ÅL§�Ø,p���Ñ��,�®.

Population processes:
Anderson, W. J.(1991), Continuous-Time Markov Chains,
Springer-Verlag, New York.
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Criteria for uniqueness

Backward Kolmogorov equation: P ′(t) = QP (t).
Forward Kolmogorov equation: P ′(t) = P (t)Q.

Q-process: P ′(t)|t=0 = Q.
Q-process exist? unique?

Let Q = (qij) be totally stable and conservative on
countable E, i.e.
qij ≥ 0(i 6= j), qi := −qii =

∑

j 6=i qij < ∞(i ∈ E).

Every Q-process satisfies the backward Kolmogorov
equation.

Q-process always exists. The minimal process.
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Criteria for uniqueness

Pt is determined uniquely if and only if for some
(equivalently, all) λ > 0,

ui =
∑

j 6=i

qijuj/(λ + qi), 0 ≤ ui ≤ 1, i ≥ 0

has only a trivial solution.d�OOK�`{�?´ QÝ
,��§���)Ǒ�3S��{. �éü)L§,������OOK—wª�!���O��,´Ï��.
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Criteria for uniqueness

Zhang, J.-K.(1984), Yan, S.-J. and Chen, M.-F.(1986).

For 0 ≤ k < n, define q
(k)
n =

∑k
j=0 qnj and

m0 =
1

q01
, mn =

1

qn,n+1

(

1 +

n−1
∑

k=0

q
(k)
n mk

)

, n ≥ 1,

F
(n)
n = 1, F

(i)
n =

1

qn,n+1

n−1
∑

k=i

q
(k)
n F

(i)
k , 0 ≤ i < n.
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Criteria for uniqueness

Zhang, J.-K.(1984), Yan, S.-J. and Chen, M.-F.(1986).

For 0 ≤ k < n, define q
(k)
n =

∑k
j=0 qnj and

m0 =
1

q01
, mn =

1

qn,n+1

(

1 +

n−1
∑

k=0

q
(k)
n mk

)

, n ≥ 1,

F
(n)
n = 1, F

(i)
n =

1

qn,n+1

n−1
∑

k=i

q
(k)
n F

(i)
k , 0 ≤ i < n.

Uniqueness (regurlarity) ⇐⇒ R :=
∑∞

n=0 mn = ∞.
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Criteria for uniqueness

é)« QÝ
 (ai, bi),k{ü�/ª:

mn =
1

µnbn
µ[0, n], n ≥ 0,

Ù¥

µ0 = 1, µi =
b0b1 · · · bi−1

a1a2 · · · ai
, i ≥ 1,

� µ[i, k] =
∑k

j=i µj.

�½)« QÝ
 (ai, bi). K)«L§����=� R :=
∑∞

n=0
1

µnbn

µ[0, n] = ∞.
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Criteria for recurrence
P (t) is recurrent: discrete chain P (h) is recurrent for all
h > 0 ⇐⇒

∫ ∞

0 pii(t)dt = ∞.
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Criteria for recurrence
P (t) is recurrent: discrete chain P (h) is recurrent for all
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∫ ∞

0 pii(t)dt = ∞.

For a regular and irreducible Q = (qij), P (t) ie recurrent
if and only if for some (equivalently, all) j0,

xi =
∑

j 6=j0,i

qijxj/qi, 0 ≤ xi ≤ 1, i ≥ 0

has only a trivial solution.
regular: totally stable, conservative and Q-process is
unique.
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Criteria for recurrence
P (t) is recurrent: discrete chain P (h) is recurrent for all
h > 0 ⇐⇒

∫ ∞

0 pii(t)dt = ∞.

For a regular and irreducible Q = (qij), P (t) ie recurrent
if and only if for some (equivalently, all) j0,

xi =
∑

j 6=j0,i

qijxj/qi, 0 ≤ xi ≤ 1, i ≥ 0

has only a trivial solution.
regular: totally stable, conservative and Q-process is
unique.

Suppose that the Q-matrix is regular and irreducible,
then
Recurrence ⇐⇒ ∑∞

n=0 F
(0)
n = ∞.
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Criteria for recurrence

é)« QÝ
 (ai, bi),k{ü�/ª:

F
(0)
n =

b0

µnbn
, n ≥ 0.

�½)« QÝ
 (ai, bi). K)«L§~���=�∑∞
n=0

1
µnbn

= ∞.
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Criteria for ergodicity

Assume that Q is irreducible. π = (πi) is stationary
distribution.

Ordinary ergodicity: lim
t→∞

|pij(t) − πj| = 0.
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Criteria for ergodicity

Assume that Q is irreducible. π = (πi) is stationary
distribution.

Ordinary ergodicity: lim
t→∞

|pij(t) − πj| = 0.

Exponential ergodicity: lim
t→∞

eαt|pij(t) − πj| = 0.

Strong ergodicity: lim
t→∞

sup
i

|pij(t) − πj| = 0

⇐⇒ lim
t→∞

eβt sup
i

|pij(t) − πj| = 0.

Strong ergodicity ⇒ Exponential ergodicity ⇒ Ordinary
ergodicity.
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Criteria for ergodicity

Let H 6= ∅ be a finite subset of E. P (t) is ergodic if and
only if the equation

{

∑

j qijyj ≤ −1, i /∈ H
∑

i∈H

∑

j 6=i qijyj < ∞

has a finite nonnegative solution.
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Criteria for ergodicity

Let H 6= ∅ be a finite subset of E. P (t) is ergodic if and
only if the equation

{

∑

j qijyj ≤ −1, i /∈ H
∑

i∈H

∑

j 6=i qijyj < ∞

has a finite nonnegative solution.

Take H = {0}. For single birth Q-matrix,
∑

j 6=i

qij(yj − yi) + 1 ≤ 0, i ≥ 1.
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Criteria for ergodicity
Define

d0 = 0, dn =
1

qn,n+1

(

1 +
n−1
∑

k=0

q
(k)
n dk

)

, n ≥ 1.

¢Sþ,n|PÒ�±^Ú�L«,ÏǑ
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qn,n+1

(
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q
(k)
n dk
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¢Sþ,n|PÒ�±^Ú�L«,ÏǑ
mn =

n
∑

k=0

F
(k)
n
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n
∑

k=1

F
(k)
n
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Criteria for ergodicity
Define

d0 = 0, dn =
1

qn,n+1

(

1 +
n−1
∑

k=0

q
(k)
n dk

)

, n ≥ 1.

¢Sþ,n|PÒ�±^Ú�L«,ÏǑ
mn =

n
∑

k=0

F
(k)
n

qk,k+1
, dn =

n
∑

k=1

F
(k)
n

qk,k+1
, n ≥ 0.

mn =
F

(0)
n

q01
+ dn, n ≥ 0.
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Criteria for ergodicity

F
(i)
n =

n
∑

k=i+1

F
(k)
n q

(i)
k

qk,k+1
, n > i ≥ 0.
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Criteria for ergodicity

F
(i)
n =

n
∑

k=i+1

F
(k)
n q

(i)
k

qk,k+1
, n > i ≥ 0.

Suppose that the Q-matrix is regular and irreducible,
then
Ergodicity ⇐⇒

d := sup
k≥0

∑k
n=0 dn

∑k
n=0 F

(0)
n

< ∞.
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Criteria for ergodicity
Sketch of the proof:� (ui)´�§�k��K).� u0 = 0. ^8B{y�

un+1 − un ≤ F
(0)
n u1 − dn, n ≥ 0.

�� b� -

�y ´�§���k��K)
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Criteria for ergodicity
Sketch of the proof:� (ui)´�§�k��K).� u0 = 0. ^8B{y�

un+1 − un ≤ F
(0)
n u1 − dn, n ≥ 0.

0 ≤ un+1 ≤ u1

n
∑

k=0

F
(0)
k −

n
∑

k=0

dk, n ≥ 0.

d ≤ u1 < ∞.��,b� d < ∞. -
u0 = 0, u1 = d, un+1 = un + F
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Criteria for ergodicity
Sketch of the proof:� (ui)´�§�k��K).� u0 = 0. ^8B{y�

un+1 − un ≤ F
(0)
n u1 − dn, n ≥ 0.

0 ≤ un+1 ≤ u1

n
∑

k=0

F
(0)
k −

n
∑

k=0

dk, n ≥ 0.

d ≤ u1 < ∞.��,b� d < ∞. -
u0 = 0, u1 = d, un+1 = un + F

(0)
n u1 − dn, n ≥ 0.�y (un)´�§���k��K).
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Criteria for ergodicity

~: �½�KØ��ü) QÝ
 Q = (qij). e infk≥1 qk0 > 0,Kü)L§H{. ÏǑdÜ©'5�9��
d ≤ sup

i≥1

di

F
(0)
i

≤ sup
k≥1

1

q
(0)
k

=
1

infk≥1 qk0
.

¤± d < ∞.¢Sþ,dL§´rH{�!

– p. 19/32



Criteria for ergodicity

é)« QÝ
 (ai, bi),k{ü�/ª:

dn =
1

µnbn
µ[1, n], n ≥ 0.

�½�K)« QÝ
 (ai, bi). K)«L§H{��=� µ[0,∞) < ∞.
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Criteria for strong ergodicity

Strong ergodicity: lim
t→∞

sup
i

|pij(t) − πj| = 0

⇐⇒ lim
t→∞

eβt sup
i

|pij(t) − πj| = 0.

Let H 6= ∅ be a finite subset of E. Then P (t) is strongly
ergodic if and only if the equation

{

∑

j qijyj ≤ −1, i /∈ H
∑

i∈H

∑

j 6=i qijyj < ∞

has a bounded nonnegative solution.
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Criteria for strong ergodicity

Zhang, Y.-H.(2001). Suppose that the Q-matrix is
irreducible and regular. Then
Strong ergodicity ⇐⇒
S := supk≥0

∑k
n=0(F

(0)
n d − dn) < ∞.
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Criteria for strong ergodicity

Zhang, Y.-H.(2001). Suppose that the Q-matrix is
irreducible and regular. Then
Strong ergodicity ⇐⇒
S := supk≥0

∑k
n=0(F

(0)
n d − dn) < ∞.

Zhang, H.-J., Lin, X. and Hou, Z.-T. (1998, 2000).

For regular birth-death (ai, bi),

strong ergodicity ⇐⇒ S :=

∞
∑

n=0

1

µnbn

∞
∑

k=n+1

µk < ∞.

– p. 22/32



Criteria for strong ergodicity

Zhang, Y.-H.(2001). Suppose that the Q-matrix is
irreducible and regular. Then
Strong ergodicity ⇐⇒
S := supk≥0

∑k
n=0(F

(0)
n d − dn) < ∞.

Zhang, H.-J., Lin, X. and Hou, Z.-T. (1998, 2000).

For regular birth-death (ai, bi),

strong ergodicity ⇐⇒ S :=

∞
∑

n=0

1

µnbn

∞
∑

k=n+1

µk < ∞.

Chen, M.-F.(1992).

S < ∞ =⇒ exponential ergodic.
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Criteria for strong ergodicity
Sketch of the proof:Äk,y²�§

yi =
∑

j 6=i

qij

qi
yj +

1

qi
, i ≥ 1; y0 = 0 (∗)

k�k.�K)��=� S < ∞. d�,

d = lim
n→∞

n
∑

k=0

dk

/ n
∑

k=0

F
(0)
k ,

��§(∗)���)ke¡�/ª:

y0 = 0, y1 = d, yn+1 = yn + F
(0)
n y1 − dn, n ≥ 1. (∗∗)
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Criteria for strong ergodicity

Sketch of the proof:b�ü)L§rH{,K�§�3�k.�K) (ui),=

ui ≥
∑

j 6=i

qij

qi
uj +

1

qi
, i ≥ 1; u0 ≥ 0.

P (u∗
i )´�§(∗)����K).Kd'�½n�� ui ≥ u∗

i (i ≥ 0). Ïd, (u∗
i )k.��§(∗)k�k.�K)⇒ S < ∞.

�� � d ½Â K ´�§ �k.�K) w, Ǒ´�§�k.�K) ü)L§�rH{5
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Criteria for strong ergodicity

Sketch of the proof:b�ü)L§rH{,K�§�3�k.�K) (ui),=

ui ≥
∑

j 6=i

qij

qi
uj +

1

qi
, i ≥ 1; u0 ≥ 0.

P (u∗
i )´�§(∗)����K).Kd'�½n�� ui ≥ u∗

i (i ≥ 0). Ïd, (u∗
i )k.��§(∗)k�k.�K)⇒ S < ∞.��,� S < ∞. d(∗∗)½Â (yi). K (yi)´�§(∗)�k.�K).w, (yi)Ǒ´�§�k.�K)⇒ü)L§�rH{5.
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Criteria for strong ergodicity

·K:�½�KØ��� QÝ
Q = (qij). e�3 k ≥ 0÷v c := infi 6=k qik > 0,K�A� QL§´rH{�.

~: �½�KØ��ü) QÝ
 Q = (qij). e infk≥1 qk0 > 0,Kü)L§rH{.
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Stationary distribution

Can we get the stationary distribution?

How to use F
(i)
n ?

F
(n)
n = 1, F

(i)
n =

1

qn,n+1

n−1
∑

k=i

q
(k)
n F

(i)
k , 0 ≤ i < n.
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Stationary distribution

Can we get the stationary distribution?

How to use F
(i)
n ?

F
(n)
n = 1, F

(i)
n =

1

qn,n+1

n−1
∑

k=i

q
(k)
n F

(i)
k , 0 ≤ i < n.

Stationary distribution (Zhang, Y.-H.(2004)):

ck := sup
i≥k

∑i
j=k mj

∑i
j=k F

(k)
j

, πk =
1

qk,k+1ck
, k ≥ 0.
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Stationary distribution

�Ä)«L§: )� bi = qi,i+1 > 0 (i ≥ 0),k� ai = qi,i−1 > 0 (i ≥ 1). ½Â µ0 = 1,
µi = b0 · · · bi−1/a1 · · · ai (i ≥ 1). 2-µ =

∑∞
i=0 µi.�� ci = µ/(µibi),²©ÙǑ πi = µi/µ (i ≥ 0).

-ü) Ý
Ǒ� Ù§�K ´ ê�

Ù¥�� ²©ÙǑ

– p. 27/32



Stationary distribution

�Ä)«L§: )� bi = qi,i+1 > 0 (i ≥ 0),k� ai = qi,i−1 > 0 (i ≥ 1). ½Â µ0 = 1,
µi = b0 · · · bi−1/a1 · · · ai (i ≥ 1). 2-µ =

∑∞
i=0 µi.�� ci = µ/(µibi),²©ÙǑ πi = µi/µ (i ≥ 0).-ü) QÝ
Ǒ: qi,i+1 = 1 (i ≥ 0),

q10 = 1� qi,i−2 = 1 (i ≥ 2),Ù§� qij = 0 (i 6= j).K {F (k)
j }∞j=k ´Fibonacciê�:

F
(k)
k+n =

1√
5
[An+1 − (−B)n+1], n ≥ 0, k ≥ 0,

Ù¥ A = (
√

5 + 1)/2, B = (
√

5 − 1)/2.�� ck = Ak+2,²©ÙǑ πk = Bk+2 (k ≥ 0).
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Stationary distribution

-ü) QÝ
Ǒ: qi,i+1 = 1 (i ≥ 0)� qi0 = 1 (i ≥ 1),Ù§� qij = 0 (i 6= j). TL§´rH{�. �� ck = 2k+1,²©ÙǑ πk = 2−k−1 (k ≥ 0).

�Ä«+nØ¥�þ!�/J�.= Ù§� Ù¥� þǑ�~ê �T Ý
�K KrH{�²©ÙǑ

AO� � K ?�Ú� � K
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Stationary distribution

-ü) QÝ
Ǒ: qi,i+1 = 1 (i ≥ 0)� qi0 = 1 (i ≥ 1),Ù§� qij = 0 (i 6= j). TL§´rH{�. �� ck = 2k+1,²©ÙǑ πk = 2−k−1 (k ≥ 0).�Ä«+nØ¥�þ!�/J�.,= qi,i+1 = λi := a + λi (i ≥ 0), qij = β (0 ≤ j < i),Ù§� qij = 0 (i 6= j),Ù¥� a, λ, β þǑ�~ê. �T QÝ
�K.KrH{�²©ÙǑ
π0 =

β

a + β
, πk =

(k + 1)β

a + β

k−1
∏

j=0

λj

λj+1 + (j + 2)β
, k ≥ 1.

AO� a = λ�,K πk = βak/(a + β)k+1 (k ≥ 0). ?�Ú,� a = λ = β = 1�,K πk = 2−k−1 (k ≥ 0).

– p. 28/32



Stationary distribution

Set σj = inf{t ≥ the first jumping time: X(t) = j} and
τj = inf{t ≥ 0 : X(t) = j}.

?¿�½ i0 ≥ 0. ü)L§� i0 Ä¥����Ý�dXeL�ª�Ñ:

Eiτi0 =

i0−1
∑

j=i

mj , i < i0;

Eiτi0 =
i−1
∑

j=i0

(F
(i0)
j ci0 − mj), i ≥ i0 + 1.
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Stationary distribution

- ui = Eiτi0. (ui)´e��§����K):

xi0 = 0, xi =
∑

j 6=i

qij

qi
xj +

1

qi
, i 6= i0.

iÂ¥���Ý

Eiσi =
qi,i+1ci

qi
, i ≥ 0.

πiqiEiσi = 1 ⇒ πi =
1

qi,i+1ci
.
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Stationary distribution

E1τ0 = d, Eiτ0 =
i−1
∑

j=0

(F
(0)
j d − dj), i ≥ 1.

E0σ0 = q−1
01 + E1σ0 = q−1

01 + d.

Probabilistic meaning.

Uniqueness. R = E0σ∞ = ∞.
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Stationary distribution

E1τ0 = d, Eiτ0 =
i−1
∑

j=0

(F
(0)
j d − dj), i ≥ 1.

E0σ0 = q−1
01 + E1σ0 = q−1

01 + d.

Probabilistic meaning.

Uniqueness. R = E0σ∞ = ∞.

Recurrence. P0(σ0 < ∞) = 1 − (
∑∞

n=0 F
(0)
n )−1 = 1.

Ergodicity. d = E1σ0 < ∞ ⇔ E0σ0 < ∞.
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Stationary distribution

E1τ0 = d, Eiτ0 =
i−1
∑

j=0

(F
(0)
j d − dj), i ≥ 1.

E0σ0 = q−1
01 + E1σ0 = q−1

01 + d.

Probabilistic meaning.

Uniqueness. R = E0σ∞ = ∞.

Recurrence. P0(σ0 < ∞) = 1 − (
∑∞

n=0 F
(0)
n )−1 = 1.

Ergodicity. d = E1σ0 < ∞ ⇔ E0σ0 < ∞.

Strong ergodicity. S = supi≥1 Eiσ0 = E∞σ0 < ∞.
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