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Background

Q-process: on Z+ := {0, 1, 2, . . . }, suppose that sub-Markov transition
probability matrix P (t) = (pij(t), i, j ∈ Z+) satisfies

Q-condition: limt→0(pij(t)− δij)/t = qij , i, j ∈ Z+, i.e. the Q-matrix
Q = (qij) is the derivative matrix at time 0 of P (t),

0 6 qij <∞, i 6= j;
∑
j 6=i

qij 6 −qii =: qi 6∞, i ∈ Z+.

totally stable: qi <∞, i ∈ Z+.

conservative: qi =
∑
j 6=i qij , i ∈ Z+, i.e.

∑
j∈Z+

qij = 0.
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Background

Single death process: Q = (qij) satisfies

qi,i−1 > 0, qi,i−j = 0, i > 1, j > 1.

ii− 1 i+ 1

i+ 2 i+ k

0 1

R R� U Uu u u u u u u u

Q =


− ∗ ∗ ∗ · · ·
+ − ∗ ∗ · · ·
0 + − ∗ · · ·
...

...
...

...
. . .
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Background

branching processes:

i→ i− 1 at rate αip0

→ i at rate − αi(1− p1)
→ i+ 1 at rate αip2

→ i+ 2 at rate αip3

→ · · ·
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Background

single birth processes and dual approach.

Y.R. Li, A.G. Pakes, J. Li, A.H. Gu(2008). The limit behavior of dual Markov
branching processes. J. Appl. Prob. 45, 176-189.

stationary distribution. zero-entrance.

quasi-stationary distribution: supn>1 Enτ0.

2017.6.29-2017.7.1, Nanning, The 6th IMS-China International Conference
on Statistics and Probability, Notes on single death processes.
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First hitting times, ergodicity and strong ergodicity

Let Q = (qij) be a regular irreducible Q-matrix. Then the limit

lim
t→∞

pij(t) =: πj

exists and it is independent of i. Moreover, we have either
∑
j πj = 1 or∑

j πj = 0.

P (t) is positive recurrent or ergodic if so is P (h) for every h > 0.
Equivalently, limt→∞ pii(t) = πi > 0.

P (t) is strongly ergodic or uniformly ergodic if

lim
t→∞

sup
i
|pij(t)− πj | = 0.
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First hitting times, ergodicity and strong ergodicity

Let Q = (qij) be a regular irreducible Q-matrix and H be a non-empty finite
subset of Z+. Define σH = inf{t > the first jump time : X(t) ∈ H}.

Theorem[Issacson & Arnold(1978)]

(1) The Q-process is ergodic iff EiσH <∞ for all i ∈ H.
(2) The Q-process is strongly ergodic iff supi EiσH <∞.

Theorem[Tweedie(1981)]

The Q-process is ergodic (resp. strongly erergodic) iff the equation{∑
j qijyj 6 −1, i /∈ H∑
i∈H

∑
j 6=i qijyj <∞

has a finite (resp. bounded) nonnegative solution.
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First hitting times, ergodicity and strong ergodicity

Assume that Q is irreducible. π = (πi) is stationary distribution.

Ordinary ergodicity: lim
t→∞

|pij(t)− πj | = 0.

Exponential ergodicity: lim
t→∞

eαt|pij(t)− πj | = 0.

Strong ergodicity: lim
t→∞

sup
i
|pij(t)− πj | = 0

⇐⇒ lim
t→∞

eβt sup
i
|pij(t)− πj | = 0.

Strong ergodicity ⇒ Exponential ergodicity ⇒ Ordinary ergodicity.
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First hitting times, ergodicity and strong ergodicity

Define q
(k)
n :=

∑∞
j=k qnj , k > n > 0.

G
(i)
i = 1, G(i)

n =
1

qn,n−1

i∑
k=n+1

q(k)n G
(i)
k , 1 6 n < i.

Theorem 1.
Assume that the single death Q is irreducible and the process is recurrent. Then

Enσ0 =
∑

16k6n

∑
`>k

G
(`)
k

q`,`−1
, n > 1;

E0σ0 =
1

q0
+

1

q0

∑
k>1

q
(k)
0

∑
`>k

G
(`)
k

q`,`−1
.
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First hitting times, ergodicity and strong ergodicity

Theorem 1.(continued)

Furthermore, the process is ergodic if and only if

D :=
∑
k>1

q
(k)
0

∑
`>k

G
(`)
k

q`,`−1
<∞;

the process is strongly ergodic if and only

S :=
∑
k>1

∑
`>k

G
(`)
k

q`,`−1
<∞.

Actually, for the last conclusion, the recurrence assumption can be replaced by
the uniqueness one.

Ü{� (�®���Æ) ükL§Ä���Ý�H{nØ 10.20, 2019 11 / 42



First hitting times, ergodicity and strong ergodicity

G
(i)
i = 1, G(i)

n =

i−1∑
k=n

G
(k)
n q

(i)
k

qk,k−1
, 1 6 n 6 i− 1.

Define τi = inf{t > 0 : X(t) = i}. Enτn−1 =?

xn =
∑

k>n+1

q
(k)
n

qn
xk +

q
(n+1)
n

qn
xn +

1

qn
, n > 1. (∗)
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First hitting times, ergodicity and strong ergodicity

Proposition 1. Under the conditions of Theorem 1

Enτn−1 =

∞∑
k=n

G
(k)
n

qk,k−1
, n > 1.

Denote the left hand side by mn, the right hand side by hn.

hn =
1

qn,n−1

(
1 +

∑
k>n+1

q(k)n hk

)
.
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First hitting times, ergodicity and strong ergodicity

Lemma 1.

(hn) is the minimal nonnegative solution to

xn =
∞∑

k=n+1

q
(k)
n

qn
xk +

q
(n+1)
n

qn
xn +

1

qn
, n > 1. (∗)

mn > hn.
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First hitting times, ergodicity and strong ergodicity

Sketch proof of Lemma 1:
Fix N ∈ Z+, define Q-matrix Q(N) = (q̃ij) on {0, 1, 2, · · · , N}:

q̃ij =



qij if i < N, j < N ;

q
(N)
i if i < N, j = N ;

(qN ∨N)(1 +G(N)) if i = N, j = N − 1;

−(qN ∨N)(1 +G(N)) if i = N, j = N ;

0, if i = N, j < N − 1,

where G(N) = max16n6N G
(N)
n . Define

q̃(k)n =

N∑
j=k

q̃nj , 0 6 n < k 6 N,

G̃
(i)
i = 1, G̃(i)

n =
1

q̃n,n−1

i∑
k=n+1

q̃(k)n G̃
(i)
k , 1 6 n < i 6 N.
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First hitting times, ergodicity and strong ergodicity

Sketch proof of Lemma 1(continued):

h(N)
n :=

N∑
k=n

G̃
(k)
n

q̃k,k−1
(1 6 n 6 N)

is a unique solution (the minimal non-negative solution) to the following equations

xi =
q̃
(i+1)
i

q̃i
· xi +

N∑
`=i+1

q̃
(`)
i

q̃i
· x` +

1

q̃i
, 1 6 i 6 N.

xN =
1

(qN ∨N)(1 +G(N))
, xi =

q
(i+1)
i

qi
·xi+

N∑
`=i+1

q
(`)
i

qi
·x`+

1

qi
, 1 6 i < N.

(h
(N)
n ) is increasing to the minimal non-negative solution of (∗) as N →∞.

h(N)
n =

N−1∑
k=n

G
(k)
n

qk,k−1
+

G
(N)
n

(qN ∨N)(1 +G(N))
→

∞∑
k=n

G
(k)
n

qk,k−1
= hn as N →∞.
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First hitting times, ergodicity and strong ergodicity

Lemma 2. Under the conditions of Theorem 1

(Eiτi0 : i > i0) is the minimal nonnegative solution to

xi0 = 0, xi =
∑

j 6=i,j>i0

qij
qi
xj +

1

qi
, i > i0.

∑
i0+16n6i hn satisfies the equation above.

Eiτi0 6
∑

i0+16n6i

hn ⇒ mn 6 hn.
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First hitting times, ergodicity and strong ergodicity

Proposition 1. Under the conditions of Theorem 1

mn = hn :=

∞∑
k=n

G
(k)
n

qk,k−1
, n > 1.

E0σ0 =
1

q0
+
∑
j>1

q0j
q0

Ejτ0 =
1

q0
+
∑
j>1

q0j
q0

∑
16k6j

mk

=
1

q0
+

1

q0

∑
k>1

q
(k)
0 hk =:

1

q0
+

1

q0
D ⇔ ‘ergodicity iff D <∞’

sup
i>1

Eiτ0 = sup
i>1

∑
16k6i

mk =
∑
k>1

hk =: S, D 6 q0S

⇔ ‘strong ergodicity iff S <∞’
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First hitting times, ergodicity and strong ergodicity

Q-matrix is zero-entrance

For some (equivalently, for all) λ > 0, the following equation has only trivial
solution:

λyi =

∞∑
j=0

yjqji, yi > 0, i > 0 and
∞∑
i=0

yi <∞.

Proposition

Given single death Q-matrix. Then it is zero-entrance if and only if∑∞
`=0m` =∞, where

m0 = 0, m` =
1

q`,`−1

(
1 +

`−1∑
n=0

q(`)n mn

)
, ` > 1.
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First hitting times, ergodicity and strong ergodicity

m` =
1

q`,`−1

∑̀
k=1

G
(`)
k , ` > 1.

Corollary 1.

Assume that the single death Q is irreducible and regular. Then the process is
strongly ergodic if and only if the Q-matrix is not zero-entrance.
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First hitting times, ergodicity and strong ergodicity

Define

κ0 = 1, κk =
1

qk,k−1

k−1∑
n=0

q(k)n κn, k > 1.

Proposition

Assume that the single death Q is irreducible and regular. Then the process is
ergodic if and only if

κ :=
∑
i>0

κi <∞,

the distribution (πi):

πi =
κi
κ
, i > 0.

κk =
1

qk,k−1

k∑
`=1

q
(`)
0 G

(k)
` , k > 1.

κ = 1 +D.
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First hitting times, ergodicity and strong ergodicity

Example 1.

For regular birth-death chain (ai, bi), define

µ0 = 1, µi =
b0b1 · · · bi−1
a1a2 · · · ai

, i > 1; µ[i,+∞) =
∑
k>i

µk, i > 0.

Then

G(i)
n =

µiai
µnan

, 1 6 n 6 i; mn =
µ[n,+∞)

µnan
, n > 1.

Therefore, the birth-death process is ergodic if and only if D = µ[1,+∞) <∞,
equivalently, µ := µ[0,+∞) <∞; the birth-death process is strongly ergodic if
and only if

S =
∑
n>1

µ[n,+∞)

µnan
=
∑
n>0

µ[n+ 1,+∞)

µnbn
<∞.
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First hitting times, ergodicity and strong ergodicity

Example 2.

Given a constant b > 2 (for regularity only needed that b > 1). Let

qij =
b− 1

bj−i+2
, j > i+ 1; qi,i−1 =

b− 1

b
, qi = −qii =

b2 − b+ 1

b2
, i > 1;

q0j =
b− 1

bj+1
, j > 1; q0 = −q00 =

1

b
.

Then q
(k)
n = 1/bk−n+1(1 6 n < k), q

(k)
0 = 1/bk(k > 1),

G(i)
n =

1

b(b− 1)i−n
, 1 6 n < i; mn =

b− 1

b− 2
, n > 1.

Therefore, by D = 1/(b− 2) and S = +∞, we know that the process is ergodic

but not strongly ergodic.
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First hitting times, ergodicity and strong ergodicity

The original branching process can be described as follows. Let α > 0 and
(pj : j ∈ Z+) be a probability distribution. Then the process has death rate
αip0 : i→ i− 1 (i ≥ 1) and growth rate αipk+1 : i→ i+ k (k > 1, i ∈ Z+). An
extended class of branching processes:

Example 3.

qij =



q0j , j > i = 0;

−q0, j = i = 0;

rip0, j = i− 1, i > 1;

ripk+1, j = i+ k, i, k > 1;

−ri(1− p1), j = i > 1;

0, else, i, j ∈ Z+.

where ri > 0 for all i ≥ 1 and 0 < q0 :=
∑
j≥1 q0j <∞.

R.R. Chen(1997). An extended class of time-continuous branching processes. J.

Appl. Prob., 34(1), 14-23.
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First hitting times, ergodicity and strong ergodicity

Theorem 3.
Assume that the extended branching Q is irreducible and regular. Then the
process is ergodic if and only if

∑
`>1

1

r`

(
q
(`)
0 +

∑
16k6`−1

(f∗k ∗ q)`−k+1

pk0

)
<∞;

it is strongly ergodic if and only if

∑
`>1

1

r`

(
1 +

∑
16k6`−1

(f∗k ∗ 1)`−k+1

pk0

)
<∞.

where f = (
∑
k>n pk, n > 2), 1 = (1, 1, · · · ) and q = (q

(n−1)
0 , n > 2) and

(a ∗ b)n =
∑

26m6n

an+2−mbm, n > 2.
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First hitting times, ergodicity and strong ergodicity

Come back to Example 2. Fix a positive constant a such that
a < 1− 1/(b2 − b+ 1). Then Example 2 is the special case of Example 3:

ri = (b− 1)/(ab), p0 = a, pj = a/bj(j > 2), p1 = 1− a− a/(b2 − b).

fn =
a

(b− 1)bn−1
, n > 2; q

(`)
0 =

1

b`
, ` > 1.

(f∗k ∗ q)`−k+1 =
ak

(b− 1)kb`
Ck`−1, 1 6 k 6 `− 1.

∑
16k6`−1

(f∗k ∗ q)`−k+1

pk0
=

1

b(b− 1)`−1
− 1

b`
.

∑
`>1

1

r`

(
q
(`)
0 +

∑
16k6`−1

(f∗k ∗ q)`−k+1

pk0

)
=

a

b− 2
<∞.

Ü{� (�®���Æ) ükL§Ä���Ý�H{nØ 10.20, 2019 26 / 42



First hitting times, ergodicity and strong ergodicity

Note that

(f ∗ 1)` =
a

(b− 1)2

(
1− 1

b`−1

)
.

From the equality above, it follows that

∑
`>1

1

r`

(
1 +

∑
16k6`−1

(f∗k ∗ 1)`−k+1

pk0

)
>
∑
`>2

1

r`
· (f ∗ 1)`

p0
=∞.

So the process in Example 2 is ergodic but not strong ergodic. This is the case of
b > 2. Note that

M1 :=

∞∑
k=1

kpk =
a

(b− 1)2
+ 1− a.

So M1 6 1 if and only if b > 2. Hence, it is easy to be known that the process is

unique and null recurrent when b = 2; the process is unique and transient when

1 < b < 2.
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High-order moments and exponential ergodicity

Theorem 4.
Assume that the single death Q is irreducible and corresponding process is
recurrent. Given i0 ∈ Z+ and a positive integer n > 1 arbitrarily. Then

Eiτni0 = n
∑

i0+16k6i

∑
`>k

G
(`)
k E`τn−1i0

q`,`−1
, i > i0 + 1.

Corollary 2.

Assume that the single death Q-matrix is regular and the process is exponentially
ergodic. Then

δ := sup
i>1

∑
16k6i

∑
`>i

G
(`)
k

q`,`−1
<∞.
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High-order moments and exponential ergodicity

`-ergodicity: Ejσ`j <∞ for some j. 1-erg. = posit. recur., 0-erg. = null recur.

Corollary 3.

Assume that the single death Q-matrix is regular and the process is recurrent.
Then the process is `-ergodic if and only if

d` :=
∑
k>1

q
(k)
0

∑
j>k

G
(j)
k

qj,j−1
Ejτ `−10 <∞.

Ü{� (�®���Æ) ükL§Ä���Ý�H{nØ 10.20, 2019 29 / 42



High-order moments and exponential ergodicity

Single death property: Eiτni−1 =?

Define

M
(n−1)
ik =

∑
i+16`6k

∑
16s6n−1

(
n

s

)
E`τn−s`−1 E`−1τ

s
i−1,

M
(n−1)
i = Eiτn−1i−1 +

1

n

∑
k>i+1

qikM
(n−1)
ik , n > 1.

xi =
q
(i+1)
i

qi
xi +

∑
k>i+1

q
(k)
i

qi
xk +

n

qi
M

(n−1)
i , i > 1.
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High-order moments and exponential ergodicity

Proposition. Under the conditions of Theorem 4

Eiτni−1 = n
∑
k>i

G
(k)
i M

(n−1)
k

qk,k−1
, i > 1, n > 1.

Lemma A. For all 1 6 i 6 v < u,

G
(u)
i =

∑
i6k6v

G
(k)
i

qk,k−1

u∑
`=v+1

q
(`)
k G

(u)
` , 1 6 i 6 v < u.

Lemma B. Under the conditions of Theorem 4

For any nonnegative sequence {an} and n > 1,

∑
k>i

G
(k)
i

qk,k−1

∑
`1>k+1

q
(`1)
k E`1τn`1−1

`1−1∑
`2=k

a`2 = n
∑
u>i+1

G
(u)
i M

(n−1)
u

qu,u−1

u−1∑
`2=i

a`2 .
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High-order moments and exponential ergodicity

Lemma C. Under the conditions of Theorem 4
For any 1 6 i 6 k < `1 and n > 2,

M
(n−1)
k,`1−1 +

n−1∑
s=1

(
n

s

)
E`1−1τ

n−s
k−1Ek−1τ

s
i−1 =

`1−1∑
`2=k

n−1∑
s=1

(
n

s

)
E`2τ

n−s
`2−1E`2−1τ

s
i−1.

Lemma D. Under the conditions of Theorem 4
For all 1 6 s1 < n,

∑
k>i

G
(k)
i

qk,k−1

∑
`1>k+1

q
(`1)
k E`1τ

n−s1
`1−1

(
M

(s1−1)
k,`1−1 +

s1−1∑
s2=1

(
s1
s2

)
E`1−1τ

s1−s2
k−1 Ek−1τs2i−1

)

= (n− s1)
∑
u>i+1

G
(u)
i

qu,u−1
M (n−s1−1)
u M

(s1−1)
i,u−1 .
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High-order moments and exponential ergodicity

Eiτni−1 = n
∑
k>i

G
(k)
i Ekτn−1i−1
qk,k−1

, i > 1, n > 1.

Eiτnk = n
∑

k+16j6i

∑
`>j

G
(`)
j E`τn−1k

q`,`−1
, 0 6 k < i, n > 1.
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High-order moments and exponential ergodicity

Define Gn = limm→∞G
(m)
n /G

(m)
1 , n > 1. Then

Gn >
1

qn,n−1

∞∑
k=n+1

q(k)n Gk, n > 1.

Theorem 5.
Let the single death Q-matrix be regular and irreducible. Assume that∑

k>1

q
(k)
0 Gk <∞.

If

q := inf
n>0

qn > 0 and sup
n>1

[
n∑
k=1

Gk

][ ∞∑
j=n

1

qj,j−1Gj

]
<∞,

then the process is exponentially ergodic.
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High-order moments and exponential ergodicity

Theorem [Tweedie(1981)]

Given a regular irreducible Q-matrix Q = (qij). Then the process P (t) is
exponentially ergodicity if and only if for some λ > 0 with λ < qi for all i,

yi > 1, i ∈ E∑
j qijyj 6 −λyi, i /∈ H∑
i∈H

∑
j 6=i qijyj <∞

has a finite solution (yi).
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High-order moments and exponential ergodicity

For the birth-death process (ai, bi), G
(m)
n /G

(m)
1 = µ1a1/(µnan). Thus

Gn = lim
m→∞

G
(m)
n

G
(m)
1

=
µ1a1
µnan

, n > 1

and
∑
k>1 q

(k)
0 Gk = b0 <∞. The equality holds. Now

M = sup
n>1

[
n∑
k=1

1

µkak

][ ∞∑
j=n

µj

]
= sup
n>1

[
n−1∑
k=0

1

µkbk

][ ∞∑
j=n

µj

]
.

The birth-death process is exponentially ergodic if and only if M <∞.
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High-order moments and exponential ergodicity

Come back to Example 2 for b > 2. We see that G
(m)
n /G

(m)
1 = (b− 1)n−1. Then

Gn = lim
m→∞

G
(m)
n

G
(m)
1

= (b− 1)n−1, n > 1,

and
∑
k>1 q

(k)
0 Gk = 1 <∞. The equality holds. Note that q = 1/b > 0 and

M =
b(b− 1)

(b− 2)2
<∞.

Hence, the process is exponentially ergodic.
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High-order moments and exponential ergodicity

Theorem 6.
Let the single death Q-matrix be regular and irreducible. Assume that

∑
k>1

q
(k)
0

G
(k)
1

<∞.

If

q := inf
n>0

qn > 0 and M := sup
n>1

(
n∑
k=1

1

G
(k)
1

)( ∞∑
j=n

G
(j)
1

qj,j−1

)
<∞,

then the process is exponentially ergodic.

M > δ.
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High-order moments and exponential ergodicity

Define a positive matrix H = (hij)i,j>1:

hij =
1

qj,j−1

i∧j∑
k=1

G
(j)
k , H = ((−Q)|i>1)

−1 =

(∫ ∞
0

pmin
ij (t)dt

)
i,j>1

.

Ekeατ0 =

∞∑
n=0

((αH)n1)(k).

1

αmax
= inf
y∈F

sup
k>1

(Hy +H1)(k)
yk

<∞⇔ exp. erg.⇔ λmax <∞.

where
F = {y : 0 < y �,

∑
k>1

q0kyk <∞}.

Ü{� (�®���Æ) ükL§Ä���Ý�H{nØ 10.20, 2019 39 / 42



High-order moments and exponential ergodicity

û�Í, H�¸(1978). àg��ê��ÅL§. �ÆÑ��.

���K)�{. 4�LÞ{(�(%).

½Â

ξi =

∫ τi

0

V (X(t)) dt, V > 0, VØð�0.

Ekξni = n
∑

i+16j6k

∑
`>j

G
(`)
j V (`)E`ξn−1i

q`,`−1
, k > i > 0, n > 1.
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Thank you for your attention!

Homepage: http://math0.bnu.edu.cn/∼zhangyh/
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