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1. Introduction
In this article we focus on the two-dimensional inviscid Bénard system with fractional diffusivity

otu+u-Vu+ VP =0ey,

80 +u-Vo+«|DPO=1yuy,
. (11)

divu =0,

u|t=0:u07 9'[:0:905
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where 8 €10, 2], e; 2 (0, 1) is the canonical vector. The unknowns are the velocity field u = (u!, u?),
the temperature 6 and the pressure P. The coefficient k¥ > 0 is the thermal diffusivity, y >0 is a
non-dimensional coefficient and the fractional dissipation operator |D|? is defined via the Fourier
transform

DIFf (&) = 1P T (&)

The fractional dissipation operator has been used to model many physical phenomena (cf. [14]) in
hydrodynamics and molecular biology such as anomalous diffusion in semiconductor growth [24]. We
call the system (1.1) the inviscid Bénard system since in the case of 8 =2, it describes the Rayleigh-
Bénard convective motion in a heated inviscid fluid (see e.g. [1,7,21,25]). In this case, the forcing term
fe; in the velocity equation models the acting of the buoyancy force on the fluid motion.

When g =2 and y > 0, Danchin and Paicu in [12] proved that the inviscid Bénard system has
a global unique solution for Yudovich's type data, that is, the initial data (u°,69) has finite energy
and bounded vorticity and the initial temperature 6° is also under a natural additional assumption
(precisely, 6% € L2 N Bgol.]). The authors also showed the global result in the case of infinite energy
velocity field which can admit the vortex-patches-like structures.

When y =0, the system (1.1) is also often referred to as the inviscid Boussinesq system, which
is related with many models arising from atmospheric and oceanographic dynamics (cf. [23]). Due
to its physical significance and mathematical relevance, there have been intense works studying on
the viscous or inviscid Boussinesq system (e.g. [4,5,11-13,15-17,19,22] and the references therein),
and here we only recall some noticeable works about the 2D inviscid Boussinesq system. For 8 =2,
the global well-posedness of the smooth solution for the system (1.1) was settled independently by
Chae [5] and Hou and Li [19] almost at the same time. Moreover, Hmidi et al. [15] proved the global

result for this system with rough data, precisely, they required that u® e B:flz/ P with p €12, 00] and

6% belongs to a suitable Lebesgue space. This result indeed extended the work of Vishik [27] on
the 2D incompressible Euler equations. Another further improvement to the less regular data was
achieved by [12] mentioned above, as a natural extension of the important work of Yudovich [28].
If the full Laplacian is replaced by the fractional dissipation, for g €]1,2[, this corresponds to the
subcritical case, and Hmidi et al. [18] followed [15] and showed the global well-posedness of the
system (1.1) with rough data, more precisely, u° € B;ﬁz/p with p €]1,00[ and 6° € B;;ﬂ”/p nirr
with r e]%, ool. For the subtle critical case 8 =1, Hmidi et al. in [16] proved the global result for
the system (1.1) by deeply developing the structures of the coupling system. On the other hand, if the
fractional dissipation |D|#6 is replaced by the partial horizontal dissipation 8129 or vertical dissipation
8220 in the Boussinesq system, we refer the readers to the interesting works [13] and [4].

In this article, we are devoted to continue the works [12,28] to show the global unique solution
for the inviscid Bénard system (1.1) with fractional diffusivity and Yudovich’s type data. For brevity,
we set k =y =1 (noting that y =0 is a simpler case). Our main result reads as follows.

Theorem 1.1 Let k =y =1, B €11,2[, 6° € L2 N BL_# and u® € L?(R?) be a divergence-free vector field. In
addition assume that the initial vorticity w® = 8;u?° — 8,u!-? satisfies w® € LP N L> with 2 < p < oc. Then
the inviscid Bénard system (1.1) generates a unique global solution (u, 6) such that

loc loc

weC (RTP®), welm®LNL) ad (12
1

6 eC(RY: 12N BLR) NI (RY HP/2) nLL (R BL, ;). (13)

Compared with [12], our result is more involved in the proof. Indeed, it seems impossible to
directly apply the method of [12] to the case g €]1,2[: one point is that from the energy estimate
we get 0 € L2HP/2, which only implies that 3,6 € L2H~(17#/2); the second point lies on that when

trying to obtain w € LT°L*° and 0 € L}B}xﬂ, we cannot get a suitable Gronwall-type inequality about
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[lw(t)||L or ||9\|L B!, (from (2.6) and a simple computation). Rather, we shall more deeply study the

system (1.1) to show the global result; precisely, motivated by [16], we shall consider the coupling
system of vorticity w and temperature 6

oew +u-Vw =010,
30 +u-V0+|D|Po=u,,

and by introducing I' = w + Rgé with Rg = 91|D|~#, we see that I" solves the following more
treatable equation

d +u-VI =Rpuy — [Rp,u- V16,

where [A, B]= AB — BA is the commutator operator, then the desired estimate of @ can be obtained
from the information of I and Rg6. In the process, the commutator estimates involving Rz will be
encountered and we shall settle them at Proposition 4.2 below; another key point is that we need to
derive the L*°-bound of 6(t) only from the L?-information of (u,8) (which is not necessary in [12]),
and we shall exploit the fundamental DeGiorgi-Nash estimate for the transport-diffusion equation
with forcing term (cf. Proposition 3.1 below) to reach the target.

We also want to stress one point that if one a priori knows that the velocity field is not Lips-
chitzian and only satisfies w € LIOOOC(RJF; L®°), it is not clear to propagate the initial regularity for the
transport(-diffusion) equation equipped with this velocity field. But if the regularity index is negative,
the initial regularity can be almost preserved (with a limited loss of regularity) for the transport-
diffusion equation and the smoothing effect can also be obtained. This is shown in Proposition 3.2
below and it plays an important role in the proof.

Remark 1.2. The additional assumption that 6° € Blo_’f is quite natural due to that we always expect
that vorticity w is bounded for all positive time. In fact, noticing that d;w + u - Vo = 810, there is
no gain of smoothness from this transport equation, thus we have to require that 8,0 € L] (R*; L*).
Furthermore, from the equation 90 + |D|#0 = —u - V& + uy, we at least call for that

loc

e PV gg0 e L1 (RY; L),

where the semigroup operator e~tI?'” is defined by F(e~!P” f)(&) = e~t€" F(€). For T > 0 suitably

large, by the following characterization of inhomogeneous Besov space in terms of semigroup e—tIP 1?
(with the proof in Appendix A) that
_¢t|D|
crpllfllgs <|e Pl < Crpllfllg=s . (14)

where ct g, Cr g are positive constants depending only on T, 8, we infer that Vel e B;fl and thus
0B .

Remark 1.3. When 8 =1 and x = y =1, the system (1.1) corresponds to the 2D inviscid Bénard
system with critical diffusivity, and it is not clear how to show the global regularity in this case. The
obstacle we have to overcome first is the lack of the L°°-information of 6; since Proposition 3.1 do
not concern the endpoint case that {f =1, p =00, q =n = 2}. However, if y =0, we do not need to
face that problem, and as we know, the global regularity issue for the corresponding critical system
has been solved by [16], which calls for u® € Bl ; "W and 6° € LP N BY_ | with p €]2, col. Yet for
the Yudovich’s type data like in Theorem 1.1, the 1ssue of global regularlty is still not clear; and it has
some difficulty in deriving the a priori estimate of ||V9||L[ Lo (which plays a role in the uniqueness

part).



G. Wu, L. Xue / J. Differential Equations 253 (2012) 100-125 103

Remark 1.4. By following the scheme of [6,12], Theorem 1.1 can be generalized to the initial velocities
which are L? perturbations of infinite energy smooth stationary solutions for the 2D incompressible
Euler equations, and here we omit the details. Note that in this way the data can admit the vortex-
patches-like structures.

The paper is organized as follows. Section 2 is devoted to present some preparatory results on
Besov spaces, and give some useful preliminary lemmas. In Section 3, we show some crucial a priori
estimates about the linear transport-diffusion equation. Section 4 concerns the operator Rg, and we
treat some commutator estimates involving Rg. We prove our main result in Section 5. At last, we
sketch the proof of (1.4) in Appendix A.

2. Preliminaries

In the preparatory section, we introduce some common notations and some basic points about
Besov spaces, and compile some auxiliary lemmas.
Throughout this paper the following notations will be used.

o The notion X <Y means that there exists a positive harmless constant C such that X < CY.
X =Y means that both X <Y and Y < X are satisfied.

o D(R™) denotes the space of test functions, S(R") denotes the Schwartz class, and S’'(R") the
space of tempered distributions.

o We use F f or f to denote the Fourier transform of a tempered distribution f.

In order to define Besov space we need the following dyadic partition of unity (see e.g. [6]). Choose
two nonnegative radial functions x, ¢ € D(R") which are supported respectively in the ball {& € R™:
€] < 3} and the shell { e R™: 1< |£] < §} such that

XE+) p277g) =1, vEeR"
j=0
For all f € S'(R"), we define the nonhomogeneous Littlewood-Paley operators

ALfExMDf,  Af2eQ7ID)f,  SifE ) A, VieN
—1<kgj—-1

Now we introduce the definition of Besov spaces. Let (p,r) € [1, 00]?, s € R, the nonhomogeneous
Besov space

By E{f €S (R Ifllsy, = {27148 f e} 5 | < 00}

We point out that for all s € R, B, = H°.

Next we introduce two kinds of space-time Besov spaces. The first one is the classical space-time
B;sov space LP([0, T], B}, ), abbreviated by L‘T)Bz’r, which is the set of tempered distribution f such
that

1 2my, = 122045 Fllr oy ler oo,y < 00

The second one is the Chemin-Lerner’'s mixed space-time Besov space f/’([O, T1, B;,r), abbreviated by

FL"T)B;T, which is the set of tempered distribution f satisfying

If s, & 1221855 ere ) js ol < 00
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Due to Minkowiski's inequality, we immediately obtain

L’T’B;r N L’T’B;r, ifr>p, and L’T)B;,r N L/T’Bi,,r, ifp>r.
Bernstein’s inequality is fundamental in the analysis involving Besov spaces (see e.g. [2]).

Lemma 21. Let f € L% 1 <a < b < oc. Then forevery (k, q) € N2 there exists a constant C > 0 such that

up [99Sqf | » < C29%HG D |IS f 10,

S
|lo|=k

CT12%) Ag flle < sup |09 Ag f]l 1o < C2%|1AG fllLa.
o |=K

The following classical LP-estimate and logarithmic estimate for the transport(-diffusion) equation
is shown in [10] and [15,27] respectively.

Proposition 2.2. Let u be a smooth divergence-free vector field in R" and 6 be a smooth solution of the
transport(-diffusion) equation

%0 +u-Vo+«k|DIPo=F, divu=0, 6l—0=06° B€]0,2], (2.1)

with k > 0. Then,

(1) forevery p € [1,00] and t € R*, we have

t
[0®],» < l6olio + / [F)|,, dr: (22)
0

(2) forevery (p,r) € [1, 00]% and t € R, we have

t
[CIATTIES C<1 +/||Vu(t)||Lw dr)(”e‘)”BgJ +1Fllzpg,)- (2.3)
0

We also use the following maximal regularity estimate of the linear dissipative equation.

Lemma 2.3. Let 6 be the smooth solution of the linear dissipative equation

%0 +|DIPO=F, 6li=0=6° B€l0,2].

Then foreverys e R, 1< 01 <o <ooand (p,r) €[1, 00]%, we have

101y gzspe < CA+OY (0% gy + (1+1 V) IFllgor opnrn ) (24)



G. Wu, L. Xue / J. Differential Equations 253 (2012) 100-125 105
Note that when g = 2, estimate (2.4) has occurred in many references, e.g. [12].

Proof. Duhamel’s formula leads to

t
o(t,x)=e 1P g0(x) + / e~ DIPP Er vy dr.
0

For every j € N, by virtue of the following estimate (cf. [2, Lemma 2.4] and its generalization) that
| 4je71PF £, < e A £ s, (25)
with C, ¢ absolute constants independent of j, and from Young’s inequality, we find that
188 lig 1o < C2P17 (6% 1+ 27 PV Al 1),

—kt|D|P

For j = —1, due to that the semigroup operator e is bounded on LP, we deduce that

1A-10lig e S EVIA1Olere < CEVO (A6 + 7V AL Fll o ).
Collecting the upper two estimates, multiplying both sides by 275 and taking ¢" norm over j, we have
1 0 1-1
101z getpie < CA+OY (0% gy +A+OTVMFIgorg ). D

The product estimate as follows is useful in the proof.

Lemma 2.4. Let u be a smooth divergence-free vector field of R" and f be a smooth function. Then we have
that for every s €10, 1[ and (p, 1) € [1, 00]?,

llu- Vf”B;fr < Cllullzee ||f||B}J;s- (2.6)

Proof. Thanks to Bony’s decomposition, we get

U-VE=DSeq-VAS + Y A VSeoq f+ Y Ay VALS
keN keN k>-1

£ A1+ Ay + As,

with Zk £ Ag—1 + A + Apyq. It is easy to see that

—k
1Aty S {27 ISk-1u - VARl byl S Tl fllgas-

For A, and As, by a direct computation we find that for every s €0, 1[,
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27FA A < Y 278 A Ak VS D
[k—jl<4

Slulle Y Y 202K AL £l

lk—jl<4 k'<k—2

5Cj||U||L°C||f||B;;s,

and

2B A A3l <278 > AV ()|,
k>j-3

Sllullpe Y 20709k Ay £1pp
k>j—3

Scjllulliell fllgs.,

where (cj);j>_1 satisfies that ||(cj)[le =1, thus

A —s A s < 00 —s.
I 2”5er + 1l 3||3p_r Sllulle ||f||311”s
Gathering the upper estimates leads to (2.6). O

The lemma as follows is useful in dealing with the commutator term (see e.g. [16]).

Lemma 2.5. Let (p,m) € [1, 00]?, p > m withm = - Then,

[h*(fg) — fhxg)|p < IRl IV flle lIgllLm. (2.7)
Finally, we recall the following simple lemma concerning the iterative sequence.

Lemma 2.6. Let C > 0, b > 1, € > 0 and the nonnegative sequence {By}xen Satisfy the following recurrence
relation

Bii1 <CH*BJT, VkeN.
Then if By satisfies that
Bo < C~1/ep=1/€, (2.8)
we have limy_, 5o By = 0.

Proof. By induction, we can show that By < b—%/€C=1/€p=1/¢* for every ke N. O
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3. On the transport-diffusion equation with fractional dissipation

In this section we consider some crucial a priori estimates of the transport-diffusion equation with
fractional dissipation

{ato+u-ve+|D|ﬁ9=f, B €10.2L, (31)

divu=0, 6(0,x)=60%%x), xeR".
First is the fundamental DeGiorgi-Nash estimate.

Proposition 3.1. Let u be a smooth divergence-free vector field in R" (n > 2), and 6 be a smooth solution of
the transport-diffusion equation (3.1). Suppose that r € [2, 00], p €]1, oo] and q e]%, oo] such that

Fom_g (32)
P q

and 0% e L'(R"), f € L‘;Lq with T > 0. Then there exists a C > 0 depending only on r, p, q, B, n such that for
everyt €0, T],

C 1g_B_n
0O < S0+ €O+ T2 7)1 g (33)

Note that when 8 =2, a similar result was obtained by Hmidi and Rousset in [17].
Proof. Because of the linearity of Eq. (3.1), we can study separately the following two systems
%0 +u-Vo+|DPO=0, 6l—o=06° B<l0,2l, (3.4)
and
%0 +u-VO+|DPo=Ff, 6li—0=0, B€]0,2[. (3.5)

For the homogeneous transport-diffusion equation (3.4), the corresponding estimate in the case of
r =2 that

C
[0©@] 1~ < Gz 0% t>0,

has appeared in [3,9] by using DeGiorgi-Nash’s iterative method. Interpolating it with the classical
maximum principle ”6”L?_°Loo < [10°]|1= leads to the expected estimate (3.3) concerning 6°. Noticing

that from a limiting process, we only need to require 6% € L".
Now we consider the system (3.5). First we shall prove that for every T €]0, 1], there exists an
absolute constant C > 0 depending only on p, g, n such that

10050 < CUflLpga- (3.6)

Observe that the L7 a priori estimate is obvious. Since p > 1, we use Proposition 2.2 and Hoélder’s
inequality to find

160sera <WFllprpa < Uflppga- (3.7)
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When q = oo, this is just the estimate (3.3) involving f. While for g < oo, we shall use DeGiorgi-—
Nash’s iterative argument to improve the L9-estimate to an L*°-estimate. Let A be a positive number
chosen later, and Ag £ A(1—27%"1) for all k € N. From a pointwise positivity inequality for fractional
derivative operator (cf. [10,20]) that for every convex function @,

®'()|DI°6 > DI @ (6),
we know that
19> 4yID1P0 > DIP (0 — Ap)+.
Thus
(0 — Ay +u-V(O— At +DIFO — A4 < flgzay.
and multiplying this equation with (0 — Ay)., integrating over the spatial variable, we see that for

every s €10, E]

1d
571 = 4005 + 6 - 400 4 < ‘ / FE0)O = A+ (. x) dx
Rn

<[ FO100z 0] 410 = A0+ © [ 5

Denoting by
A 2 2
U2 @ = A0+ [ + 160 = A0 [, 0
T

and integrating in the time interval [0, T], we get

T

Up<2 f 1O 10050 |4 © — A0+ ©)] 5 .
0

By virtue of the continuous embedding (cf. Corollary 1.39 of [2]) Ln«% — H= (B €]0,2[, s €10, E]),
the Holder inequality and the interpolation inequality that for every s €]0, g],

16 — A+ Hig/sﬁs < CoUg,
we further obtain

Uk < Col| FO 1o > a0 | LB/ s 2e) |6 — A+ ”L?/SHS
< Co H FOTpwm > H L8/~ pan/ 29 U11/2

The Young inequality yields

2
Uk < Co| fFO1per>an LB/ pan/+29)-
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If p €]2,00], we can choose s = g and then ﬂi =2 <p and n+25 = nf[’ﬂ % <q. Ifpell, 2[ in
order to pick some s €]0, %] such that p > % and q > n+25‘ equlvalently, r—g<s<B-— 8 and

noting that % <p - % < g < % we can choose s = g — ﬁ For such s, we further use the Holder

inequality to find that for every p €]2, oo],

Uk < Collf17p,4 1 T00 401 25

1
LTP*Z L T/Z+B/2m—1/q

T p=2
2p (1B 1 b
<C0||f||iqu</|{9(t)>Ak}|p2(2+2” q%u) , (3.8)
T
0
and for every p €11, 2],
2
<Co FONwza0] 22
LT’” Ln+B—B/p
< Coll FI2n a0 401 25
P p-1 L—1/2+/3/(2n> BI@np)—1/q
; 0
20 (1, B _ B 1
<co||f||§p”</\{e<t)>A,<}yv-1<2+2n q>at> : (3.9)
T
0

where [{0(t) > Ay}| means the Lebesgue measure of the set {x: 0(t,x) > Ay} C R". Noting that
O(t,x) — Axp_1 = A27%=1 for all 6(t, x) > Ay, we have that for every § > 1,

o) - Ak—1)+>5

Tom=an < ( o

and

2(k+1)8

o) > A}| < |- A1<—1)+(t)||i8-

Hence, inserting the above estimate into (3.8) and (3.9) leads to that for every p €]2, oo],

p—2

5 ok+1 50+5-2) s(1+8-2)28; B
<Co||f||L¥Lq<T> /H(9 Aje— 1)+(f)||L TP de ) (3.10)

and for every p €11, 2,

p—1

, (2T sarb-f-e 7
<Co||f||L¥Lq(T) /H(e MA@ TP ) L 3an)

. 2n
Since Hz < LA, and from interpolation and Hoélder’s inequality, we know that for every m €
[2. ;251 and 2+ 1 > 5,

[© — A1)+ ||i<;Lm < CoUg-1-
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Thus to fit our purpose, we need to choose some § € [2, ;= ﬂ] satisfying that for every p €]2, oo]

B2 (p—2)/p n_n
5(1+5_E>>2’ ’3—3(1+ﬁ/n—2/q)+525’ (3.12)
and for every p €11, 2[

BB 2 (p—1)/p "
s(1+2 -2 7 2, T
< T q>> Psavam—p/op -2/ 572

| S

(313)

The first condition of (3.12) can be satisfied as long as H;‘J/ZTZ/q <
and the second condition of (3.12) is equivalent to

ﬂ(1—3)+n<1+é—3) +25—%—2—">Es<1+5—z)>n,
p n o q p q 2 n o q

2n ich i i n
np which is equivalent to g > B

which can be guaranteed as long as + < B. Similarly, the first condition of (3.13) can be satisfied

as long as T <

- : fﬁ/(np)fz/q
(3.13) is equivalent to

ﬁ<1—1>+n<1+é—ﬁ—%)zn—i—Zﬂ—%—z—n}E(S(H—é—ﬁ—E)>n,
p n q p q n q

which can be guaranteed as long as % + % < B. Therefore, for all p €]1,00] and q € ]%, oo[ satisfying

n ﬂ, Wthh is equivalent to {; + % < B, and the second condition of

(3.2), some suitable § € [2, ;= ﬂ] satisfying (3.12) or (3.13) can be chosen. For such §, we further have
2
Ui < Coll fllfp o (71 /4) UL, ke ZF,

where @ > 1 is defined by

i 2(1+f—f) if p €]2, oo],
Sa+8-L -2, ifpen,z

We also need to estimate Ug. From (3.8), (3.9), (3.7) and the following Tchebychev’s inequality

{6 > a0=4/2}| <2/ 60|}, a <o,

La

we obtain that for all T €]0, 1],

2qu
IIfIILqu(Z/A) ||9||LooLq ||f||Lqu (2/A)

According to Lemma 2.6, we can choose A > 0 satisfying

_ 2 2p

e gy 2
|If||Lqu 2/A)" " IIfIILp‘ T o= A1 2

equivalently,
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A=Cyuqs IIfIILqu, (3.14)

so that we have Uy — 0 as k — oo, which implies ||(6 — A)+||L?OL2 = 0. Hence, for ae. (t,x) €
[0, T] x R,
0(t,x) < A.
Applying the above deduction to —6, we also get 6(t, x) > — A for a.e. (t,x) € [0, T] x R". Clearly, (3.6)
follows.
Next we shall use a scaling argument to show the estimate (3.3) involving f for T > 1. For every
(t,x) €[0,T]xR" and ¢ > 0, denote by T £ ¢ ~#t, y £ t—'x and define 4(t, y) 2 0(¢P1,cy) =0(t, x).

By a direct computation, we see that 6(t, y) also satisfies the transport-diffusion equation with the
scaled divergence-free vector field i

96 +1-Vyo + |DyPo =,

where ]‘(r, 2P f(cPr,cy). If we set ¢ = T%. then (7, y) € [0, 1] x R", and we can use (3.6) and
the variable substitution to find that for every T > 1,

j 7 FB-5-0
”9(t) ||LCT>OLoo = ||9(T)||L?OL°° g C”f”Lf]_q = CTﬂ L “f”]_ITJLq
Combining this estimate and (3.6) leads to the estimate (3.3) concerning f. O
The second one is a useful smoothing estimate of the transport-diffusion equation.

Proposition 3.2. Let u be a smooth divergence-free vector field of R" with vorticity w, and 6 be a smooth
solution of system (3.1). Then for every (s, p, o) € ]—00, 0[ x [2, oo[ x [1, co], we have
0
||9||~?B;flﬂ/a So.ps ||10°] B, + ||9||L3Lp(||w||Lg°Loo + IIHIIL;OLZ)

1l + 1A18llLg e (3.15)
Proof. Denoting by 6, & Ag6 for all g € N, and by applying A4 to Eq. (3.1) we get
d0g +u - VO +|D|POy = —[Aq, u- V10 + Aqf.

Since 6; is a real-valued function, we multiply both sides of the upper equation by |0q|p‘29q and
integrate in the spatial variable to find that

1d

>t ||9q(t)||fp+/|D|ﬂ9q(t,x)|eq|P—29q(t,x)dx

]Rn
<(J1aq.u-VI0O |1 + [ AgF O] ) 6 ® 5 -

According to the generalized Bernstein inequality (cf. [8]), there exists an absolute constant ¢ > 0
independent of g such that

/ D186 (. 2018 P26, ) dx > 2% 16, 7,
Rn
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Hence we have

d
g 10l + 20 < [[Ag u-VIOO ], + [ 2¢O -

Gronwall’s inequality leads to

t

Ioa®1,5 <& 651+ [ € (L2 0T + 80 O ]5) .
0

We further get

16q Mg o < 27977 (169 o + [ 1Ag - VIO ipo + 14g Fll110)-

From the commutator estimate (cf. [15, Proposition 5.4]), we have for every q € N,
[1ag u- V16D, S (a|@] 1 + |u@ ] 2) [0,
thus we infer that for every s € ]|—oo, 0,

+ 0
Zqu“ PIo6glle e < |6 le: +(ZNz‘“q>||0||L;Lp(||w||L;oLoo+||u||LgoLz)+||f||L;B;.]
qe qe

0
Ss ”9 ”B;J + ||9||L[1]_p(||a)||L?°L°° + ”u”L?OLZ) + ”f”L[le-
On the other hand, for the low frequency part we immediately obtain

27CHFIDNA 101l SIHA-16]lLo -
Gathering the upper two estimations yields (3.15). O

4. Modified Riesz transform and commutators

First we introduce a pseudo-differential operator Rg defined by
Rg£01ID|P =IDI"PR, Bell,2l,

where R £ 9;/|D| is the usual Riesz transform. For convenience, we call Rp the modified Riesz
transform. Note that we have encountered Rg in [22], but there g €]0, 1.
We collect some useful properties of this operator as follows.

Proposition4.1. Let j € N, B €1, 2[, Rg be the modified Riesz transform. Then the following statements hold
true.
1

(1) Forevery 1 < p < q < oo satisfying % = ﬂn;l ‘Rp is a bounded linear operator which maps L? to L9.
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(2) Let x € D(R™). Then for every (p,s) € [1,00] x 18 —1,00[ and f € LP(R"),
IDEx (27 IDNRsf | 1o S 27T Pl
Moreover, |D|* x (|D|)R g is a convolution operator with kernel K satisfying

1
K| <——— VxeR".
| ( )‘ ~ (1+|x|)n+s+1—ﬂ

(3) Let O be an annulus centered at the origin. Then for every f with spectrum supported on 2J O, there exists
¢ € S(R™) whose Fourier transform supported away from the origin, such that

Rpf=21T1"Pg(21.)« f.

Proof. Since Rg = ID|'"=AR, (1) is a consequence of the Calderén-Zygmund theorem and Hardy-
Littlewood-Sobolev’s inequality. Due to |D|*Rg = ID|ST1=FR, (2) follows from [16, Proposition 3.1].
(3) can be justified by choosing a suitable bump function. O

Next we consider the crucial commutators involving estimates Rg.

Proposition 4.2. Let 8 €]1,2[, (p,r) € [2,00] x [1, o], u be a smooth divergence-free vector field of R"
(n > 2) with vorticity w and 0 be a smooth scalar function. Then we have that for every s €18 — 2, B[,

[[Rp.u- V10| B, o5, ||VU||LP(||9||B§;1r—ﬂ +161l2)- (41)
Besides, if p = oo, we also have

l[Rp,u-V1o

B, Ss.g (lollre + |Iu||L2)||9||Bs£‘(r1—m/2 + llull 21101l 2. (4.2)
Proof. By virtue of Bony’s decomposition, we have

[Rp.u-VI0 =) [Rp,Sq-1u-VIAD +  [Rp. Aqu-VISq_10 + Y [Rg, Aqu- VIA.0
qeN qeN q=>-1

21+ 1411
For I, from Proposition 4.1(3), Lemma 2.5 and Bernstein’s inequality we obtain
1A T < Y |ldgr Sq-1u - V1AL,
lg—jl<4

< D0 2PUVSerulle 27 Agf
lq—jl<4

S22 Vull 27T Agh 1w,
where ¢ (x) £210+1-P g (29x) with ¢ € S and [|x¢q |l <279 Thus

IMips, S IVUllLe 0] gs+1-5-
0,1

por



114 G. Wu, L. Xue / J. Differential Equations 253 (2012) 100-125

For II, as above we have

1A S Z |[pqx, Aqu - V1Sq-10]
lg—jl<4, qeN

S D 27 VA | VSg-10]l
lg—jl<4, qeN

<2795 Vu Z 2(1—4/)(5—ﬂ)2q’($—ﬂ+1)”Aq,QHLm'
<2

Thus for every s < 8, the discrete Young inequality ensures that

pr

(11Tl gs <|IVHIILP||9IIBg1r—ﬂ.
Since divu = 0, we further write III as follows
= divRg(AquAs0) + Y div(AquRgAg0) + Yo [0Rg. Aqui]AgH

q=2 q=>2 —1<g<1, 1<isn

L) | R § | )

From Proposition 4.1(2) and Bernstein’s inequality, we get

Jatf, < Y0 [divReAj(AquAg) |,
q=j—4, 922

o 2E P2 VA A0
q=j—4, 922

<2795\ Vu Z 2(1'—61)(S+2—ﬁ)2q(5+1—/3)||Aq9||l_oo.
q=j-5

A

Similarly, for III> we directly have

| Ajmr2

o< DY 2/1auRpAOIIL

q=j—4, 922
> 227V Al 29 A0
q=j—4, 922

SRVl 3 2072 Agh .
q=j-5

N

Thus the discrete convolution inequality guarantees that for every s > 8 — 2,

[t s+ 002 s < IVullLr 161 gsi1-s-
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For the third term, from the frequency-localization property, there exists x’ € D(R") satisfying
x'(€) =1 for |§] <3 such that

= > [%iRpx' (D), Aqu']Ag6.
~1<g<1. 1<i<n

Proposition 4.1(2) shows that 9;Rg x'(D) is a convolution operator with kernel h’ satisfying

C
/
WOl < G X <F

Thus from the fact that Ajlll3 =0 for every j > 5, and applying Lemma 2.5 with m e]ﬁ,z]
(equivalently, m € [2, ﬁ”Tl[), n>2 and p > 2, we have

”III3||BSJS > |[W'x Aqu]Agh]
p.
—1<g<1

< S | IV AUl 1 B8l
-1<¢q<1

SAIVullee 1012

In the above we also have used the fact that xh’ € L™. This ends the proof of (4.1).
Next we reconsider the case p = oo. Since ||AqVulli~ = [|Aqw]| =~ for every q € N, we directly
obtain

1+ 1" + 12 lps. S el 1611 gss1-5-
Taking advantage of the following fact that for every g e N

IVSqaullio SHA AVl + Y IVAgull= S lullz +qllolis,
0<q'<qg—2

we can also estimate I as follows

IMips,,, S N2 181 gsers + llolli= O] ( 1g

co,r ™
00,1

For the last reminder term III%, estimating as above we have for every m € [2, ﬂnTl

P < D [l VAGuILe 1 Zgfl1m
—1<¢g<1

S lullzl61 2.

This ends the proof of (4.2). O
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5. Proof of Theorem 1.1
The system we consider is as follows

ogu+u-Vu+ VP =0ep, PBell, 2],
30 +u-Ve+|DIFo =uy, (5.1)
divu=0, ul—o=1u°, 0|=o =06°.

The proof’s outline is as follows: first we show some key a priori estimates, next based on them we
prove the existence and continuity-in-time results, and finally we treat the uniqueness issue.

5.1. A priori estimates

Proposition 5.1. Let (1, 8) be a smooth solution of the system (5.1) with (u®, 89) € L x L. Then we have
[solz + le@l +1012, < (%] + [ 2)e. (52)
t

Proof. Taking scalar product of the first equation of (5.1) with u, multiplying the second equation by
6 and integrating over the spatial variable, we get

(0l + 01 + 160 0 =2 [ 60 85
R2

<2[6@| 2 [u®] 2

<o+ uo]:

1d
2dt

Gronwall’s inequality further leads to (5.2). O

Proposition 5.2. Let (1, 0) be a smooth solution of system (5.1). If 0 € L? N Bl;’f u% € L2 and the initial
vorticity w® € L, then we have that for every t > 0,

C 0 ct
[6@ ] < 75 16°] 12 + Ce™, (53)
and for every t > 0,
ct
lo®] 1o + 1017516 + 1001151, < Ce®Pict), (5.4)
Proof. (5.3) is a direct consequence of Propositions 3.1 and 5.1, i.e., for every t > 0,
¢ 0 1-1/8
16O < 77710712 + (14 7F) ull e 2
¢ 0 ct
<l +cet
Next we treat (5.4). Applying the operator Rg £ 9,|D|~# to the equation of temperature 6, we have

dRp0 +u- VR0 +|DIPREO = —[Rp, u- V10 + Rgua. (5.5)
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We denote by I £ w + R g6, and due to |[D|fRg = 3, we obtain

% +u-VI =—[Rg, u- VI +Rpuy. (5.6)

From the L°° maximal principle of the transport equation (5.6), we find

t t
POl < 7%+ [ 1Rp 160 o de + [ [Rpta(0)]

S 10y 1% g g + [ I1Reu- V10 d+ [ [Rouo) s a.
0 0

where we have used the following fact that for all g €]1, 2],

|Rs6° IDI'PRE°| o 1,§H|D|1—f’7m,19°| 2+ 290D ag0°

q=0

<
I =1 2
S8 10°] gt (5.7)

According to the commutator estimate (4.2) and the continuous embedding L*° «— ng — ngl,s)/z
(B>1), we get

[(Rg.u- VIO g0 | S (|0@] 1 + [u@] o) ([6@ | ga-pr + |6 2)

S (|0 1o +e7) (77 +e€). (58)

By a high-low frequency decomposition, we also find

[Rsu@ g < [IPIPRAGu@] 2 + 3 (1D RAGuUE@ 1
g0
< Juo ]+ 2 P lom]
q=0
SpeT 4 |00 - (5.9)

On the other hand, from the equation of Rg6 (5.5), we also deduce that

t

[Ra0© i 510ty + [ IRpu- V0O e+ / [Rpu(e) s d.
0

Hence we infer that
lo® ]~ < [T O]~ + [Rs0O | 1

t
16 + 10 agron + e+ [ (77 4 ) o) dr
0

Thus the Gronwall inequality yields that || (t)|| e < Ce®*P{Ct},
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By interpolation and the Sobolev embedding, we see that for every q €]2,00[, 0 = (1 — 8)(1 —
%) <0and € >0,

2 1-8 o o—€
L ﬁBoo’1 > Bq’w% Bq’] .

1/2
L2

1/2

Thanks to (3.15), (5.2), (5.3) and the interpolation inequality |lullzc < flull,5" llwll & (cf. [12]), we

further get

0
1015508 S 16 gg e + 101300 (1 I llipense + ullpes2) + 2l

t
S16°) 2ngr-s + / [0 2 g0 dT(1+ @l iero0 + ullpger2) + IUll g2
0

< eexp{Ct} )

Since a—e+ﬂ—%=l—€ with & £ %(2—,3)4—6 > 0, by choosing q €12, oo[ large enough and € > 0

small enough, we see that 1 — € can be sufficiently close to 1 (to fit our purpose in the sequel, it
suffices to choose € = (8 —1)/2) and

_ exp{Ct}
161,512 161 e < 7P, (5.10)
Now we view the equation of 6 as a linear dissipative equation with forcing term
30 +|DIPO=—u-VO +uy, Ol—o=06". (5.11)
Taking advantage of Lemma 2.3, we get that for every p € [1, 0o]
- iy .
||9||L[ﬂgl;f+ﬂ/ﬂ <Ca+n'r(|le HB;f]z + llu VQHL}B;;f + ”u”LtlB;f)-
From Lemma 2.4, estimate (5.10) (with 0 < € < 8 — 1) and interpolation, we infer that

. _ g < _
- VOl i+l grop S N lliers 191y gamp + Nl o
1/2 1/2
5(1+t)IIUI|L?oLzIIwIIL[ooLoo(1+|I9IILEB;§)
<eexp{Ct}.

Hence for every p €[1, oco], we have

exp{Ct}.

~ <
HGHLfBl;’]“ﬁ/” ~e U

Proposition 5.3. Let (u, ) be a smooth solution of system (5.1). If 0 € L N Blo_’]g u%e1?and w® e LP NL®
with p > 2, then we have

lo®] 1 + 101z 12 + 10117145 < Ce™P1. (512)
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Proof. For the case of p € [2, ﬁ[, there exists € €]0, % — (2 — B)[ such that BZB;]_G <> LP. Thus,
from the equation of the vorticity

ow+u-Vw =010
and Proposition 2.2, we get
lo® <[l + 10101310
0 0
Sl + 10100y gp-1-e S [ + 161y e
Applying Proposition 3.2 to the equation of 6, we know that for every € >0
101,358 < 10°] g5 + 1005312 (1 + lollzgeroe + Nullesz) + Nl 2
< e&xPICH) (5.13)

Hence, we have for every p € [2, ﬁ[,

||a)(t) || < eEXp C[}

Besides, according to estimates (2.6), (5.13) (with € €]0, 8 — 1[) and the Sobolev embedding, we infer
that for every p € [1, o],

100z oo S L+ DOVP([6%] 2 + - VOllgy 2 + gy 2)
SA+0"P([6°] o + lullger= 161l 1 + Nullyy2)

< eexp{Ct}'

Next we consider the case of p € [ﬁ, oo[ and we shall use a similar method as treating the L*°

case. By applying Proposition 2.2 to Eq. (5.6), and from the Besov embedding and interpolation we
find that

1@ <100l + 10 g + [ I1Rpw- V100 gy a7+ [ [Rpuco) g a.
0 0

where we also have used the following estimate (by Proposition 4.1(1) and (5.7))

[Rs6°

Lo S IRe0%] s,

~|| OHLZnB ‘19

0,1

For the commutator term, from (4.1) we get
IR u- VIO po | S 0@y (6@ ] s + 6@ 2)

< @], (xF +e).

Taking advantage of a high-low frequency decomposition, we deduce that
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||R5u||32‘1 = |a-1IDI"™PRul , + 21\:1 | AqIDI™Rul,
qe

Slapull 2+ 3 27 Iagol
qgeN
< lull + ol

Noting that

t t
R4 2100 ogcs + [ 1Re 010 gy v+ [ [Rpuo)] g, .
0

we infer that
lo®], <|rOf, +[ReOO]

t
10y + 100 g + ¢+ [ @ (7 +e 7).
0

Gronwall’s inequality further ensures that (5.12) holds for every p € [ﬁ, oof. O

Proposition 5.4. Let (u, 6) be a smooth solution of system (5.1). If ° € L? N B;f and u® € L N BL_,, then
we have

exp{exp{Ct}}
lullop: |+l < Ce : (5.14)
Proof. By applying logarithmic estimate (2.3) to Egs. (5.6) and (5.5), we have

IF©lss +Ra80 s
S+ ||V””L}L°°)(||“’OHBgQ1 + ||90”L203;f +[[[Rp.u- V1o HL}B‘O’ol + ||Rﬂu2||Lngo‘])

< (14 1Vl 0 )20

where in the last line we have used (5.8), (5.9) and (5.4). Since by a high-low frequency decomposi-
tion and the Calder6n-Zygmund theorem, we see that

[VUO] 1 < 198100 | + 3 14740 | £ [ + 00
q=0 ’

Thus we obtain

t

lo®lg  <ITOlg  + RO 50 <™ (1 + / lo@ g df)~

0
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Gronwall’s inequality leads to [[w(t)]| go : < eexp(exp{Ct} Combining this estimate with (5.2), it is obvi-
ous to get '

[u® 1, S [uO] + €O S0

5.2. Existence

We smooth the data to get the following approximate system,

du® 4 u® . vy® L yph —g®e, keN,
3%6® +u® . ve® 4 ppe® =P, (5.15)
divu® =0; u®|_ =50 6®| _ = 5.6°.

Since Sxu®, S,6° € H® for every s € R, from the classical theory of quasi-linear hyperbolic systems
(cf. [2]), the approximate system has a unique smooth solution (u®,6®) on [0, T] with some T > 0
that may depend on k. We also have a blowup criterion as follows: if the quantity ||[Vu® ||L}L°°
is finite, the time T can always be continued beyond. Then for every k € N, the a priori estimate
(5.14) ensures that the solution (u®,9®) is globally and smoothly defined. Since |S;6°

0
16%0 21t
a priori estimates obtained in Propositions 5.1-5.3 for system (5.15) are uniform in k, that is,

14 <
1

00,

||Lsz
1Skl 2 < 1u®ll2 and [|Sk@®|lpare < [|@Pllprre With p € [2, 0of, we find that the

u® e L2 (RT; L1*(R?)) and w® e L (R*; L NLP) uniformly ink, (5.16)
and
k +.72 1-8 2 +. 2 1 +. pl : :
0" e Ly (RT;L>NBN) NIL (RT; HP2) N (RT:BL ;) uniformlyink.  (517)
We also need some uniform information about 8u® and 8,6® to show the convergence result.
First we consider the estimate of 3;u®. Denoting by P 2 1d — VA~ div the Leray projection operator

which maps a vector field to the divergence-free vector field, and by applying it to the equation
of u®, we get

pu® =P(6Wey) — Pu® . vu®).
From the Calderén-Zygmund theorem, Hoélder’s inequality and interpolation, we directly obtain
[0 oz < [PEVeR) ] oz + [P - Vu©) ]y
< o ”LfQL2 + [u® ||L§’°L2P/(P*2) [ vu®] LLP
S 0% iz + 1 i 0P 2 [0 e
thus the uniform estimates (5.2), (5.4) and (5.12) imply that

du® e L2 (R*; 1%) uniformly in k. (5.18)

Next we treat 3:0®. According to the equation of 6®, estimate (2.6) and the Sobolev embedding, we
find that
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a6 ”L?H*ff/z < u® - v 12H-p2 T [1D1F6 ”LfH*/f‘/Z + ””ék) I 12H-#/2
< Ju® ||L°°LOO [6® “L?Hl*ﬁ/z + [ ”L?Hﬁ/l + Ju® ”L?L2

12 172
SNu® el 0o 109 2o + 169 2oz + 4@ 212

~

thus combining it with uniform estimates (5.2) and (5.4) yields that

30® e L2 (RT; H7P/2) uniformly in k. (5.19)

Therefore, from (5.16)-(5.19) and Aubin-Lions’s compactness lemma (cf. [26]), we know that up to
an extraction of subsequence, the approximate solution sequence (u®, %),y converges strongly in

% (RY; H ’9/2) to some function (u, #), and (u, &) moreover satisfies that

loc loc

ueCO](R+ LZ(RZ)) and e L (RT; L NLP),

loc

and

6L (RY:12NBL )N L2

loc

(R+; Hﬂ/z) N LI]OC(R+; B<l>o,1)‘

Interpolating with the uniform bounds (5.16)-(5.17), then it is clear to pass the limit in the approxi-
mate system (5.15) and (u, 6) solves the system (5.1) in the sense of distribution. Furthermore, we can
show that § e C(Rt; L2 N Bl ’3) Indeed, from (5.4) and (5.12) we know that 0 € Loo R+ L2N B1 ‘3)
thus by a classical deductlon (cf [8]) we can get the desired result. This finishes the existence part of
Theorem 1.1.

5.3. Uniqueness

The proof of uniqueness issue is similar to that in [12] with proper modification and we here
sketch it. Let (u;, 6;, Py) (i=1,2) satlsfymg (1.2) and (1 3) be two solutlons of the Euler-Bénard system
(5.1) with the same initial data. Set i £ u; — up, 6 £ 6; — 6, and P2 Py — P5, then the difference
system writes

3l +uy - Vii+ VP =0ey — i - Vuy,
80 +uy-VO+|DIPO =1 —ii- Vb,
divuy =divit =0, (@,0)],_,=0

Since ol € Lﬁfc(R+; L?), from the usual energy method we have that for every q € [p, ool,

3 dt O < 180] 2 [20] 2 + 170 e [V10) ]

<ol la®],2 + cala@ [ O [ L |01 O ey
where in the last line we have used interpolation and the Calder6n-Zygmund theorem that

IVuqliLa
sup ——— S llo1llrar=.

qelp,ool

We also see that
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30+ |DIPO =1y —1i- VO —uq -V, O—o=0,

and due to that all the right-side terms belong to Lf;c(R+; L?) with p € [1, B[ (from (5.12)), we have

30 € Lf;c(IR+; L?) from Lemma 2.3. Thus from the energy method we find

1d,-~ 2 - ~ . -
S 70Ol < [FO[L16O ]2 + 181 Vo] 1 [0©] -

Let € > 0 be a small number, and denote X, (t) = \/62 + ||1]\|i2 + ||9~(t)||f2, then we get

d -
(0 < CaaO) [} @1 0]y e O+ (14 [ V20| 1) e (©.

By a direct computation, we infer that

[Ny

t
r < et+||v92||LgLoo (62/q + c/ ”f,(f)”%g |w1 (r)”LPme dr)
0

Passing € to 0, we obtain

20421 V62 3 00 q

[ |7 + 605 <e oo (CE|01 (D) e )

Since 6 € L}, (R*; BL_ ), il € Lis.(RT; L®) and w; € LS. (R™; LP N L), by choosing T > 0 small
enough, we have CT|w; ||L;o(LmLoo) < % Then letting q tend to oo, we deduce (ii,6) = 0 on [0, T].

Since (I, §) € C(R*; L), from a connectivity argument we can show the uniqueness result on R*.
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Appendix A

In this section we sketch the proof of (1.4).

Proof of (1.4). We first show that ||(2*”D‘ﬂf||L1TLoc <16 IIfllz-s - From a high-low frequency decom-
0,1
position and (2.5), we deduce that
—t|D|# —t|D|P —t|D|P
e Fly e € Je 2 A e+ 3 AP
j=0
—ct2JB
AT+ e[ 1A fllee
j=0
ST

-B .
Boc,l

Next we prove the inverse inequality. For j € N and T > 0, we have
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Tq
Ajf:/(ld—e*Tl‘D‘ﬁ —TyD|PeTIPP) D RPe P A
0

s
where T; £ T/2. Indeed, by applying the Fourier transform, it follows from fOT”E' tetdt =1 —
e~T1IEP _ T 151fe~T1E 5 0. Note that due to suppZ}? c {&: |€| = 1), by choosing T large enough,
we get 1> e~ T161” 4 T |£|fe=T11¢1"  In a similar way as obtaining (2.5), we infer that for every j € N,

” (Id _ ele\D\ﬁ -T; |D|ﬂefT1IDI“‘)_1AJ,JCHLoo 5 (l _ ech)—l ||Ajf||1_oo.

Then since e~tIP\ = ¢=tIDI"/2e=tIDI*/2  from Bernstein’s inequality and (2.5), we find that

T/2
||A]f||LOO 5 (1 _ e—CT)_l / tzzj/se—Cijﬂ ||e_[‘D‘ﬂ/2f||Loo dt.
0

Thus

T

S 2 a5 (1-e ) [ <Zf2me_€t2jﬁ> Je=t2V £

jeN 0 jeN
<(1- e%T)_] ‘|e7t‘D‘ﬂf”L}L°<>'
While for j = —1, according to

T

1
Aaf=q f P (=10 A, £ dt,
0

and from Bernstein’s inequality and e!'®’” =", _.(¢|D|#)¥ /k!, we have

T

1
A1 flle < 7/””9’””‘“71% d
0

< Leer ”e_tlDlﬂf”L}.LOO'

S
—t|D|#
Hence [ flly—s St le™"" flly . O
o0,
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