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1. Background

@ Q-process: on Z, := {0,1,2,...}, suppose that sub-
Markov transition probability matrix P(t) = (p;(t)) satisfies

(1) Normal condition: p;(t) > 0, >, p;(t) < 1.

(2) Chapman-Kolmogorov eq.: p;(t+s) = >, Pi(t)py(9).
(3) Jump condition: lim_,o p;j(t) = djj, i,j € Z.

(4) Q-condition: limo(p;(t) — &)/t = qj, i,j € Z4, i.e.
Q-matrix Q = (q;) is the derivative matrix at time 0 of P(t),

0<qgj <oo,i##j; Zqij < —Qi =:¢ <00, | €Zy.
j#
@ totally stable: g < oo, 1 € Z,..

@ conservative: g = 37, Gj, | € Zy, I.€. 3¢y, Gj = 0.
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1. Background

Single birth process: Q = (q;) satisfies

Oi+1 > 0, Gty =0, 1 > 0,j > 1.

0 1 -1 1 1+1
— 4+ 0 O

* — 4+ 0

Q= * % — 4+
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1. Background

@ The exit boundary of the process consists at most
one single extremal point

@ Fundamental comparison tool in studying more
complex processes, such as infinite-dimensional
reaction-diffusion processes

@ Usually the single birth process is non-symmetric
(irreversible)

@ Applications in other fields
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1. Background

@ Upwardly skip-free processes, population proc.
(W.J. Anderson, 1991);

@ Generalized birth and death proc. (J.K. Zhang,
1984);

@ Birth and death proc. with catastrophes; birth,
death and catastrophe proc. (Brockwell, Gani,
Resnick and Pakes et al, 1982-1986; B. Cairns &
P. Pollett, 2004);

@ Single birth proc. (S.J. Yan & M.F. Chen, 1986)
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1. Background

i—i1+1 atrate b

—i—1 & + Cifi;i—1
—1—2 Cifi,i_g
— 0 Gifio

where Y10 = 1.
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1. Background

Brockwell, Gani, Resnick and Pakes et al (1982-1986)
for some special catastrophes fj; (b = b4 Ai, & = 0,
¢ =ci, i > 0).

geometric: fj = p(1 — p)' (1 < j < i);fio =
(1-p'H

uniform: f; = 1/i (0 < j < i);

binomial: f;; = (‘7)p/(1 — p)' 7 (0 <j < ).

Aim: extinction times and probability of extinction.

Keys: generating function of Q-resolvent.
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2. Poisson equation

For a totally stable and conservative single birth Q-matrix, given
a function c, define

2g = Qg + cg,
Clearly, if c < 0, then € is an operator corresponding to a single
birth process with killing rates (—c;). Define

o o 1 n—1 . .
FO=1 R = SRR, nsizo
Qn,n-i-l k=i
k
~r(]k): gk)—Cn::Zan—Cm 0<k<n.
j=0

Once ¢ = 0, we omit the superscript .
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Theorem 1[M.F. Chen & Z.(2014)]

Given a totally stable and conservative single birth Q-matrix Q =
(q;) and functions c and f, the solution g to the Poisson equation

Qg="f
has the following representation:
F0 (5 — 60
=0+ Y, Y ————=, n>0
0<k<n—10<j<k 0j,j+1
In particular, the harmonic function of €2 can be represented as

=) A
gn=go<1— ) ZFKC“), n>o.

o<k<n—10<j<k Ji+t
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Proof For eachi > 0, we have

i—1

(Q9)i = Gipa(G41—G) — > G Z(gk-l—l — g« +Cgi

0<j<i—1 k=i

k
= Gira (G —8) — D D Gi(Ga — G ¢

0<j<i—1 j=0
k
= Gyir1(di1—9) — Y (Z Gij — Ci>(gk+1 — ) + GG
0<j<i—1\ j=0

= Gis1(G+1— 9) — D & (G — G + G-

0<j<i—1

J+1— 0 =

( Y 501 —g) +fi— CiQO)-

Qi+1 \ o<k<io1
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L FP(f — g |
9i+1—9i22%, i > 0. J
j=0 i, +1

Proposition[M.F. Chen & Z.(2014)]

For given f, the sequence (h,) defined successively by

1
hy = (fn + ) qgk>hk), n> i
On.n+1 i<k<n—1
has a unified expression as follows
" EOf
n — Z k k7 n 2 I
ki Okl
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@ Uniqueness. J.K. Zhang(1984), Yan & Chen(1986).
@ Recurrence. Yan & Chen(1986).

@ Extinction/return probability. P.J. Brockwell(1986),
W.J. Anderson(1991), Z.T. Hou & Q.F. Guo(1978,
1988).

e Ergodicity. Yan & Chen(1986).

@ Strong ergodicity. Z.(2001).

@ Polynomial moments and stationary dist. Z.(2003,
2004, 2013)

o Exponential moments. Z.(2003)

o Laplace transform. P. J. Brockwell(1986), W.J.
Anderson(1991)
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Q-process: P'(t)|i=0 = Q.
Backward Kolmogorov equation: P’(t) = QP(t).
Forward Kolmogorov equation: P’(t) = P(1)Q.

pi(t) = Z/ aike” 4 "Ipg(s)ds + de %,

ki

p.,(t) = / p.k(S)qke Gt— S)dS—|—6 g~ at,
k#j

@ Q-process exist? unique?

Let Q = (q;) be totally stable and conservative. Every Q-
process satisfies the backward Kolmogorov equation.
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Existence Theorem

Given a totally stable and conservative Q-matrix, there always
exist a Q-process. In details, the minimal solution is a Q-
process. Moreover, BE and FE have the same minimal solution.

Laplace transform: p;(A) = [5° e *pj(t)dt.

Qi 0ij
pi(A) =)
Xt A+q

0jj
|A i A
Pi(A) = gpk( )A+q, A+q.

Denote the minimal process by P™"(X). Consider P(A)—P™"(\):
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U = I e, 0<u<1icz,. J

ki A+ G

Uniqueness Theorem[Feller(1957), Reuter(1957)]

For a given totally stable and conservative Q-matrix
Q = (g;), the Q-process is unique iff the equation has
only the trivial solution u; = 0 for some (equivalently,
for all) A > 0.
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Define
1 1 n—1
o = —, My= <1+quk>mk), n> 1
q01 Qn,n+1 k=0
" E®
m, = n, n> 0.
k=0 qk’k+1

Unigueness[J.K. Zhang(1984), Yan & Chen(1986)]

Given a totally stable and conservative single birth Q-matrix Q =
(gij), the process is unique (non-explosive) iff Y"°° ;m, = oo.
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Sketch of proof. unique iff the solution (u;) to the equation

A +a)u =D g, i >0 Up=1
j#i

is unbounded for some (equivalently for all) A > 0. Rewrite it as
Qu =Qu
Applying Theorem 1 to ¢

Au = 0 Up = 1.

—X and f; = 0, we obtain:

=0
uh=1+Xx > Y K

=1+Xx ) M, n > 0.
o<k<n—1 j=0 i+l 0<k<n—1

oo iff > m, = oo.

Clearly, u, is increasing in n and then is unbounded iff > m,
co. Thus, it remains to show that ) m,
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4. Recurrence, return/extinction probability

@ P(t) is recurrent if for each h > 0, P(h) is recurrent. Equiv-

alently, [;° pi(t)dt = oo

embedding chain (IT;): ITj = lgx03 (1 — 6.,)

Recurrence Theorem[Feller(1957)]

For a given totally stable and conservative Q-matrix Q =

oo (n)

/ P (t)dt = H” .
G

In particular, if Q is irreducible and regular, then P(t) is recurrent

iff so is its embedding chain.

(9i),

regular: totally stable, conservative and Q-process is unique.
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4. Recurrence, return/extinction probability

For a regular and irreducible Q = (q;), P(t) is recurrent iff for
some (equivalently, all) jo,

has only a trivial solution.

For embedding chain (II;), (fij, = Pi(oj, < o0) : i € Zy) is
the minimal solution to the equation

Xi = Z ILi X + Hi,joa i € Z+.
kZjo

(IT;;) is recurrent iff f; j, = 1.

iij -
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4. Recurrence, return/extinction probability

Recurrence Theorem[Yan & Chen(1986)]

Assume the single birth Q-matrix Q = (gj;) is non-explosive and
irreducible. Then the process is recurrent iff >°°° | F(® = oo.

Sketch of proof. recurrent iff the equation
Xi:ZHikaa 0<x <1, i>0
k£0

has only zero solution, where ITix = (1 — dik)qi /G- It is equiva-
lent to that the solution to the equation

Xi = ZHikaa i > 0; Xo=1
ko0

is unbounded.
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4. Recurrence, return/extinction probability

(contin.)
Rewrite the previous equation as
(Qx)o = 0, (QX)i = o, i > 1 Xo = 1.

Applying Theorem 1 to ¢, = Oand f; = go(1 — o), we obtain
the unique solution as follows

n—1 n—1
xo=1, %=1+ FO=>"F% n>L
k=1 k=0

Clearly, (x,) is unbounded iff >~ /2 Fﬁo) = oo. In other words,
the equation has only a trivial solution iff 5°°  F{¥ = oc.
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4. Recurrence, return/extinction probability

Define oy = inf{t > the first jumping time: X; = 0}.

Proposition

Let the single birth Q-matrix Q = (q;) be non-explosive and
irreducible. Then the return/extinction probability is as follows:

oo (0) e e} 0
oo 0 0o 0 =
Zk:O Fl(( ) Zk:o FIE )

Furthermore, Pn(oo9 < oo) = 1for alln > 0iff Po(op < 00) =
1, equivalently iff Y2 F©® = oo,

Po(o0 < o0) = s P00 < 00) =

P. J. Brockwell(1986), W. J. Anderson(1991)
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Sketch of proof. (Pi(op < o0) : i € E) is the minimal nonnega-
tive solution to the equation

Xizz%k+?(l_dlo)a i € E.

k#£0,i W
Then, we have (Qx); = gio(1 — dio)(Xo — 1),i > 0. Applying
Theorem 1to ¢, = 0and f; = gjo(1 — dip) (X0 — 1), we get

xn:xo(1—|— > FS’)) > FY, n>o.

1<k<n—1 1<k<n—1
Because x, > 0, it follows that

(0)
Xo > sup = 1F(O) 1—%(0).
n>1 ) 0" > ko Fk

From here, we obtain the m|n|mal nonnegative solution:

X*=1-— 20

Xg=1- o~ (0)° n o’
Zk:OFIE) P oF()

n>1
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4. Recurrence, return/extinction probability

Consider the occupation time of the state j:

Tj = /0 Lxw=ipdt.

By the return probability and the embedding chain, we get

Proposition[P.S. Li & Z.(2016)]

Let the single birth Q-matrix Q = (g;;) be regular and irreducible.
Then the mean occupation time
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5. Laplace transform of return/extinction time

Take G = —A < 0. Define (F{") and

- - 1 n-t
do =0, dy = 1+) g% ), n>1.
CIn,n—|-1 k=0

EO)

Equivalently, d, = , n > 0.
1<j<n 0i+1
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5. Laplace transform of return/extinction time

Proposition
Let the single birth process be recurrent. Then the Laplace
transform of o is given by

n—1

1—xd —OE =
B0 = PEZAD b oo 1-AY" (FPd—d),n>1
Qo1 + A =
where
n—17 ~
. d d
d=li ija(g) = lim =z if the limit exists.
n—oco ZE;O Fk n—oo Eo

P. J. Brockwell(1986), W. J. Anderson(1991)
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Sketch of proof. (Eie=*?° : i € E) is the minimal solution (x*)
of the following equation

| 1 - dl -
Xi = ——— Z QikX k—l-qo( }\O), Xi > 1, i € E.
G + k¢{0|} G +

Then, we have
()i — XX = Go(Xo— 1), i >1; (Qx)o— Axo = 0.

Applying Theorem 1to ¢ = —X and f; = qio(1 — dio) (Xo — 1) for
alli >0,

n—1
Xn = xo(l + ) Z FO =3 (FO — xd) +1
Qo1 \—o

=: XoOn—1 — ﬁn—la n>1
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By the minimal nonnegative property, X; = Sup,>; Bn/cn, then

— [Bn
X5 = lim —.
n—oo
We can replace lim,_, by lim,_,... On the one hand, since

Xy € (0, 1],

1
Y L
O O
On the other hand, we can prove that ), ﬁﬁo) = oo since

>k Flﬁo) = oo by the recurrent assumption. Therefore, we have

. Qor . S ko Ok Co1 ~
%0 = o A {1_)‘ 0| = g a b M
01 nZ_FO K Co1

n—1
xi=(1—xd) Y FO =Y (F? — Ad) +1

n—1
=1-2Y (ﬁﬁ‘”a — ak), n> 1
k=0
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Example [uniform catastrophes]

Letqg,+1 =bi,i >0,gj=aj=0,1,...,i —1; and
gij = O for otherj > i 4 1, where aand b are positive
constants. Then the extinction of the process has an
exponential distribution

a

E,e= ™ =
n a_|_)\7

A>0 n> 1

It is surprising that the distribution is independent of b
and the starting point n. Redefine gp1 = 1. Then the
irreducible process is indeed strongly ergodic.

P. J. Brockwell et al(1982)
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Roughly speaking, the unified treatment consists of

the following three steps.

(a) Find out the Poisson equation corresponding to
the problem .

(b) Apply Theorem 1 to get the solution to Poisson
equation.

(c) Work out the answer for the problem using the
solution obtained in (b).
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Problem ¢ eER fieR
Harmonic function G €ER fi=0
Uniqueness c=-A<0 fi=0
Recurrence ¢ =0 fi = Gio(1 — dio)
Ext./return probability ¢ =0 fi = Gio(1 — di0)(go — 1)
Ergodicity ¢ =0 fi = gio(1 — di0)go — 1
Strong ergodicity ¢ =0 fi = gio(1 — di0)do — 1
Polynomial moment ¢ =0 fi(e)
Exp. moment/ergod. GC=A>0 | fi=00(1—6ip)(go— 1)
Laplace transform G =-A<O0|fi=0qo(l—3di0)(g—1)

where £ = i, (1 — 8i,) i, — £Eio; ",
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Let the single death Q-matrix Q = (q;) be regular and irre-
ducible. Assume that the corresponding process is ergodic. To
get the stationary distribution of the process, solve

7wQ =0.

Proposition[L.D. Wang & Z.(2014)]

The stationary distribution of the single death process is repre-
sented as follows: 7, = pn/p, N > 0, where

po=1, pn = Zq i, N> 1

nn 1k0

H = Zun, g = quja n> K.
j=n
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Transpose the matrix equation 7Q = 0 to
Q'n" =0".
Then
Q'g=:Q29=Qg+cg=0,

where Q* is a totally stable and conservative single birth Q-
matrix and

i—1
G =) i+ 0Ot — Z Gj — Ghi—1, 1 > 0;

fi = 0.
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Proposition[Z.(2016)]
The stationary distribution of the single death process is repre-
sented as follows: 7, = pn/p, N > 0, where

n—1 k ~(J)
G
po=1, pp=1-> % X nZl’“_Z“”’
k=0 j=0 q]+lal n=0
. o 1 n—1
FV=1, F=_—>3 VR’ n>ix>o,
qn+1,n k=i
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Thank you for your attention!

Homepage: http://math0.bnu.edu.cn/~zhangyh/
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