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1. Background

@ What is separation cutoff?

Cutoff is referred to a family of ergodic Markov chains shavsharp
transition when converging to their stationary distribng. LetP™ (t)
be the distribution of an finite ergodic Markov chaidsat timet, its
stationary distribution is(™. Then

lim D(PM(t),7M) =0

t—oo

holds for eachn.
However involvingn, it may happen that

0 forc>1;
1 forc< 1.

n—oo

lim D(P™ (ct,), 7() = {
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1. Background

This is called D-)cutoff phenomenon by Persi Diaconis (1996). Th
“distance”D usually can be chosen to be

@ separation (Diaconis & Saloff-Coste (2006))
@ total variance (Ding et al(2010))
@ max—L? distance (Chen & Saloff-Coste(2010))
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1. Background

For two probability measurgsandr, the separation is defined as
sefu, v) = max(l— ui/vi).

Aldous & Diaconis (1987). separation is not a distance.
For a finite Markov chain, |el(t) be the distribution at, there exists
a so-calledastest strong stationary time (FSST$uch that

sedP(t), 7) =P[r >t], t > 0.

Aldous & Diaconis (1987), Fill(1991).
(X, ~9 7, X, andr are independent.)

Diaconis & Saloff-Coste(2006) first gave the criteria fathand death
chains, these criteria involves all the eigenvalues of eaeln.
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1. Background

We give the explicit criteria, which depend only on the otepdran-
sition probability in the discrete time case, and on thehbartd death
rates in the continuous time case.

Since the birth and death chain is symmetric, its eigengaduie real.
But for a general skip-free chains, eigenvalues may be caxnpl

Fill(2009) obtained the distribution of the FSST for upwatdp-free
chains (single birth chain). So we will study the separatiotoff for
the upward skip-free chains.

To get the FSST, the upward skip-free chain is assumed to thave
stochastically monotone time-reversal.
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2. A general condition for separation cutoff

Proposition(Diaconis & Saloff-Coste(2006)

Let 7™ be FSST’s for a family of Markov chains. Assume that thel
iIs C < oo such that

E(r™)® < C(Er™)3 for all n.

Then there is a separation cutoff with= E7 " iff

Er™)? Er™)?
( ) — 00, or equivalentlyu —1
Var(r(M) Y E(7(M)2 ’

Set¢™ = 7MW /E7 (W, Separation cutoff is equivalent to thg® con-
verges to 1 in probability.
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3. FSST of birth-death chains

Theorem(Diaconis & Fill(1990))

For an ergodic continuous-time birth-death chain on theestpace

{0,...,N} started at O, leQ be the generator. Then there exist
fastest strong stationary time (FSST$uch that

sedP(t), 7) = P[r > ]

and the distribution of is given in Laplace transformation:

N
AT v
Ee _VH:lAJrAV’AZO’

S

where); < --- < Ay are positive eigenvalues of the matrQ.
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LetX" be a sequence of birth and death process,on {0,1,...,m,}
with generator matribxQ™. Let 7(™ be the corresponding stationary

distribution andP™t ) be the distributior»(t(” starting from state 0.

Leto= A" < AV < ... < A be the eigenvalues 6fQ™
1 12
M — _—
ST 3 T v = (5
v=1 "\ v=1 v
2 (n)
<%) < Var(r") < T(n),
)\l )\l
ET(H))Z 2
—aoro < BT o
! = Var(r™) = 2T

Theorem(Diaconis & Saloff-Coste(2006))

There is a separation cutoff with = T iff lim ,_, . )\gn)T(“) =

Yu-Hui Zhang (BNU) Separation cutoff April 23,2014 9/37



4. Explicit criteriafor BD chains -Eigenvalues

The formula forT™ comes from the so-called eigentime identity, af

pearing first in Aldous & Fill(2003). LeP\(V”), v > 1 be the non-zero
eigenvalues of-Q", then it holds that

ZA(H Zw VB = ZH" 7 forall i.

i,j=0

According to Mao(2004), for birth and death chains, we have

LN T
o3-S e S
v=1 "\ i= i i =i+l
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4. Explicit criteriafor BD chains -Eigenvalues

M.F. Chen(2010) gives an elegant estimate of spectral gagrfmdic
birth and death chains. Let

~ )" A VA = T
(n) o . _n _n
T ogergrlngnh [(;W' ) - (Z%W' ) } (Z (n)bi(n)> :

i—¢ T

%ﬁ(”) < AP < k™

Separation cutoff occurs iff

lim skWTO = .
n—oo
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4. Explicit criteriafor BD chains-Duality

Fill(1992) constructed a dual absorbing birth-death pssecehose ab-
sorption timer* has the same distribution aghe FSST.
Setfor0<i<mH =5, mandfori<m-1

% Hi— * Hi * *
ai :—Hilbi, bi :T—i_ilai-i-la am:bm:O
Let
7Ti* = boHiz/(ﬂ'ibi).

Leta(1 < i < m),b"(0<i < m)be the birth and death rates for ¢
dual procesX*(t). Somis an absorbing state f&f*(t). Assume both
X(t) andX*(t) start at 0. Then the absorption time (hitting timentp
of X*(t) has the same distribution as the FSSaf X(t).

HJ

QA =AQ, A = (Ay), Ay = q:lm.
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1
ET: EHJ(].— j):T
j=0 1~
— -1
o 21— H; ~ Hi(Hj — Hy)
L e A

Since

Separation cut-off occurs iff

. §Y 1
M FoR ~ 2
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4. Explicit criteriafor BD chains-Stochastic

monotonicity

We will obtain the distribution of FSST for the birth and deatocess
via the halting state. This method can be used to deal witlergén
stochastically monotone Markov processes.

Levin et al(2008)i € E is called a halting state for the FSSTif for
allt>0

Plr > t] =1—Pi(t)/m = sedP(t), 7).

Since
mja><(1 — Bj(t)/mj) = sedP(t), ),

i is the halting state if and only if far> 0,

Pi(t)/ﬂ'i = rn]lnpj(t)/ﬂ']
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For the continuous time birth and death process chain oa spatc
E=1{0,1,--- ,m}, starting at O, statmis a halting state for the FSST
T

Tm Tm To i To i T ! T

Let 7 be the FSST for a continuous time birth and death process

{0,1,..., m}, starting at 0. Define/m(A) = [5 e *P[X = mldt.
Then Sl
Ee — Mnld) S g
Tm

Yu-Hui Zhang (BNU) Separation cutoff April 23, 2014 16/ 37



Let 7 be the hitting time of statk.
Lemma(Y. Gong, Y.H. Mao & C. Zhang(2012))

For the continuous time birth death procégslet
dim(A) =0, ¢5(N) = /OOO e MPX = ], t < 7| Xo = it
for0<i,j <mand
) = [ e =] = ik

for0 <i,j < m. Itholds that for 0<i,j <m

SIQISIRY

Vij(A) = ¢(N) + m,

where§ (\) = Ele*™|Xo = i].
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For the continuous-time birth and death process startifg at

n -1\ -1
Ee ™ = <7ro + Zwk (Ee‘”) ) , A>0.

k=1

m

ET—ZTF,ET,, Er? =2(E7) —I—ZW,ET ZZm(Eﬂ)z.

i=0 i=0 i=0
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Let

[aEy

S= (E7)?

1 1
DL Dy

l k=0 u=0

i=0 j

I\) |

Il
o
e
<
o

and exchange the first summation and the second one, theargeh
the third one and the forth one.
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5. Applications-Restricted chains

Letg(i > 1),bi(i > 0) be the death and birth rates respectively fc
the continuous time birth and death processe$®A1, . .. }. For each
n=12...,arestricted proces)sf”) on{0,1,...,n}isreferred to a
birth and death process with birth ratn-,@ =hbfor0O<i<n-1and

Y = 0, and death rates” = a for 1 <i < n. ThenX" is ergodic
with reflecting boundary at.

Assume thak; is exponential ergodic. Th@(}(n) has separation cut
if and only if X, is not strong ergodic.
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Proof Let \; be the spectral gap fof;, and \; > 0 by exponential
ergodicity. Let/\g as before. Then Ilrrmoo/\ ™ — A\,

[e o]

> ZWJ>JLrQOT —T= Z HZW,Zm

i= 0 ] i+1 j=i+1
Z S
T |j i1

But the birth and death process is not strongly ergodic if@m if

oo 1 oo
i=0 ! i j=i+1

Therefore, the non-strong ergodicity is equivalent tg,lim )\gn)T(”) =
oo. Diaconis & Saloff-Coste(2006).
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Example 1

Leta, =a, b =Dh.
(1) Ifa > b > 0, then); = (v/a— vb)% Thus this process Is
exponentially ergodic, but not strongly ergodic, so thaCayollary 1
there is separation cutoff for the restricted chains.

(2) If b > a > 0, the process is transient. In this case, we cannot ap
Corollary 1. Instead, we apply Theorem 2. For= b/a > 1, we have

ﬁm+l_1 __ﬁi'
B-1 "7

A direct and tedious calculation implies the separatioofwatccurs.
(3) Fora = b, we haver; = 1/m. Again an easy calculation shows
that there is no separation cutoff.

Z =
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Leta = ai”,bp = bwith v > 0,a,b > 0. Then there is separation
cutoff for the restricted chains if and only4fe [0, 1].
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5. Applications-Metropolisalgorithm

For eachm = 1,2, ..., a Metropolis chain o0, 1,...,m} is for-
mulated as follows: for 1< i < m, & = 1/2 whenmi_;/m > 1,
a = mi_1/m whenmi_y/m < 1;for0<i <m-1,b = 1/2 when
7Ti+1/7Ti > l,bi = 7Ti+1/7Ti When7Ti+1/7Ti < 1.

Letm = (i +1)9/Z with d € R, whereZ makesr a probability
measure. For a family of Metropolis chains 6@, 1, ..., m} defined
as above, there is no separation cutoff.

Corollary 3

Letmy = B'/Z with 3 > 0, whereZ makesr a probability measure.
For a family of Metropolis chains of0, 1, . .., m} defined as above,
there is separation cutoff except= 1.
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6. FSST of single birth chains

Since the birth and death chain is symmetric, its eigengadue real.
But for a general skip-free chains, eigenvalues may be caxnpl

Theorem(Fill(2009))

For an ergodic continuous-time single birth chain on théesspace
{0, ..., N} started at 0 with stochastically monotone time-reversél,
Q be the generator. Then a fastest strong stationary tirhas the
distribution

N \
—A\T v
Ee _Vl Il)\ )\V,)\>O,
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7. Explicit criteriafor SB chains-Duality

Setfor0<i <mH; = ngi mjand fori <m-1

~ iYi
Qj=—,
T

K H A A~ H K
a; = ﬁ: ;(ij — Git1k), i <m—1qy, =0.
Let Q* be a single birttQ-matrix with an absorbing state. Assume
both X(t) andX*(t) start at 0. Then the absorption time (hitting tim
to m) of X*(t) has the same distribution as the FSSaf X(t).
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8. Explicit criteriafor SB chains-Stochastic

monotonicity

Assume the single birth chain on the state space {0,1,...,N},
started at 0, has the stochastically monotone time-relvdrsair be a
FSST andP(t) = (Pi(t)) be the distribution oK;. Then
(1) ]P[T > t] =1- PN(t)/ﬂ'N,
2 o
Ee ™ = — / e MPy(t)dt, A > 0.
0

TN

Pou(t)/m = Pio(t) /7o = MinPi(t) /70 = min Po(t)/m.

1—Pn(t)/mn = mjax(l — Pi(t)/m) = sepP(t), 7) = P[r > t].
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Let 7 be the hitting time of statk.

Lemma

For the continuous time single birth procegon {0, 1, ..., N}, let

oin(A) =0, ¢(\) = /OOO e P [X = j,t < 7]t
forO<i,j <Nand
Yi(A) = /0 N e NP [X; = j]at
for0 <i,j < N. Itholdsthatfor0<i,j <N

§00n0)
i (A) = @i (A N ,
Y > UT5Y

where&(\) = 1 — A 15 di(A), () = m — A SoNg Mg (M).
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Theorem

For the continuous-time single birth process with the sasthally
monotone time-reversal, started at O,

n -1\ -1
]Ee—)ﬂ- = (7’(’0 + Z Tk (]Eoe_An() ) y A Z O
k=1

m m m
Er = ZmETi, Er? = 2(E7)% + ZmEoTiz — ZZ 7i(Eo7 )2,
i=0 i=0 i=0
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For0< k < i < N, defineq® = ij:o gij, and

F(J
FO — 1, F0 = F'q”
o di+
i K
F. .
m = L 0<i<N
o Tkk+1

Here we sefjyn+1 = 1 for saving notations and convenience. B
induction, it is easy to check that

-1

O<k<i<N;
q||+lzk o o

and

m =

<1+ > oV ) 0<i<N.

Giite 0<j<i—1
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Forj < i, we have

©
Ein = ka, Ej7? —ZZZ P Emi.

o =0 Qe,e+1

i1 -1 k£
Eori = Z M, Eor = 2(Fo7)? — 2 Z £:+1EOTZ
k=0 k=0 (=0 1

Fori <j <N, we have
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g0
T = N

- ,0<i<N.
Gii+1My

Proposition

The time-reversaD is stochastically monotone iff

F9  GronoFd  F¥n
Z N Ok < q|+1,|+2(i+|\i) Z N CIk,|+1’ i+1<j<N.
o Gkktl gy S Gkket

Assume thatj,; = 1. If FY > F{™ foralli < N — 1 and
O < Qkita forall k > i + 1, then the time-reversal is stochasticall
monotone.
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Eo7k
i—0 =0 k-0 Olic k+1
Let
N i—1 N i—1 ] F-(k)
RSV BIW I
i=0 j=0 i=0 j=0 k=0 qk k+1
We have ,
Er S S
=2-2 2_2—
(ET)? (ET)2 T2

Yu-Hui Zhang (BNU) Separation cutoff April 23, 2014



Theorem
For eachn, assume the skip-free chain 60,1, ..., N,} started at O,
with the stochastically monotone time-reversal antl andS™ de-
fined similarly (withN, in the place oN). Then there is a separatior
cutoff with t, = T iff

sm1

M TOE ~ 2

Foreachn = 1,2,..., letQM™ = (qi(j”)) be the generator for a single
birth chains on{0, 1, ..., N,} stared at 0. Assume thqifﬂrl = 1 for
1<i<N,—1 ar_ldqu') < g, fork > i + 1. If there isC > 0 and
B > 1 such thaF" ~ Cgi-I asi — j — oo, then there is a separation
cutoff.

34/37
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Examples
(1) Letgii+1 = Gii—1 = 0ii—2 = 1. Then the chain exhibits the separs
tion cutoff.

FY ~ Cc(v2+1).
(2) Letgiit1 = 1,05 = 1/i for 0 < j < i. Then the chain exhibits the
separation cutoff.
g0 o gi-i-1
i :
@) Letgii=1qgj=2-pp T HL<j<i),go=p fori > 0.
Then the chain exhibits the separation cutoff €@ < (v/5 — 1)/2.

FY = (@+p
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Thank you for your attention!

Homepage: http://math.bnu.edu.tatangyh/
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