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Background

Q-process: on Z+ := {0, 1, 2, . . . }, suppose that sub-Markov transition
probability matrix P (t) = (pij(t), i, j ∈ Z+) satisfies

Q-condition: limt→0(pij(t)− δij)/t = qij , i, j ∈ Z+, i.e. the Q-matrix
Q = (qij) is the derivative matrix at time 0 of P (t),

0 6 qij <∞, i 6= j;
∑
j 6=i

qij 6 −qii =: qi 6∞, i ∈ Z+.

totally stable: qi <∞, i ∈ Z+.

conservative: qi =
∑
j 6=i qij , i ∈ Z+, i.e.

∑
j∈Z+

qij = 0.
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Background

Define

τi = inf{t > 0 : X(t) = i}, σi = inf{t > the first jumping time : X(t) = i}.

Given V > 0 but not equal to 0 identically. Consider the integral-type functional:

ξi =

∫ τi

0

V (X(t))dt or

∫ σi

0

V (X(t))dt.

When V ≡ 1, ξi = τi.

When V (1) = V (2) = 1 and V (j) = 0, j 6= 1, 2, then ξ0 is the total time that the

process stays in the states 1 and 2 before hitting 0 firstly.
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Background

Y (t) =

∫ t

0

f(X(s), s)ds.

the theory of inventories and storage, moments and distributions

queueing, traffic jam and intersection bottlenecks

biology, the joint distribution of X(t) and Y (t)

limiting behavior (including sub-exponentially ergodic theory and CLTs)

Ü{� (�®���Æ) Integral-type functionals 2020c10�26F 5 / 42



Background

Z.K. Wang . On distribution of functions of birth and death processes and
their applications in the theory of queues, Scientia Sinica, 1961, X(2):
160-170.

D.R. McNeil. Integral functionals of birth and death processes and related
limiting distributions, The Annals of Mathematical Statistics, 1970,
41(2):480-485.

Çá�. àg�êê��ÅL§È©.�¼�©Ù, êÆÆ�, 1963,
13(1): 86-93.

�+. ��ê¼L§�È©.�¼ÚV>)«L§�>.5�, êÆ?
Ð, 1964, 7(4): 397-424.
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Background

û�Í, H�¸. àg��ê��ÅL§, �ÆÑ��, 1978.

(Eiξ`i0 : i ∈ E) is the minimal nonnegative solution to:

yi =
∑
k 6=i,i0

qik
qi
yk +

`V (i)

qi
Eiξ`−1i0

, i ∈ E.

Define ψi,i0(λ) = 1− Eie−λξi0 .

(ψi,i0(λ) : i ∈ E) is the minimal nonnegative solution to:

yi =
∑
k 6=i,i0

qik
λV (i) + qi

yk +
λV (i)

λV (i) + qi
, i ∈ E.
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Background

J.K. Zhang. On the generalized birth and death processes (I)–the numeral
introduction, the functional of integral type and the distributions of runs and
passage times, Acta Math Sci, 1984, 4(2): 191-209.

Y.Y. Liu & Y.H. Song. Integral-type functionals of first hitting times for
continuous-time Markov chains, Front. Math. China, 2018, 13(3): 619-632.

E. Löcherbach, O. Loukianav, D. Loukianova. Spectral condition, hitting
times and Nash inequality, Annales de l’I.H.P. Probabilités et statistiques,
2014, 50(4): 1213-1230.

ξi0 =

∫ τi0

0

r(t)V (X(t))dt.

Ü{� (�®���Æ) Integral-type functionals 2020c10�26F 8 / 42



Single birth process

Q = (qij) satisfies

qi,i+1 > 0, qi,i+j = 0, i ≥ 0, j > 1.

ii− 1 i+ 1

i+ 2

0 1

	 	 � Uu u u u u u u u

Q =


− + 0 0 · · ·
∗ − + 0 · · ·
∗ ∗ − + · · ·
...

...
...

...
. . .
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Single birth process

�½3 E þ½Â���¼ê c. ½Â

F̃
(i)
i = 1, F̃ (i)

n =
1

qn,n+1

n−1∑
k=i

q̃(k)n F̃
(i)
k , 0 6 i < n,

q̃(k)n = q(k)n − cn =

k∑
j=0

qnj − cn, 0 6 k < n.

�d/, ��±½Â�:

F̃
(i)
i = 1, F̃ (i)

n =

n∑
k=i+1

F̃
(k)
n q̃

(i)
k

qk,k+1
, n > i+ 1.
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Single birth process

Theorem (Wang & Z., 2020)

b½ü)L§~��é�½��ê ` > 1 Ú G� i0 ÷v: é¤
k i ∈ E k Eiξ`−1i0

<∞. K

Enξ`i0 =


`

∑
n6k6i0−1

v
(`)
k +

(
1−

∑
n6k6i0−1

uk

)
Ei0ξ`i0 , 0 6 n 6 i0,

−`
∑

i06k6n−1
v
(`)
k +

(
1 +

∑
i06k6n−1

uk

)
Ei0ξ`i0 , n > i0 + 1;
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Single birth process

Theorem (continued)

Ù¥

uk =


k∑

j=i0−1

F
(j)
k qji0(1− δji0)

qj,j+1
, k > i0,

1, k = i0 − 1,

0, 0 6 k 6 i0 − 2;

v
(`)
k =

k∑
j=0

F
(j)
k V (j)Ejξ`−1i0

qj,j+1
, k > 0;

Ei0ξ`i0 = ` lim
n→∞

∑
i06k6n v

(`)
k

1 +
∑

i06k6n uk

= ` lim
n→∞

v
(`)
n

un
ed4��3.
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Single birth process

PÙ©Ù¼ê Fki(x) = Pk(ξi 6 x), Laplace C�P�:

ϕki(λ) = Eke−λξi =

∫ ∞
0

e−λxdFki(x), λ > 0.

2P ψki(λ) = 1− ϕki(λ).

Theorem (Wang & Z., 2020)

éü)L§, �½G� i0, �½ c = −λV . K

ψni0(λ)=


λ
∑

n6k6i0−1 ṽk

1 + λ
∑

06k6i0−1 ṽk
+ψi0i0(λ)

(
1−

∑
n6k6i0−1

ũk

)
, 0 6 n 6 i0,

−
λ
∑

i06k6n−1 ṽk

1 + λ
∑

06k6i0−1 ṽk
+ψi0i0(λ)

(
1+

∑
i06k6n−1

ũk

)
, n > i0 + 1;
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Single birth process

Theorem (continued)

Ù¥

ũk =


k∑

j=i0−1

F̃
(j)
k qji0(1− δji0)

qj,j+1
, k > i0,

1, k = i0 − 1,

0, 0 6 k 6 i0 − 2;

ṽk =

k∑
j=0

F̃
(j)
k V (j)

qj,j+1
, k > 0;

ψi0i0(λ) =
λ

1 + λ
∑

06k6i0−1 ṽk
lim
n→∞

∑
i06k6n ṽk

1 +
∑

i06k6n ũk
.
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Single birth process

Theorem (contin.)

e�b½ü)L§´~���4� limn→∞ ṽn/ũn �3, K

ψi0i0(λ) =
λ

1 + λ
∑

06k6i0−1 ṽk
lim
n→∞

ṽn
ũn
.

½Â�f Ω: Ωg = Qg + cg, Ù¥ (Qg)i =
∑

j∈E qij(gj − gi).

� c 6 0 �, Ω ´�àk�Ç (−ci) �ü)L§éA��f.

Theorem (Chen & Z., 2014)

�½ü) Q Ý
 Q = (qij) Ú¼ê c 9 f , K Poisson �§ Ωg = f �
) g kXeL«:

gn = g0 +
∑

06k6n−1

∑
06j6k

F̃
(j)
k (fj − cjg0)

qj,j+1
, n > 0.
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Single death process

Single death process: Q = (qij) satisfies

qi,i−1 > 0, qi,i−j = 0, i > 1, j > 1.

ii− 1 i+ 1

i+ 2 i+ k

0 1

R R� U Uu u u u u u u u

Q =


− ∗ ∗ ∗ · · ·
+ − ∗ ∗ · · ·
0 + − ∗ · · ·
...

...
...

...
. . .
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Single death process

branching process:

i→ i− 1 at rate αip0

→ i at rate − αi(1− p1)

→ i+ 1 at rate αip2

→ i+ 2 at rate αip3

→ · · ·

Ü{� (�®���Æ) Integral-type functionals 2020c10�26F 17 / 42



Single death process

Z. Criteria on ergodicity and strong ergodicity of single death processes,
Frontiers of Mathematics in China, 2018, 13(5): 1215-1243.

Z. & Zhou. High-order moments of the first hitting times for single death
processes, Frontiers of Mathematics in China, 2019, 14(5): 1037-1061.
Here, V ≡ 1.

��� V ?

û�Í, H�¸(1978). àg��ê��ÅL§. �ÆÑ��.

���K)�{. 4�LÞ{()«L§, �(%).

J. Wang & Z. Moments of integral-type downward functionals for single
death processes, Frontiers of Mathematics in China, 2020, 15(4): 749-768.
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Single death process

Define q
(k)
n :=

∑∞
j=k qnj , k > n > 0.

G
(i)
i = 1, G(i)

n =
1

qn,n−1

i∑
k=n+1

q(k)n G
(i)
k , 1 6 n < i.

Theorem (Z., 2018) 1st moment

Assume that the single death Q is irreducible and regular. Then the process is
ergodic if and only if

D :=
∑
k>1

q
(k)
0

∑
`>k

G
(`)
k

q`,`−1
<∞;

the process is strongly ergodic if and only

S :=
∑
k>1

∑
`>k

G
(`)
k

q`,`−1
<∞.
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Single death process

Theorem (Zhou & Z., 2019) high order

Assume that the single death Q is irreducible and the corresponding process is
recurrent. Given i0 ∈ Z+ and a positive integer n > 1 arbitrarily. Then

Eiτni0 = n
∑

i0+16k6i

∑
`>k

G
(`)
k E`τn−1i0

q`,`−1
, i > i0 + 1.

Theorem 1 (Wang & Z., 2020)

Assume that the single death Q is irreducible and the corresponding process is
recurrent. Given i0 ∈ Z+ and a positive integer n > 1 arbitrarily. Then

Eiξni0 = n
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
, i > i0 + 1.
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Single death process

Let w
(n)
i := Eiξni−1 and wi := w

(1)
i . w

(0)
i = 1.

Theorem 2
Under the conditions of Theorem 1, then

Eiξni0 = (wi0+1 + · · ·+ wi)
(n)

=:
∑

ni0+1+···+ni=n

n!

ni0+1! · · ·ni!
w

(ni0+1)
i0+1 · · ·w(ni)

i , i > i0, n > 1.

Eiξni0 =
∑

i0+16`6i

E`ξn`−1 +
∑

i0+26`6i

n−1∑
s=1

(
n

s

)
E`ξn−s`−1 E`−1ξ

s
i0 .
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Single death processes. Sketch of proof.

Let

M
(n−1)
ik =

∑
i+16`6k

n−1∑
s=1

(
n

s

)
E`ξn−s`−1 E`−1ξ

s
i−1

and

M
(n−1)
i = V (i)Eiξn−1i−1 +

1

n

∑
k>i+1

qikM
(n−1)
ik , i > 1.

Proposition 1

Under the conditions of Theorem 1, then

Eiξni0 =
∑

i0+16`6i

E`ξn`−1 +M
(n−1)
i0+1,i , i > i0 + 1,

M
(n−1)
ik = M

(n−1)
ij +M

(n−1)
j+1,k +

n−1∑
s=1

(
n

s

)
Ekξn−sj Ejξsi−1, 1 6 i 6 j 6 k.
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Single death process. Sketch of proof.

Single death property: Eiξni−1 =?

xi =
q
(i+1)
i

qi
xi +

∑
k>i+1

q
(k)
i

qi
xk +

n

qi
M

(n−1)
i , i > 1. (∗)

Theorem 3. Under the conditions of Theorem 1

Eiξni−1 = n
∑
k>i

G
(k)
i M

(n−1)
k

qk,k−1
, i > 1, n > 1.

Denote the left hand side by mi, the right hand side by hi.

hi =
1

qi,i−1

(
nM

(n−1)
i +

∑
k>i+1

q
(k)
i hk

)
.
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Single death process. Sketch of proof.

Lemma 1

(hi) is the minimal nonnegative solution to

xi =
q
(i+1)
i

qi
xi +

∑
k>i+1

q
(k)
i

qi
xk +

n

qi
M

(n−1)
i , i > 1. (∗)

mi > hi.

Ü{� (�®���Æ) Integral-type functionals 2020c10�26F 24 / 42



Single death process. Sketch of proof.

Sketch proof of Lemma 1:
Fix N > 2, define Q-matrix Q(N) = (q̃ij) on {0, 1, 2, · · · , N}:

q̃ij =



qij if i < N, j < N ;

q
(N)
i if i < N, j = N ;

(qN ∨N)(1 + nG(N)aN ) if i = N, j = N − 1;

−(qN ∨N)(1 + nG(N)aN ) if i = N, j = N ;

0, if i = N, j < N − 1,

where G(N) = max16i6N G
(N)
i and

aN =

{
M

(n−1)
N if M

(n−1)
N <∞;

1 if M
(n−1)
N =∞.

Define q̃
(k)
n =

∑N
j=k q̃nj , 0 6 n < k 6 N,

G̃
(i)
i = 1, G̃(i)

n =
1

q̃n,n−1

i∑
k=n+1

q̃(k)n G̃
(i)
k , 1 6 n < i 6 N.
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Single death process. Sketch of proof.

Sketch proof of Lemma 1(continued):

h(N)
n := n

N∑
k=i

G̃
(k)
i M

(n−1)
k

q̃k,k−1
(1 6 i 6 N)

is a unique solution (the minimal non-negative solution) to the following equations

xi =
q̃
(i+1)
i

q̃i
· xi +

N∑
k=i+1

q̃
(k)
i

q̃i
· xk +

n

q̃i
M

(n−1)
i , 1 6 i 6 N.

xN =
nM

(n−1)
N

(qN ∨N)(1 + nG(N)aN )
, xi =

q
(i+1)
i

qi
· xi +

N∑
k=i+1

q
(k)
i

qi
· xk +

n

qi
M

(n−1)
i .

(h
(N)
n ) is increasing to the minimal non-negative solution of (∗) as N →∞.

h(N)
n = n

N−1∑
k=i

G
(k)
i M

(n−1)
k

qk,k−1
+

nG
(N)
i M

(n−1)
N

(qN ∨N)(1 + nG(N)aN )
→ n

∞∑
k=i

G
(k)
i M

(n−1)
k

qk,k−1
= hi.
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Single death process. Sketch of proof.

Lemma 2 (τi)

Under the conditions of Theorem 1, (Eiξni0 : i > i0) is the minimal nonnegative
solution to

xi0 = 0, xi =
∑

j 6=i,j>i0

qij
qi
xj +

nV (i)

qi
Eiξn−1i0

, i > i0.

n
∑

i0+16k6i

∑
`>k

G
(`)
k M

(n−1)
`

q`,`−1
+M

(n−1)
i0+1,i satisfies the equation above.

Eiξni0 6 n
∑

i0+16k6i

∑
`>k

G
(`)
k M

(n−1)
`

q`,`−1
+M

(n−1)
i0+1,i ⇒ mi 6 hi.
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Single death process. Sketch of proof.

By induction and Dominated Convergence Theorem, for all n > 1,

Ei(ξ(N)
i0

)n
x n

∑
i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
,

n
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
= Eiξni0 , i > i0.
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Single death processes. Sketch of proof.

Lemma 3. Under the conditions of Theorem 1

Eiξni0 6 n
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
, i > i0, n > 1.

Lemma 4. Under the conditions of Theorem 1

Eiξi0 =
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)

q`,`−1
, i > i0.

Lemma 5

Ei(ξ(N)
i0

)n = n
∑

i0+16k6i

∑
k6`6N

G
(N,`)
k V (`)E`(ξ(N)

i0
)n−1

q
(N)
`,`−1

, i0 6 i 6 N.
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Single death process. Sketch of proof.

n = 1:

Eiξ(N)
i0

=
∑

i0+16k6i

∑
k6`6N

G
(`)
k V (`)

q`,`−1

x ∑
i0+16k6i

∑
`>k

G
(`)
k V (`)

q`,`−1
,

∑
i0+16k6i

∑
`>k

G
(`)
k V (`)

q`,`−1
= Eiξi0 , i > i0.
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Single death process. Sketch of proof.

Assume that the assertions hold until n− 1.
By Monotone Convergence Theorem,

Ei(ξ(N)
i0

)n
x n

∑
i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
,

n
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)E`ξn−1i0

q`,`−1
> Eiξni0 , i > i0.

Ei(ξ(N)
i0

)n 6 n
∑

i0+16k6i

∑
k6`6N

G
(`)
k M

(N,n−1)
`

q
(N)
`,`−1

+M
(N,n−1)
i0+1,i ,

By Dominated Convergence Theorem.
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Single death process

Define

κ0 = 1, κi =
1

qi,i−1

i∑
k=1

q
(k)
0 G

(i)
k , i > 1, κ =

∑
i∈E

κi.

In the ergodic case, the stationary distribution π = (πi): πi = κi/κ.

Theorem 4 (Wang & Z. 2020+) (σi) Under the conditions of Th. 1,

Ei0ξni0 =
1

κi0

i0∑
i=0

κiH̃
(n,i0)
i

qi
, i0 > 0,

Eiξni0 =
D

(i0)
i0

C
(i0)
i0

C
(i0)
i0−1−i −D

(i0)
i0−1−i, 0 6 i 6 i0 − 1,

where
H

(n,i0)
i = nV (i)Eiξn−1i0

, i > 0,

H̃
(n,i0)
i =

∑
j>i0+1

qijEjξni0 +H
(n,i0)
i , 0 6 i 6 i0.
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Single death process

Theorem 4 (continued)

C
(i0)
i0

=
qi0,i0−1
qi0

κi0 , D
(i0)
i0

=

i0−1∑
i=0

κiH̃
(n,i0)
i

qi
,

and

C
(i0)
i =

∑
i0−i6k6i0

G
(i0)
k , D

(i0)
i =

∑
i0−i6`6i0−1

∑̀
k=i0−i

G
(`)
k H̃

(n,i0)
`

q`,`−1
, 0 6 i 6 i0 − 1.
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Birth-death process on trees

The tree T is a connected graph without cycles. We fix a point on T as the root,
denoted by o. For any vertex i ∈ T \ {o}, there is a unique simple path from i to
the root o.

P(i): the set of all the vertices on this path (the root o is excluded).

|i|: the number of segments of this path is the length of i.

i ∼ j: two vertices i and j are called adjacent if they are joined by a
segment.

When |j| = |i|+ 1 and i ∼ j, j is called one offspring of i and the set of all
the offsprings of i is denoted by J(i).

When |j| = |i| − 1 and i ∼ j, j is called the father of i and denoted by i∗.

Denote Ti the subtree with i as its root, including all the descendants of i.

Assume that any vertex has finite offsprings.
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Birth-death process on trees

We consider a birth-death process on this tree which Q-matrix satisfies: qij > 0 if
and only if i ∼ j, i.e., j = i∗, or j ∈ J(i).

qi := −qii = qii∗ +
∑
j∈J(i) qij <∞ for all i ∈ T .

Define a measure µ on T as follows.

µo = 1, µi =
∏

j∈P(i)

qj∗j
qjj∗

, i ∈ T \ {0},

which is invariant with respect to Q. In fact, µ satisfies the so-called detailed
balance equation:

µiqij = µjqji, i ∼ j.

Ü{� (�®���Æ) Integral-type functionals 2020c10�26F 35 / 42



Birth-death process on trees

Z. Moments of first hitting times for birth-death processes on trees,
Frontiers of Mathematics in China, 2019, 14(4): 833-854.

Theorem (Z., 2019)

Assume that the Q-matrix on T is regular and the process is recurrent. Then

Eiτnk = n
∑

j∈P(i)\P(k)

1

µjqjj∗

∑
`∈Tj

µ`E`ξn−1k , k ∈P(i),

Eiτno = n
∑

j∈P(i)

1

µjqjj∗

∑
`∈Tj

µ`E`ξn−1o .

Corollary. ergodic ⇔ µ <∞; strongly ergodic ⇔

sup
i∈T\{o}

∑
j∈P(i)

1

µjqjj∗

∑
`∈Tj

µ` <∞.
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Birth-death process on trees

Theorem (Wang & Z., 2020+)

Assume that the Q-matrix on the tree T is regular and the process is recurrent.
Then

Eiξnk = n
∑

j∈P(i)\P(k)

1

µjqjj∗

∑
`∈Tj

µ`V (`)E`ξn−1k , k ∈P(i)

Eiξno = n
∑

j∈P(i)

1

µjqjj∗

∑
`∈Tj

µ`V (`)E`ξn−1o .
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Application

Y.Y. Liu & Y.H. Song. Integral-type functionals of first hitting times for
continuous-time Markov chains, Front. Math. China, 2018, 13(3): 619-632.

ξi0 =

∫ σi0

0

r(t)V (X(t))dt.

Assume that r, r′ > 0. Then (Eiξi0 : i ∈ E) is the minimal nonnegative solution
to:

yi =
∑
k 6=i,i0

qik
qi
yk +

V (i)

qi
, i ∈ E,

where

V = Ṽ + r(0)V, Ṽ (i) = Ei
∫ σi0

0

r′(t)V (X(t))dt.
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Application. Single death process for example.

Eiξi0 = Ei
∫ σi0

0

V (X(t))dt.

(Eiξi0 : i > i0) is the minimal nonnegative solution to

xi0 = 0, xi =
∑

k 6=i,k>i0

qik
qi
xj +

V (i)

qi
, i > i0.

For single death process,

Eiξi0 =
∑

i0+16k6i

∑
`>k

G
(`)
k V (`)

q`,`−1
, i > i0 + 1.
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Application. Single death process for example.

In particular, when r(t) = tn, denote

ξi0 = ξ
(n)
i0

=

∫ σi0

0

tnV (X(t))dt, Ṽ (i) = nEiξ(n−1)i0
.

Eiξ(n)i0
= n

∑
i0+16k6i

∑
`>k

G
(`)
k E`ξ(n−1)i0

q`,`−1
, i > i0 + 1.

subexponential ergodicity and polynomial ergodicity

CLT:

t1/2
(

1

t

∫ t

0

f(X(s))ds− π(f)

)
D→ N(0, σ2(f)), t→∞.

If π(|f |) <∞, then a CLT holds iff

E0

(∫ σ0

0

(f−π(f))(X(t))dt

)2

<∞ ⇐ E0

(∫ σ0

0

|f−π(f)|(X(t))dt

)2

<∞.
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Thank you for your attention!

Homepage: http://math0.bnu.edu.cn/∼zhangyh/
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