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Abstract
We consider the discretely self-similar blowup solutions of the three-dimensional 
Navier–Stokes equations, and under suitable assumptions we show some 
estimates on the asymptotic behavior of the possible nontrivial velocity profiles.

Keywords: Navier–Stokes equations, self-similar type solutions, local energy 
inequality
Mathematics Subject Classification numbers: 76B03, 35Q31, 35Q35

1.  Introduction

In this paper we consider the Cauchy problem of the three-dimensional (3D) incompressible 
Navier–Stokes equations
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=
==
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v x v x
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t 0 0

( )
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� (1.1)

where ∈ × +x t, 3R R( )  and ν> 0 is the viscosity coefficient which is always normalized to 1 
in the sequel. =v v v v, ,1 2 3( ) is the velocity vector field of 3R  and the scalar function p denotes 
the pressure field. (3D-NSE) describes the motion of incompressible viscous flows and is a 
fundamental model in fluid mechanics. There are numerous works on the theoretical studies of 
(3D-NSE), but so far the global regularity problem of smooth solutions remains an outstand-
ing open problem, that is, we do not know whether the smooth solutions will always exist or 
they break down at finite time.
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We here are mainly concerned with the possible self-similar type singular solutions of 
(3D-NSE), which is an important potential type of finite-time blowup solutions for these  
equations (see [9, 13]). Such singular solutions are mostly related to the scaling property of 
(3D-NSE), that is, the system (1.1) is invariant under the following scaling transformation

�
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λ λ λ λ
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= >
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Singular solutions (v, p) of (3D-NSE) are called (backward) self-similar with respect to a 
spacetime point (x0, T ) on the domain = ×D T: 0,3R ] [ if for all ∈x t D,( ) ,
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where (V, P)  =  (V, P)( y) correspondingly are stationary functions solving that
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Combined with the time translation transformation T  which is defined by = −f t f T tT ( ) ( ), 
we see that solutions with the form (1.3) satisfy ∀ ∈x t D,( ) , λ∀ > 0,

= =λ λv x t v x t p x t p x t, , , , , ,T T T T( ) ( ) ( ) ( )� (1.5)

which accounts for the terminology ‘self-similar solutions’. We also consider a more general 
case that (1.5) holds only for a single λ> 1, that is, ∀ ∈x t D,( ) ,

λ λ λ λ λ λ λ− = − = − >v x T t v x T t p x t p x T t, , , , , , for some 1,2 2 2( ) ( ) ( ) ( )    
�

(1.6)

which is called ‘discretely self-similar solutions’ with respect to a spacetime point (x0, T ) on 
the space-time domain D. In terms of the similarity variables
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we see that such singular solutions satisfy
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where (V, P)(y, s) are the time periodic functions defined on × +3R R  with the period 
λ= >S : 2 log 00 , and they solve the following equations
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Under some suitable assumption on V (e.g. the L Ls y
p3 -condition in theorem 1.1 below), the 

pressure profile up to a function depending only on s can be expressed as

( ) ∣ ( )∣ ( ) ( ) ( )∫= − + −
R

P y s V y s K y z V z s V z s z,
1

3
, p.v. , , d ,ij i j
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where K yij
y y y

y

1

4

3 i j ij
2

5( )
∣ ∣

∣ ∣
=

π

δ−
 (i, j  =  1, 2, 3) are the standard Calderón–Zygmund kernels.

Self-similar solutions (1.3) of (3D-NSE) were firstly proposed as a possible candidate 
of finite-time blowup solutions by Leray in his famous article [9]. It was about 60 years 
later the problem was finally solved, by Nečas–Ružička–Šverák [12] which excluded such a 
scenario under the condition ∈V L3 3R( ), and later by Tsai [15] under the more general con-
dition ∈V Lq 3R( ), q  >  3. Both papers rely on a key Liouville-type lemma of the quantity 

( ) ∣ ( )∣ ( ) ( )Π = + + ⋅y V y P y y V y: 1

2
2 1

2
. However, as pointed out by Plechac–Šverák [13] (also 

by Tsai [16]), the possible occurrence of discretely self-similar solution (1.8) remains to be 
an important blowup ansatz. So far there is not much work on this topic in the literature, and 
the main known results, to the best of the author’s knowledge, are the direct consequence of 
the regularity criteria developed by Escauriaza–Seregin–Šverák [7] and its generalizations [8, 
17]. Indeed, in the blowup scenario (1.8) and under the condition ∈ ∞ +V L L;s

3 3R R( ( )), we can 
deduce ∈ ∞v L T L0, ;t

3 3R([ [ ( )), which implies the solutions are regular beyond the time T from 
[7], thus only the trivial velocity profile ≡V 0 is admitted; we also notice that the Lebesgue 

space L3 3R( ) at above can be replaced by the Besov space − +Bp q
p

,
1 3/ 3R( ) < <∞p q3 ,( ) accord-

ing to [8] and by the Lorentz space L3, 3R( )ℓ  ( < <∞3 ℓ ) according to [17].
We also mention an another type of self-similar solutions called the forward self-similar 

solutions, which are defined by (1.3) with t (t  >  0) in place of T  −  t, and the associated exist-
ence problem is similarly faced. In a recent work [10], Jia and Šverák make a significant 
progress in proving the global existence of large forward self-similar solutions for (3D-NSE) 
in the framework of local-Leray weak solutions, and they also conjecture the non-uniqueness 
of such solutions. One can see Tsai [16] for a similar result concerning the global existence of 
large discretely forward self-similar solutions of (3D-NSE).

Recently, there are also much works studying the backward self-similar type solutions 
of the 3D Euler system, which is defined by (1.1) with ν = 0 and is an another fundamen-
tal system in fluid mechanics, and one can refer to [1–6, 14, 18] and references therein for 
various nonexistence results and some interesting properties of the possible velocity profiles. 
However, unlike (3D-NSE), even for the self-similar solutions of the 3D Euler equations, the 
existence problem under natural assumptions (e.g. the velocity profiles belonging to Lp 3R( ), 
p  >  2) remains widely open.

In this note, partially motivated by the recent work on the self-similar type solutions of 
the Euler equations, we adapt the method introduced in [5], and later developed by [1, 6, 18], 
to consider the discretely self-similar solutions of (3D-NSE) to obtain some estimates on the 
asymptotic behavior of the possible velocity profiles. Our main result reads as follows.

Theorem 1.1.  Assume that ∈v C T H0, ; s 3R([ [ ( )), >s 5

2
 satisfying (1.8) is the discretely 

self-similar solutions for the (3D-NSE). Suppose that for some p 3,[ [∈ ∞ , the velocity pro-

file ∈ × ∩+V C C L S L0, ;s y
p1

,loc
1 3 3

0
3R R R( ) ([ ] ( )) is a time periodic vector field with period 

λ= >S 2 log 00 , and the pressure profile P is defined from V by (1.10) up to a function de-
pending only on s. Then we have

∣ ( )∣ ∣ ( )∣
[ ] ∣ ∣⩽ ∣ ∣⩽∫ ∫ ∫+ ∇ ∀
∈

��V y s y V y s y s L Lsup , d , d d , 1.
s S y L

S

y L0,

2

0

2

0

0

� (1.11)

If additionally V 0≢  (i.e. V is a nontrivial velocity profile) satisfies that
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we also have

V y s y L Lsup , d , 1.
s S y L0,

2

0

∣ ( )∣
[ ] ∣ ∣⩽∫ ∼ ∀
∈

�� (1.13)

The proof of (1.11) is an easy consequence of the energy inequality (3.1) of the velocity 
field v. The proof of (1.13) mainly relies on the local energy inequality (2.23) of the profiles 
(V, P), which in turn is derived from the local energy equality (2.1) of the original solutions  
(v, p). Then by obtaining the dominant term of the left-hand-side of (2.23) under the assump-
tion (1.12), and by estimating the associated right-hand-side terms, we can conclude (1.13). 
We also notice that (1.11) can similarly be proved from the local energy inequality (2.20), 

where the assumption ∈V L Ls y
p3  truly takes part in the proof, and we place this interesting and 

more complicated proof in the appendix A.
Theorem 1.1 can be applicable in identifying the nontrivial velocity profiles with typical 

asymptotics. Indeed, since we have the L Ls y
p3  ( p 3,[ [∈ ∞  )-assumption of V and may addition-

ally assume that ∉ ∞ +V L L;s
3 3R R( ( )), the candidates with typical asymptotics will be like

V y s y o y s S y, , for some  0, 1 , 0, , 1.0∣ ( )∣ ∣ ∣ (∣ ∣ ) ] ] [ ] ∣ ∣γ∼ + ∈ ∀ ∈ ∀γ γ− − �� (1.14)

By scaling, we can expect that

V y s y o y s S y, , for some  0, 1 , 0, , 1.1 1
0∣ ( )∣ ∣ ∣ (∣ ∣ ) ] ] [ ] ∣ ∣γ∇ ∼ + ∈ ∀ ∈ ∀γ γ− − − − �

�
(1.15)

Using these estimates we see that (1.12) holds true, and thanks to theorem 1.1, we moreover 
necessarily have (1.13), which is only compatible with the γ = 1 case, i.e.

∣ ( )∣ ∣ ∣ (∣ ∣ ) [ ] ∣ ∣∼ + ∀ ∈ ∀− − �V y s y o y s S y, , 0, , 1.1 1
0� (1.16)

A few remarks are as follows.

Remark 1.2.  The assumption on the velocity field v in theorem 1.1 in fact can be weaken as 
the local Leray weak solution v (constructed in [11, chapters 32 and 33]) satisfying the local 
energy equality (2.1) and the discretely self-similar blowup ansatz (1.8). Note that the local 
Leray solution may not satisfy the energy inequality (3.1), but we can still conclude (1.11) 
thanks to the appendix A.

Remark 1.3.  If the velocity profile ∈ × ∩+V C L S L0, ; p
loc
1 3 3

0
3R R R( ) ([ ] ( )), [ [∈ ∞p 3,   

additionally satisfies that for all �L 1,

V y s y V y s y ssup , d
1 1

, d d ,
s S y L k

k

S

y L0,

2

1 0

2
k

0

0

2
∣ ( )∣ ⩽ ∣ ( )∣

[ ] ∣ ∣⩽ ∣ ∣⩽∫ ∫ ∫∑λ λ
∇

λ∈ =

∞

−
� (1.17)

then by arguing as obtaining (1.13) in theorem 1.1, we have ≡V 0 for all ( ) [ ]∈ ×Ry s S, 0,3
0 .

Remark 1.4.  Under the blowup ansatz (1.8), we infer that

v t
L

V y s y
1

, d ,
L B x y rL

2 2
x r
2

0
∥ ( ) ∥ ∣ ( )∣( ( )) ∣ ∣⩽∫=
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where L  =  (T  −  t)−1/2, r  >  0, =
−

s log T

T t
 and V( y, s) is a time periodic vector field with pe-

riod S0, thus for the nontrivial velocity profile, (1.13) guarantees that

∼
→

v tlim sup 1,
t T

L B xx r
2

0
∥ ( )∥ ( ( ))

that is, the discretely self-similar blowup contains some positive amount of energy as time 
tending to the blowup time.

Remark 1.5.  The numerator of the left-hand-side term of (1.12) is virtually from the contri-
bution of the local dissipation term in (2.1), while the denominator is from the estimation of 
the local energy term in (2.1), thus the assumption (1.12) means that in the blowup scenario 
(1.8) and as time approaching to the blowup time, the contribution from the local dissipation 
term is much weaker than that from the local energy term. At least for the nontrivial velocity 
profiles with typical asymptotics, this assumption seems reasonable.

Remark 1.6.  Note that the term V y s ysup , ds S y L0,
2

0
∣ ( )∣[ ] ∣ ∣⩽∫∈  in (1.12) and (1.13) can also si-

multaneously be replaced by the term ∣ ( )∣
∣ ∣⩽∫ ∫ V y s y s, d d

S

y L0
20

, by starting from (2.22) instead 
of (2.23) in the proof of (1.13).

The outline of the paper is as follows: in section 2 we show the key local energy inequali-
ties of profiles (V, P), and based on these inequalities we prove theorem 1.1 in the section 3, 
and at last we present an another proof of (1.11) from the local energy inequality (2.20) in the 
appendix A.

Throughout this paper, C denotes a harmless constant which may be of different value from 
line to line. The formula X Y�  denotes that there is a constant C  >  0 such that X CY⩽ , and 
∼X Y  means that X Y�  and Y X� . For a real number a, denote by [a] its integer part. For 
∈x0

3R , r  >  0, denote by B xr 0( ) the open ball of 3R  centered at x0 with radius r.

2.  Local energy inequality

We start with the following local energy equality of the original Navier–Stokes equations (1.1):

v x t x t x v x t x t x v x t x t

v x t x t v v pv x t x t v x t x t
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χ χ χ

χ χ χ

− + ∇

= ∂ + + ⋅ ∇ + ∆

R R R

R R R
� (2.1)

where χ∈ ×∞C T0,c
3R( [ [) and < <t t T0 1 2⩽ .

Without loss of generality, we set x0  =  0 for brevity. Let φ∈ ∞Cc
3R( ) be a test function such 

that φ0 1⩽ ⩽ , ⊂φ Bsupp 01( ) and φ≡ 1 on λB 01/ ( ) (note that this λ is just the number in (1.6)). 
By setting χ φ≡x t x,( ) ( ), we have

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

φ φ φ

φ φ

− + ∇

= + ⋅ ∇ + ∆

v x t x x v x t x x v x t x x t

v v pv x t x x t v x t x x t

, d , d 2 , d d
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t

t

t

t

t

t

2
2

1
2 2

2 2

3 3
1

2

3

1

2

3
1

2

3

R R R

R R

∣ ( )∣ ( ) ∣ ( )∣ ( ) ∣ ( )∣ ( )

(∣ ∣ )( ) ( ) ∣ ( )∣ ( )

�

(2.2)

Using the blowup ansatz (1.8) and setting =
−

s : logi
T

T ti
, i  =  1, 2, we get
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Similarly, by the change of variables, we also see that

v x x t
T t

V
x

T t

T

T t
x x t

T V y s y T y s

d d
1

, log d d

e , e d d .

t

t

t

t

s

s s s

2
2

2

2 2 2

1

2

3
1

2

3

1

2

3

∣ ∣ ( )
( )

( ) ( )

∣ ( )∣ ⎜ ⎟

⎛
⎝
⎜

⎞
⎠
⎟

⎛
⎝

⎞
⎠

∫ ∫ ∫ ∫

∫ ∫

φ φ

φ

∇ =
−

∇
− −

= ∇− −

R R

R
�

(2.4)

Thus local energy equality (2.2) under the blowup ansatz (1.8) reduces to
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(2.5)

where < <∞s s0 1 2⩽ . With no loss of generality we assume that �−s s S2 1 0 with λ=S 2 log0  
the time period of the profiles V(y, s), then for any real number τ ∈ S0,i 0[ ], by replacing si in 
(2.5) with τ+si i (i  =  1, 2), we have
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(2.6)

For i  =  1, 2, denote by
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By virtue of the time periodicity property of V and the support property of φ, and by setting

= =−l T i: e , 1, 2,i
s1

2 /2i� (2.8)

we infer that (recalling λ = e
S0
2 )
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Denote by

( )( ) ∣ ( )∣ [ ]∫ ∫τ τ φ τ τ= ∇ ∀ ∈
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R
K T V y s y T y s S, : e , e d d , , 0, ,
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(2.10)

then we roughly have the following estimate
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By letting B s l T l: : ek
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and thanks to the dyadic decomposition, the time periodic property of V, (2.8) and λ=S 2 log0 , 
we further get
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(2.13)

and

K s T V y s y T y s

l
V y s y s

l
V y s y s

, 1 e , e d d

1
, d d

1
, d d ,

k

k

s

s S

B
s s

k

k

k s k

s k

y l

k

k

k

S

y l

1 2
0

2 2 2

0 1 2 log

2 1 log
2

0 1 0

2

k

k

k

2

1

2 0

3

2

1

1

1
1

2 0

1
1

( ) ⩽ ( ) ∣ ( )∣ ( )

⩽ ∣ ( )∣

⩽ ∣ ( )∣

( )

∣ ∣⩽

∣ ∣⩽

∫ ∫

∫ ∫

∫ ∫

∑

∑

∑

τ τ φ

λ

λ

∇

∇

∇

λ

λ

λ

λ

=

+
− −

= +

+ +

=

+

+

R

�

(2.14)
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where s1Bk ( ) is the standard indicator function. In (2.6), by taking the supremum over τ ∈ S0,2 0[ ] 
and integrating on the variable τ ∈ S0,1 0[ ], we obtain

∫ τ τ τ− + +
τ ∈

S J I K K K2 sup , d ,
S

S
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0
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[ ]
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where K1 and K2 are given by
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By arguing as obtaining (2.14), we find
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and

K
C S

l
V y s y s K

1

1
, d d : ,

k

k

k

S

l y l
2

2
0

2
0 1

3 0

2
4

k k

2 0

1
1

1
1

⩽
( ) ( )

∣ ( )∣
⩽∣ ∣⩽∫ ∫∑λ

λ λ−
=

λ λ=
− +

� (2.19)

where in the third line of (2.18) we used φ∇ λ
λ−
C

1
∣ ∣ ⩽  and in (2.19) φ∆ λ
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C
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2∣ ∣ ⩽
( )

. Thus we get
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Similarly, by using the different treating in τ τ ∈ S, 0,1 2 0[ ], we also obtain
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where Ii-Ji, τ τK ,1 2( ), K3, K4 are defined by (2.7), (2.10), (2.18) and (2.19) respectively.
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3.  Proof of theorem 1.1

First we prove (1.11), and we see that it is a direct consequence of the classical energy 
inequality

v x t x v x t x t vsup , d 2 , d d .
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∈ R R
� (3.1)

Indeed, concerning the local ball B x1 0( ) instead of 3R , and inserting the blowup ansatz (1.8) 
into (3.1), we similarly as (2.3) and (2.4) obtain
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then by considering ∈ +s s s S,1 1 0[ ] with ∈s1 N, and denoting = −L T e
s1
2

1
2 , we infer that
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which imply the desired estimate (1.11). We remark that (1.11) can also be derived from the 
local energy inequality (2.20), and the proof may have its own interest (see remark 1.2), thus 
we place it in the appendix.

Next we prove (1.13) under the assumption (1.12), and for this purpose, it suffices to show 
that
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(3.2)

The argument is by contradiction: suppose that (3.2) is not true for all �L 1, then there exists 
a sequence of numbers ∈Ln n N{ }  tending to ∞ such that
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We then begin with the local energy inequality (2.23): by setting λ=l L1  and = →∞l Ln2 , 
and according to (3.3), (2.9), (2.14), we infer that →J 02 , and

⩾ ∣ ( )∣

( ) ⩽ ∣ ( )∣

[ ] ∣ ∣⩽

[ ] ∣ ∣⩽

∫

∫ ∫∑

λ

τ τ
λ λ

∇
τ τ λ

∈

∈ =

∞

+

J
L

V y s y

K
L

V y s y s

1
sup , d ,

sup ,
1 1

, d d ,

s S y L

S k
k

S

y L

1 2
0,

2

, 0,
1 2

0 0

2
k

0

1 2 0

0

2

�
(3.4)

and thus
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where in obtaining the left-hand-side term of (3.5) from (3.4) we have used the assumption 

(1.12) and taken L sufficiently large so that τ ττ τ ∈ K Jsup 2 ,S, 0, 1 2
2

3 1
1 2 0

( ) ⩽[ ] . In the following we 

will suppress the dependence on the constants λ. Since we already have (1.11), this estimate 
combined with the interpolation inequality guarantees that
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For the treating of the pressure profile, we turn to the following lemma, whose proof is placed 
in the end of this section.

Lemma 3.1.  Suppose that ∈ × +V C Cs y
1

,loc
1 3R R( ) is a locally periodic-in-s vector field with 

period S0  >  0, which additionally satisfies that for every �L 1, < <∞p2  and ∞r2 ⩽ ⩽ ,
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with ∈c0 R and Kij(z) (i, j  =  1, 2, 3) some Calderón–Zygmund kernels, then we have
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Applying lemma 3.1 leads to
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From (1.11), the second term on the right-hand side of (3.5) can be treated as

( )
∣ ( )∣

( )∣ ∣∫ ∫∑ ∑λ λ
λ

λ=

∞

+ ∼ =

∞

� �
L

V y s y s
L

L
L

1
, d d

1 1
.

k
k

S

y L k
k

k

0
1 3 0

2

0
3 2k

0

By plugging the above two estimates into (3.5), we have
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which implies that ≡V 0 for all ( )∈ × +R Ry s, 3 , but this contradicts with the nontriviality 
assumption of V. Therefore, the desired estimate (3.2) is followed and we prove (1.13).

Proof of lemma 3.1.  We only need to treat the integral term in the expression formula (3.6), 
denoting by P y s,˜( ), and we use the following decomposition
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For P L2,˜ , by the dyadic decomposition, Minkowski’s inequality and Hölder’s inequality we have
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Hence gathering the above estimates yields (3.7).
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Appendix A.  Justifying (1.11) from the local energy inequality (2.20)

We begin with the local energy inequality (2.20), and by setting λ=l1 , �λ=l L 12  and using 
(2.9) and (2.13), we get
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where λ= λk Llog /1 [ ( )] and λ= λk Llog2 [ ( )]. By suppressing the dependence on λ, we see that
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For E1(L), by Hölder’s inequality we directly have
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Thus by using lemma 3.1, we get
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For E2(L), Hölder’s inequality directly yields
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Hence, by gathering the above estimates we get
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Next we intend to improve (A.3.) to obtain the desired estimate (1.11). For ∈ ∞p 9,] [, first by 
the interpolation inequality we see that
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The estimate of the term E2(L) can also be (A.2.), and thus we have that for ∈ ∞p 9,] [,
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For ∈p 3, 9[ ], from (A.3.) we can choose some fixed number ∈ 0, 1ε ] [ so that
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Hence (1.11) is ensured by (A.4.), (A.5.) and the following estimate
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