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Stability:

@ classical problems (uniqueness(cont.-time), recurrence, ergodicity(exp.,
strong ergodicity)).

@ integral-type functionals: moments and distribution (Laplace transform).
70
/ V(X (¢))dt.
0

@ qualitative and quantitative results.
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Background

Assume that (@ is totally stable and conservative.
There exists such a positive integer m > 1 that

o mAidE
Gii+m > 0,¢;; =0(j > i+ m), upward.
1k —BOR IRAL
o muiiA

Gii-m > 0,¢;; =0(0 < j < ¢—m). downward.

7 T — & A RAL,

When m = 1, single birth, single death.

@ Mao, Yan, Z.. Criteria for three classical problems of downwardly skip-free
processes, 2024-+.

o K. &) ER@ T —HA RAZE LT 0] B KA 69 F R ArR— RN +E
#H5: #4, 2023, 53(11): 1437-1460.
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Recurrence & uniqueness: VA24 7 15

Consider the 2-birth process. Now let q(k) Ze o @ie forall 0 <k < and

Fm =1, F (k+1) F(" i>n>0;
QZ 1+2 z%
—1
do=0, d;= ( (k1) g ) i1
! Qz 1+2 kz

>1
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< q11+2q(k+1) ) i

cop =0, ¢ = 0
1,0+2




Recurrence criterion

Assume that the 2-birth Q-matrix Q) = (g;;) is irreducible. Then recur. iff
I QOlF(O) — q02Cn
oo 700 <o>
n— oo F Zk; —q Ck — Cn, Z

Moreover the return/extinction probability can be obtained by

1 Y — qoacn
Py(op < o0) =1 — — lim ) 01 qOQCn 0L
Go o0 F) e 0 T =G Y

F(O)
P(0p < o0) =1 — lim ,
n— oo F(O) Z Ck —¢, Zn 1 F(O)

Cn

Py(og < 00) =1+ lim
n— 00 F(O) Z Ck —cp Zn 1 F(O

FO k Ock e Zz 2 F(o)
) k OCk an’n 1F(0),

Pi(op < o0) =1— lim
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Recurrence & uniqueness

Fix n € Z,, define the first hitting time of the set {n +1,n +2,--- }:
Tt =inf{t >0: X(¢) = n+1}.

recur. < lim P; (7,4 < gg) =0.

n—-+oo

Denote x; :=P; (1,4 < 00), i = 0. By the strong Markov property and jump as
well as 2-birth property of the process, it is obtained that

qo1 qo2
To=~— %1+ — T,
do q0
1—1
Z ql] ey 4 Lot qi, 1+1 Tig1 + qii+2  Tiyo, 1 g i < n— 2,
ql Z ql

Qn 1,7 qn 1,n Qn—l,n+1
Tp_1 = E e 7 Ty +

)

=1 dn—1 Gn—1 gn—1
Z Qn,g ) q'n n+1 + qn, n+2
= dn
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Recurrence & uniqueness

i—2 i—2
0 .
xl:ch~x1+ZF,§)-x2, i > 3.
k=0 k=0

FO

n—1
©),. _ T =
kgo Gk Z By we =1, F(O) Zk =0 Ck — Cn >orco ! F(O)
Cn® +F( ) 0 To = .
1 F(o) Z Ck —e, Z’n 1 F(o
go =200 4 4202
(o] q0
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Recurrence & uniqueness

Uniqueness criterion

Assume that the 2-birth Q-matrix Q = (Gij)i,jez. is totally stable and
conservative. Define an irreducible, totally stable and conservative (Q-matrix () on
Z+:

go1=4q02=1, q0; =0, 5 >2; gio=1, ¢iy = Gi—1,j-1, 1, =2 1,5 # 1.
Then the process determined by Q is unique iff

F<o>

lim =0

n—soo F(O) Z Ck —cn Zn 1 F(O
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Recurrence & uniqueness

@ uniqueness:

qij
U; = J

= Uj,
Lt

0<u; <1,i>0; u=TI(1)u.

We introduce a fictitious state A and define on the enlarged state space
EA = EU{A} a new transition probability matrix

(1), 4,j€ E;

1 . . AL
Trgy Z€E7]—A,
Dy, Z:A7]€E7

5 (1) =

where (p;,j € E) is a positive probability measure.

The original Q-process is unique iff the IT®(1)-chain is recurrent.
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Recurrence & uniqueness

@ Chen. Practical criterion for uniqueness of QQ-processes. Chinese J. Appl.
Probab. Statist., 2015, 31: 213 - 224.

@ Spieksma. Countable state Markov processes: Non-explosiveness and
moment function. Probab. Engrg. Inform. Sci., 2015, 29: 623 - 637.

A 0 1 2 3
A -1 Do D1 D2 D3
0 1 —-1-¢q qo1 qo2 qo3
11 q10 -1-q q12 713
2 1 420 go1 —1—q q23
3 1

q30 31 q32 —1—gqs3

202449 A 21H 11 /30



Ergodicity & strong ergodicity

Given a totally stable, conservative and irreducible Q). For its minimal process
X(t), denote
7o = inf{t > 0: X (¢t) = 0}.

It is well known that (E;7p : 4 > 1) is the minimal nonnegative solution to the

equations
Z % x]—l—— i>1.
J#zO

Approximation. Fix n, define a totally stable and conservative Q™ on
{0,1,--- ,n}:

q(n) Gij if 1<4,j

Y qi0 + D pon Giks 1f 1 <0 <

(Eiron) :1 <9 < n) is the minimal nonnegative solution to the equations

qi .
T, = Z z'J xj—&—— 1<1<n

h ) qi
1<isn,j#i
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Ergodicity & strong ergodicity

- 1
1<j<mgi B %

/N

n.

Rewrite the above equation as 2 = Tz + f(") where the elements of 7(™) and
£ have the form

1 -
T = %1{1@#@}7 1 = Lo 67 € L

Then it is obvious that 7™ and f(™) are increasing in 7 in the element-wise
sense.

Eirén) 1T E;7p as n T +4oo.

EiT(gn) = ]Ei(’r() A TnJr).
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Ergodicity & strong ergodicity

. 1 )
T = Z q#~xj+f, 1<ig<n
1<<n gz O &

The equations can be rewritten as
(I-IDx=r,

where I is the n x n unit matrix, x = (z1,--- ,2,)" and r = (q—17 <o, )T By
the irreducibility of @, the local embedding chain is transient,

(I-1m)~*'= iﬂ" <oo=x= iﬂ"r,
n=0 n=0

there exists exactly a unique solution. The decomposition according to the first
time arriving 0.
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Ergodicity & strong ergodicity

@ Z.F. Wei. Inverse problems for ergodicity of Markov chains. J. Math. Anal.
Appl. 505 (2022) 125483.

By Theorem 12 (with ¢ = 1), the minimal solution to Eq. (9) is the expectation of return time to state 0 of
the Q(™-process and is therefore finite (by the probabilistic description of algebraic ergodicity mentioned

in Section 1 and the fact that an irreducible process on finite state space must be ergodic), where Q™ has
the following form:

—n 1 1 - 1
Q(”) _ Q10 + Zzo:n_H Qe Q1 Q12 - Qin
K : F
@0+ XpZp Gk o1 Gn2 o dnn ) ),
Now by Theorem 10, M, is finite.
b) By Theorem 12, (Ez Jé+])1’>l is the minimal solution to
i (e+1) - .
x; = x4+ E; o0y, i>1
=Xt B
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Ergodicity & strong ergodicity

Regodicity & strong ergodicity criteria

Given a regular and irreducible 2-birth @-matrix @ = (g;;) on Z4. Then

k—2 k—2 k—2
]EkTO = Zci 'ElTO a4 ZFz(O) . EQTO - Zdl, k > 3
=0 i=0 =0

and as n — +o00,

my BNl —d, Y B
EITO = 0) 1 (O D1 =: Eng,
E, Zi: i —cnd o B
R, — dn Z?:o Gl s Cn Zi:o i Do —: Eor
270 7 (0) xan—1 n—1 1+(0) 2 == 2-
Foo Y iso Gi— g By

Moreover, the process is erg. iff D and D5 is finite; str. erg. iff

ilg ((ZCi)Dl + (ZF;‘”)DQ = Zdi> < +o0.

i=0 =0 =0
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Ergodicity & strong ergodicity

Single birth case:
@ Yan & Chen (1986), Z. (2003).

n—1
T d;
d := sup 2izo

w2zl Z?;ol Fi(O)

= ]ElTo.

@ Chen & Z. (2014).
n—1
d= Tm 2=
n—+00 Z:L:—O F( )

?
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Ergodicity & strong ergodicity

Qij if0<i<n—2,0<7<n,
57 o+ Ginss ifi=n—1j=0,
qio + Gijn+1 + Gint2, fi=mn,j=0.
. 1
T, = Z qﬂ-xj—&——, 1<i<n.
1<iomizi & qi
Letwizxiﬂ—xi forallz}l
i k) (1)
F-( -1+ To — T
i = Y B G D ) Gy

1 qk,k+2
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Ergodicity & strong ergodicity

Hence for all j > m 4 1 we have

Zw1+$2—$2<ZF(O)+1> +z12cz Zdz
:icrI1+iFi(o) ’I27idi-
=0 1=0 1=0

@ Rewrite the equations as
i+2

1
T, = Z dik - T+ —, 1<i<n—2,
k= lkyﬁzq di
_ 1
xnlfzqn 1k'i]'] dn 1,n.xn+ ,
h—1 qn—1 dn—1 dn—1
n—1
1
qunfk-xk-i-f.
=1 dn Adn
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Ergodicity & strong ergodicity

@ Solving the above equations we could derive that
n—1 n—1
ECkJCl—FZF Ty = ) dy,
k=0 k=0

cnml—i—F( )Ig—d

@ The assertion follows immediately by applying Cramer’s rule.

@ For general ig > 1, the method also works.
Z QikTk + —, i #lo.
L
@ For higher moments Eﬁg, ¢ > 1, it can be expressed by lower moments.
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Laplace transform of 7

@ Now we turn to focus on E;e=?7 (i > 0) to investigate the distribution of
T0-

o Define 1;;,(A) = 1 — Eje ™0, & = [ V(X(¢t))dt.

Lemma (Z.-T. Hou and Q.-F. Guo, 1978)

(%i,io(A) : © > 0) is the minimal nonnegative solution to:

qik AV (i) .
,:E N ——— >0
” ki AV (@) + g yk+”(i)+qz"z
1,10

@ Here V =1, i =0.
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Laplace transform of 7

Let G7) := ¢ + A for 0 < j < i and let ¢ := ¢!, Correspondingly, we
define the following notations.

~ i | il )
B =1, 7 = STGMVEM, 0<n <,
Giji+2 =
) i—1
N . (kD)< )
=0, ¢= <—q1'1+zqi(+)ck>,i>1,
ii+2 P

. 1 i1 .
dO = 07 dZ = ()‘ + E qz(k—’—l)dk)’ { > 17
qi,i+2 =0

202449 A 21H 22/



Laplace transform of 7

Laplace transform of hitting time

Assume that the 2-birth Q-matrix Q =

(gi;) is irreducible and the corresponding
process is recurrent. Then the following relations holds:

-2

i —2
Yio(A) = K+ P10(A Z O g (A )= dp, i3,
0

[ V)

i
0 k=0 =

>
Il

and the Laplace transform of 7y has the representation that
. F(O) z d —d Z" 1F(0)
Eie " =1— lim © 1 OR
n—oo [l Yo G — >y Fy
n—1 ~
Ese ™ =1 — lim (07; 2i= 01 G an'
nﬁooF Zznoélfcnz

_ qo1 — AT qo02 — AT
Ege *° = ———E1e 0 + = _Ege™ ™,
0 qo+ A 1e qo + A

4(0) ’
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Example

Given a regular and irreducible single death @-matrix @ = (g;;) satisfying:

Gi-1=0620, qit1 =020, ¢i2=d>0, i=>1,
and g;; = 0 for other 4,5 > 1, i # j. Then the process is recurrent if and only if
a > b+ 2d and it is ergodic if and only if @ > b+ 2d. Moreover in the recurent
case, starting form 5 > 1, the moment of the hitting time of 0 has the form:

EjT(] = j 2 1.

_J
a—b—2d’

Therefore the process could not be strongly ergodic.

@ It can be regarded both as 2-birth processes and single death process.

i oo G(l)
@ For single death processes, Ejmo = > . —%— > 1.
k=1(=k 9¢,0—1
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Laplace transform of integral-type functionals

@ For general V, the method also works.

Qik AV(@E)
- . =
i k; NOETRBYO RS
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Given a regular and irreducible single death Q-matrix @ = (¢;;) on Zy. Then it
follows that

. i on G;f) n n G](f) . .
Bip= lim | > > == > i izl

1 o= 2e0-1 T =y dee-1 ) Peliany

[Z., Front. Math. China 2018]

i oo Gg)

Bn=33

k=1 /{=k

, 1> 1.
qe0—1

202449211 26 / 30



. i n G](f) n o n G;f) =
Eﬂoznlg%o ZZ - *ZZ .nilG"

n o n (@] - (£)
R PSP e SO Dol REESE
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Exponential moment

@ Exponential moment & exponential ergodicity: (E;e*™ — 1,43 > 1) is the
minimal nonnegative solution to

where 0 < A < ¢; for all 7.
In the single birth case, let ¢*) = ¢ — X, d; =+, E®) = ... Now the

K3
approximating equation is

i—1

dij dii+1 .
T; = ST : ST —, 1<i<n—-1,
= AP S S N
n—1 i
nj
Tp = 'j+
A Gn — A
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Exponential moment

Then R ~
Wi = Tijp1 — T3 = Fi(o)l‘l —Ad;, 1 <i<n.
Further -
x; = Z(Féo)xl - )\Jk), 1<i<n
k=0

Substituting it into
n—1
(qn - )\)xn = Z qnjTj + A,
j=1

we have

A n_od n
xlzzL“:EleATé)—l.

n 0
o B

exp. ergoc < 30 < A < ¢; (i = 0) s.t. =="——
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Thank you for your attention!

Homepage: http://math0.bnu.edu.cn/~zhangyh/
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