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ON THE DIFFERENTIABILITY ISSUE
OF THE DRIFT-DIFFUSION EQUATION
WITH NONLOCAL LEVY-TYPE DIFFUSION

LIUTANG XUE AND ZHUAN YE

We investigate the differentiability property of the drift-diffusion equation
with nonlocal Lévy-type diffusion at either supercritical- or critical-type
cases. Under the suitable conditions on the velocity field and the forcing
term in terms of the spatial Holder regularity, and for the initial data with-
out regularity assumption, we show the a priori differentiability estimates
for any positive time. If additionally the velocity field is divergence-free, we
also prove that the vanishing viscosity weak solution is differentiable with
some Holder continuous derivatives for any positive time.

1. Introduction

We consider the following drift-diffusion equation with nonlocal diffusion:

{8,9+(M-V)9—|—£9:f in RY x R*,

(-1 0(x, 0) = Oy (x) on R?,

where 6 is a scalar function, u is a velocity vector field of R and f is a scalar
function as the forcing term. The nonlocal diffusion operator £ is given by

(1-2) Lg(x) =p-V-fRd(g(x)—g(X+y))K(y) dy,
where the symmetric kernel function K (y) = K (—y) defined on R4 \ {0} satisfies

(1-3) /R[min{l, YPIK () dy <1,

and there exist two constants o € (0, 1] and o € [0, ) such that

-1

4 © ©_ forall I
(1-4) WSK()’)SW orall 0 <yl =<1,
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with ¢; > 0 and ¢, > 1 two absolute constants. In the sequel we also consider the
special case that K satisfies the nonnegative condition

(1-5) K(y)>0 forall yeRY\{0}.
By taking the Fourier transform on £, we get

L&) = A©)B(®),
where the symbol A(§) is given by the Lévy—Khinchin formula

(1-6) A(E) =p.V./ (1 —cos(x - £))K (x) dx.
Rd

The nonlocal diffusion operator £ defined by (1-2) with the symmetric kernel K
satisfying (1-3)—(1-4) corresponds to the stable-type Lévy operator, which is the
infinitesimal generator of the stable-type Lévy process (see [Chen et al. 2015; Sato
1999)). If o = 0, the operator L is referred to as the stable-like Lévy operator, and
in recent years many deep works have been devoted to studying various regularity
problems concerning this diffusion operator (one can see [Komatsu 1995; Husseini
and Kassmann 2007; Kassmann 2009; Caffarelli et al. 2011; Caffarelli and Silvestre
2011; Maekawa and Miura 2013; Dabkowski et al. 2014]). The typical example of
the stable-like Lévy operator is the fractional Laplacian operator |D|* := (—A)%/?
(a €]0, 2[), which has the following expression formula:

0(x)—60(x+y)
|y|d+a Vs

(1-7) |DI“0(x) = cga P-V-/Rd

with ¢4 o > 0 some absolute constant. The operator £L=|D|* := (—A)Y? (a €(0,2))
is the infinitesimal generator of the symmetric stable Lévy process (see [Sato 1999]),
and recently has been intensely considered in many theoretical problems. If o # 0,
the stable-type Lévy operator can contain more general diffusion operators. An
important class is the following multiplier operators £L= A(D) = A(|D|) defined by

S ]
(log( + | DD)*’

and one can refer to [Dabkowski et al. 2014, Lemmas 5.1-5.2] for more details on
the assumptions on A(£) so that the kernel K satisfies (1-3)—(1-4) (the condition
(1-5) can also be satisfied under some additional assumption on A(£), see [Hmidi
2011; Miao and Xue 2015]). Recently, the logarithmic diffusion operator defined
by (1-8) in many systems has attracted a lot of attention and has been variously
studied (e.g., [Tao 2009; Hmidi 2011; Chae and Wu 2012; Dabkowski et al. 2014;
Miao and Xue 2015]). One can also refer to [Chen et al. 2015, Example 4.2] for
other important classes of stable-type Lévy operators.

(1-8) (¢e(,1], w=0, A >0),
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Recalling that for the drift-diffusion equation (1-1) with £ = |D|%, we conven-
tionally call the cases @ < 1, @ =1 and « > 1 supercritical, critical and subcritical
cases, respectively. Thus the operator £ defined by (1-2) under the kernel conditions
(1-3)—(1-4) can be viewed as the critical- and supercritical-type cases and they are
the main concern in this paper.

For the drift-diffusion equation (1-1) with the fractional Laplacian operator
L = |D|* if the velocity field is divergence-free, the C!” -regularity improvement
of weak solutions was obtained by Constantin and Wu [2008] by using the Bony’s
paradifferential calculus. Partially motivated by that work, without the divergence-
free restriction on the velocity, Silvestre [2012b] considered the supercritical and
critical cases (« € (0, 1]), and proved the interior C 1’V—regularity of the solution
provided that u and f belong to L°C ,17(”7/ (y € (0, @)), more precisely, the author
showed the following regularity estimate:

(1-9) N0l Lo (172,017 (B p)) = CUlull Loo—1,01xRe) + 1f [ o= 1,00 0107 (B,)))

where C > 0 depends only on d, @ and ||| p_; 0).c1-«+r). The proof is by
a locally approximate procedure where an extension derived in [Caffarelli and
Silvestre 2007] plays a key role. For the drift-diffusion equation (1-1) with more
general diffusion operator, so far there are not many such differentiability results. We
here only mention a related work [Chen et al. 2015], where the authors considered
the backward drift-diffusion equation

(1-10) 004+u-VO—(L+AO0=Ff, 0Ol;=1(x)=0, 1=>0,

with £ defined by (1-2)—(1-4) (in fact slightly more general Lévy operator £
considered there), and by applying a purely probabilistic method, the authors
proved the C17-regularity of a continuous solution 6 : [0, 1] x R? — R under the
conditions that # and f are Cﬁ -Holder continuous (§ € (1 —a + o, 1)) for each time.

If we slightly lower the regularity index in the assumption of u and f, the
solution of the equations (1-1)—(1-2) may in general not have such a differentiable
regularity. For the drift-diffusion equation (1-1) with £ = | D|%, Silvestre [2012a]
proved that if u € L°C)~* for e € (0, 1) and u € LS, for & = 1, and if f € L,
then the bounded solution becomes Holder continuous for any positive time. For
the drift-diffusion equation (1-1) with stable-like Lévy operator £, and under the
divergence-free condition of u, we refer to [Chamorro and Menozzi 2016] for
a similar improvement to Holder continuous solutions (see also [Maekawa and
Miura 2013] for a related result). Note that the condition u € L;’QC =2 is invariant
under the scaling transformation u(x, t) — Ay (A%, ax) for all A > 0. If we
further weaken the regularity condition on u in the supercritical case, the solution
of (1-1)—(1-2) may not even be continuous, indeed, as proved by Silvestre, Vicol
and Zlato§ in [Silvestre et al. 2013], there is a divergence-free drift u € L°C? with
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8 < 1 —« so that the solution of the equation (1-1) with £ = |D|* and f = 0 forms
a discontinuity starting from smooth initial data.

In this paper, we are concerned with the differentiability property of the sys-
tem (1-1)-(1-2), and if the velocity field u is divergence free, we consider the
differentiability of weak solutions, which is derived by passing to a limit of the
approximate system, while if u is not divergence free, we only consider the a priori
differentiability estimate. We impose no regularity assumption on the nonzero initial
data, and we generalize the result of Silvestre [2012b] for more general stable-type
Lévy operators.

Our first result states that if the velocity field is divergence-free, then the differen-
tiability of the vanishing viscosity weak solution can be achieved for the equations
(1-1)—(1-2) under conditions (1-3)—(1-4) and suitable assumptions.

Theorem 1.1. Let the symmetric kernel K (y) = K (—y) of the diffusion operator
L satisfy (1-3)—(1-4), and the velocity field u be divergence-free. Assume that for
any given T > 0, the drift u, the force f and the initial data 0y satisfy

(1-11) u e L®(0,T], C*(RY)) for some § € (1 —a +o0,1),
and
(1-12) fGLOO([O,T];Bf,’ooﬂBgo’oo(Rd)), 0o LP(RY)  for some pe[2,00).

Then there exists a weak solution 6 € L ([0, T1; L?(R))NLP ([0, T1; By '? (RY))
which satisfies the drift-diffusion equation (1-1)—(1-2) in the distributional sense (see
(3-52) below). Moreover, 6 € L°°((0, T], C'7 (R?)) forany y € (0,8 +a —o —1),
which precisely satisfies that for everyt' € (0, T),

(1-13) 101l e 7y:ctr ey < C8 ™ VDD 60 | Lo 1| fll e 3,2, )
with the constant C depending onlyon T, o, 0, d, § and ||u ||L739C~5.

For our second result, we do not necessarily impose the divergence-free property
of the velocity field, and we mainly focus on the a priori differentiability estimates
of the drift-diffusion equation (1-1)—(1-2) under the conditions (1-3)—(1-5), or in
other words, we concentrate on the uniform-in-€ differentiability estimates of the
following e-regularized drift-diffusion equation under (1-3)—(1-5)

(1—14) 8[9+M6-V9+£9—6A9=f6, 6|l=0=00,€=¢6*(0013|/5(0))’

where ue = ¢ xu, fe=@ex* f, ¢pc(x) = e dp(x /€) and ¢ is the standard mollifier.
The result is as follows.

Theorem 1.2. Let the kernel K(y) = K(—Y) of the diffusion operator L satisfy
the conditions (1-3)—(1-5). Let 0y € Co(R?), with Co(R?) the space of continuous
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Sfunctions which decay to zero at infinity. Suppose that for any given T > 0, the drift
u and the external force f satisfy

(1-15) ueL®(0,T]; C*(RY)) and f e L®([0, T]; C°NL*(RY)),

for some § € (1 —a + o, 1), then the solutions '€ of the regularized drift-diffusion
equation (1-14) uniformly-in-e belong to

L®([0, T1; Co(R)) NL>®((0, T1, C'Y RY))  forany y € (0,8 +a—o —1).
More precisely, for any t’ € (0, T), we have
(1-16) 10l e 13;c10 mayy < CE™ YTV (6o oo + | £l 1o ).

where C is a positive constant depending only on o, o, d, 5§ and ||u||Lc%oC-5 and is
independent of €.

Theorems 1.1 and 1.2 (and Remark 1.3 below) can be applied to the regularity
problem of the (weak) solution of various nonlinear drift-diffusion equations, and
one can refer to the recent work [Miao and Xue 2015] for some direct applications.

The method in showing Theorems 1.1 and 1.2 is consistent with the method
of paradifferential calculus used in [Constantin and Wu 2008], but is mostly in a
different style; and by choosing some time function as a weight and developing the
technique of weighted estimates (where Lemma 3.4 is of great use), we find that the
process used here is efficient and is not sensitive to the divergence-free condition
of u so that we can get rid of such an assumption in Theorem 1.2 (noticing that the
method in [Constantin and Wu 2008] does not extend to the drift-diffusion equations
(1-1)—(1-2) without the divergence-free property of u). We use the L? (p € [2, 00))
framework in Theorem 1.1 and the L*° framework in proving Theorem 1.2, and the
key diffusion effect of the Lévy-type diffusion operator (for high frequency part) is
derived in Lemma 3.2 and Lemma 4.2 respectively. The iterative argument also
plays an important role in the proof of both theorems, and we can see clearly how
the regularity index of the solution improves step by step.

We want to point out that our approach in this paper is purely analytic, and does
not use the probabilistic representations of solutions. Note also that the approach of
[Silvestre 2012b] is not adopted here, and it seems rather hard (if not impossible) to
extend the method of that work for the drift-diffusion equation with more general
diffusion operators.

Remark 1.3 (On higher regularity). If the assumptions (1-11)—(1-12) and (1-15)
hold for any § > 1 — o 4+ o by removing the restriction § < 1, then by following the
deduction in Subsections 3B and 4B, we infer that for the cases studied in Theorems
1.1 and 1.2, we a priori have

6 € L®((0,T];CP*re=o1=Lry  forall y € (0,1)
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if§4+a—0 eNT, and
= LOO((O’T];C[5+0(70]J’) for all Y € O0,6+a—0c—[4+a—0c])

if§+a—o ¢ N

As a consequence of the above result, and if f =0 and u ="P#6 in the equation (1-1)
with P composed of zero-order pseudodifferential operators, e.g., the dissipative
SQG equation which recently has been intensely considered (see [Caffarelli and
Vasseur 2010; Chen et al. 2007; Constantin and Vicol 2012; Cérdoba and Cérdoba
2004; Dabkowski et al. 2014; Kiselev and Nazarov 2009; Kiselev et al. 2007; Wang
and Zhang 2011]):

(1-17) 8,0 4+u-VO+L0 =0, u=(—Rs0,R10), 0(x,0)=0p(x), xeR?,

with R; (i =1, 2) the usual Riesz transform, we can deduce that under the assump-
tions of Theorems 1.1 and 1.2 with the condition on u replaced by

6 e L°°([0,T], C*(RY)) forsome 8 € (1—a+a, 1),

then the corresponding weak solution 6 further belongs to C*°((0, T'] x R%). Indeed,
after obtaining the bound of [0/ ~c1.» (and [|0]], « g1+v+a/5 With some p < o0 in
Theorem 1.1) for any y € (0, § + o —o — 1), from the é?lderén—Zygmund theorem,
we get Vu € L>°C?, which further leads to

6 € LoOCHrHe—al=Ly" forall ' € (0,1)
ifl+y+a—o0eN,and
0 e Lo°C+r+e=alyY" forall y' € 0,y +a—o —[y +a—o))

if 14+y +a—o0 ¢ N, (in Theorem 1.1 we in fact obtain a stronger estimate on @ in
terms of L?-based Besov spaces); noting that the regularity index can be arbitrarily
close to +2(x—o) by suitably choosing y and y’, thus by the bootstrapping method,
we can iteratively improve the regularity index to any large number and finally
conclude the C2°-smoothness of the solution. The C*°-smoothness in ¢ € (0, T']
can be derived from equation (1-1) and Lemma 2.2.

Remark 1.4. In Theorem 1.2, if the velocity field u is divergence-free, and 6 €
L?> N L®(RY), and (1-15) is also assumed, then there exists a weak solution 6 to
the drift-diffusion equation (1-1)—(1-2) which satisfies (1-16) with 6 in place of
6(©). But if the velocity field is not divergence-free, and under the assumptions
of Theorem 1.2, it is not so clear for the authors to pass to the limit € — 0 in
equation (1-14) to obtain the weak solution of the drift-diffusion equations (1-1)—
(1-2). Despite that, we believe that the uniform-in-¢ differentiability estimate (1-16)
is meaningful and may have its various applications.
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Remark 1.5. By examining the proof of both theorems, the upper bound in (1-4)
does not play an essential role in the proof of (1-13) and (1-16), which indeed can
be relaxed to larger numbers. But we here include the upper bound in (1-4) is to
restrict ourselves to the critical and supercritical type cases.

Remark 1.6. In Theorem 1.2, the condition on f in (1-15) can be replaced by
felL>®(0,T]; Cg([R{d)) with Cg (R?) the closure of Schwartz class under the norm
of Holder space C®(R?), and the same uniform estimate (1-16) holds true for a
suitable approximate system of the equations (1-1)—(1-2).

The outline of the paper is as follows. In Section 2, we present some preliminary
knowledge on Bony’s paradifferential calculus and the Besov spaces, and give a
useful lemma on the stable-type Lévy operator £. Section 3 is dedicated to the
proof of Theorem 1.1, and we first show several useful auxiliary lemmas, then we
prove the key a priori estimate (1-13) in the Section 3B, and then we sketch the
proof of the existence part and conclude the theorem. We show Theorem 1.2 in
Section 4, and the proof is also divided into three parts: the auxiliary lemmas, the a
priori estimates and the uniform-in-e differentiability estimates for the regularized
system (1-14), which are treated in the subsections 4A — 4C respectively.

2. Preliminaries

In this preliminary section, we shall gather some notations used in this paper, collect
some basic facts on Bony’s paradifferential calculus and Besov spaces, and show a
useful lemma on the considered Lévy operator L.

Throughout this paper, C stands for a constant which may be different from
line to line. The notation X < Y means that X < CY, and X ~ Y implies
that X <Y and ¥ < X simultaneously. Denote S'(R?) the space of tempered
distributions, S(R?) the Schwartz class of rapidly decreasing smooth functions,
S'(R?)/P(RY) the quotient space of tempered distributions modulo polynomials.
We use g of F(g) to denote the Fourier transform of a tempered distribution, that is,
g = fled €€ g(x) dx. For a number a € R, denote by [a] the integer part of a.

Now we recall the so-called Littlewood—Paley operators and their elementary
properties. Let (x, ¢) be a couple of smooth functions taking values on [0, 1] such
that x € C°(RY) is supported in the ball B:= {£ e R?, |§] < 3}, ¢ € CF(RY) is
supported in the annulus C := {E eR?, ?—1 <&l < %} and satisfies that (see [Bahouri
et al. 2011])

x(s)+Z<p(2—fg) =1,forall £ eR?, and Zq)(z—f}g) =1, for all £ eR%\ {0}.
JEN jez
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For every u € §'(R%), we define the nonhomogeneous Littlewood—Paley operators
as follows:

Af=xDu; Ajf=9Q/D)f. Sif= > A forall jeN.
—l<k<j-1
And the homogeneous Littlewood—Paley operators can be defined as follows:
Aif=9@/D)f: Sif= Y  Aif foral jeZ
keZ k<j—1
Also, we denote
Ajf =01 f+A;f+Af
It is clear to see that, for any f and g belonging to S'(R?), from the property of the
frequency supports, we have
AjNf=0, [j—=1ll=2 and A(S-18A08)=0 |k—1]>5.

Now we introduce the definition of Besov spaces. Let s € R, (p, r) € [1, +00]%

Then the inhomogeneous Besov space By, . is defined as

B = {f € SR | fllsy, = {2718, Fllr}jz=—1ller < o0},
and the homogeneous space B[S,’r is given by
B, , = {f € SRY/PR): I fllg = 12714, fllLr}jezlle@ < oo}

For any noninteger s > 0, the Holder space C* = C!ss~Is] is equivalent to B

with [| flles = 1| fllBy, .-
Bernstein’s inequality plays an important role in the analysis involving Besov

spaces.

Lemma 2.1 (see [Bahouri et al. 2011]). Let f € L, 1 <a < b < 0. Then for
every (k, j) € N2, there exists a constant C > 0 independent of j such that

sup [|8%S, f |l » < €2/ kFd/a=dib) g, £,
la|=k

and
CT2M1A) flle < sup 194, flle < C2IA; f s
lo|=
The following lemma concerning the Lévy operator £ is useful in the proof of
the existence parts.

Lemma 2.2. Let the operator L be defined by (1-2) with the symmetric kernel
K (y) = K(—y) under the conditions (1-3)—(1-4).
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(1) Assume that g € CY(RY), y > 0. Then we have Lg € L>®(R?) with
L8l Loty < Cllgllcrr gay-
(2) Assume that h € S(R?) and hj(x) = 2/4p(27x), j € N. Then we have

(2- LAl ey < C27%.

(3) Assume that g € LP(R%), p €[1, oc]. Then ILA;gllr < C21“||ng||Lpf0r
every j € Nand ||[LA_1g|lLr < CllIgllLr.

Proof of Lemma 2.2. (1) If « € (0, 1), it follows from equation (1-2) that
£en)=p.v.[ (&) =G+ K dy
=p. V-/| | 1(g(X) —gx+y)K(y)dy
yl<

+/|| 1(g(X)—g(ery))K(y) dy.
yi=

By virtue of inequality (1-3), one has

(2-2) ‘p-v./l 1(g(x)—g(JH-y))K(y)dy'SCIIgllLoo/| IK(y)|dy <Cligllree.
yi= y

[>1

Thanks to the upper bound of (1-4), we have

1
p-V-/ll 1(g(X)—g(x+y))K(y)dy‘ = Vll 1/0 y-(Vg)(x+sy)K (y)dsdy
yi= Y=

sCHVgnLoo/ YK ()]dy

lyl=1
2
SCIIVgIILoo/ Iyl —gady
yl<t Iyl

< ClIVgllr=.
Hence for the case o € (0, 1), we get
L8l Loy < CUIGI Loo@ay + IV &I Lo (wey)-

If « = 1, similarly as above, and by adopting the following equivalent formula of
Lg (from the symmetric condition K (y) = K(—y))

23)  Le()= /R (G0 +y Vg iy — g DK )y,

we can prove that
1Lg Il Looray < Cllgllcry may-

Both in the cases « € (0, 1) and o = 1, we conclude || Lg|| po@ey < Cllgllctr re)-
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) If ¢ € (0, 1), from (1-2), (1-4) and the Fubini theorem, we see that
|hj(x) —hj(x +y)l

Lh; < dy dx
[ J||L1<R1)—02/Rd o |y[d+a y
+ /H 1y @)=y 4+ K 0] dyd
y>
1 Gy — By e
<c LTI 4y 1y ||L1f K (y)|dy
Re [y ly|>1

< Clihjll g, +Clihjllr < €27,

where in the last line we used the characterization of homogeneous Besov spaces
(see [Bahouri et al. 2011, Theorem 2.36])

lg(x)—gx+y)llre
||

for all s€(0, 1), (p,r)e[l, o).

gl ~ ‘

Lr®4,dy/1yl9)

If o = 1, we use the following equivalent formula for Lg:
@4 g = [ (0043 Vel — g +INK ).
R

with € > 0. Thus by choosing € =27/, we get

hj - Vhi(x) — h;
||£hj||L1§c2/ / 1)+ Vi) = Byt D
R4 |<2-i

|y|d+1

|hj(x) —hj(x +y)|
+c/ / dydx
2 Ja ) i<lyl<1 |y[d+1

+f/ 1 () — by (e + MUK ()] dy dx
R Jiy|>1

1
< C|IV?h] / ——dy
TS y<ami 1y 141

1
Ll (/ dy+/ |K<y>|dy>
Pz Iy T yiz1

<C2.
Hence (2-1) follows for every o € (0, 1].

(3) Denoting h := *1(<p) h:=F"'(x), we have A;g = h; kg = 14n27 ) *g
(j e N)and A_;g = h * g. By virtue of the facts that Aj A =A; (j € N)and
L(f xg)=(LSf)*g, and thanks to the statement (2), we mfer that

ILA gl = ILAA gl = (Lh) % (Aj&) e < C27*|| A gL

forall j €N, and [|LA_igllLr = [|(Lh) x gllLr < CligllLr. a
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3. Proof of Theorem 1.1

3A. Auxiliary lemmas. In this section we introduce some useful auxiliary lemmas.
The first lemma is about the pointwise lower bound estimate of the Fourier symbol
of the operator L.

Lemma 3.1. Let the operator L be defined by (1-2) with the kernel K (y) = K (—y)
satisfying (1-3)—(1-4). Then the associated symbol A (&) given by (1-6) satisfies

(3-1) AE) =C gl —C,
where o €]0, 1], 0 € [0, @[ and C = C(d, «, 0) is a positive constant.
Proof of Lemma 3.1. Recalling that one has (see Equation (3.219) of [Jacob 2005])

o 1
(3-2) |1 =cq.q P- v./Rd(l —cos(y - -‘E))W dy forall o €]0,2][,

and by virtue of (1-3)—(1-4), we get
A(6) =p-V-fRd(1 —cos(y-§))K(y)dy
> c;lf (1= cos(y - £)) —— dy —/ K ()| dy
0<|yl<I Iyl ly|=1

_ _ _ 1
ZC21<Cd,£|5|a 6_/ de’)_Cl
lyiz1 Y1

> ;e 617 = Caao —c1,
which corresponds to (3-1). O

Next we derive the following lower bound estimates of some quantities involving
the Lévy operator £ given by (1-2).

Lemma 3.2. Let p > 2 and the kernel function K (y) = K (—y) satisfy the conditions
(1-3)—(1-4), then for every 6 € S(RY), we have

a—o P ~
(3-3) f 16(x)[P20(x)LO(x)dx = C [ (IDI" 2 16(0)|2)2dx—C [ 16(x)|7dx,
Rd Rd Rd
and for every j € N,
(3-4) / L(A0)(18;01772A;0) dx = 2T 8,017, — ClLAB1,.
Rc

where the constants ¢, C > 0, C >0 depend only on the coefficients p, a, o, d.
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Proof of Lemma 3.2. First we claim that the following estimate holds true:
(3-5) 16(0)"2720(x) L (x)

>2/p(L101P*)(x) —2 / 10 P2+ 10 IP/D) K (x — )| dy.

lx—y[>1

Indeed, according to (1-2) and the following estimate deduced from Young’s in-
equality

(3-6) 10(X)[P/*720(x)0(y) < 10(0) P21 (y)| < ’97_2|9<x>|f’/2 + %www’”,

we have
(3-7)  16(x)|P/*720(x)LO(x)

= ‘”'/R O =10@)IP20)0 (1)K (x = y) dy
=p. v.f | 1(|9<x)|ﬂ/2 —10()|P*720(x)0 () K (x — y) dy
X—y|<
+ f | l(|9<x)|P/2— 10(x)[P/2720(x)0 (1)K (x — y) dy
X—y|=

> p. v./l | l(|<9(x)|1’/2 —10(x)|P*720(x)0(y) K (x — y) dy
X—y|=<

2p—2
p

f |1(|9<x>|”/2+|9(y)|”/2>|1<(x—y)|dy.
x=yl=

Due to the positivity property of K (y) on 0 < |y| <1 and the inequality (3-6) again,
we see that

(3-8) p.v./| |l(|9(ac)|'”2—|9<x>|P/2—20<x)9<y>)1<(x—y)dy
x—y|=<
-2
=pe [ (0002 = (PRI 42/ pio )1 K -y
[x—y|<1 P
2
= —p.v./ (10(xX) P2 =10(»IP/H) K (x — y)dy
p lx—y|<1

2 2
= ;(ﬁwv’/z)(x)——/ (10 P2 =10 PP K (x — y)dy

lx=yl=1

2 2
> ;(mev’/z)(x)——/l (0)P2+10() PP K (x — y)|dy.

x—yl=1

Gathering the above estimates leads to (3-5).
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As a consequence of (3-5), we get

(3-9) / 16(x)|P726/(x) £6 (x) dx
Rd
= / 1607216 (x)[P/2 7260 (x) £ (x) dx
Rd
> % Ad|9<x>|P/2<£|9|P/2)<x> dx

—2/R |9<x)|"/2/| B@IPHOPPIK )ldyds
d x—y|>

= N1+ N».
In view of the Plancherel theorem and the estimate (3-1) concerning the symbol of
L, this leads to

_2 / 1P AE)0IP(E) de

ot(rd/ 517 “IHIP/Z(E)IGI”/Z(é)dS——Caad/ 61P72(5)[01772(%) de

=If mf (1E@=/2]g[p/2(g))2 ds——cmf 01P72(&)[01P72(£) d&

=2 m/ (1D @0 (x)|P/2)? dx——cm/ 0()IP dx.

The Young inequality and the condition (1-3) ensure that
N,

——< |e(x)|”/2/ 10(x)[P2|K (x — y)| dy dx
2 7 Jpe —yl=1

+/ |9(x)|”/2f 10()1P2K (x — y)| dy dx
R4 lx—y|>1

|9(X)|”f |K(x —y)|dydx
R —y|=1

+ 16177 / 10)IP2K (x = y)[1{jx—yj=1) dy
Rd L%
< ||9||’L’p/ K (x)] dx + ||6||2’é2|||9<x>|P/2||L;/ K (x)] dx
[x|>1 [x|>1

< 2110117,
Inserting the estimates of Ny and N, into (3-9) yields the desired estimate (3-3).
Recalling the following inequality (see [Chen et al. 2007, Proposition 3.1]),

IDIF(A;01P/)13, = é27P||A;61|7, forevery B e (0,2], p e [2,00), j €N,

with a constant ¢ > 0 independent of j, then the estimate (3-4) follows by combining
the above lower bound estimate with (3-3). We thus conclude Lemma 3.2. U
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Now we can show the key a priori L”-estimate of the drift-diffusion equations
(1-D)—(1-2).
Lemma 3.3. Ler u be a smooth divergence-free vector field and f be a smooth
forcing term. Assume that 0 is a smooth solution for the drift-diffusion equations
(1-1)—(1-2) under the assumptions (1-3)—(1-4) with 6y € LP(RY). Then for any
T >0,

T
(3-10). max 6117, + / 10N} @/pdTSeCT(IIGoll{mL /0 || f(t)||€pdt),

with C' > 0 depending only on p, «, o, d.

Proof of Lemma 3.3. Multiplying both sides of (1-1) by |6|?~26(x) and integrating
over the spatial variable, we use the divergence-free condition of u and Holder’s
inequality to get

1d _ _
Eneuﬁﬁflwuxww 26)(x) dx < | f 1161125
R{
Thanks to (3-3), we have
/ £0(017260)dx = € [ (DI 21000172 dx - Ef ()] dx
Rd R‘l

> C||9||” —Clo1%,,

(a a)/p

where in the last line we have used the following inequality (see [Chamorro and
Lemarié-Rieusset 2012, Theorem 2] or [Chamorro and Menozzi 2016, Theorem 5])

(|D|V|9<x>|ﬂ/2)2dx > cll0)l%,,, forall y €(0,1).

V/ 17
We thus obtain

|I9||L,)+Cll9llpm e = CIONL, < NN lONL "

which directly implies
—||9(t)||Lp + ||9||p(a —oyp SCIODOINL, +CIUFONL-

Gronwall’s inequality guarantees the desired inequality (3-10). (]

The final lemma is concerned with a (time function) weighted estimate, which
plays a key role in proving our main results.

Lemma 3.4. Let A > 0and 0 < u < 1. Then for any t > 0, there exists a constant
C,. depending only on v such that

t
(3-11) /0 e Ui dr < C T
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In particular, for any t > ty > 0, we have

t oy t—to v—0)j
(3-12) f e (¢ — )T dr = / A
Io 0
< C 27t — 1) H.

Proof of Lemma 3.4. First, by changing of the variable (f — 7)A = s, one deduces

t th s —i
/e_(’_f))‘t_“df =k_1/ e_‘g<t——> ds
0 0 A
tA/2 -1 tA —1
=A_1</ e_s(t—i) ds—l—/ e_s<t—£> ds)
0 A tA/2 A
=2"Y B +By).
For the first term Bj, noting that t —s /X > %t for all 0 <s <tA/2, we directly get
tA/2 oo
B < Z“t_“/ e ¥ds < Z”I_“/ e Sds <2M™H,
0 0

For the second term B,, by changing of the variable 1 — s /A = s” and using the fact
the ™% < Cy, we deduce that

73
s\ K
B; < e’)‘/z‘/ (t — —) ds
13)2 A

1/2 n—1 n—1
ZIIM)\,BI)L/Z‘/ (s/)fﬂ ds/ — 2 t,ﬂ(t)\‘eft)\‘/z) S C02 tfl’b‘

0 l—p l—u
Combining the above two estimates, we obtain
! CO2”*1

/ e~ T i g < (2“ + —)A‘lt‘“ =C, e,
0 l—n
which corresponds to (3-11). (]

3B. A priori estimates. In this subsection, we assume 6 is a smooth solution for
the drift-diffusion equations (1-1)—(1-2) with smooth # and f. We shall show the
estimate (1-13) and the proof consists of four steps.

Step 1: the estimation of ||0||Lw([IO»T];B;Ooo) for any sg € (0,0 — o) and 79 € (0, T').
By applying the dyadic operator A ; (j €N, j >4) to the equation of @ in (1-1),
we get

(3-13) H A0 +u-VAO+LAO=—[Aj,u-VIO+A,f,
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where [A, B] = AB — BA denotes the commutator of two operators A and B.
Bony’s paraproduct decomposition leads to

G-14) —[Aj,u-VI0 == Y [Aj, Sioqu- V1A
lk—jl<4
— > (Aj(Aju - VS10) — A+ VA Si_16)
lk—jl<4
— Y (Aj(Agu- VAD) = Agu - VA;AD)
k>j—2
=L+ L+

Multiplying both sides of the equation (4-8) with |A j0|P*2A ;0 and integrating
on the spatial variable over R? we use the divergence-free property of u and the
Holder inequality to get

1d -
(3-15) ——||A,-9||{p+f L(A;0)(A;01P72A,0) dx
pdt R4
< (1A Fllee + M le + I ille + 15l 1401175

According to (3-4) in Lemma 3.2, we see that
(3-16) f L(Aj0)(18,0172A;0) dx = 2/ ABII7, — Cill A0,
R

where ¢ and C; are constants depending on p, «, o, d. Inserting (3-16) into (3-15)
and dividing [|A;6]7," lead to

d (o
(-17) 1 A;0Lr +c27 7N A6 L
< CUllAO e+ 1A fller + i le + 1 B lle + 15l

For || 11| L», noting that I; can be expressed as

(3-18) I =— Z /Rdhj(x—y)(Sk1u(y)—Sk1u(X))-VAk9(y)dy,
lk—jl<4

where h;(x) = 2/4(F~1)(2/x) and ¢ € C E_’O(Rd) is the test function introduced
in Section 2, thus from Hoélder’s inequality, Bernstein’s inequality and Young’s
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inequality, one has

e < )

/ hj(x = ) (Se—1u(y) — Se—1u(x)) - VARG (y) dy
R4

le—jl<4 L
<C ) f [ (= D lluelles lx = yI° I VAO (p)] dy
" Rd LP
lk—jl<4 x
sCllullc-a/ i OlIx’ dx ) VAW Ly
R lk—jl<4
(3-19) <C27 P ulles Y 241 MO Lo

lk—jl<4
By virtue of Holder’s inequality and Bernstein’s inequality again, we see that
Iallr < D 1A (Au-VSa0)lir+ D 1 Aku-VSio1A;0] Lo
lk—jl<4 lk—jl<4
<C Y 1Al IVSio1fllLr+C Y I Aeull=[VA;6]Lr

lk—jl<4 lk—jl<4

<c2 ity 2k8||Aku||L°°(ZZIHAIQHLP)

[k—jl<4 I<j
(3-20) < C27|ul| s (Zz"nAkenu),
k<j
and by using the divergence-free property of u, we get
1lle < D IV Aj(AuBid) e+ Y 1 Agu - VARA;6] Lo
k=j-2 k=j=2

<C Y ) Awull= | A0l e
k>j—2

<C2 Y 2 Agu] =27 Akl o
k>j—2
(3-21) < cuunc-szf( > 2—"3||Ake||m).
k>j—2

Gathering the above estimates leads to
d j(a—o
1801 + 2780l Lr < CLIAONLr + 1A f |1

+ Cllull 27 > 2K A0 Lo
k<j+4

+Cllulles2” Y 271 AL
k>j—3
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Let jo € N be a number chosen later (see (3-32)) which satisfies (c/2)2/0®=%) >
Cy, or more precisely,

(3-22) joz[ ! log2(2C1>]—|—l.

a—0 c

We infer that for all j > jj,

d (-
(3-23) A8l + 52774611

<A fller +Cllull 277 Y 251 A0l
k<j+4

+Cllulles2’ D7 278 Aeb] o
k>j—3

= A fllr + H} + H}.
Thus Gronwall’s inequality yields that for every j > jo >4 and f > 0,

_ j(@—0o)
(3-24) A0 |ILr < e P A 00 Lo

t
B _\0ila—o)
b [P )+ 1] )+ HE )
0

According to Lemma 3.3, we also have the L?-estimate for equation (1-1):

(3-25) 16y SeC’(IIQOIILnJr/O If (Ol dt)-

Observing that for all > 0, j e Nand s € (0, ¢ — 0),

. _Cirjla—o) s Lol s _Cnjla—o)
21572 A B0l L < 17T (127 @) T=a e 2| A6 Lo

__s_
(3'26) =< Coz,a,st @—0 ”90||L1’»
thus collecting (3-24), (3-25) and (3-26) leads to

3-27) 165,
< sup 20| A;j6(0) |l Lr + sup 27° | A;6(1) | e
J=<Jo J=Jo
. __s
< C27 ¢ (160llLr + 11 £ 1l 1 10) + Cavost~ &= 60l L0

! _Cs jla—0) _ -
+ sup / e 2T (A flle (@) + H (o) + H (1) dr.
JjZJjoJ0



ON THE DIFFERENTIABILITY ISSUE OF THE DRIFT-DIFFUSION EQUATION 489

For the term containing ||A; f||.», we infer that for every s € (0, @ — o + ),

t _Cp_ jla—0o) _ -
(3-28) sup f e 2RI A flle (7) de
Jj=jov0
! —£(t—1)2/ @79 5 j(5—5)
<Csup | e 2 257N f(@)llgs dr
Jj=jo /0 e
: jo-8) [ ~5u—me
< Cllfllpeps  sup2 e 2 dz
S 0

j(s—a+o—8
< C”f”L?OB;‘,m sup 2J(S a+o—38)
T Jzo

=Clfllieegs, -

For the term including H/.1 in (3-27), thanks to (3-12) in Lemma 3.4, we deduce
that forevery s € (0,0 —o)andd e (1 —a +o0, 1),

t (-0 .
(3-29) sup / e 3T () de
Jj=joJ0
t . I )
=Csup/ e 202 )||u(r)||c~521<”>( > 2k||Ak0(t)||Lp)dt
0

! _Cr_ jl@a—0o) = . .
< Cllull o sup/ e 2% 2]““”( > 2"<““)||9(r)||3;m)dr
J=Jjov0 k<j+4 Y

S
< C||u||L,ooc-a( sup T@—o ||9<r)||3;,,w)
t€(0,1]

13
(1— _C(pypie—o) __s
x sup 2/ (! 8)/6 20D a5 dr
0

J=Jo

S5 N j(l=8—a+0o)
< Cllullgocs ( sup @7 160l . )7 sup2
7€(0,] ' izjo

S e _Ss
< Ct a=o 2 0= “*””Ilullmca( sup To=o IIG(T)IIBA;OO)-
! 1e(0,f] "

For the term including H J.Z in (3-27), by using (3-12) again, we similarly get that
foralls € (0,a—o)and e (1 —a—+o,1),
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i C j(a—o .
(3-30) sup / e 207l 2 (r)de

J=JjoJ0
! _C_ Jjla—0o) :
:Csup/ e 2 ||u(r)||c‘52f(s+1)( > 2_k8||Ak9(t)||Lp>dr
P ! _Ct— j(@—0)
< Cllull s supZJ“H)( > 2"‘(5“))/ e 2 0(1) |1y dT

S e o1 s
< Ct a=o 2 0= “*"))Ilullec'a( sup To=7 ||9(f)||Bé;oo)-
! 1€(0,f] "

Plugging the estimates (3-28), (3-29), (3-30) into (3-27) yields that for any 0 < s <
a—ocand 0 <t <T,

3-31) N0 sy, < CTV T2l e + 11 £l 1y 10)

+Caoisl60llr +CT ™ fll ooy

Cllull oo (

T s/(@—0) )
+2j0(5—(1—oz+a)) sup 1 ||9(t)||3p,oo).

1€(0,T]

Now, by choosing jy € N such that C2/0(1=¢+0=0) || Lwes < 1 and (3-22) holds,
or more precisely,

L logy 2C[ull zse¢5) | [log,(Cy/c)
(3-32) ]O_max{[ 5 (_ato) ][ Yo i|,4}+1,

we have that forall 0 <s <o — o,

(3-33)  sup (¢/“"N60) By
te(0,7T]

< C(T+ D2 U60lle + 1y 2o) + 1 sy -
which implies that for arbitrarily small 7y € (0, T) and every sg € (0, « — o),

(3-34)  sup (10l

t€fto,T]

< Cto T+ D20 U0 lr + 1Ny 1) + 1 F e ),

where jj is given by (3-32).

Step 2: the estimation of ||0”L°°([t1 1B for every sg,s; € (0,0 — o) and
h e, T).
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For every j > jo with jo € N satisfying (3-22) chosen later (jo may be different
from that number in Step 1), adapting the Gronwall inequality to (3-23) over the
time interval [ty, ¢] (for t > #o > 0) yields

(3-35) 10,00l <e 2% A0(10) 110

b ey pypie—o)
+ / e 5P A Flln(0) + H) (1) + HE (D)) dr.
fo

Noting that for j € N, sg € (0, « — o) and every s € (0, ¢ — 0),

_C— jla—0) _ - _Cy_ jla—0o) _ -
(3-36) €72 TVTE T A6 (10 e < € 2TV T2 0.0)

5
< Cqos(t —1p) @0 ||9(t0)||32900,
thus we get that for all ¢ > 79 > 0,

(3-37) ||9(t)||B;9;ro-r

< sup 27CF | A;0(1) |1 1o + sup 27T A0

J=<Jo J=Jo
. __5
< 2060 L (10g 1 1o + 1A llLirr) + Coos(t —10) @ [|0(t0) Il gro
! _C_ jl@a—0) _ -
+ sup/ e 5(—1)2/ 2‘/(SO+S)(||Ajf“LP(T) +HJ-1(‘L') + HIZ(‘E)) dr.
To

J=Jo

For the term containing ||A; f||.», similarly as obtaining (3-28), we get that for
every s € (0, o —o)and sp+s <§+a —o,

t o
(3-38) sup f = (/D=0 j ot A £ Ly dr
J=Jjo Y10
t _ .
SCsup/ e—(c/Z)(t—r)2f(°"”)2J(S0+s—8)”f(r)”l.?a dr
iZjoJt s
! j(a—o
< Cl gy sup 2700157 [ g
P = o fo
< C”f”L?OBB sup 2j(A‘()+S—Ol+U—3)
P i> o

< Cllfllgesy,..
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For the term including Hj1 in (3-37), by arguing as (3-29), we deduce that for every
s€,a—o)andsog+s <1,

t a—o .
@39 sup [ 8O0 b oy
4]

J=Jo

t (o )
= Csup / e 3! >||u<r)||c-azﬂf°+s—5>< > 2"||Ak9<r>||m)dr

J=Jo —1§k§j+4
< Cllull g
t
_C(t—r)2i@—0) _ g
Sup/ e 2(1‘ 7)2 2_](S0+S 5)( Z 2k(1 s s0)>||9(f)||3x0+.€df
]Z]O ] _15](5]_1’_4 proe
scnuuLw( sup (x—10)7 [0l )
! Te(ty,t]

J=Jo

. 4 _Cos j(@—0) PR
To

scnuuwcs( sup (x—10)%7 6(T)]], )

TE(to,1]
S .
(t—19) &7 sup 2~/ O7U7eED )

J=Jo

SCIIMIIL?OC-5< sup (t—19) =7 "||<9(f)||3g )(t—to) oI

TE(to,t]

§—(1— ot+z7)

’

andfor 1 <sp+s <d+a—o,

o —
(3-40) sup / 20T i o) (1) de
1) ’

J=Jo

b _c_ppit-o)
< Clull g sup f e 20 2J<S°+”>< Y 2k<1”0>||0(r)||350+s) dr
to p.o0

JzJo —l<k<j+4

< C”u”LtooCzS< sup (z —10)@7 |(7)] so+s)

T€(tp,t]

. t cq i(0—0) s
sup 2](3"“_5)/ P R R e
= 1y
< cnunm-,;( sup (¢~ 1) |0(1)l, )
! Te(ty,t]
s .
(l _ t())im sup (2—](5—(80+S—Ol+o')))
iz

scnuilm-a( sup (t — 1) [0(0)] soﬂ)(z—ro) =g 9RO (uts—acto))
t

T€(ty,t]
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For the term including sz in (3-37), by using (3-12) again, we estimate similarly
as (3-30) to get that for all s € (0, @ — 0),

13 (-0 .
(3_41) JSEE)/; e—%(f—‘[)zf( )2](SO+S)H]'2(T)dT
= 0
t (-0 .
= Csup / e 22! )||u(r>||c-azf“°+°‘+”( > 2—"5||Ak9(r>||u)dr
)

J=Jjo ij*?)

< Cllull oo s SUp 27 C0F+D
t

J=Jo
—k(8+so+s) ' —S(t—1)2/@
> 2 o e 2 16.(0) ot de
o ’

k>j—3

s
< Clutll s 50 T=1)T 7 [6(2)]]501)

Te(19,1]

i (1-8) l—ﬁ(z—z)zﬂa—v) __5_
sup 2/ e 2 (t—1y) @—odr

Jizjo fo
S N .
< Cllull g sup (—10)TT 0D o) (1 —tg)~aw 2701k,
t p,o0

Te(lp,t]

Inserting the estimates (3-38)—(3-41) into (3-37), we obtain that for every ¢ € (fy, T],
s€0,a—0o)and so+s5s <d+a—o,

(t = 1)@ |0 ()l| gos < CTT e (0]l r + 1 f 1]y )27

s
+ Caros 100 g0+ CTE | fll ey _

CH”HL%OC'B s .
s marom7z SUPre(ry, 71 (F — 10) 4= ”9”3‘,‘,0;3‘)’ if so+s5 <1,

Cllulleoco s ' .
W(Supte(mj](t — t()) a—o ||0||B;Q;V), if 1 < S0+ 8 < d4+a—o.

Hence by selecting jo € N as

210g2(2(7”“”L$Cﬂ)} [10g2(2CH/c)] 4}_+1

(3-42) jozmax{[ 5 (—ato)

od—0o

if sp+s <1, and

1 2C 008
(3-43) max{[ 02 (2Clullp5¢s) } [10g2(2C1/6)],4} +1
§—(so+s—a+o0) o0—0
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ifl <sgp+s<8+a—o,wefindthat foralls € (0,0 —o) and so+s <5+a —o0,

sup ((t —10)" =60l )
te(ty, T

< C(T+D(60llLr + 11 fll1 )27
+CIOW) g0+ CT + DI gy

which ensures that for any #; € (f9, T') and every so, s1 € (0, ¢ — o) satisfying
so+si<d+a—o

(3-44)  sup [[0@)Il grotsi
te[t,T] p.oe

__51 .
< C(t1—10) @ (T+De T (I160llLr+11 £y 10) 27TV +1600) | o)
RS
+Ct1—10)" @ (T + DIl flleey -

where jp is given by (3-42)—(3-43).

Step 3: the estimation of 101 oo 7, 7): 017y for some y > 0 and any 7 € (0, T).
If o — o € (3, 1), we can choose appropriate indexes so, s1 € (0, @ — o) so that
1 <sp+s1 <8+ a— o, more precisely, denoting by

2(0—0)—1 §+a—0o—1 }
2 ’ 2 ’

so+ s1 can be chosen so that so +s7 = 1+ vy, thus in view of (3-44), we obtain that

V] = min{

B sup ||6()] ,1+v < C < 0.
(3-45) B Bpod

1+U1 1+V1 d/p

If p>d /vy, then from the Besov embedding B, ;" — B , we get the bound
of |0 Lo 7. 73:c1vy With f=tjandy =v| — d/p > 0. pr < d/vl, and we have the
embedding Bpfo'é‘ < LP! with some p; > d/v;, by repeating the above Step 1 and

Step 2 with p; in place of p, we can obtain the estimate of ||6 || Lol TE B with
p1,00

any tl € (t1, T), which implies the bound of ||6||Loo([, 710ty Withy =vi —d/py.
Otherwise, for p < d/v; and p; satisfying d/p; = d/p — (1 + vy) is such that

p1 € (p,d/v1], as above we can obtain the bound of ”9“L°°([t T Bl+vl) with any

tll € (t1, T), then if the embedding B},f;g <> LP? with some p, > d/v;, we can
repeat the above Step 1 and Step 2 to conclude the proof, while if p, satisfying
d/pr=d/p1— 1 +vy)=d/p—2(1+vy) is still such that p, € (p1, d/v1], we can
iterate the above steps for several times, say m times, to find some number p,,;; >

d /v and obtain the bound of ||9||Lm([t,,,+1 B with t]””rl € (t{", T) any chosen,
Pm+1-%°

which further implies the bound of I|9||Loo([tm+l T1:C17) withy =1+vi —d/pm+1.
Fora —o € (0, é] we need to iterate the above procedure in Step 2 more times.
Assume that for some small number #; > 0, k € N, we already have a finite bound
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on [|6(#) |l i with 59, s1, ..., sk € (0, « — o) satisfying so+s1+- - -+, < 1.
Then by argulng as (3-44), we deduce that for any #4411 > t, sp+1 € (0,0 — 0)
satisfying so+s1+ - -+ 841 <d+a —o,

(3-46) sup ||0(t)||B;00+osl+---+sk+1

telter1,T]
< Cltgpr—t) @ U((T+1)(||90||L,,+||f||L | 2D 10 )l )

+C(ts1 — 1 *W(T+1>||f||mfm,
where jg is also given by (3-42)—(3-43) with so + s replaced b}} So+s14+- -+ Skt1-
Hence if @« —o € (1/(k+2), 1/(k+1)], k € NT, we can select appropriate numbers
50581, ---,8+1 € (0,0 —0)sothat 1l <sg+s51+-+-+8kt+1 <8+a —o0, or, more
precisely, so + 51+ - - - + Sg+1 = 1 + Vg4, with
k+2)(a—0)—1 S§+a—0—1 }

2 ’ 2 ’

and by repeating Step 2 in the above manner for (k 4 1)-times, we obtain

Vil = min{

(3-47) sup ||0(t)||B,l,+oZk“ <C < oo.

telter1,T]
The following deduction is similar to that stated below (3-45). If p > d/vi41, then
from B]+v"+’ — B]+v"+' ~/P e naturally get the estimate of 101l oo (tsr,71:C17)
withy =14+ v —d/p. Otherwise, there exists a unique number m € N so that

(3-48) %—m(1+vk+1)zvk+1, and %—(m+1)<1+vk+1)<vk+1,

and by denoting p; € [p, 00) by

d d . .

0 T p Jjad+wvwy), j=0,1,2,...,m,

we see that p = pg < p1 <+ < pm <d/vry1, thus by repeating the above process

in obtaining (3-47) with p; replaced by p; iteratively (j =0, 1,...,m — 1), we

have the bound of ||0|| Lo, T1B e with any 7", € (0, T') (with the convention
=t fori=0,1,...,k —|— 1), which ensures that there is some p,,+1 > d/vi1q

SO that 10| Loo([g", TY;LPn+1) is bounded, and then iterating the above process once

again leads to the estimate of |6 || with any t,i’fll e 1, T) and

Loo([thrl T]: Bl+”k+1 )

mt 100

moreover implies that for 1 +y =14 vy — d/p,n+1 m+2)(1 4+ vey1) —d/p,

“0 ||L°O([[IZ:F11,T];C1‘V) ~ ”9 ”Loo([tﬂ:rll,T];ngo)

m+1 k
i Sitl P
(3-49) <C(l_[l_[<tl+1—t,-’> o () — i) )
j=0i=0

(6ol zr +11f lLee (B3 B2, o))
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where tO =t fori=0,1,...,k+1, t,;ll :=0, C > 0is a constant depending
only on p, @, 0,8,d, T and ||u||LooC()

Therefore, for every o € (0, 1], o € [0, @), p € [2, 00), and for any 7 € (0, T),
there is some k € Nso that o —o € (1/(k+2), 1/(k+1)], and there is some number
m € N so that (3-48) holds, and thus we can choose

i Jk+) i1

! = for i =0,1,...,k+1, j=0,1,2,..., 1,
; *k+2)0m+2) or +1, m—+

and appropriate sg, S1,...,Sk+1 € (0,0 — o) such that so+s1 4+ - + 511 = 1 4+ Vet 1.
Then we use (3-49) to get that for some y > 0,

~_y+l4d/p
(3-50) 16l rctroy < CT @0 (I6olle + I s nss, ).

with the constant C depending only on p, «, 0,8, T, d and ||M”L?oc'~5.

Step 4: the estimation of [|0| (. 7}.c1.v) for any y € (0,6 +a —o — 1) and any
t'e(0,T).

This is achieved by pursuing the above iteration process more times. In fact, for
any y € (0, §+a—o —1), there exists some p <ocosothat y+d/p <d+a—o—1,
and according to the above Step 3, we may suppose that there is already a bound of
||9||Lw([t 2TEBY ) With some 1 <s’ <14y +d/p, but by repeating the deduction
in Steps 1-2 for several times and due to the increment of regularity index s in each
time belonging to (0, « — o), we can derive an upper bound of ||6 ||Lw([l,,T];B§+;+d/p),
which also satisfies (3-50) with ¢’ in place of 7. "

3C. The existence part. We consider the approximate system

(3-51) :8z0+<ue-V>9+£9—eA9 = fe,

Ue =@ xU, fe=0cx*f, 9|t:0=90,e = e * 6,

where ¢ (x) = € 4¢(e'x) for all x € R% and ¢ € CCOO(R”’) is a test function
supported on the ball By (0) satisfying0 <¢ <1, ¢ =10n Bj,2(0) and fRd ¢dx=1.
Due to that for all s > 0, ||90€||Bs @) <c 16oll r rey and ”MGHLOOCA(Rd) Se
||u ||L°°C5 and || fe ||Loo3v 5 Se ||f||LocBa , by using a classical procedure (the operator
L can be treated as Lemma 3.2), we obtaln a smooth approximate solution 8(¢) e
Cc(0,T]; B;’Q(Rd)) ncl(o, 1y; Cpe (R?)), s > d/p + 1 for the system (3-51).
Notice that we have the following uniform-in-€ estimates that (|6o ¢l L» < |60z,
luellzsecs < llullpgees and || fellLsems nms, o) < I lLgess 0By, ) According to
Lemma 3.3, we mfer that the solutions 9<5 uniformly-in-e belong to the space
L®([0, T1; LP(RY) N LP([0, T1; BY, "7 (R4)). From the system (3-51), we also
claim that 9,6© e L?([0, T]; B, Z(Rd)) uniformly in € > 0. Indeed, it is derived
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from the following uniform-in-e estimates:
I fellppg2 < Cllifellzzy < Clfllzzre < CTYPN flligerr,
and (thanks to Lemma 2.2(3))

(e) (€ —2j 0© ,
120 p g2 < CULA10 Dy + D 27 1LA0C N 010
JjeN

<ClION e +C Y 275279109 112,
jeN
<CTYP10 130,

and [A0© ) p g2 < CIOO g0 < CTVPI0 1510, and

1
e - V)0 p g < Clluctllgpy < CTVP fuclpger=l60© Lz Le

< CTYP|lullLser= 10 Lsorr.

Since the embedding Bg;”/ P < LP is locally compact, the classical Aubin—Lions
lemma (see, e.g., [Constantin and Foias 1988, Lemma 8.4]) ensures the strong
convergence of #©) (up to the subsequence, still denoting by 6(¢)) to @ in L;L{;C.
From Fatou’s lemma, we get 6 € L®([0, T1; L”(R%)) N LP([0, T1; B% /" (RY)).
Noticing also that from u € L$°C® we have ue — u in LL™ as € — 0, by
using Holder’s inequality, it is not hard to check that for any test function ¢ €
Cso([Rd x [0, T']) (assuming supp ¢ € O x [0, T'] with a compact set O C R%),

T T
//G(G)ue-V¢dxdt—f / Ou-Veodxdt
0 Jrd 0 Jre

T
/ d(9<€> —0)u - Vo dx dr
0 JR

T
+//9(ue—u)-Vgodxdt
0 JRd

< CIOD =0l p ooy luellLzr=lIVel pro-

=<

+llue —ull g =100 Lo 1Vl Ly oo
< Cl0 =0l 0 ppollullgpre + Cllue —ullppr= 10l grr

—0 as e—0.
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By passing € to 0in (3-51), from f, — f in L$°L? and 6y  — 6p in L?, we deduce
that 6 is a distributional solution of (1-1) such that for every ¢ € C?"(Rd x [0, T])

(3-52) /Q(x,t)cp(x,t)dx—/ Go(x)w(x,O)dx—/f O(x, 1), (x, T)dxdr
R4 R4 0 JRA

=/f ud)(x, 1)Ve(x, t)dxdr
0 JRe

—f/ O(x, )L ¢ (x, T)dx dT

0 JRrd

+// fx, Dex, t)dxdr,
0 JR?

where £* is the adjoint operator of L.
Moreover, from Lemma 3.3, the weak solution 6 also satisfies

(3-53) max [6)Lr < €Tl +1fllp00).

with some constant C' = C'(p, a, 0, d). Moreover, by repeating the process in
Section 3B for the approximate system (3-51) and using the Fatou lemma, we get

0 € C((0, T]; CHY (RY))

forany y € (0,6 + o — 1 — o). Therefore, we conclude Theorem 1.1.

4. Proof of Theorem 1.2

4A. Auxiliary lemmas. Before proceeding with the main proof, we introduce
several auxiliary lemmas. First is the maximum principle for the drift-diffusion
equations (1-1)—(1-2).

Lemma 4.1. Let the vector field u and the forcing term f be smooth. Assume that
0 € L*([0, T1; H* (R%))

(s >d/2+1) is a smooth solution for the drift-diffusion equations (1-1)—(1-2) under

the assumptions of K (1-3)—(1-5). Then we have

T
4-1) max_ 10|z~ < 60l + / £l dr.
0<t<T 0

Proof of Lemma 4. 1. Thanks to the nonnegative condition (1-5), the proof is similar
to [Cérdoba and Cérdoba 2004, Theorem 4.1]. We here sketch the proof for the
sake of completeness. Since 8(-,t) € H®* withs > d/2+ 1 forany 0 <t < T,
there exists a point x; € R4 where |#] attains its maximum value;with no loss of
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generality we set

0 (x;, 1) = [0 (1) || Lo

It should be noted that V.0 (x;, t) = 0 and due to K (y) > 0 we find

(LO)(x;, 1) =p.v.| (O(x;,1) —O0(x; +y, 1)K (y)dy =0.
R)‘I

We thus get
d
10Ol =300, 1) <1 f O~ forall 0=z =<T.
Integrating in time yields the desired estimate (4-1). O

The second is the maximum principle with diffusion effect for the following
frequency localized drift-diffusion equation

(4-2) HAj0+u-VAO+LAO=g, jeN,

where the operator £ defined by (1-2) with the symmetric kernel K satisfying
(1-3)—(1-5).

Lemma 4.2. Assume that u and f are suitably smooth functions, and 0 is a smooth

solution to the equation (4-2) satisfying A ;0 € Co(R?) forallt >0 and j € N. Then
there exist absolute positive constants ¢ and C depending only on «, o, d such that

d o—
4-3) Al +c27 T ABl|Le < ClIAO | e + gL
Proof of Lemma 4.2. Denote by 6; := A;6, and from 6;(t) € Co(R?Y) for jeN,
there exists a point x; ; € R? such that 10; (¢, x;, ;)] = |10; ||~ > 0. Without loss of
generality, we assume 6; (¢, x; ;) = [|6;||L~ > O (otherwise, we consider the equation

of —6; and replace 6; by —6; in the following deduction). Now by using (1-2),
(1-5), (1-7) and the fact 6(¢, x; ;) —0(t, x; j +y) > 0, we get

L0 (xy,j) =p- V-/Rd(ej(xt,j) —0i(x,j +y)K(y)dy
=p.V./|| 1(9,-()@,,-)—0]-(x,,,-+y))l<(y)dy
Y=

+/|| 1(9j(xt,j)_9j(xt,j+y))K(y) dy
y|>
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which then gives

0;(x;,j) —0;(xs,; +y) dy

-1
4-4) £9j(xt,j) =2=¢y P- V./ |y|d+a—o'

[yl=1

+ /| 0D =0+ KNy
y >

Zcz_lp.v./ ](xt,]) dj(ft’] +) dy
Rd |y|eFe—e

_C1/ 9j(xt,j)—d@j(x;,j+y) dy
lyl>1 |y|dte-c

1 _ _ 1
> Cy lcd’(lx|D|a “Gj(xtﬁj) —ZCZIHQJ‘“LOO/ dy

o1 lyldHe—o
> c; gy |DI*70;(x, ;) — Cl6; .
According to [Wang and Zhang 2011, Lemma 3.4], we have
(4-5) DI*76; (xr. ) = €277 16| L,
with some generic constant ¢ > 0. Inserting (4-5) into (4-4) yields
(4-6) £8;(x1,j) = €216~ — C 16|
Hence, by arguing as Lemma 3.2 of the same work and using the fact V0, (¢, x; ;) =0,
we get
@D Lyl <860.5.))
= —u(t,x;,j) - VO;(t,x ;) — LO;(t,x1 )+ g(t,x1,5)
< =2/ “70; | L+ C116) ]| L + 18]l v
which finishes the proof of (4-3). ]

4B. A priori estimates. In this subsection, we assume 6 is a smooth solution with
suitable spatial decay for the drift-diffusion equations (1-1)—(1-2) with sufficiently
smooth # and f. We intend to show the key a priori differentiability estimate. The
proof is divided into four steps.

Step 1: the estimation of ||| o4, 77: cs ey forany s € (1—-6, a—o) and 1o € (0, T).
For every j € N and j > 4, applying the inhomogeneous dyadic operator A; to
the equation (1-1), we get

(4-8) B;AJH—I-M-VAJ-Q—FEAJ-Q = Ajf—[Aj,u-V]Q = Ajf‘f’]] + I + I3,

where I1—13 defined by (3-14) are the Bony’s decomposition of the commutator
term —[A;, u - V]6. Taking advantage of Lemma 4.2 in the frequency localized
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equation (3-13), we get
d j@—0)
4-9) 11401~ +c2 A0 Lo
< CillA;jOllLe + Ml + 12l zoe + 1131 Lo + 1A fll 2o

Similarly to the derivation of (3-19) and (3-20), we see that

(4-10) il < C27 P flulles D 261 Ak0 L,
lk—jl<4
and
(4-11) 1ol < cz—f5||u||c-a(Zz"||Ak9||Loo),
k<j

and for || I3]| ., by virtue of Holder’s inequality and Bernstein’s inequality, we find

4-12) (Ll < D 1A (A VA =+ Y (Mg VALA;O| 1~
k>j—2 k=j—-2

<C ) A2 Arh] s
k>j—2

<C Y 2K Au) e [ Ag0] v
k>j—2

sCllullc'a( > 2"““”||Ak9||m>.

k>j—3

Inserting the upper estimates (4-10)—(4-12) into (4-9), we have

d o—
(@4-13) 11860 + 2“7 A0 1
< Coll A0 + 1A fll + Cllull g2 Y 25| Al
k<j+4

+Cllulles Y 2V AWl
k>j-—3

In particular, by some j; € N chosen later (see (4-24)) so that c21@=9) > 2C,, or
more precisely

(4-14) iz [0 (22 ] 4.

oa—0 C
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we see that for j > jj,

d (o=
(@-15) A8 lLw+527C A6~

<A flle+Cllulles2™ > 25 A8
k<j+4

+Clulles Y 2 A0 ] 1
k>j—3

= [Aj fllL~+F +F}.
Consequently, Gronwall’s inequality guarantees that for every j > j; and ¢ > 0,

_Qtzj(ﬂt—ﬂ

)
(4-16) A0z <e 2 1460l L~

b e pypie—o)
+/e 207X (1A flles (1) + FL (D) + FA(T) dr.
0

On the other hand, we have the classical maximum principle (4-1) for (1-1):

t
(4-17) 10l < 160l +/ £ (@)l dt.
0
By arguing as (3-26), we get that for all r > 0, j e Nand s € (0, ¢ — o),

i¢ —Eyojla—o) __S
(4-18) 27%e 2 1460l < Coo.st @ |60l Lo,

we gather (4-16) and (4-17) to obtain

(@-19) 10Ol = 16Dl
< sup 27 A0l oo+ Sup 27 | AjO D), o
J=it J=t
i R
< C2°(100ll e + 11 fll 1 o) + Carst ™ @0 10l

4 _Coe j(a—0o) _ .
+sup / e 2P0 (A £l () + FH () + FR (D) dr.
j=j1J0

For the term containing ||A; f||z~ and Fjl, in a similar way as obtaining (3-28) and
(3-29), we obtain that for every s € (0, —o +8)andd e (1 —a +o, 1),

t C j(a—o . .
(4-20) sup / e—i(t—r)zw )2]s||Ajf||LOO(T) dr < C||f||L,°°65 sup 2J(S—a+a—8)
Jj=jiJ0 J=

< Cllfll s
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and
t _C(—g)ie=o) 1
@-21) sup [ 2 2 () dr
Jj=j1J0
s . S
SCt_m2J1(17a+075)”u“LOOCS< sup TWHQ(T)”B&OO)-
! 7e(0,1] '

For the term including sz in (4-19), by using (3-12) again, we similarly get that
forallse (1-§,a—0o)andd e (l —a+o,1),

t Ha—o .
4-22)  sup / e 20X i P2 () de
j=i1 /o

t . X
—csp [ E e (3 200wl

j=j1J0 k>j—3

i ! _C(— j(a—0)
< Cllull s sup 2”( > 2“1‘5—”) / e 20 gy, dT
0

ijl ij—3

_s
< CllullLooc's< sup Ta=o ”9(7)”3;0'00)
te(0,1]

-8 [ ~Su—mpieo___s
sup 2/ e 2 1 =0 dr
J=i 0

< Ct—ﬁz—jl(ts—(l—oﬁa)) 2]l ;oo o < sup Tﬁ ||9("5)||B§,o oc)'
"7 \re1] ’

Inserting the estimates (4-20), (4-21), (4-22) into (4-19) yields that for any 1 — 6 <
s<a—ocand0<t<T,

s
4-23) &7 0(1)]],,

_s ' T
< Cra= (10l + 11 f 1y )2 + Casl1001 0 C1T7 1 £l e

. S
rertn o oo, )
! 7€(0,1] o

oy . s
< CTT7 (100l + 1/ 1y 12" + Carorsllb0ll e + CTT N fll e

. S
+CZ‘“(‘S‘““”"))||”||Looc'a( sup 1= [|0(1) |, )
7% \re(0,11 o

Since 1 —a+0 —§ > 0, by further choosing j; such that C2/1(1=a+o =8 ”L?oc'é < %
and (4-14) holds, or more precisely,

log, 2C|lull o¢5 7 [log,(2C
(4-24) j = max 2 Lre | 0g,(2C2/c) i
—(l—a+o) o—0
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we have that forall 1 —-§ <s <o — o,

s
(4-25)  sup (t@=o [|0(0)lIBy, )
te(0,T)

< C(T+ D" U6l + 1 f Il 1) + 1 fll o)

which implies that for arbitrarily small 79 € (0, T)) and every sg € (1 —§, o — o),

__So_ .
@26)  sup 1000 <Ciy “ T (T+DQU0ll,w+1f 1)+ o)
telty,T] 00,00 T T
with j; given by (4-24).
Step 2: the estimation of ”9”L<><>([z1,T];B§2f,Z‘) forspe (1-6,¢—0), s1€(0,0—0)

and any #; € (t9, T).

For every j > j; with j; € N satisfying (4-14) chosen later (j; is slightly different
from that number in Step 1), applying the Gronwall inequality to (4-15) over the
time interval [#y, ¢] (for t > #o > 0) gives

—(c _ j(a—0o)
(4-27)  |A;0(0) |1 < e DU A LG (10) | oo

t
—(c/2)(t—1)2i @)
+/ e (VNI +F' + F})(r)dr.

1o
Noticing that for j e N, so € (1 —3,¢ —o) and all s € (0, ¢ — 0),
e—%(t—t())Z-"("‘_”)2j(so+s)”Aje(to)”lﬂO < e—%(t—to)Zj(“_")2jS ”9(2«0)”ngOO
__5_
(4-28) < Caos (t = 10) @7 0(10) | 0 _.
by arguing as (4-19) we obtain that for all # > 7y > 0,

(4-29) 0Ol gsos
< sup 2V A;0.(1) | L + sup 27TV A0(1) ] L
J=i J=J
. s
< C2M) (0l oo + 11 f 1l o0) + Cavons (1 = 10) 77 [010) | g0
! —£(t—1)27@9 5 i (so+s) 1 2
+ SUP/ e 2 2780V A fllLee () + Fy (t) + Ff (1)) dt.
VI
In a similar fashion as the estimation of (3-38), (3-39)—(3-40), we find that for every
se(0,a—o)andso+s <d+a—o,

t

_(r _ jla=o) 3 c

(4-30) sup/ e (/D=1)2! ZJ(SO+")||Ajf||Loo(T) dr < C”f”L?"Bgooo’
VESIA1) 1
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and

t o .
(4-31)  sup f 2T i pl(7) de
VES A0
Cllul ees (

_8 __ 8
< Sy Sup (7 —10)a ||9||B;g§)(l—l0) =g

re(tg,t]

if0<so+s <1, and

ro. o
(4-32)  sup / e 2UY it pl (0 de
J=J1 V1o

Cluell s (

S __S
= Sty (S0P (=0T T 6]y )¢ = 10) &7

TE(to,1]

if 1 <sgp+s <&+ a—o. For the term including sz in (4-29), by using (3-12)
again and the fact that so € (1 — 8, ¢ — o), we get that for all s € (0, ¢ — 0),

1 .
(4-33) sup / 20T it P2 () de
J=itdto
t (oo .
= Csup / 20! ’||u<r>||c-azf“°+“‘>< 3 2"“—“>||Ak9(r>||m)dr
fo

; P c_ppi-o
< Cllull s sup2’“°“)< > 2"““03)) / e8I o)y de
e

s
< Cllall s sup (2=0)F7 [6(D)] 0
! T€(ty,t] 00,00

j(1-8) ' —S(t—1)2/@) __s_
sup 2/ 2 (t—1y) @—odr
iz fo

N S .
< Cllall s sUp (F=)F 7 [6(D)]| g ) (1—10) ™0 27O~ 07k,
! T€(fo,1] 00,00

Plugging the estimates (4-30)—(4-33) into (4-29), and in a similar way as obtaining
(4-23), we have that for every r € (t9, T], s € (0, —o) and so+s5s <é+a — o0,

(@34 (=TT 100 < CTT (Wl + 11 £l )27 )
s
+ Ca,(r,s 16 (o) |l B +CTo—| f”LrOCCfS
+ additional term

where the additional term is given by

C”””L;OCVS s
216—(1~a+0))/2 ( sup (1 —1o)@=o ||9(t)||3£2;>

te(ty,T)
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if so+s <1, and

Clluel o (

2j1(8+a—o—(so+s)) sup (t —1)@=o 0”90)” y0+3)

te(ty,T]

if ] <sp+s <3+ a—o. Hence we choose j; € N as

2102, 2C |ull e plog,(2C
(4-35) jlzmax{[ 2 LTC‘SMOgZ( 2/0)],4}“

§—(1—a+o0) o—0

if so+s <1, and

log, 2C [lull oo s log,(2C
(4-36) ji = max 2 Lre ,[OgZ( 2/ C)},4 +1
4+a—o—(so+s) oa—0

if 1 <sg+s <8+a—o. We thus find that for all s € (0, « —0 ) and so+s5 <5+a—o0,

4-37)  sup ((t=10)" "0 gyer) = CT+D UM oS 1 )27
te(ty,T]

HCI0) g0 +CT+DIS N s

which specially guarantees that for any #; > fo > 0 (which may be arbitrarily close
to tp) and every so € (1 =68, —0), 51 € (0, ¢ —0) satisfying so+s5; <d+o —o0,

(4-38)  sup [[0(D)lps+n

tely,T]
< C(t1 — 10) 37 ((T + D (o]l + A Lw>2““0+“> +10t0) |y )
+C(t —10) @ (T + 1)||f||m5,
with j; given by (4-35)—(4-36).

Step 3:the estimation of ||9||L°°([z T).C17) for some y > 0 and any 7 € (0, T).
Ifa—o€ ( 1) we can select appropriate so € (1 -8, —0), s1 € (0, —0) so
that 1 < sg+s| <8 +a —o, thus from (4-38) we obtain that for y =sg+s1—1> 0,

sup [l0(llcry & sup [0 g = C,
telt,T] teft),T]

with C the bound on the right-hand side of (4-38).

For the remained scope o — o € (0, %], we have to iterate the above procedure in
Step 2 for more times. Assume that for some small number #, > 0, k € N, we have
a finite bound on ||9(tk)||Bso+31+ +s withspe (1-6,0—0), s1,...,5: €0, a0—0)
satisfying so + 51 + - - - + s5¢ < 1, then by arguing as (4-38), we 1nfer that for any
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tewl >ty Skr1 € (1 =68, 0 — o) satisfying so+s51+ -+ Sp+1 <5 +a — o0,

_ Skl
(4—39) sup ||9(l‘)||Bs0+s]+~«+xk+| < C(l‘k_H — tk) a—o
telter1,T] 00,00

; k+1
(T + D60l + 11 £ 1l )27 =0 4116 @) | oo )
— Sk£1
+ Cltirr =) &= (T + D fllpgees

where j; is also given by (4-35)—(4-36) with so +s; replaced by so+s1+ - - -+ Sg+1-
Hence if @ — o € (1/(k +2),1/(k + 1)], k € NT, we can choose appropriate
numbers sg, S1,...,5+1 € (1 =8, — o) sothat 1 < 59+ 51+ -+ + Spp1 <
8 +a — o, and by repeating the above process for (k + 1)-times, we deduce that for
y=so+s1+--+skr1—1>0,

sup |01, 2 sup ([0 []gsotsi+tsie
teltipr,T] teltip1,T] e

k _Sitl 8o
(4-40) < C(l_[(tiﬂ—fi) 7t a_a>(||90||Loo+||f||u;pcs),

i=0

with C a finite constant depending on «, o, 8, T, d and ||u|| L

Hence for every o € (0, 1], o € [0, @), and for any 7 € (0, T), there is some
keNsothata—o € (1/(k+2),1/(k+1)], and we can choose t; = (i +1)/(k+2)t
fori =0,1,...,k+1 and appropriate numbers so € (1 -8, —0), S1, ..., Sk+1 €
(0,0 —o) such that 1 < sg+ 51+ -+ sg+1 < 8 + o — o, thus from (4-40) we
deduce that for some y > 0,

(4-41) 161l L7 7. crr ey < CT- YTV C=D (6o oo + 1| £l 120 c0).

with the constant C depending only on «, o, §, T, d and ||u|| Lo

Step 4:the estimation of (|0 ;o (7.7).c1v) for any y € (0,8 + @ — o — 1) and any
t'e (0, 7).

After obtaining the estimate of ||9||L°°([t’/2,T];B§o,w) with some 1 <§ < 1+ y for
any y € (0, §+a —o —1), we can repeat the deduction in Steps 1-2 for several times
and due to the increment of regularity index s at each time belonging to (0, « — o),
we can derive an upper bound of ||6|| Lot by establishing (4-41) with ¢’

. T1:Bs k)
in place of ¢.

4C. Uniform-in-e differentiability estimates of the regularized system. We con-
sider the approximate system

00+ (ue- V)0 + LO —eAO = [,

(4-42) Ue =P xU, [fe:=adex*f,
Olt=0 = 00.e := ¢e * (O01B,,.(0))-
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Here 1¢(x) is the standard indicator function on the set Q and ¢, = € ¢ (e 'x) €
Cé’o([Rd) is the function introduced in Section 3C.

Due to 6y € Co(R?Y), we see that bo.c = ¢e * (B01B,,.(0)) is smooth for ev-
ery € > 0, and [|00,ell gsrey Se 100l Loomey for all s > 0. Similarly from u €
L®([0, T]; C2(RY)) and f(t) € C° N L%(RY) for every t € [0, T], we get u. €
L%°([0, T1; C*(RY)) forall s > 8 and f. € L>([0, T]; H*(R%)) for all s > 0. Hence,
for every € > 0, by the classical method (e.g., [Miao and Xue 2015, Proposition 7.1]),
we obtain an approximate solution (€ € C([0, T]; H*(R))NC'((0, T1; C,‘]’O(Rd)),
s > d/2+ 1 for the system (4-42).

Since we have the uniform-in-€ estimates that |6y ¢ ||z < |60z, [lucll Lre =
lull oo and || fell Loecs < I|.f | Lo cs, we consider the equation of 6() and by arguing
as (4-41) and Step 4 in the above subsection, we can derive the uniform-in-€ estimate
of 101l (g 71.c17 ey With any y € (0,8 +« —0 — 1) and ¢ € (0, T).

Therefore, we have finished the proof of Theorem 1.2.
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