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1. Motivation

Q-process: on Z+ := {0, 1, 2, . . . }, suppose that sub-
Markov transition probability matrix P(t) = (pij(t)) satisfies

(1) Normal condition: pij(t) ≥ 0,
∑

j pij(t) ≤ 1.

(2) Chapman-Kolmogorov eq.: pij(t + s) =
∑

k pik(t)pkj(s).

(3) Jump condition: limt→0 pij(t) = δij, i, j ∈ Z+.

(4) Q-condition: limt→0(pij(t) − δij)/t = qij, i, j ∈ Z+, i.e.
Q-matrix Q = (qij) is the derivative matrix at time 0 of P(t),

0 6 qij < ∞, i 6= j;
∑

j6=i

qij 6 −qii =: qi 6 ∞, i ∈ Z+.

totally stable: qi < ∞, i ∈ Z+.

conservative: qi =
∑

j6=i qij, i ∈ Z+, i.e.
∑

j∈Z+
qij = 0.
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1. Motivation

Single death process: Q = (qij) satisfies

qi,i−1 > 0, qi,i−j = 0, i ≥ 1, j > 1.
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1. Motivation

branching processes: reference model

i → i − 1 at rate ib0

→ i at rate ib1 = −i
→ i + 1 at rate ib2

→ i + 2 at rate ib3

→ · · ·

b1 = −
∑

k6=1

bk = −1
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1. Motivation

single birth process

qi,i+1 > 0, qi,i+j = 0, i ≥ 0, j > 1.

ii − 1 i + 1

i + 2
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2. Single birth processes
For 0 ≤ k < n, define q(k)

n =
∑k

j=0 qnj and

F(i)
i = 1, F(i)

n =
1

qn,n+1

n−1∑

k=i

q(k)
n F(i)

k , 0 ≤ i < n.

Define

mn =

n∑

k=0

F(k)
n

qk,k+1
, n ≥ 0.

Uniqueness[Zhang(1984), Yan & Chen(1986)]

Given a totally stable and conservative single birth Q-matrix Q =
(qij). Then the process is unique (non-explosive) if and only if

∞∑

n=0

mn = ∞.
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2. Single birth processes

Recurrence [Yan & Chen(1986)]

Assume the single birth Q-matrix Q = (qij) is non-explosive and
irreducible. Then the process is recurrent if and only if

∞∑

n=0

F(0)
n = ∞.
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Define

dn =
n∑

k=1

F(k)
n

qk,k+1
, n ≥ 0.

Ergodicity(Yan & Chen(1986), Z.(2001)

Assume the single birth Q-matrix Q = (qij) is regular and ir-
reducible, and the process is recurrent. Then the process is
ergodic if and only if

d := lim
k→∞

∑k
n=0 dn

∑k
n=0 F(0)

n

< ∞;

the process is strongly ergodic if and only if

sup
k≥0

k∑

n=0

(F(0)
n d − dn) < ∞.
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2. Single birth processes

Stationary distribution[Z.(2004)]

Assume that the process is ergodic. Define

ck := lim
i→∞

∑i
j=k mj

∑i
j=k F(k)

j

.

Then the stationary distribution

πk =
1

qk,k+1ck
, k ≥ 0.
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2. Single birth processes

Define σ0 = inf{t ≥ the first jumping time: Xt = 0}.

Return/extinction probability[Brockwell(1986), Chen & Z.(2014)]

Let the single birth Q-matrix Q = (qij) be non-explosive and
irreducible. Then the return/extinction probability is as follows:

P0(σ0 < ∞) =

∑∞
k=1 F(0)

k∑∞
k=0 F(0)

k

, Pn(σ0 < ∞) =

∑∞
k=n F(0)

k∑∞
k=0 F(0)

k

, n ≥ 1.

[Z.(2004)]

Eiσ0 =

i−1∑

k=0

(F(0)
k d − dk), i ≥ 1.

Y.H. Zhang (BNU) Single death processes 2017.06.30 12 / 30



2. Single birth processes

Poisson : Qg + cg = f

Roughly speaking, the unified treatment consists of the following
three steps.

(a) Find out the Poisson equation corresponding to the prob-
lem .

(b) Apply Chen & Z.(2014) to get the solution to Poisson equa-
tion.

(c) Work out the answer for the problem using the solution ob-
tained in (b).

M.F. Chen & Z.(2014): Unified representation of formulas for
single birth processes, Frontiers of Mathematics in China, 9(4):
761-796.
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2. Single birth processes

Problem ci ∈ R fi ∈ R

Harmonic function ci ∈ R fi ≡ 0
Uniqueness ci ≡ −λ < 0 fi ≡ 0
Recurrence ci ≡ 0 fi = qi0(1 − δi0)

Ext./return probability ci ≡ 0 fi = qi0(1 − δi0)(g0 − 1)
Ergodicity ci ≡ 0 fi = qi0(1 − δi0)g0 − 1

Strong ergodicity ci ≡ 0 fi = qi0(1 − δi0)g0 − 1

Polynomial moment ci ≡ 0 f (ℓ)i

Exp. moment/ergod. ci ≡ λ > 0 fi = qi0(1 − δi0)(g0 − 1)
Laplace transform ci ≡ −λ < 0 fi = qi0(1 − δi0)(g0 − 1)

where f (ℓ)i = qii0(1 − δii0)gi0 − ℓEiσ
ℓ−1
i0 .
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3. Dual approach

Given a Q-matrix Q, denote by P(t) = (Pij(t)) the corresponding
minimal Q-process. The Q-process P(t) is said to be stochasti-
cally monotone if

∑

j≥k

Pij(t) ≤
∑

j≥k

Pmj(t), i ≤ m, k = 0, 1, 2, · · · .

⇒
∑

j≥k

qij ≤
∑

j≥k

qmj, i ≤ m, k ∈ {0, · · · , i}∪{m+1, m+2, · · · }.

We also say a Q-matrix Q = (qij) is monotone if the inequality
above holds. If a Q-matrix is regular and monotone, then the
minimal Q-process is also stochastically monotone.
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3. Dual approach

Propositioin[Siegmund(1976)]

A transition function P(t) is stochastically monotone if and only
if there exists a dual process P̃(t) of P(t) such that

P̃(t)Λ = ΛP(t)T,

where
Λ(i, j) = 1{i≤j}.

D. Siegmund(1976): The equivalence of absorbing and reflect-
ing barrier problems for stochastically monotone Markov pro-
cesses. Ann. Probab. 41, 914-924.
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3. Dual approach

Theorem[M.F. Chen, P.S. Li & Z.(2017+)]

Let Q = (qij) be a regular stochastically monotone single birth
Q-matrix and let Q̃ be the dual of Q: Q̃ = ΛQTΛ−1. Denote
the single birth process by (Xt)t≥0 and denote the (dual) single
death process by (X̃t)t≥0. Then we have:
(1) The (dual) single death matrix Q̃ is regular if and only if the
single birth process (Xt)t≥0 is not strongly ergodic, i.e.,

sup
i≥1

i−1∑

j=0

(F(0)
j d − dj) = ∞.
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3. Dual approach

Theorem(continued)

(2) The single birth process is ergodic if and only if for any initial
state i > 0, the extinction probability of the (dual) single death
process Pi(σ̃0 < ∞) < 1. Indeed the extinction probability is
given by

Pi(σ̃0 < ∞) = 1 −

i−1∑

j=0

πj, i = 1, 2, · · · .
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3. Dual approach

Theorem(continued)
(3) Denote the occupation time of the dual single birth process
by T̃j =

∫∞

0 1{X̃t=j}dt j = 1, 2, . . .. Then

Ei(T̃j) =

∫ ∞

0
Pi(X̃t = j)dt =

i−1∑

k=0

(
1{k≤j−1}

F(k)
j−1

qk,k+1
− mj−1πk

)
.

Moreover, when the extinction probability of the (dual) single
death process is 1, then

EiT̃j =

i−1∑

k=0

1{k≤j−1}
F(k)

j−1

qk,k+1
=

i∧j−1∑

k=0

F(k)
j−1

qk,k+1
.

Y.H. Zhang (BNU) Single death processes 2017.06.30 19 / 30



3. Dual approach

Theorem(continued)

(4) Define the explosion time of the (dual) single death process
ζ̃ = limn→∞ ζ̃n, where ζ̃n = inf{t ≥ 0 : X̃t ≥ n}. The condi-
tional expectation of the explosion time and the extinction time
are given by

Ei(ζ̃|σ̃0 = ∞) =

∞∑

j=1

∑j−1
k=0 πk∑i−1
k=0 πk

i−1∑

k=0

(
1{k≤j−1}

F(k)
j−1

qk,k+1
− mj−1πk

)
,

Ei(σ̃0|σ̃0 < ∞)=
∞∑

j=1

1−
∑j−1

k=0 πk

1−
∑i−1

k=0 πk

i−1∑

k=0

(
1{k≤j−1}

F(k)
j−1

qk,k+1
−mj−1πk

)
.
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3. Dual approach

Theorem(continued)
If the extinction probability of the (dual) single death process is 1,
then the mean extinction time of the (dual) single death process
is given by

Eiσ̃0 =

∞∑

j=1

i∧j−1∑

k=0

F(k)
j−1

qk,k+1
, i = 1, 2, · · · .

H.J. Zhang, A.Y. Chen, X. Lin, Z.T. Hou(2001): Strong ergodicity
of monotone transition functions, Statist. Probab. Lett. 55: 63-
69.
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4. Zero-entrance
Define ci := qi −

∑
j6=i qij (non-conservative quantity).

[L.D. Wang &Z.(2014)]

Given a totally stable single birth Q-matrix Q = (qij). Then
the single birth Q-matrix is zero-exit(equivalently, BQ-process is
unique) if and only if

R :=
∞∑

n=0

mn = ∞,

m0 =
1 + c0

q01
, mn =

1

qn,n+1

(
1 + cn +

n−1∑

k=0

(cn + q(k)
n )mk

)
, n ≥ 1.

λx = Qx, 0 ≤ x ≤ 1.
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4. Zero-entrance

[L.D. Wang & Z.(2014)]

Given a totally stable single death Q-matrix Q = (qij). Define
q̄(k)

n =
∑∞

j=k qnj (k > n). Then the single death Q-matrix is
zero-entrance if and only if R :=

∑∞
n=0 mn = ∞, where

m0 = 0, mn =
1

qn,n−1

(
1 +

n−1∑

k=0

(ck + q̄(k)
n )mk

)
, n ≥ 1.

If the single death Q-matrix is non-conservative, then FQ-
process is unique if and only if R = ∞.

λy = yQ, y ≥ 0, ||y||1 < ∞.
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4. Zero-entrance

[L.D. Wang & Z.(2014)]

Given a totally stable single death Q-matrix Q = (qij). Then
there exists a unique invariant measure as follows:

µ0 = 1, µn =
1

qn,n−1

n−1∑

k=0

(ck + q̄(k)
n )µk, n ≥ 1.

The stationary distribution of the single death process is repre-
sented as follows: πn = µn/µ, n ≥ 0, where

µ0 = 1, µn =
1

qn,n−1

n−1∑

k=0

q̄(k)
n µk, n ≥ 1;

µ =
∞∑

n=0

µn.
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4. Zero-entrance

πQ = 0.

Transpose the matrix equation πQ = 0 to

QTπT = 0T.

Then
QTg =: Ωg = Q∗g + cg = 0T,

where Q∗ is a totally stable and conservative single birth Q-
matrix and

ci =

i−1∑

j=0

qji + qi+1,i −
∞∑

j=i+1

qij − qi,i−1, i ≥ 0;

fi ≡ 0.
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4. Zero-entrance

Proposition[Z.(2016)]

The stationary distribution of the single death process is repre-
sented as follows: πn = µn/µ, n ≥ 0, where

µ0 = 1, µn = 1 −

n−1∑

k=0

k∑

j=0

F̃(j)
k cj

qj+1,j
, n ≥ 1; µ :=

∞∑

n=0

µn;

F̃(i)
i = 1, F̃(i)

n =
1

qn+1,n

n−1∑

k=i

q̃(k)
n F̃(i)

k , n > i ≥ 0,

q̃(k)
n =

k∑

j=0

qjn − cn, n > k ≥ 0.
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5. Mean hitting time

single birth process

mn =

n∑

k=0

F(k)
n

qk,k+1
, n ≥ 0.

Enτn+1 = mn =
n∑

k=0

F(k)
n

qk,k+1
, n ≥ 0.

xn =
1

qn

(
1 +

n−1∑

k=0

q(k)
n xk + q(n−1)

n xn

)
, n ≥ 0.

F(i)
i = 1, F(i)

n =
1

qn,n+1

n−1∑

k=i

q(k)
n F(i)

k , 0 ≤ i < n.
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5. Mean hitting time

single death process: Enτn−1 =?

xn =
1

qn

(
1 +

∞∑

k=n+1

q̄(k)
n xk + q̄(n+1)

n xn

)
, n ≥ 1.

q̄(k)
n :=

∞∑

j=k

qnj, k > n ≥ 0

G(i)
i = 1, G(i)

n =
1

qn,n−1

i∑

k=n+1

q(k)
n G(i)

k , 0 ≤ n < i.
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5. Mean hitting time

xn =
1

qn

(
1 +

∞∑

k=n+1

q̄(k)
n xk + q̄(n+1)

n xn

)
, n ≥ 1.

Enτn−1 =

∞∑

k=n

G(k)
n

qk,k−1
(n ≥ 1)?

The minimal nonnegative solution

hn =
∞∑

k=n

G(k)
n

qk,k−1
(n ≥ 1).

∞∑

n=1

∞∑

k=n

G(k)
n

qk,k−1
< ∞ ⇒ ∃ a QSD uniquely.
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Thank you for your attention!

Homepage: http://math0.bnu.edu.cn/∼zhangyh/
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