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Background

Q-process: on Z+ := {0, 1, 2, . . . }, suppose that sub-Markov transition
probability matrix P (t) = (pij(t), i, j ∈ Z+) satisfies

Q-condition: limt→0(pij(t)− δij)/t = qij , i, j ∈ Z+, i.e. the Q-matrix
Q = (qij) is the derivative matrix at time 0 of P (t),

0 6 qij <∞, i 6= j;
∑
j 6=i

qij 6 −qii =: qi 6∞, i ∈ Z+.

totally stable: qi <∞, i ∈ Z+.

conservative: qi =
∑
j 6=i qij , i ∈ Z+, i.e.

∑
j∈Z+

qij = 0.
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Background

Single death process: Q = (qij) satisfies

qi,i−1 > 0, qi,i−j = 0, i > 1, j > 1.

ii− 1 i+ 1

i+ 2 i+ k

0 1

R R� U Uu u u u u u u u

Q =


− ∗ ∗ ∗ · · ·
+ − ∗ ∗ · · ·
0 + − ∗ · · ·
...

...
...
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Background

branching processes:

i→ i− 1 at rate αip0

→ i at rate − αi(1− p1)
→ i+ 1 at rate αip2

→ i+ 2 at rate αip3

→ · · ·
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Main results

Define

τi = inf{t > 0 : X(t) = i}, σi = inf{t > the first jumping time : X(t) = i}.

Define q
(k)
n :=

∑∞
j=k qnj , k > n > 0.

G
(i)
i = 1, G(i)

n =
1

qn,n−1

i∑
k=n+1

q(k)n G
(i)
k , 1 6 n < i.

Theorem 1.
Assume that the single death Q is irreducible and the corresponding process is
recurrent. Given i0 ∈ Z+ and a positive integer n > 1 arbitrarily. Then

Eiτni0 = n
∑

i0+16k6i

∑
`>k

G
(`)
k E`τn−1i0

q`,`−1
, i > i0 + 1.
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Main results

Corollary 2.

Assume that the single death Q-matrix is regular and the proc. is exp. erg.. Then

δ := sup
i>1

∑
16k6i

∑
`>i

G
(`)
k

q`,`−1
<∞.

`-ergodicity: Ejσ`j <∞ for some j. 1-erg. = posit. recur., 0-erg. = null recur.

Corollary 3.

Assume that the single death Q-matrix is regular and the process is recurrent.
Then the process is `-ergodic if and only if

d` :=
∑
k>1

q
(k)
0

∑
j>k

G
(j)
k

qj,j−1
Ejτ `−10 <∞.
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Main results

Proposition 4

Let the single death Q-matrix be regular and irreducible. Assume that

∑
k>1

q
(k)
0

G
(k)
1

<∞.

If

q := inf
n>0

qn > 0 and M := sup
n>1

(
n∑
k=1

1

G
(k)
1

)( ∞∑
j=n

G
(j)
1

qj,j−1

)
<∞,

then the process is exponentially ergodic.

M > δ.
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Sketch of proof

Define

M
(n−1)
ik =

∑
i+16`6k

∑
16s6n−1

(
n

s

)
E`τn−s`−1 E`−1τ

s
i−1,

M
(n−1)
i = Eiτn−1i−1 +

1

n

∑
k>i+1

qikM
(n−1)
ik , n > 1.

Single death property: Eiτni−1 =?

xi =
q
(i+1)
i

qi
xi +

∑
k>i+1

q
(k)
i

qi
xk +

n

qi
M

(n−1)
i , i > 1. (∗)
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Sketch of proof

Proposition 5. Under the conditions of Theorem 1

Eiτ
n
i−1 = n

∑
k>i

G
(k)
i M

(n−1)
k

qk,k−1
, i > 1, n > 1.

Denote the left hand side by mi, the right hand side by hi.

hi =
1

qi,i−1

(
nM

(n−1)
i +

∑
k>i+1

q
(k)
i hk

)
.
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Sketch of proof

Lemma 6.

(hi) is the minimal nonnegative solution to

xi =
q
(i+1)
i

qi
xi +

∑
k>i+1

q
(k)
i

qi
xk +

n

qi
M

(n−1)
i , i > 1. (∗)

mi > hi.
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Sketch of proof

Sketch proof of Lemma 6:
Fix N > 2, define Q-matrix Q(N) = (q̃ij) on {0, 1, 2, · · · , N}:

q̃ij =



qij if i < N, j < N ;

q
(N)
i if i < N, j = N ;

(qN ∨N)(1 + nG(N)aN ) if i = N, j = N − 1;

−(qN ∨N)(1 + nG(N)aN ) if i = N, j = N ;

0, if i = N, j < N − 1,

where G(N) = max16i6N G
(N)
i and

aN =

{
M

(n−1)
N if M

(n−1)
N <∞;

1 if M
(n−1)
N =∞.

Define q̃
(k)
n =

∑N
j=k q̃nj , 0 6 n < k 6 N,

G̃
(i)
i = 1, G̃(i)

n =
1

q̃n,n−1

i∑
k=n+1

q̃(k)n G̃
(i)
k , 1 6 n < i 6 N.
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Sketch of proof

Sketch proof of Lemma 6(continued):

h(N)
n := n

N∑
k=i

G̃
(k)
i M

(n−1)
k

q̃k,k−1
(1 6 i 6 N)

is a unique solution (the minimal non-negative solution) to the following equations

xi =
q̃
(i+1)
i

q̃i
· xi +

N∑
k=i+1

q̃
(k)
i

q̃i
· xk +

n

q̃i
M

(n−1)
i , 1 6 i 6 N.

xN =
nM

(n−1)
N

(qN ∨N)(1 + nG(N)aN )
, xi =

q
(i+1)
i

qi
· xi +

N∑
k=i+1

q
(k)
i

qi
· xk +

n

qi
M

(n−1)
i .

(h
(N)
n ) is increasing to the minimal non-negative solution of (∗) as N →∞.

h(N)
n = n

N−1∑
k=i

G
(k)
i M

(n−1)
k

qk,k−1
+

nG
(N)
i M

(n−1)
N

(qN ∨N)(1 + nG(N)aN )
→ n

∞∑
k=i

G
(k)
i M

(n−1)
k

qk,k−1
= hi.
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Sketch of proof

Lemma 7. Under the conditions of Theorem 1

(Eiτni0 : i ≥ i0) is the minimal nonnegative solution to

xi0 = 0, xi =
∑

j 6=i,j>i0

qij
qi
xj +

n

qi
Eiτn−1i0

, i > i0.

n
∑

i0+16k6i

∑
`>k

G
(`)
k M

(n−1)
`

q`,`−1
+M

(n−1)
i0+1,i satisfies the equation above.

Eiτni0 6 n
∑

i0+16k6i

∑
`>k

G
(`)
k M

(n−1)
`

q`,`−1
+M

(n−1)
i0+1,i ⇒ mi 6 hi.
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Sketch of proof

Proposition 5. Under the conditions of Theorem 1

Eiτni−1 = n
∑
k>i

G
(k)
i M

(n−1)
k

qk,k−1
, i > 1, n > 1.

Lemma 8. For all 1 6 i 6 v < u,

G
(u)
i =

∑
i6k6v

G
(k)
i

qk,k−1

u∑
`=v+1

q
(`)
k G

(u)
` , 1 6 i 6 v < u.

Lemma 9. Under the conditions of Theorem 1

for any nonnegative sequence {an} and n > 1,

∑
k>i

G
(k)
i

qk,k−1

∑
`1>k+1

q
(`1)
k E`1τn`1−1

`1−1∑
`2=k

a`2 = n
∑
u>i+1

G
(u)
i M

(n−1)
u

qu,u−1

u−1∑
`2=i

a`2 .
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Sketch of proof

Lemma 10. Under the conditions of Theorem 1
for any 1 6 i 6 k < `1 and n > 2,

M
(n−1)
k,`1−1 +

n−1∑
s=1

(
n

s

)
E`1−1τ

n−s
k−1Ek−1τ

s
i−1 =

`1−1∑
`2=k

n−1∑
s=1

(
n

s

)
E`2τ

n−s
`2−1E`2−1τ

s
i−1.

Lemma 11. Under the conditions of Theorem 1
for all 1 6 s1 < n,

∑
k>i

G
(k)
i

qk,k−1

∑
`1>k+1

q
(`1)
k E`1τ

n−s1
`1−1

(
M

(s1−1)
k,`1−1 +

s1−1∑
s2=1

(
s1
s2

)
E`1−1τ

s1−s2
k−1 Ek−1τs2i−1

)

= (n− s1)
∑
u>i+1

G
(u)
i

qu,u−1
M (n−s1−1)
u M

(s1−1)
i,u−1 .
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Sketch of proof

Sketch of proof of Theorem 1.

Eiτni−1 = hi = n
∑
k>i

G
(k)
i Ekτn−1i−1
qk,k−1

, i > 1, n > 1.

Eiτnk = n
∑

k+16j6i

∑
`>j

G
(`)
j E`τn−1k

q`,`−1
, 0 6 k < i, n > 1.
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Future work

Define a positive matrix H = (hij)i,j>1:

hij =
1

qj,j−1

i∧j∑
k=1

G
(j)
k .

Ekeατ0 =

∞∑
n=0

((αH)n1)(k).

1

αmax
= inf
y∈F

sup
k>1

(Hy +H1)(k)
yk

<∞⇔ exp. erg.⇔ λmax <∞.

where
F = {y : 0 < y �,

∑
k>1

q0kyk <∞}.
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Future work

Theorem [Tweedie(1981)]

Given a regular irreducible Q-matrix Q = (qij). Then the process P (t) is
exponentially ergodicity if and only if for some α > 0 with α < qi for all i,

yi > 1, i ∈ E∑
j qijyj 6 −αyi, i /∈ H∑
i∈H

∑
j 6=i qijyj <∞

has a finite solution (yi).

H = ((−Q)|i>1)
−1 =

(∫ ∞
0

pmin
ij (t)dt

)
.
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Future work

Example 12.

Given a constant b > 2 (for regularity only needed that b > 1). Let

qij =
b− 1

bj−i+2
, j > i+ 1; qi,i−1 =

b− 1

b
, qi = −qii =

b2 − b+ 1

b2
, i > 1;

q0j =
b− 1

bj+1
, j > 1; q0 = −q00 =

1

b
.

Then q
(k)
n = 1/bk−n+1(1 6 n < k), q

(k)
0 = 1/bk(k > 1), q = 1/b and

G(i)
n =

1

b(b− 1)i−n
, 1 6 n < i.

We know that the process is exp. erg. but not strongly ergodic. Now

δ =
b− 1

(b− 2) ∧ (b− 2)2
,
∑
k>1

q
(k)
0

G
(k)
1

=
b2 − b+ 1

b
and M =

b(b− 1)

(b− 2)2
.
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Thank you for your attention!
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