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ON THE REGULARITY ISSUES OF A CLASS OF
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Abstract. In this paper we address the regularity issues of drift-diffusion equation with nonlocal
diffusion, where the diffusion operator is in the realm of stable-type Lévy operator and the velocity
field is defined from the considered quantity by a zero-order pseudodifferential operator. Through
using the method of nonlocal maximum principle in a unified way, we prove the eventual regularity
result in the supercritical type cases and the global regularity at some logarithmically supercritical
cases. The feature of these results is that the time after which the solution is smoothly regular in
the supercritical type cases can be evaluated explicitly.
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1. Introduction. We consider the Cauchy problem of the drift-diffusion equa-
tion with nonlocal diffusion

(1.1) O +u-VO+LI=0, Oi=o(x) = Oo(z),

where z € R? (or T?), d € N*, ¢t € RT, §: R* x R? — R is a scalar-valued quantity,
and the velocity field u = P(f) : Rt x R? — R? is defined from @ by the zero-order
pseudodifferential operator,

(1.2) u(z) = P(0)(z) = ab(z) + p.v. » S(y) 6(z +y) dy,

with a = (ai,...,a) € RY and S(z) = \P(lﬁ(‘fl) = (qjl‘(i‘/(ilr|)7-"7‘de‘(il/d‘zl)) €

C (R?\ {0};R?) composed of Calderén-Zygmund kernels ([36]). The nonlocal dif-
fusion operator L is given by

(13) £f@) = . [ (7(0) = fo +2)) K do

where the radially symmetric kernel function K(y) = K(|y|) defined on R?\ {0}
satisfies that there exist some « €]0,1], @ > 0, and ¢y > 0 (¢ may be dependent on
a and o), ¢; > 1 such that
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-1 —1
(1.4) c1_1m(||yy||d) < K(y) < Clm(||5||d) Y0 < |yl < c¢p, and
c
(1.5) 0< K(y) < Mﬁ Vly| > co,

with m(y) = m(|y|) a radially symmetric function satisfying the following assump-
tions:
(A1) m(|y|) is smooth away from zero, nondecreasing, with m(0) = 0, lim,_,
m(ly|) = oo;
(A2) there exists o € [0, o such that

m(lyl)
|yl

In some cases concerned, the condition (1.5) can be replaced by a more general con-
dition

m _
< m'(lyl) < ™D vy > g1

lyl

(1.6) (a — o)

C1 &1

(L.7) _W S K(y) < W

Y]yl > co.

Besides, we also consider the nonlocal operator £ defined by (1.3)—(1.6) with “cq =
00,” i.e., the kernel K (y) = K(Jy|) is given by

-1 -1
(18) A L N R P L Y
[yl [yl
with ¢; > 1 and m(y) = m(|y|) satisfying (A1) and
(A3) there exists a constant o € [0, o[ such that
(1.9) (-0 <y < ™ vy >

The diffusion operator (1.3) defined above is in the realm of Lévy operator; indeed,
according to (1.6) and Lemma 2.2 below, we deduce that for o €]0,1] and o € [0, «],

. _ 1 _ o _ 1
(1.10) g m (Co 1) W <m (|y| 1) < cgm(c, b W Y0 < |y| < co,
which leads to
-1 a—o — 1 a — 1
(111) & 100 m (CO 1) W < K(y) < C1Cyn (CO 1) W Y0 < |y| < Co,

and we know the operator given by (1.3) satisfying (1.11) and [, (min{1, [y[*}) K (y)
dy < C corresponds to the infinitesimal generator of the stable-type Lévy process [8].
By taking the Fourier transform on £, we get

(1.12) L) =A)F(C) Y¢eRY

where the symbol A(¢) is given by the following Lévy—Khintchine formula [25, equa-
tion 3.217]:

(1.13) Q= [ (o) Ky
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The diffusion operator £ defined by (1.3) under (1.4)—(1.5) or (1.4), (1.7) contains
a large class of multiplier operators £ = m(D) such as

D[
(log(A + [D])"*’
which we shall explain in subsection 2.1 below. Among them, an important case, which

is also a particular case of £ under (1.8)-(1.9), is the fractional Laplacian operator
|D|* := (—A)% with a €]0, 1], which has the following representation formula:

(1.14) [D|*f(x) = Cd,a PV /Rd Wdy

L=|D", (B€|a—0,0]), and L= ( €]0,1], 0> 0,A > 1),

with ¢qo > 0. The operator £ = |D| corresponds to the infinitesimal generator of
the symmetric stable Lévy process and recently has been intensely studied in many
theoretical problems. For the drift-diffusion equation (1.1)—(1.2) with £ = |D|%, we
conventionally call the cases « < 1, @« = 1, and « > 1 the supercritical, critical, and
subcritical cases, respectively.

The drift-diffusion equation (1.1)—(1.2) has various physical backgrounds from
geophysics, fluid dynamics, dislocation theory, and other fields. Typical examples are
the surface quasi-geostrophic (SQG) equation, the Burgers equation, the Cérdoba—
Cérdoba—~Fontelos (CCF) equation and the incompressible porous media equation,
and below we will specifically review some noticeable results related to these models.
For other interesting models expressed as (1.1)—(1.2), one can also refer to [3, 23, 30],
etc.

The SQG equation is written as (1.1) with

(1.15) d=2 and u=R"0=(-Ry, R,

where R; = 9;|D|™! (i = 1,2) is the usual Riesz transform [36]. The inviscid model
(i.e., L = 0) arises from the geostrophic study of the highly rotating fluid [34], and
partially due to the formal analogue with three-dimensional (3D) Euler/Navier-Stokes
equations [9] and its simple form, the SQG equation has received much attention.
For the SQG equation with fractional operator £ = |D|%, the subcritical case (i.e.,
a €]1,2]) has been known for decades to be globally well-posed for suitably regular
data (e.g., [35]), while for the subtle critical case (i.e., @ = 1), the issue of global
regularity was independently settled by [29] and [4]. Kiselev, Nazarov, and Volberg
[29] developed an original method called the “nonlocal maximum principle,” and
Caffarelli and Vasseur [4] exploited the De Giorgi’s iteration method and a novel
extension. For other proofs resolving the critical problem, one can refer to [27], which
uses the duality method, and [11, 10], which apply the “nonlinear maximum principle”
method. However, the global regularity issue in the supercritical case remains an
outstanding open problem. So far, for the SQG equation with supercritical diffusion
(i.e., & €]0,1[), we only know some partial results: the local well-posedness result
for large data and global well-posedness result under some smallness condition (e.g.,
[7]), the conditional regularity criterion (e.g., [12]), and the eventual regularity of the
global weak solution [18, 26, 17]. More precisely, for the eventual regularity issue,
which means the global weak solution is smoothly regular after some finite time, the
progress was first made by Dabkowski [18] by adapting the duality method of [27]
and later achieved by Kiselev [26] by using the nonlocal maximum principle method,
and we refer to [17] for a third proof by applying the method of [10]. Notice that
Coti Zelati and Vicol [17] also proved a somewhat global result that for 8y € H? with
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H90||%2||90||;2a/2 < R, the supercritical SQG equation has a unique global solution
as long as a depending on R is sufficiently close to 1. For the SQG equation with
general diffusion operator £, Dabkowski et al. [19] considered the slightly supercritical
case, where the operator £ defined by (1.3) and (1.8) satisfies (1.23) below, and they
obtained the global well-posedness of smooth solution by applying the method of
nonlocal maximum principle. They also showed the global result for the multiplier
operator £ = m(D) under some suitable assumptions on m(¢) = m(|¢]).

The Burgers equation is just (1.1) with
(1.16) d=1 and u=20,

which was studied by Burgers in the 1940s as a 1D equation modeling the nonlinearity
of 3D Euler/Navier—Stokes equations. It is known that the inviscid Burgers equation
with some smooth data forms the shock singularity at finite time. For the Burgers
equation with fractional diffusion, the subcritical and critical cases can be treated as
the corresponding cases of the SQG equation to obtain the global results, while for
the supercritical case, Kiselev, Nazarov, and Shterenberg [28] proved that the shock
singularity similar to the inviscid case occurs in the supercritical case (see also [22, 1]).
For the Burgers equation with a general £ defined by (1.3) and (1.8), the authors in
[19] proved that under (1.23) below and other mild conditions on m, the equation is
globally well-posed for smooth data, whereas under lim, o4 f: m(r~1)dr < oo, finite
time blowup will also happen for some smooth data.
The CCF equation corresponds to (1.1) with

(1.17) d=1 and u=H0,

and H is the usual 1D Hilbert transform. Cérdoba, Cérdoba, and Fontelos [16]
introduced this model as a 1D simple equation of 3D Euler /Navier—Stokes equations
which has the nonlocal velocity, and they proved there exists smooth data so that the
inviscid CCF equation forms singularity at finite time. For the CCF equation with
fractional diffusion, Dong [21] considered the subcritical and critical cases and showed
the global results, while in the supercritical case with « €]0,1/2[, Li and Rodrigo [31]
showed there is an occurrence of finite-time blowup similar to the inviscid case. The
problem concerning the global regularity of solution for the supercritical CCF equation
with o € [1/2,1] is still open. We mention that Do [20] proved the eventual regularity
of the limit function of regularized solution ¢ at the supercritical case a €]0,1[ by
applying the method of [26] and also obtained the global well-posedness result of the
CCF equation at slightly supercritical cases equipped with smooth data.

The incompressible porous media equation is (1.1) with the following velocity
field:

(1.18) u = Vp + fey, divu = 0,

where p is a scalar quantity and ey is the last canonical vector of R¢. By a direct
computation, we can show that the velocity u can be exactly expressed as (1.2), e.g.,

for d =2 [15],
1 1 (2179 235 — 23
—(0,—2), S@) = (T2 ="
o= (0-g). so- 5 (),

and for d = 3 [5],
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a= (0’0’ _2> . S(x) 1 (3:51:63 3zows 273 — 2% — x%) '

3 T4 \ P w0 JaP

In [5, 15], Cérdoba et al., among other issues, proved the global well-posedness result
for the equation in the subcritical and critical cases. Similarly as the SQG equation,
the issue of global regularity in the supercritical case remains unsolved.

In this paper we focus on the drift-diffusion equation (1.1)—(1.2) with general £
defined by (1.3), and we mainly are concerned with the following cases:

Case (I): (K (y),m(y)) satisfies (1.8) and (A1), (A3);
Case (II): (K(y),m(y)) satisfies (1.4)—(1.5) and (A1)—(A2);
Case (III): (K(y),m(y)) satisfies (1.4), (1.7) and (A1)-(A2), symbol A({) > 0,
divu = 0.

By applying the method of nonlocal maximum principle in a unified way, we show
the eventual regularity of global weak solution for the supercritical type equation
(1.1)—(1.2) at Case (I). Compared with the eventual result obtained in [26] for the
supercritical SQG equation, we have explicit control on the eventual regularity time
(i.e., the time after which the solution is regular) which is small enough as o — 0,
a = 1. In accordance with this point, we further prove the global regularity result
for the logarithmically supercritical drift-diffusion equation (1.1)—(1.2) at either Case
(IT) or Case (III).

More precisely, our first main result is the eventual regularity of the vanishing
viscosity weak solution for the drift-diffusion equation (1.1)—(1.2).

THEOREM 1.1. Assume that Case (1) is considered with « €]0,1], o € [0,1], 6y €
L2(RY), and divu = 0. Then for every T > 0 large, the drift-diffusion equation (1.1)-
(1.2) admits a weak solution § € L>°([0,T]; L2(R%)) N L2([0, T]; H =" (R%)), which
satisfies 0 € C>(Jto + t1,T] x R%), where ty > 0 can be chosen arbitrarily small and
t1 > 0 is a number depending only on «, o, d, to, and ||6p]|Lz2-

Moreover, if a €]0,1[ and o = 0 in condition (A3), i.e., m(y) = Coly|® for all y #
0, we can set T = oo, and we explicitly have

C w70 (C(l—a)\T25,, ==
(1.19) e (LS Ml ==l L TN

with C' > 0 some constant depending only on d.

Our second result is the global regularity of the solution for some logarithmically
supercritical drift-diffusion equations (1.1)—(1.2).

THEOREM 1.2. Assume that either Case (I1) or Case (III) is considered for a =1
and o € [0,1] with some constant co = co(o) > 0. Additionally suppose that there
exist 1 € [0,1] and c2 > 1 such that

1 Yy
(1.20) vl < m(y) < eyl Yyl = co.

ez (logly]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/29/20 to 210.31.78.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2932 CHANGXING MIAO AND LIUTANG XUE

We have the following two statements:

(1) If Case (III) is considered and 6y € L? N L>°(RY), then for any t. > 0 small
and T > 0 large, the vanishing viscosity solution 6 € L°([0,T]; L*(R%)) N
LQ([O,T};HFTG(RCI)) of the drift-diffusion equation (1.1)—(1.2) satisfies 0 €
C>([t, T] x RY).

(2) If Case (1) is considered, 6y € Co(R?) (i.e., the space composed of continuous
functions which decay to zero at infinity), and letting 6 be the limit function
of 0¢ which solves the regularized drift-diffusion equation

(1.21)
0% +u - VO + LO°— eAO =0, u =P(0), 0mo = b * (Bolp,,.),

where € > 0, ¢ € CX(R?) is the standard mollifier, ¢.(z) = e p(z/e), and
1p,,. is the indicator function on the ball By, then for any t. > 0 small,
we have § € C*([t.,o[xRY) and @ on the time period [t.,oo| satisfies the
drift-diffusion equation (1.1)—(1.2).

The main method in proving the above results is the nonlocal maximum principle
originated from [29, 26], whose basic idea is to show the evolution strictly preserves
some appropriate modulus of continuity (MOC; see subsection 2.3 below).

In the proofs of Theorems 1.1 and 1.2, the following proposition concerned with
the uniform-in-e improvement of the eventual Holder regularity from the L°-estimate
plays a core role.

PROPOSITION 1.3. Assume that Case (1) is considered with o €]0,1], o € [0,1],
and 6¢ € C([0,00[; H*(R?)), and s > 1 + £ is a smooth solution for the regularized
drift-diffusion equation (1.21) with € > 0, 0y € L>(R%). Then there exists a time
t1 > 0 independent of € such that for every  €]1 — a + o,1],

(122) sup ||06(t)HC/3(]Rd) S C(||00||L°°7d7a3530—)3

te[t1,00(

with C' independent of €. Moreover, if a €]0,1[ and o = 0 in the condition (A3), we
have the explicit estimates on t1 and sup,epy, oof |0°(t)[|ce as (3.19)~(3.20) below.

For the proof of Proposition 1.3, the new ingredient is the MOC w(¢, &y) given by
(3.8)—(3.9), which is derived from suitably modifying the MOC w(§) defined by (3.2),
and by virtue of a careful analysis according to the values of £ and &y, we manage to
show that the solution 6¢(z, t) of the regularized equation (1.21) uniformly-in-e strictly
obeys the MOC w(¢&, &y(t)), which combined with the regularity preservation criterion
in terms of MOC (3.2) (see Lemma 3.1) further guarantees the desired uniform-in-e
Holder regularity estimate after some time. We stress that there is no factor like
1—a+o or 1 —« in the conditions of &, 7, p (see (3.76)) appearing in w(¢, &), so that
we can estimate the eventual regularity time ¢; as (1.19) in the case « €]0,1[, 0 = 0,
which has the property that ¢t; — 0 as a — 1 for the fixed data 6.

For the proof of Theorem 1.1, we first prove the global existence of a vanish-
ing viscosity solution satisfying the L?-energy estimate; then by using De Giorgi’s
method we show the crucial L3°-improvement for all ¢ > ¢y with any to > 0, and
then Proposition 1.3 ensures the eventual Holder regularity of this weak solution for
every t > tg+t1 with some ¢; > 0, which in combination with the regularity criterion
Lemma 2.5 further leads to the desired eventual regularity result.
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For Theorem 1.2, we observe that under the condition (1.20), the eventual reg-
ularity time ¢; can be arbitrarily small, and thus by applying Proposition 1.3 and
by appropriately choosing the coefficients in the MOC w(¢,&p) and & = &o(t), we
can show the desired global regularity result. Notice that in the considered cases it
suffices to justify the criterion (4.25) for small £ and &y(t), so that we can treat the
more general diffusion operator £ than that in Proposition 1.3.

Next we make some remarks.

Remark 1.4. Since m(y) = qozpidyryye With € [0,1], A > 0 satisfies (1.6) with

a=1,0¢€]0,1], co = e~ =, and also satisfies (1.20) with ¢, = 2, Theorem 1.2 can be
applied to the drift-diffusion equation (1.1)—(1.2) under either Case (II) or Case (III)
with these m and cy. Recalling that the improvement from L* to Holder regularity
is a crucial step in proving the global regularity of weak solution for the critical SQG
equation (i.e., £ = |D|) by Caffarelli and Vasseur [4] and also Kiselev and Nazarov
[27], we here as a nontrivial generalization achieve such an improvement for vanishing
viscosity solution of the drift-diffusion equation (1.1)—(1.2) at some logarithmically
supercritical cases, and we even remove the divergence-free assumption of the velocity
field at Case (II).

Remark 1.5. As a counterpart of Theorem 1.2, we can also prove the following
global well-posedness result for (1.1)—(1.2) at the slightly supercritical case comple-
mented with regular data: assume that §y € H*(R?), s > 441, and either Case (II) or
Case (III) is considered with « €]0,1], o € [0,1], ¢op = ¢o(a,0) > 0, and additionally

Cco

. —1 .
(1.23) yl_l)r(r)1+ ’ m(£™1)dE = oo
then the associated drift-diffusion equation (1.1)—(1.2) generates a uniquely global
smooth solution 6 € C([0, co[; H*(R%)) N C*°(]0, oo[xR?). We shall justify this state-
ment in the appendix. This global well-posedness result is concerned with the slightly
supercritical drift-diffusion equation (1.1)—(1.2), and it generalizes the corresponding
result of [19] on the slightly supercritical SQG and Burgers equations. Note also that
the MOC given by (4.29) has a simper form than that in [19], and we use a different
way to estimate the contribution (2.30) so that we can avoid the difficulty encountered
in considering the general u defined by (1.2).

Remark 1.6. Motivated by Coti Zelati and Vicol [17] and in a different method,
we can also prove the following global result: assume that either Case (II) or Case
(ITI) is comsidered for « = 1 and o € [0, 1] with some ¢y > 0 (independent of o),
and let 6y € H*(R?), s > 1 + £ be satisfying 100l 7= (ray < R with some R > 0;
then there exists a constant o7 = o01(R,d) > 0 such that for every o < o1, the
associated drift-diffusion equation (1.1)—(1.2) has a unique global solution (z,t) €
C([0, 00[; H*(R%)) N C>(]0, 0o[xR4). Indeed, the classical local well-posedness result
first ensures that there is T3 = T31(d, R) > 0 such that (1.1)—(1.2) admits a smooth
solution 6 on [0,T}]; then similarly as obtaining (1.19) and (3.14) (we also adopt the
different points in proving (4.25) compared with proving (3.34)), one can show that
the eventual time ¢t; — 0 as ¢ — 0, which implies ¢; < T} for ¢ small enough, and
thus we conclude the statement.

The outline of the paper is as follows. In section 2, we introduce a class of
multiplier operators as examples of the diffusion operator £, we present some useful
auxiliary lemmas, and we also collect the definition and useful lemmas related to
the MOC. In section 3, we give the detailed proof of Proposition 1.3. The proofs of
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Theorems 1.1 and 1.2 are respectively in the subsections of section 4. Finally, the
appendix section justifies the statement in Remark 1.5.

Throughout this paper, C' stands for a constant which may be different from line
to line. The notation X <Y means that X < C'Y. Denote by B,(x¢) := {z € R?:
|z — z0| < 7} the ball of R? and we abbreviate B,.(0) as B,. Denote S'(R?) the space
of tempered distributions. We use f and g to denote the Fourier transform and the
inverse Fourier transform of a tempered distribution, that is, f(¢) = [ga ™™ f(2)dz

and §(z) = gz Jpa ¢ 9(O)AC.

2. Preliminary and auxiliary lemmas. In this section, we introduce a class
of multiplier operators as examples of the operator £ and also compile some useful
auxiliary lemmas.

2.1. Multiplier operators as examples of L. In addition to the conditions
(A1)—(A2) stated in the introduction, we assume that m(¢{) = m(|¢|) also may satisfy
the following assumptions:

(A4) m is of the Mikhlin-Hérmander type, i.e., there is some constant ¢z > 1 so
that

(2.1) 0Fm(Q)] < esl¢|T*m(¢) V¢ #0

for all k € N and k < kg, with kg a positive constant depending only on d.
(A5) m satisfies that

(2.2) (=A)"m(¢) = eal¢|*¥m(¢)  V[¢| large enough

with some ¢4 > 0.
(A6) m satisfies that

(2.3) (=D m® () >0 V¢ >0, kef1,2,...,d}.

Note that there does exist a large class of nontrivial examples satisfying all the
necessary conditions; in fact, as shown by [24, Proposition 3.6], the functions m(¢) =

m with A > e™a”, a €]0,1], 8 > 0, and d = 1,2, 3 satisfy (2.3), and they

also satisfy (A1)-(A2)-(A4)-(A5) by a direct computation.
The following lemma relates the multiplier operator with the conditions of K in
the introduction.

LEMMA 2.1. Suppose that m(¢) = m(|¢]) is a radial function that satisfies the
conditions (A1)—(A2)-(A4)—(Ab). Then the multiplier operator m(D) has the repre-
sentation formula

24)  m(D)@) = (m()

~

©) @ =pv. | K@) 0@) — 0@ +)) dy,

Rd

where the radial kernel K satisfies

(2.5) IK(y)] < Clyl"*m(ly|™") V]y| >0
and
(2.6) K(y) > eslyl ™ m(ly|™") VO<|yl<co

with two generic constants co,cs > 0. Besides, if m(¢) = m(|(]) additionally satisfies
the condition (A6), then the kernel function K in (2.4) also satisfies

(2.7) K(y) >0 Vly| >o0.
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Notice that (2.5)—(2.6) just correspond to (1.4), (1.7), and (2.5)—(2.7) correspond
o (1.4)-(1.5).

Proof of Lemma 2.1. The properties (2.5)—(2.6) were proved in [19, Lemmas 5.1
and 5.2]. We only prove (2.7). By arguing as [24, Proposition 3.6 and Lemma 3.8], we
can show that, thanks to (A6), the kernel function G;(x) associated with the operator
et~ satisfies

Gi(xz) >0 and Gi(x)da = é\t(')\g:o =1
Rd

In light of the semigroup representation formula of the operator L,

o @) e @) Gi(y)
£(e) = tug L= IO g [ () — ot )
we see that K(y) = lims_,q G‘f(y) >0 for all |y| > 0. O

2.2. Auxiliary lemmas. First we give a useful lemma on the function m satis-
fying (1.6).

LEMMA 2.2. Let m(y) = m(|y|) be the radial function satisfying the condition
(1.6) for some o €]0,1[ and o € [0, «; then

(2.8) the mapping |y| — |y|”*m(|ly|™"), B1 > & is nondecreasing,
and
(2.9) the mapping |y| — |y|?*m(ly|™!), B2 < a — o is nonincreasing.

Proof of Lemma 2.2. Let f;(r) = r%m(r~!) for i = 1,2 and r > 0; then by direct
computation,

f@r) =27 (Bum(r™) =7t (r7h) 2 (B = @) T im(rT) > 0,
which yields (2.8), and similarly
Fa(r) =27 (Bam(r™t) =7t/ (r7Y) < (B2 = (@ = 0))r® im(rt) <0,

which yields (2.9). ad

The next lemma concerns the pointwise lower bound estimate of the symbol of
the operator L.

LEMMA 2.3. Let L be defined by (1.3) with K (y) satisfying (1.4)—(1.5) and m(y)
satisfying (A1)—(A2); then the associated symbol A(C) given by (1.13) satisfies that

(2.10) A(Q) > C7¢|* " —C V¢ eRY,

where a €]0,1], o € [0, and C is a positive constant depending only on d, «, and
0. Besides, if K(y) satisfies (1.4), (1.7) with m(y) satisfying (A1)—(A2), we can
also get (2.10) with a different constant C. In particular, if K(y) satisfies (1.8) with
m(y) = |y|* (« €]0,1]) for all y # 0, we get

(2.11) A =207 Y eR?

with C' a positive constant depending only on d and .
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Note that if m(y) = |y|*, then we can get (2.10) with o = 0 for the associated
operator £, and this special result in fact has appeared in the literature, e.g., [6,
Lemma 2.2].

Proof of Lemma 2.3. Recalling that for every « €]0, 2[ we have (e.g., see [25, eqn.
(3.219)])

1
(2.12) " =caa [ (= cosy-0) rdy W E RS
R4\ {0} lyl

and by virtue of the lower bound of K in (1.4)—(1.5) and the fact |y|*=7m(|y|~!) >

cd ™ m(cy ) for all 0 < |y| < o, we obtain

AQ) et / (1 cos(y - ¢)) ™)

0<yl<co |yl

1
>l mle) [ (A eosly O)
1 G 0 o<(yl<eo |y[d+(a=o)

1
> c_lco‘_"m(c_l) C_L|C|°‘7‘T —/ ———dy
1 *0 0 d, Iyl >eco |y|d+afo'
> C ¢ —C.

If K satisfies (1.4) and (1.7), we similarly deduce

m —1
AQzeat [ sty <|'j|'d)dy o /| ety ) Ky

0<\y\§co

-1 a—0o — 1
> eptegTm (") / (1= cos(y Q) ey dy
0<|y|<co ‘yl

— g m (¢ ') /

ly|>co

1
y|d+a dy

> c1¢e=e - C.
If K satisfies (1.8) with m(y) = |y|® (o €]0,1]) Vy # 0, from (2.12) we see that
A(¢) > cflccz(ll|(|a, which leads to (2.11). |

The following lemma is about the L%-estimate of a smooth solution for
(1.1)-(1.2).

LEMMA 2.4. Let 0 € C([0,T*[; H*(R?)), s > 1+ £, be a smooth solution to the
drift-diffusion equation (1.1)=(1.2). If Case (1I) is supposed, then we have

(2.13) 16z < [l00ll VT €[0,T7].
Besides, if Case (I11) is assumed, we get
(2.14) 100l < C (o]l znimranond) ¥t e [0.77]
Proof of Lemma 2.4. Because the kernel K is nonnegative on R%\ {0}, the proof
of (2.13) is classical (cf. [14, Theorem 4.1] for £ = |D|*), and we here omit the details.

Next we prove (2.14). Thanks to the assumptions that dive = 0 and A({) > 0,
by the L?-energy estimate (cf. (4.4) below), we get [|0(t)||lr2 < [|6o]lz2 ¥V ¢ € [0,T*.
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Now for every t €]0,T*[, assume that x; € R? is some point satisfying 6(z;,t) =
10(t)]|zee =: M (t). According to

freme w40 < () < .

00112/
and denoting by r; := % zl\‘4€tH)2/d7 we may set M (t) large enough so that r; < 9.
Taking advantage of (1.4), (1.7), and Lemma 2.2, we find that (by arguing as [27,

Lemma 4.1])

-1 B m(ly| ™) _ 1
(LO)(my,t) > (0(x,t) — O(xy +y,t))7d dy — 2¢1 M () IE dy
0<y|<co |yl yl>co Yl
M(t -1 1
L MO [ W g [,
2 re<|y|<co |y| [y|>co |y|
M(t) 1 1
> 7 e mlcey 1)7/ 7dy—201M(t)/ ———dy
b T2 Jcpyize, WITTOTT lyl>eo [WITTE
S M(@) [Bi(0)] 1 |B1(0)]
> —1 a—0o 1 — 9% M
> ¢ cg “m(cy ) 2 a-o 20 c1M(t) “a
B Ca.0.d 1420
= s aa M) a,aM(t).
60l
Hence we see that
d _2(a—0) 14 2e=0)
—M(t) < —Ca0.allf0l .- M(t) + Ca,aM (1),

dt
and for M(t) larger than the quantity H90||L2( a.d )2<ﬂ 2, we have £M(t) < 0,

o,d

which readily implies that M (t) < max{||fo]|<, (%

the lemma. 0

)2<a 100l 2} and concludes

Finally, we state the following key regularity criterion for the drift-diffusion equa-
tion (1.1).
LEMMA 2.5.
(1) Assume that Case (I11) is considered, and 6y € LP(R?) for some p € [2,00].
If the drift u satisfies that for any T > 0,

(2.15) u e L>=([0,T); C°(RY))  for every § €]1 — a+ o, 1],

then the drift-diffusion equation (1.1) admits a unique weak solution (in the
distributional sense) 0 € L>([0, T]; LP(R?)) which satisfies € L>(]0,T],C*Y
(RY)) with any v €]0,5 + a — o — 1[. Moreover, if the drift field u is given by
(1.2), we have 8 € C*°(]0,T] x R%).

(2) Suppose that Case (1) is considered, 6y € Co(R?), and the drift u satisfy
(2.15) for any T > 0. Then for the approzimate equation of the drift-diffusion
equation (1.1)

8t0€ + u - Vo°© + L0 = 0, u = ¢€ * U, tgeltzo = 90131/6 (.’E),

with ¢ (x) = e 4p(x/e), ¢ the standard mollifier, and 1p,, the indicator
function on the ball By, the corresponding regularized solution 0 uniformly-
in-€ satisfies that 0 € L>([0,T]; Co(R?)) N L>°(]0,T], C17(R?)) for any v €
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10,6 + @ — o — 1[. Moreover, if the drift field u is given by (1.2), we have
6c € C>°(]0,T] x RY) uniformly in e.

For the proof of Lemma 2.5, one can refer to [38, Theorems 1.1 and 1.2 and
Remark 1.3] for the detailed proof of the same result for the drift-diffusion equation
(1.1) with more general Lévy-type operator L.

2.3. Modulus of continuity. In this subsection we gather some results related
to the MOC, which play an important role in the method of nonlocal maximum
principle.

First is the definition of the MOC.

DEFINITION 2.6. A function w : [0, 00[— [0, 00[ is called a MOC if w is continuous
on )0, co[, nondecreasing, concave, and piecewise C? with one-sided derivatives defined
at every point in ]0,00[. We say a function f : RY — R obeys the MOC w if
If(x) — f(y)| <w(|z —yl|) for all z,y € R, and we say f : RY — R strictly obeys the
MOC w if the above inequality is strict for every x # y € R%.

Then we recall the general criterion of the nonlocal maximum principle for the
whole-space drift-diffusion equation (for the proof see [33, Proposition 3.2] or [26,
Theorem 2.2]).

PROPOSITION 2.7. Let § € C([0,00[; H*(R?)), s > £ + 1, be a smooth solution of
the following whole space drift-diffusion equation:

(2.16) 00 +u-VO+L0—eAd=0, 600,z)=0(z), z € R,

with € > 0. Assume that

(1) for every t >0, w(&,t) is a MOC and satisfies that its inverse function w™*
(3100, 1) |12 ) < 0o;

(2) for every fized point £, w(&,t) is piecewise C in the time variable with one-
sided derivatives defined at each point and that for all & near infinity, w(&,t)
is continuous in t uniformly in &;

(3) w(0+,t) and Ogw(0+,t) are continuous in t with values in R U {£oo} and
satisfy that for every t > 0, either w(0+,t) > 0 or Jew(0+,t) = oo or
8§§w(0+,t) = —00.

Let the initial data Op(x) strictly obey w(€,0); then for every T > 0, 0(x,T)

strictly obeys the MOC w(&,T) provided that for all t €]0,T) and £ € {£ > 0: w(&,t)
<2[0(, 1)L}, w(&,t) satisfies

(2.17) Oww (€, 1) > Q& 1) Oew(&,t) + D(E,t) + 2e0eew (€, t),

where Q(€,t) and D(&,t) are respectively defined from that for every x € R? and
every unit vector e € S in (2.20) (noting that we suppress the dependence of x,e
in Q(&,t) and D(&,t)),

(2.18) Q& t) == |(u(x + Ee, t) —u(x,t)) - e| and

(2.19) D(&,t) :== —(LO(w,t) — LO(x + e, 1)),
under the scenario that
O(z,t) — 0(x + e, t) =w(&,t) and

(2.20) 4
10(y,t) — 0(z,1)] < w(ly — 2[,t) Vy,z € R
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In (2.17), at the points where Oyw(§,t) (or Ozw(§,t)) does not exist, the smaller
(or larger) value of the one-sided derivative should be taken.

The following lemma is concerned with the estimate of (2.19) under the scenario
(2.20).

LEMMA 2.8. Assume that the diffusion operator L is defined by (1.3) with the
radial kernel K; then we have the following estimates on D(&,t) defined by (2.19)
under the scenario (2.20).

(1) If K satisfies (1.8) with m satisfying (A1), (A3), then for any & > 0,

I

2

m(n=1
DE1) < / (W(€ +20,1) + (€ — 20.8) — 2w(E.1)) (Z)dn

(2.21) N :
+C /é (w(2n+§&,t) —w(2n — &, 1) — 2w(&, 1)) 77%(7777)d77

2

with Cy > 0 a constant depending only on d.
(2) If K satisfies (1.4)—(1.5) with m satisfying (A1)-(A2), then for every & €
10, 21,

(2.22)

D(&,t) < /O (w(€ + 21, 8) + w(€ — 2n,t) — 2w(E, 1)) m(77)dn

I

<o

@ -1
w1 [ on 6 —wn -0 ~2u(6:0) "Dy
(3) If K satisfies (1.4), (1.7) with m satisfying (A1)—(A2), then for every €
10, 1,

(2.23) D(&t) < Ciw(é,t) + R.H.S. of (2.22),

where C] > 0 is a constant depending on d, &, c¢o, and ¢; and R.H.S. is
right-hand side.

Proof of Lemma 2.8. According to (1.3) and (2.20), we see that

(2.24) D(¢,t) = y K(y) (0(z +y,t) = 0(z + Ee +y,1) —w(&, 1)) dy,

where the integral will be understood in the sense of principle value if needed. By
arguing as the proof of [19, Lemma 2.3], we get

£

DEt) < / T €+ 20,0) +w(E — 20,0) — 2(E, 1)) K(n)dn

(2.25) 0

4 [ o+ 6.0) —wn— 1) 20(6.0) Koy

2

t), both terms

with K(n) = Jga—1 K(n,v)dv. Note that due to the concavity of w(-,
t) — 2w(,t) are

w(g + 2777t) + w(f - 2773t) - 2w(£at) and w(277 + Evt) - W(27I - 55
non-positive.
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(1) If K satisfies (1.8) with m satisfying (A1), (A3), by using (2.8), we infer that
for every n > 0,

~ _ m ((n? + |v[?)~1/?)
Kn) >t d
(n) > /}Rd_1 (% + |v[2)4/2 v

1
> 1« —1
ey n“m(n /Rdil 2+ ‘V|2)(d+a)/2dy
—1 1 —1
n Rd—1 (1 =+ |V’|2) +a)/ n

where in the last inequality we used

1 1
-1 / -1 /
“ /Rd_l At pp@rant za /V,|<1 STz

1 1
2(d+1)/2

>c |Bl( )‘:Cl

Inserting the above estimate into (2.25) leads to (2.21).

(2) If K satisfies (1.4)—(1.5) with m satisfying (A1)—(A2) and & < ¢y/2 is con-
cerned, we mainly consider the scope n €]0, %] and |v| €]0, Q] so that
(n? + |v]?)Y/? €]0, co); thus similarly as (2.26), we get that for all 5 €]0, <]

s 9
m ((n? + |v[2)~-1/2
[l
UGRd*1,|V\§%] (77 + ‘I/| )

—1 —1
> C;lm(n ) / 1 dV/ > Cl m(n )
v'eRI-1 |p/|<1 (

- " 1+ )= no
which ensures (2.22).

(3) If K satisfies (1.4), (1. 7) with m satisfying (A1)-(A2), and £ < 2 is con-
cerned, we d1v1de the ( ) 1ntegral reglon of the R.H.S. of (2 25) into several
parts {77 €2, 00[}, {n €10, 2], |v| €]0, 2]}, and {n €]0, 2], |v| € [2 [}
The part 7 6]0 0—0] and |v| 6] ) %0] can be treated as above and the bound is
the R.H.S. of (2.22). For > ¢, the kernel K (7, v) may be nonpositive, and
from (1.7) we deduce

R < - / K(n.v)dv / K(n,v)dv
(n2+|v|2)t/2<co (n2+|v|2)t/2>co

< / ! dv < ! / 1 dv/
Sa s W = iy —dv
Ra-1 (12 + [v]2) " N Jraon (14 v/ 2) 2"

and thus the contribution from this part is

[ Cuten + -0 -+ &0) (-Kw) an

oo 1 O/
<l ) [ —mdn < Sulo.

2
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For the part 1 €]0, %] and |v| > €, from (1.7) we get

—/ ) K(n,v)dv < —/ ) K(n,v)dv
VERITL Jy[2 P VERITL |22, (n?+(v[?)! /2 2o

1 .

(6%

S Cl/ ) 5 9 dta dU S Cd}&ClCO,
veRI-L|p|>% (02 + [v|?) 2

and thus the contribution from this part is bounded by
£
a1c§Cus (/ (20(6,6) = w(€ +20,0) = wl(& — 2n,1))
0

<o

+ /g " (2w +wn— &t - w2 *5’”))

Cl
g ) < iw(f,t).

Hence, gathering the above estimates yields (2.23). d

co—¢§

S Clcgcd,d (W(f, t) + 20.}(5, t)

Next we consider the estimation of (2.18) under the scenario (2.20).

LEMMA 2.9. Assume that uw = P(0) is defined by (1.2), and the diffusion operator
L is given by (1.3) with the radial kernel K ; then we have the following estimates on
Q(&,t) under the scenario (2.20):

(1) If K satisfies (1.8) with m satisfying (A1), (A3), then for all £ > 0,

(2.27) Q&) < mgQ_l)D(f,t) + Cow(§,t) + Co& /:O o.)(77772, t) dn

with Cy > 0 defending only on d (and |al,|¥|).
(2) If K satisfies (1.4)—(1.5) with m satisfying (A1)—(A2), then we also get (2.27)
forall0 <& < 2.
(3) If K satisfies (1.4) and (1.7) with m satisfying (A1)—(A2), then for all 0 <
£< 3,
Cy
)

with some C% > 0 depending on d, «, &, and ¢, c.
(4) There ezists a constant Cs > 0 depending only on d, |al|,|¥| such that

(2.28) Q&) < — D(&,t) + (Cy 4 Ca) w(€,t) + Caf /;C w(gé 2 dn

: o
(2:29) Q& 1) < Caw(§,t) + Cs/ w(??’ Dy + 035/é w<:;2’ D .
0

Notice that for £ = |D|* and v = H(#) with H the 1D Hilbert transform, an
estimate similar to (2.27) was obtained in [20, Lemma 2.7].

Proof of Lemma 2.9. For simplicity, we suppress the time variable ¢ in w(&,t),
Q(&,t), and D(&,t). By virtue of (1.2), we see that

aw(€) + p.V./Rd Ty(f?G(x +y)dy—p.v. /

Rd
lal w(€) + [L(E) + [T1(E)],

with § = ﬁ € S 1 and

\Ily(ﬁl) O(x+ e+ y)dy

u(z) — u(z+Ee)| =

IN
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_ (@) _ (@)
(2.30)  I(&):=p.v. /|y|§2§ ol O(x + y)dy — p.v. /|y|§2£ 1 Oz + e+ y)dy,
e [ ) I 1)
and I1(§) := /y225 W O(z + y)dy /|y|22£ 1 O(z + e + y)dy.

First we note that the estimation of IT(£) and the proof of (2.29) are classical, and
one can refer to [29, Lemma] or [32, Lemma 3.2] to see that

00 3

w w

@ <ce [ “Way ana j1g) <c [ Way
13 n o N

Thus for the statements (1)—(3), it suffices to estimate () by virtue of D(§). Thanks

to the zero-average property of W(§) and the scenario (2.20), we have

1o~ [ YW@ (9 4 ) — 0(z))dy - / YD) (g 1 e 4 y) - 0 + €0)dy

yi<e [yl yi<oe [yl

_ / P9 (0 +-) — 0 + e +9) — (),

y|<2¢ ly|?

where the integral will be understood in the sense of principle value if needed.
(1) If K satisfies (1.8) with m satisfying (A1), (A3), recalling that D(&) defined
by (2.19) has the formula (2.24), and using (2.8)-(2.9), we obtain that for
some constant B > 0 chosen later,

B
1(§) + mD(f)

\I/(Z?)_C,l B m(ly|™Y) y e >
- /|y|gzs< lyld Tt om(eY) |yl )( (&) +0(a+Ee +y) — O(z+y))dy

- /| L KOO +00 e 3) 0+ )y

(9) 901 R g e o
</-’/'§2f ( T Bly‘“““’)( () +0(z+Ee+y) — Oz +y))dy

|y|
a—o ~ —o —1 é-a—o
< [ (o) 20 B) o (wl€)+(e + e+ 9) — 0w + 1)y,

y|<2¢
where in the third line we used |y|*=“m(|y|~1)>(2£)*=om((26)~1)>277¢>=2
m(§1) for all 0 < |y| < 26, Thus by choosing B = 2¢1 (maxgesa—1 (7)),
we get

B

(231) 1] €~y DO

(2) If K satisfies (1.4)—(1.5) with m satisfying (A1)—(A2), and we only consider
¢ in the range 0 < ¢ < ¢g/2, then due to that K > 0 on all R?\ {0}, we
similarly obtain (2.31).

(3) If K satisfies (1.4) and (1.7) with m satisfying (A1)—(A2), then for the same
B as above and for all 0 < £ < ¢y/2,

IO + ey DO € s | (@l€)+0(a+e4) = 0la+9) (<K (1) dy

&) m(E) Jyiz2¢
ClB 1
~ m(2/c) /|yzcgw(£)+9(x+§e+y)_9($ +)) Wdy-
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By arguing as obtaining (2.23), we find that
B
I(6) + ———D(&) < Chw(§).

Therefore, collecting the above estimates leads to the desired results (2.27)—(2.29). O

3. Proof of Proposition 1.3: Uniform-in-e eventual Holder estimate of
the e-regularized solution.

3.1. Sketch of the main proof. In this section, we denote 8¢ € C([0, co[; H®
(R%)), s > 1+ %, to be a smooth solution for the regularized drift-diffusion equation

(3.1) 90 +u - VO + LO° — A0 =0, u=P(6), 0o =05=dc* (6o11/),

where € > 0, 6 € L™, 1p, , is the indicator function on the ball By, ¢ € C(RY)
is a test function satisfying [p. ¢ = 1, and ¢c(z) = e %¢(e"'z). From the max-
imus principle (2.13), we immediately get the uniform L°°-estimate [0°(¢)|| o (ray <
1061l Lo (may < [|00]| oo (rey for all £ > 0.

Our main method is the nonlocal maximum principle. We first introduce a non-
negative function that for o €]0,1], o € [0,a and 8 €]1 — a + 0, 1],

km (6101 =PEB for 0 <& <6,
(3.2) w(é) = . ¢ .

km(671)0 + 7[5 m(n~)dny for £€>6
with 6 > 0, 0 < v < k < 1, chosen later.

We show that w(&) is indeed a MOC satisfying the necessary properties. Clearly,
w(0+) =0, ' (0+) = KBM(I™ 1) P lime 04 P~ = oo, which satisfies the condition
(3) in Proposition 2.7. Observe that for every 0 < £ < 4,

(3.3)
W'(€) = kBm (6716 PP >0 and Ww(€) = —kB(1 - B)ym(6 1) PP <0,
and for every £ > ¢ (from (1.6)),
m(¢1)
3

m/ (&)
52

(34) W(§=ym(E") >0 and w’(§)=— < —y(a—o) <0,

and for £ =4,
W(d—)=kPm(6') and W'(6+)=ym(671),

thus if v < k8, we infer that w is nondecreasing and concave for all £ > 0. We also
find that

w(§)

(3.5) the mapping & — N for every £ > 0 is nonincreasing.

Indeed, if € €]0, 4], (3.5) is a direct consequence of (3.2), while if £ €], oo, we have
(%)’ = 5“’(2;%?‘”(5), and noticing that by (3.4), 5 >1—a+ 0 and v < Sk,
(6w (&) = Bw()) =w'(€) + & () — Bu'(€) < (1= B = (a — ) ym(§ m(¢™) <0,
and

6w (04) — Pw(d) = ym (616 — Brm(671)s < 0,
we deduce that d%(%) < 0, which implies (3.5) in the range & €]4, ool.

Now we give the following key lemma concerned with the uniform-in-e preservation
of the Holder regularity by using the MOC (3.2).
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LEMMA 3.1. There exist two constants v and k (cf. (3.33)) independent of 0, ¢
such that

(3.6) if for some time Ty > 0, 6(Ty) uniformly-in-e strictly obeys MOC w(§),

then for any t > Ty, 0°(t) also strictly obeys this MOC w(§), which further implies
the B-Holder regularity of 6<(t) for t > Tp.

The proof of Lemma 3.1 is given in subsection 3.2. We only note that under the
uniform-in-e preservation of MOC w(&) by 0¢(¢) for all ¢ € [Tp, 0o[, we deduce from
(3.5) that

0 (x,t) — 0°(y,t
swp [ = sup  sup D000
te[To,00] tE[Th,00[ x£yERE |z —yl

w(lz —yl) “1\s1-8
3.7 < sup ——=<wum(d )5 .
( ) r£yER? ‘.13 y|ﬁ ( )

Next our goal is to justify the condition (3.6) at some time Ty > 0. We consider
the following family of moduli of continuity that for £ > 4,

(3.8)
w(€7£0) =
(1— B)Fam(é_l)é—i—vféo m(n~1)dn —fym(fal)(fo —8)+ Brm(6 )¢ for 0 <€ <6,
rm(671)6 + 7 [ m(n~t)dn —ym (&5 )Eo +ym(&s e for § <& <&,
k(610 + v [ m(n~t)dn for & > &,
and for &y < 9,
(3.9)
(1= B)em(6 1) B + Brm (s~ 1) P~ Me for 0 < € < &,
w(&, &) = km(671)618¢h for £ < € < 6,

km(671)8 + 7[65 m(n=1)dn for £ > 4,

where 8 €]1 — a + 0, 1], and &, 7, d are positive constants chosen later. Note that for
& = 0+, w(&, 0+4) just reduces to the MOC w(€) given by (3.2). Motivated by [26],
the basic idea of constructing w(§,&p) is through taking a tangent line at £ = & to
w(&) given by (3.2) and replacing w(§) with this tangent line at the range 0 < £ < &.
But since the one-sided derivatives of w(&) at the point £ = ¢ do not coincide, in order
to control g, w(&, &) at the point &y = J, we make a modification in the case §, > 6,
that is, the tangent line mentioned above at the range § < & < & is still adopted, but
at the range 0 < £ < § it is replaced by a straight line crossing w(d+,&p) with the
larger slope w'(6—) = Brm (5~ 1).

Clearly, for all & > 0, w(0+,&y) > 0, which guarantees condition (3) in Proposi-
tion 2.7. Similarly as w(§) defined by (3.2), w(§, &) is also a increasing and concave
function for all £ > 0 and & > 0. For {; = Ag > 0§, by virtue of (2.9), we get

Ag
w(0+, Ag) = (1 — B)sm (516 + /5 m(nY)dy — ym(Ag1)(Ag - 8)

Ao
> (1 - B)rm(6~1)8 +ym(Ay") AG~ / =@ dny —ym(Ag ") Ao
§

> (1 B)rm(5 )3

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/29/20 to 210.31.78.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

REGULARITY ISSUES OF THE DRIFT-DIFFUSION EQUATION 2945

v - a—o —a+o —a—o -
+ 1_ato m(Agt) AGT7 (Ag ot — gt ) —ym(Ag") Ao

310) > (= =)o+ D (A A (4 g

In view of v < (1 — )k, we have that the initial data 6§ uniformly-in-e strictly obeys
the MOC w(¢&, Ag) provided that

a—0 - a—o —a+o —a+o
(3.11) %m(AOI)AO (AF=O+T = 61704) > 2]|6g | .

We next state a crucial lemma.

LEMMA 3.2. Suppose that Case (1) is considered, and the initial data 0§ uniformly-
in-€ strictly obeys the MOC w(§, Ag) given by (3.8). For p > 0, let & = &y(t) be a
function satisfying

(312) L= —pmleg 6o, €(0) = Ao,

Then for some positive constants 0, k, v, p small enough, the solution 6¢(x,t) of the
regqularized drift-diffusion equation (3.1) strictly obeys the MOC w(&,&(t)) for all t
such that & (t) > 0.

Now with Lemma 3.2 at our disposal, whose proof is postponed in subsection 3.2,
we can conclude Proposition 1.3 as follows. Thanks to (3.12), and by integrating on
the time variable over [0,t], we get

Ao 1 1 Ao g
pt = / — ng < a—o — / —a Udf()
go(t) M(&o 1)50 Ay 7m(4, 1) &o(t) (1) *

1 1
= AQ*U _ t a—o ,
ASTm(Ay Y a—o (45 (1))

which yields that

1

(3.13) &o(t) < Ao (L—m(Ag ") (a—o)pt) 7.
Thus there exists a time ¢; satisfying

1
(a—a)pm(A;")’

(3.14) t <

so that &(t1) = 0 and also 0¢(z, t1) obeys the MOC w(,04) = w(€) with w(€) given
by (3.2). Moreover, we claim that

(3.15)
0¢(z, t1) uniformly-in-e strictly obeys the MOC w(&) with w(§) given by (3.2).

Indeed, the proof is in the spirit of that of Proposition 2.7; denoting by F¢(z,y,t1) =

W for every x # y € R?, and according to [33, Proposition 3.1], we find

that there exist positive constants C,c depending on ¢; so that F¢(x,y,t1) < 1 for
every (r,y) ¢ K, with K := {(z,y) € R x R? : |2/, |y| < C, |z — y| > ¢}, while for the
continuous function F¢(x,y,t1) on the compact set K, the maximum can be achieved
by some pair (z,y) on K: if the maximum is just strictly less than 1, the claim (3.15)
is followed; otherwise, there do exist some points (z,y) € K so that F¢(x,y,t1) = 1,
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and by writing y = x + fe with & > 0 and e € S? !, it yields that the scenario
(2.20) holds with ¢t = t; and w(,t1) = w(§). But then from & (¢1) = 0, (3.68) and
(2.18)-(2.19),

d (0(x,t) — 0°(x + Ee, t) Q&)W (€) + D(E,t) + 2ew”(§)
CIT G e | W ®) |

dt
and by arguing as (3.21) below we can show that the R.H.S. of (3.16) is strictly less
than 0 (for k,~ in w(&) satisfying (3.33)), which clearly leads to a contradiction; hence
we justify the assertion (3.15).
Then the condition (3.6) with Ty = ¢; is satisfied, and Lemma 3.1 ensures that
such a MOC w(§) given by (3.2) is strictly preserved by the solution 6¢(z,t) for all
t > t1, which leads to

(3.17) sup [|0°(t)l| o (ray < (57 1)6M 7
tG[tl,OO[

with some fixed § > 0 satisfying (3.11), and thus we finish the proof of (1.22).
In particular, if a €]0,1[ and ¢ = 0 in the condition (1.9), then (3.11), (3.14),
and (3.17) reduce to
5 (Ag™ = 017%) > 2[l6o ||,
t1 < AG/(ap),
SUPy ety o0l 10°(O) |68 (me) < RKOTOP,

where k, 7, p are fixed positive constants satisfying (3.76) below, that is, we can choose

1-— 1 1
(318)  p=120 k=SB v=Smin{(1- P60 -5,

with some C' = C(d) > 0. By choosing

41— o = 1-a =
Ao = (()neouoc) . (()||90||L°°> ,
ary ary

we see that

o

C 41 —a)\ = o
3.19 <2 (2T 6ol T
(3.19) <105 () el
and for every 3 €]1 — «, 1], we have
(320 Oy < L2 (L) 2
. su . u-nr 2 7
tE[t11:)O<>[ CHRT) = C ary ollr,

where C' > 0 is some constant depending only on d, and thus we conclude Proposition
1.3.

3.2. Proofs of Lemmas 3.1 and 3.2.

Proof of Lemma 3.1. According to Proposition 2.7, it suffices to show that for all
t>1Tyand & >0,

(3.21) Q& t)w'(§) + D(&,t) + ew”(€) <0,
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where (&, t), D(&,t) are respectively defined by (2.18) and (2.19) under the scenario
(2.20) with w(-) in place of w(-,t). By using Lemmas 2.8 and 2.9, we get

£

D) <O [ e+ 20) + (€ — 21) — 20()) m) g,
(3.22) o n B
+01 /E (w(2n+ &) —w(2n — &) — 2w(§)) m(’;)dn
and
C %,
(3.23) Q(&,1) < _m(;l)D(£7t) + Cow(§) + C’Qf/E 75;7)d77,

where C7 = Cl(d), Cy = Cg(d) > 0.

In order to prove (3.21), we divide the proof into two cases.

Case 1: 0 < ¢ < 4. In this case, we have w(&) = km (5 1)0 PP, and W/ (€) =
KBmM(G™1)617P¢A~1 and from (3.5) we see that

o ) fe'e)
/ w(;?) d77=/ w(g)dn+/ w(g)d?7
e N e M s M
5 %)
1
e e 51*5/ =24 +/ wim 14
(077) A el A

< Hm((s*l)al*ﬁﬁ(gﬁfl — 6%+ km(6 ot

1

B—1
—3°

R _ _ _
< 1_ﬁm(5 Dgl-Peh-1,
Thus
Q6. 16/(6) <~ (OD(E) + T (sm( )61 P)* e

Observing that for every 8 > 1 — a+ o and £ €]0, 4],

Cy m(571)5176§ﬂ71+a70
m(§71) §emom(¢1)

we further get that by letting x < 1/(2C28),

m(571)51765571+a70
6a—om(6—1)

W'(€) = CaBk

< CyBk

= CQﬂlia

20,
1-p

For the contribution from the diffusion term, by virtue of the estimate

(ﬁm(571)517ﬁ)2 552571.

(321) 00O < —5DEH +

1 1
W€ +2n) +w(é —2n) — 2w(€) = 4n? / / AW (€ + 2X7n) dTd)
(3.25) M
< 4n? /0 /_ 1 M (€) drdh < W (€)n?,

and (3.3), (2.9), we directly get
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I

D) <O [ (et 2m) +alé — 20) ~ 20(6) m(gl)dn

0

ol

< () / nm(y~Y)dy

(3.26) 0

£
< —CuA(1 = Brem(E)5 A [ () '

< =51 = By () g Premograte

Hence we infer that

Q& W' (€) + D(&, 1)

2C% ~1y51-8Y2 g28-1 , L
< 1_55(%(6 )8) e 4 D)
3.27 _ oo Bato 20! B—14+a—0c (1 —
B2 < g (m(a))? 5-Praogs-ar (1—25ﬁ(§) —1(165)>
< Br (m(571)) 51 Premghmate (12?5%— 01(116_ ﬁ)) <0,

where the last inequality is from choosing x so that k < 3206&2 (1-pB)%
Case 2: £ > 6. Taking advantage of (3.5), we have

< w(mn) /°° wn) 1 w(§) /°° 1 1 w(§)
dn = dn < dn < .
/5 R A A R A
Thus from (3.23) and w'(§) = ym(£71) in this case, we obtain that by choosing
v < 1/(202)5

(3.28)
Q6. O/ (€) = 1C2D(E ) + T gymle () < ~3D(E.0) + 1257 m(E ().

For D(&,t), noticing that w(2n + &) —w(2n — &) < w(28) < 2w(§), we get

o0

D(E.1) < Cr(26) ~ 20(6)) [ m(j’?_l)dn

2

< C1 (w(26) — 20(8)) @m (Z)

< Cu(w(26) - 2©)2 e mie )L (

<&

(3.29) ., (w(2€) — 2w(€)) m(E71).

Next we claim that for v small enough, we have
(3.30) w(2€) < max {277, 3/2} w(§) VE> 4.

Indeed, for £ = §, we see that w(d) = km (5~ 1)6 and
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1
77&70'

25 26
w(20) = w(d) + 7/6 m(n~Hdn < w(s) + véa_am(é_l)/(s dn

1
< 5—1 § ga—o 5—1 29 l—a+to _ 51—@—1—0
< Rm(671)8 + 8 7m( )71_a+0(( ) )
< —1 2 gl-ato _ g -1
< km(d )5+71—a+0( Yym(5~1)0,
which further yields that for all v < 5,
km (016 + 2y(21 2T — 1)m(571)d ifa—o<1/2,

w(20) < {

< max {2'7*"7 3/2} w(é),

km(671)8 + v (supme]071/2] 21;1) m(5—1)d8 ifa—0o>1/2,

T _ . x 1/2_
where we have used sup,¢j 1 /2] =1 < max{limy 04 22, 2 73 11 < 1. However,

for ¢ €]6, 00|, considering an auxiliary function
h(€) := w(2€) — max{2' 77, 3/2}w(¢),
and noting that
h'(€) < 20'(26) — 217w (€) = 2m((26) 1) — 2 Im(eT) <0,

we deduce h(§) < h(d) <0 for all £ > ¢, which implies (3.30). Hence plugging (3.30)
into (3.29) yields

D(f, t) < _% (2 — Inax {21—0(—&-07 3/2}) m(§_1>w(§)
(3.31) ¢, Cié
<~ (1= 27 (e w(E) < — (@ — )mlg T w(e)

with ¢ := inf, o 1) {252} > 0.

Collecting the above estimates yields that for all £ > 6,
20,  Cié(a—o)
1-p 7 4o

(332) Q06 + D) < ( )m@l)w(s) <0,

where the last inequality is ensured as long as 7 is satisfying v < Gied—Bllazo)

8Cr«a
Therefore, thanks to (3.27) and (3.32), we prove (3.7) for every 3 eﬁ —a+o,1]
with each o €]0,1] and o € [0, [, where § > 0, and &, 7 are some fixed positive
constants satisfying

(3.33)
) 1 Ci(1-p3)? . k1 Cie(1-B)a—o)
l<:<m1n{2c2ﬂ, 320, , 7y <min ,6’/4:,2,202, 8Caa .
Thus we finish the proof of Lemma 3.1. ]

Next we show Lemma 3.2.

Proof of Lemma 3.2. According to Proposition 2.7, it suffices to prove that for all
t>0and¢ >0,

(334) 78&“0("}(&7 50)50@) + Q(Ea t)afw(€7 50) + D(f, t) + 685500(5, EO) < 07
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where w(&, &) is given by (3.8)—(3.9) and
¢

2 m -1
DEt) <Cy /0 (€ + 20, 60) + w(€ — 20,60) — 2w(€,&0) (77)d?7

(3.35) o )
01 [ (w20 +6.6) —wl2n &)~ 20(6.6) 2,

and

336 06 < D + Conlé ) + O [ Xy

In (3.34), if O¢,w(&,&o) or Oew(§, &) does not exist, the larger value of the one-sided
derivative should be taken.

We divide the proof into several cases to get (3.34), owing to the values of &
and &.

Case 1: § > 0,0 <& < 6. From w(&, &) = (1—B)rm(67 1)+~ [ m(n~')dn —
ym (€5 ) (&0 — 6) + Brm (6~ 1)E, we have
(3.37)

B, w(€,€0) =76 °m/ (&) (€0 — 0) Svam(&y ), and Jew(, &) = Brm(8)

and

> (1— B)rm(51)6 + €5~ 7m
— (1= B)km(6~Y)s
(e (T = 8 F) —ym(E ) (6o — 6)

w(E &) > w(0+ &) = (1 16+ / i — ym(Es ) (€ — 6)
/ a UdT] f)/m 50 )(50 - 6)

l—a+o

(3.3%) = Mg
and
(339) (U(f, gO) - w(0+7 EO) < LU((S, 50) - W(O+, 50) = ﬁﬁm((s_l)(s'
Thus by using (3.12) and (3.37), we get
(3.40) — 0, (€, €0)éo(t) < pory (m(&5)” o.
In view of (3.8), we obtain
(3.41)

o W(777 50) (g 50) anw(% 50)

/g R /5 T

S PO T P Tl P

3 ¢ Ui 5 U] £o n

5 <1

< &) 1 g5 (og§> () (1og 55) T mig ™) /}E e
68 4 () 2 (6] ¢ i
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Thus by using (3.36), (3.39), and (3.41), we find that for k < 40 5

(3.42)
9(57 t)afw(ga EO)

< - CzﬂliD(f ) + Czﬂlim(é 1 ¢

) <2W(§,£o) + RAmM(51)E (log 5)
+ym(& € <log ))
< —CyBrD(,t) + Cgﬁnm(é D(
+ym(& o (Co + U))
2

< —iD({, t)+ Cs (Co +2) 2w
+2CoBkm (61w (0+, &),

2w (04, &0) + (Co + 2)/{6m(5*1)5

CaoB(Co + 1)Ky

a—0

(m(5~1)* 5+ m(5 ym(&y o

where in the third line we also used %(1ogg) < Cp and E%log%‘) < Cy. For the
contribution from the diffusion term, since the function w(n,&y) — w(0+, &) is still
concave, we infer that

[e’e] —1
D(E1) < — 2010(0+ &) / mn ) g,

5 n
Y (2 [ 1
< —2C1w(0+, &) <2> m (5) /§ de
(3.43) <= ot m(e ™),
and also by (3.38),
(3.44) D(¢,t) < —@Mfmgm(f b,

If & > N6 with N € N a suitable constant, we see that

1 ( l—a+to _ 51—a+0) > 1- (1/N)1_a+0 l—oto 1 l—a+o
l—a+o - l—-a+o 0 —1_%0 ’
provided that 1 — (1/N)i=ato > QOTOT;), that is, N > (%)1*@*“), thus we

may choose
9_ T—ate
(3.45) N = K‘”U)> +1.
a—o

Thus for the case §, > N§, we get

Mgy s > (1= B)km(5~ )5 + ((1)/2

> (1= B)rm(671)8 + 7 (o = 7)m(€0)o-

Inserting the above estimate into (3.44) leads to

-1
o 1) i)
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2C1 (1 - B)k _ _ 2C1(a—0 _ _
(347) ety < - 2= 5oty m(et) - 20T gm(e ).
Hence for &, > N6 with N satisfying (3.45), by (3.43) and setting x < 46{’;% so that
C 1
(348)  20Bmm(5 w(0+, &) < om(EHw(0+, &) < — 1D ),
and by collecting (3.40), (3.42), and (3.47), we deduce that
L.ILS. of (3.34) <wm(6~1)dm(e™Y) (02 (Co +2) B2 — @)

n Cgﬂ(00+1)’€_ Ol(Ot*O')
o — 0 «

+am(&g éom(E ) (pa

where the last inequality is guaranteed as long as p, L.H.S. denotes left-hand side,
and k satisfy

(3.49)

)<o,

p<

01(0[—0') 1 Cl Cl(a—J)Q 01(1—5) }
202 402ﬁ’ 402ﬁ0(7 202 (Co + 1) ﬁa’ CQ(CO + Q)ﬂQOé '

If &g < N6 with N satisfying (3.45), thanks to the fact

, /<;<min{

4

a—0

m(671)0,

(3.50) m(€; ") < m ((N§)™H) N§ < N'oFom(571)s <

and using (3.48) again, the positive contribution which is treated by (3.40) and (3.42)
can further be bounded by

- 3.5060(5, 50)50 + Q(é-v t)aﬁw<£7 50)

< —;D(g,t)+m(m(5_l))26< A %+CQ (Co +2) %k +

- a—0o

4C5(Co +1)B
(a—0)? '
For the negative contribution from the diffusion term, from (3.38), (3.44), and (3.50),

we directly get that by letting v < %n,

(3.51)
Digt) < == ™) (1= B)rm(07)8 = ym(&5 o)

it} ) (m(s~"y26) < - L =P~ 1=Br (m(671)%6).

a—0 «

IN
|
i
=
|
=
=N
|

Hence for & < NJ, we have
LHS. of (3.34) < & (m(6~"))*5 (Of_o‘gp +Cy (Co+2) B2
+4(72(00 +1)8 y - Ci(1— ﬁ)) <0,

(a0 — 0)? 2a

where the last inequality is ensured if we set
< 01(1—6)(04—0') 01(1—6) 1
2402 6C5 (Co +2) B2a’4C3 |7

Q-fe=o), G0 Dla—sF)
8 »24C5(Co + Dfa |-

, K< min{
(3.52)

'ygmin{
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Case 2: & > 0, 8§ < & < &. From w({, &) = wm(671)6 + v [5" m(n~')dn —
ym (&g H)€o 4+ ym(€5 )€ in this case, we have
Do (€:€0) = ym' (&5 1)Er 7 (G0 — &) < aym(&h), and  dew(€, &) = ym(& )
and (recalling Me, 5 is defined in (3.38))

w(€§0) 2 w(8,60) 2 Am(3™1)3 + vﬁ?“m(fal)ﬁ (ghmot — gtmeto)
—ym(& ) (& — 9)

)

(

> w8+ g mlE )& (6 8t
(

—m(& 1) (& — 9)
= Mg, 5+ Bem(071)6
and
(3.53)
w(€, &) — w(0+, &) < w(o, &o) — w(0+,&o) = ym(&y ) (&0 — 8) + Brm(d )0

Thus by using (3.12), we get

(354) _aéow(§a£0>§0(t) < apy (m(gal))ng
From the estimate
“wmn, &), w& &) |, [ ymEh) > ym(n~1)
/g 2 = +/g n dn+/0 n o
< w(fag())
NS
=) ) (100 ) + o)

and similarly as obtaining (3.42), we find that for v < ﬁ,

+ym(& ) <log 5;) +7€6“_"m(£o‘1)/5 771‘;@“’(177

€o

(3.55)
Q(E, 1) ew(€, &)
< ~CaD(E.D) + 20wl Gl ") + Ca (&)’ (er0e L+ £ )

o — 0
< _ip(@t) + W (vm(&y 1) € + 2C2Byrm (5 )Sm(Ey )

+ 2Coym(& M w (04, &),

where Cy > 0 is the constant such that E% log %0 < (.

For the contribution from the diffusion term, we also have (3.43) and (3.44).

If & > NJ with N € N defined by (3.45), by using (3.46) and setting v < 48%’
we deduce that

LHS. of (3.34) < rm(5-")dm(e™?) (20257 B 01(1a—,6)>
+am(& ém(E) (Pa + szfj@ - Cl(aa_ U)> <0,
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where the last inequality is guaranteed as long as

C, Ci(1-p) Cila—o)? }

C’l(a - U) L
4027 402@’ QCgﬂa ’ 202(00 + 3)Oé

202

(3.56) p < , 7y <min {

If & < N6 with N satisfying (3.45), by applying (3.50) and setting v < zlgj, the
positive contribution treated by (3.54) and (3.55) can further be bounded as

- afow(gv gO)go(t) + Q(f, t)aiw(fa 50)
< —%D(f,t) + %m(é_l)ém(fgl)(pa + 02(5%”’)7)

g

For the negative contribution from the diffusion term, by arguing as (3.51) we obtain
that for v < %n,

Die.1) < =2 me=) (1= Hrm(5—5 — D m(a)s)
<2 e yms s

Hence for &y < N6 with N given by (3.45), we have

LHS. of (3.34) < —7 m(571)5m(§71)(p04

a—o
where the last inequality is guaranteed if we set

(1-B)a-0) 1 Cila—o) }

Cl(Oé—U) o
8 ’ 402’ 202(00 + 3)0&

(3.57) p< —nr > 7 < min{

Case 3: & > 6, £ > &. In this case, from w(€, &) = km (5 1)6 + 'yff m(n~1)dn,
we see that dg,w (&, &) = 0, ew(£, &) = ym(E71Y), and

/OO w(nvf(])dn _ W(é-,g()) + /OO ’ym(nil)dn
3 3

2

n 3 n
w(fago) afgm —1 o 1 w(gvgo) v m —1
< T e [ mn < s ),

Thus in light of (3.36), we get
(358) 9(67 t)ag(d(57 50) < _CZVD(£7 t) + CZ (2W(§, 50) + ﬁgm(g_l))’ym(g_l)

For the contribution from the diffusion term, since w(2n+¢,&y) —w(2n—¢,&) <
w(2¢€,&) < 2w(&, &), by estimating as (3.43) we obtain

(3.59)
D(e.Cs (26, &) ~ 20(6.60) [ ™y < T ((2t, 0)-20(6, &) ml€ ™),

2

Observing that
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2§
W(26,60) — w(E €0) = /5 m(nY)dn

and

if ¢ satisfies that & > &(

* 2l-ato ]
< ’7§a_am(5_1)/£ e dn < m’y m(§_1)§
¢
a—o 1
w (& &o) >7/m Ddn > £ m(¢” )/5 na,(,dn

€1—a+o _ 61—a+a

>y m(E)

)

l—-a+o

2"‘“1

gl=a+7 we find

9 ga-0 _ ame2 -1
(3:60) w(&,€0) > T ——mlE)E=2""" T ———
and
l—-ato _ 1
w(2§,€0) _ W(f,go) < g v w(f,fo) = 2—a+ow(§7fo)
and
(3.61)  w(2€,&) — Ww(E, &) < — (1- 274 ) w(£, &) < ww

with ¢ := inf

above estlmates and settmg ¥ S 20 , We deduce that

Q6. 105 (6,0) < ~3DIE) + o vl )m(E )
and
D) <~ =D e gme)
and
06,10l &) + DI6 'S (2= A= Dt om(e ™) <0

where the last inequality is ensured if we set

(3.62)

On the other hand, if € satisfies that £ < 6(5—5—) Tt7, since w(§,&o)

018 (a — 0)2}'

T< min { 202 6020[

is concave and w(0+, &) > (1 — B)km(571)d, we get

(3.63)

and by using

2(1 - ,6)%6

D&t < ~200+&) [ M ay < 2D s tyme ),

n

2

glmato _ gl-ato £ gl-ato QQ_QU —, we also infer that

)1,;“7 equivalently, {1-ato — glmato > (9

2955

2@—0)

ym(E71E > Eym(€71)E

(5o 1)1*61*“, and by gathering the

—W(0+, 60)
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1 1
<

—1 a—o —1\¢l—a+o —1
m(€)E < 07T < o™ < s

and
(3.64)

S|
w(E.€) < k(616 + 16 m(5) /5 s

< 671 5 i 50470' 571 l—-a+o 617a+a
< km(d6") Jril—a—i—a m() (¢ )

200 (2lete — 1) ] 2y

< shHe < —-— s hHo

—<“+ e ) KUCHRUESE U KUCESL
5. s 271 2% -1 ;

where ¢ = inf oy {T} > 0 and we also used sup,¢jp1) =5~ < 1. Hence if

£< 5(2a,1c,_1)1761x+a, by collecting the above results and letting v < min{ﬁ, K}, we
obtain

e, 00k (6.60) < ~5 D0 + (21 + 7+ s ) wdm(a m(e)

and thus

8y 1-p
Ha—0)?2 a

e, )0ew(€,60) + DIE) < ( ) wom(5 ym(e ),

where the last inequality is ensured by setting

dl-B)la-0)? 1 }
8a 720’ '

(3.65) v < min{

Case 4: 0 < &y < J, 0 < & < &. In this case w(&, &) = (1 — B)mm(é‘l)dl_'@&g +
Brm (6~ )61 P¢f 7 ¢ and thus

Dgow(€,€0) = B(L = B)rm(6™") (g))l_ﬂ (1 _ 550) and
Dew(é,&) = Brm(571) (i)lﬁ

and

(3.66) W(E &) > w(0+,&) > (1 — B)rm (3~ 1) Pef,

w(€, &) < w(8,&) < km (618" Pel.

Taking advantage of the estimates

Bon  mG < (§)  meh ad mgh<(S) e,
we deduce
. S\
e (€, €0)60(t) < pB(L — Brm(5) (5) (60— O)mi&s™)
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< pB(1— B)rm(5~") (5)1ﬁ & <g>wm(£_1)

o &o
1+a—oc—p a—o
< pB(1 = Arm(6 6 £ ) (&) me
(3.68) < pB(1 = B)km(6~")om ()

and

C 6 1-B—a+o

In view of the integration by parts and (3.9), we see that

o W(T],f()) w(gago) OO 877“(77750)
dn = —=d
/g TR 13 +/§ U !

< w({,fO)Jr S ﬂﬁm(&fl)él’ﬁfgfldwr > Brm(671)§t—Aps-1 dy
3 o n
w(é &) , 5 B s (87
St (€] ) o (£)”
then gathering the above estimates and (3.36) leads to that for x < 20 ik
(3.69)
g\’
e, )0k (6,60) < — CaD(E1) + 20a0xm(67) (&) wleo
RY é 2(1-p) (f £ é 1 )
reme) () e (g i
< 1piety+ cp (eme)? (2 " [3)5 9+ Cof+ D
S73 ) 2 & 0 0 1-3)

where in the third line we used f% <1 and E%(log %’) < Cp. For the contribution
from the diffusion term, by arguing as (3.44), we obtain

(3.70)

00 —1 _ 1-8
D60 < 2000460 [ M ay < 2D () e

Collecting the estimates (3.68), (3.69), and (3.70), and using (3.67) again, we find
that

2

L.H.S. of (3.34)

_ 01(1—5)>

< wm(071) (g))l_ﬂ Eom (€71 <p,6’(1 -5+

CaB(2+ CoB)s Ci(1—B)
1-p « ’
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which leads to the desired inequality (3.34) as long as p, k are such that
1 Ci(1 - p)? }
20587 2C5(2 + CoB)Ba )

Case 5: 0 < & < 6, & < & < 4. Similarly as obtaining (3.24), we have that by
setting k < ﬁ and v < k&,

C
(3.71) p< ﬁ, K< min{

3C,
1-5

For the contribution from the diffusion term, if £, < %, then from & — 29 > &, for all

(372) Q& (6 6) < —5D(EH) + LB (m(57)5 ) 0

n € [0, %] and by arguing as (3.26), we find

£
1

(w(€ + 20, 60) + (€ — 20,60) — 2w<§,§o>)m(:77)dn

< Cr0gew(§,60) /04 nm(n~")dn

D(&1) < 01/0

I

< —C1B(1 = B)rm(5~ )51 P¢P2 /Z nm(n~")dn
0

£
< —Clﬂ(l — 6)[4; (m((g—l))Q 51-&-04—0—,55,3—2 /4 771_@+0d7’]
0

(3.73) < _w (m(éq))? glta—o—Bgf—ato,

Ci1(1-p)*
192Cy 7

Thus for & < %, we get that by letting xk <

Q(gv t)agUJ(f, §0) + D(f, t)
< Bk (m(371)" oo ogh et

30, (s\'"*TF ci(1-p)
-3 (5) T Tw

< B’{ (m(571))2 51+a7076€ﬂ7a+a <13f’26li 01(16; 6)) < 0’

whereas if £y > %, by using (3.35), the concavity of w(n, &) —w(0+, &) for n > 0, and
(3.67), we get

D&t < ~Crauongo) [ M0y
- o260 mnr;z(zél)alﬁs@m(gl)
_ G- 5)27;1(5‘1)51_’3 (e
< _01(12; Bk (m(§~1)) sirao—sgh-ato,

Thus combining this estimate with (3.72) yields that
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Q(§7t)8§W(§,fo)+D(f,t>§l€ (m(é—l))251+a—o—ﬁfﬂ—a+a (3026 _Cl(l — B)) <0,

K
1-08 2«

2
where the last inequality is ensured by setting x < %. Notice that in this case
the conditions on k and v are

< K.

IO —5>2}7 -

(3.75) K < min{ﬂ7 1920,

Case 6: 0 < & <4, & > 5. This case is almost the same as Case 2 in the proof of
Lemma 3.1, and we omit the details. Note that the conditions on «, v are given by
(3.33).

Therefore, for the MOC w(¢, &) defined by (3.8)—(3.9) and & = &y(t) defined by
(3.12) with p, k,~ are appropriate constants satisfying (3.33), (3.49), (3.52), (3.56),
(3.57), (3.62), (3.71), (3.75), we justify (3.34) for all £ > 0 and ¢ > 0 based on the
above analysis and thus conclude Lemma 3.2. Observing that by suppressing the
dependence on the constants C; = C1(d), Ca = Ca(d), ¢, and Cj, the conditions on
positive constants p, k,y are as follows:

(3.76)
1 (1-p8)(a—0) 1 2 L. 2 3
<P 7 < —(1— < = — — —
ps g OO s L pr < Smin {50~ %01~ 9P (a - o)}
with C' > 0 some constant independent of «, o, 5. ]

4. Proofs of Theorems 1.1 and 1.2. Consider the following approximate
system:

(4.1)
0%+ u - VO + LO°— A0 =0, u =P(0°), 0i—o =05 = ¢ * (001, ,.),

where P is composed of zero-order pseudodifferential operators defined by (1.2), 15, /e
is the indicator function on the ball By, ¢c(z) = € p(e"'z), and ¢ € C(RY) is a
radial test function satisfying [p. ¢ = 1.

4.1. Proof of Theorem 1.1: Eventual regularity of vanishing viscosity
solution. From 60y € L*(R%), we have ||0§]/z2 < [|00ll2, and [|0§]|m: Ses [|0o]|z2 for
every s > 0. For ¢ > 0 and s > d/2 + 1, we have the following lemma concerning the
global well-posedness for the approximate system (4.1).

LEMMA 4.1. For every € > 0, the Cauchy problem of the approrimate drift-
diffusion equation (4.1) admits a uniquely global smooth solution 0¢(x,t) such that

6 € C([0, 0o[; H*(RY) N C*(]0, 00[xRY)  with s > d/2+ 1.

The proof of this lemma is more or less standard, and one can refer to [30, Theorem
1.4] (at the o« = 2 case) for the use of the nonlocal maximum principle method, and
we omit the details here.

Since u€ is divergence-free, we can also show the uniform-in-e energy estimate.
By taking the L%-inner product of (4.1) with ¢, and using the integration by parts,
we have

Ld

(4.2) 5 7

lo°()11Z- +/ L(O°)(z, ) 0°(z,t)dz + €| VO ()| 12 = 0.
R
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Since the symbol of £ satisfies A(¢) > 0 from (1.13) and (1.8)—(1.9), we see that

(4.3) /]R (L) (1) 0 ) = / A(Q)F (¢, 1)[2dC > 0.

Rd
Inserting (4.3) into (4.2) leads to %H@E (¢)[|2, < 0, which by integrating in time implies
(4.4) 0@z < 105]2 < [l6ollL2 ¥Vt > 0.

By applying Lemma 2.3, we also obtain

/ (L6 (z, 1) 0z, ) > O / ¢ |G (¢ t)PdC — © / F(¢.t)Pdc
R4 Rd Rd
> O, e — O

(4.5)

Plugging this estimate into (4.2), and using (4.4), we find

d € 2 €
N0 @IIZ + oo Ol aze < 2C60]%:,

2
i3

which ensures that for every T > 0,

9 T
@6)  sw IO+ o [ 10 e de < (15 20T 0]
te[0,T7] C Jo H 2

Next based on the uniform L2-estimate, we can use the De Giorgi’s method to
show the L°°-improvement, that is, for any fixed ¢y > 0 and every T > tg, there is a
constant C, > 0 independent of € and T so that

d

1 @y 1

(@7 w60z <C. (7 +€) " (1+20D) s
te[to,T] to

with C > 0 the constant appearing in (4.6). The proof is similar to that of [4,
Corollary 4] or [13, Theorem 2.1], and here we sketch the main process in obtaining
(4.7). Since the operator £ defined by (1.3) has nonnegative kernel K, by arguing
as obtaining a corresponding inequality for fractional Laplacian operator in [14], we
have that for every convex function ), ¥’ (0€) L(0¢) > L((6¢)). We also find for every
convex 9, —'(6°) A9 > —A(p(0%)). For M > 0 chosen later (cf. (4.12)), applying
the above two inequalities with

(48) B0 = (0= M)y = 05, Myi= M(1—27%), ke,
we obtain the following pointwise inequality from (4.1):

(4.9) 00}, + uc - VO5, + LOf, — eAd;, < 0.

As deriving the energy estimate, we use (4.5) to get

1d

(4.10) 5 g 10RO + CTHGOI oo + VOO < CIOLOI72

Then for a fixed constant tog > 0 and every T > t, we denote T} := to(1 — 27F),
k € N, and the level set of energy as
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€ € 2 T €
Upi= sup 00 + & [ IOGO)IE et
te[Ty,T) T" H 2

For some s € [Ty—_1, Tk, we integrate (4.10) in time between s and ¢ € [T}, T]| and
also between s and 7" to find
¢
1051172 < 107(s)1Z +2C/ I165.()]|72dt  and
9 (T T
& [ IO o de < BEG)ES + 20 [ 65013t

which implies Uf < 2|05 ()32 + 4C fsT ||9,§(t)||j{udt Taking the mean in s on
2

[Tk—1,Tx|, we infer

2k+1 T
(4.11) U,§<< i +4C>/ [CAG] 2
k—1

The inequality (4.11) is almost identical with [13, (A.3)], and we can proceed further
to obtain

2(a— o)
-

Since U§ < (1 +2CT)||6o||3 2, by choosing M (owing to [37, Lemma 2.6]) to be

2 ok(g—1) )

2(a—o)
(4.12) M = (1+2CT)"?||60| 12 (22+a‘% <f + 40)) :
0

we have limy_, o Uf = 0, which ensures ¢ < M for all ¢ € [to,T]. The same result
likewise holds for —6¢, and thus we conclude (4.7).

Hence, the uniform estimate (4.6) and (4.7) guarantee that, for some ¢ty > 0
and every T > to, up to a subsequence 0¢ converges weakly (weakly-* in L$°L2 and
L>=([tg, T] x R?)) to some function 6 belonging to

a—

=7 (RY) N L=([to, T] x RY).

(4.13) L>=([0, T]; L*(RY)) N L2([0, T; H

Moreover, by using the compactness argument (e.g., [33, Proposition 6.3]), we can
show that 6¢ — 6 and u¢ — u = P(#) both strongly in L2([0,T]; L2 .(R?)). Thus we
can pass the weak limit ¢ — 0 in the approximate system (4.1) to show that 6(x,t) is
a global weak solution for the original equation (1.1)—(1.2), which satisfies the energy
estimate (4.6) and L*-estimate (4.7) with 6 in place of 6¢.

Now applying Proposition 1.3 to the approximate equation (4.1) (with 6¢ (t) ==
0¢(t + to) replacing 0°(t)) and Fatou’s lemma, we get that for every 8 €]1 —a + o,1]
and every T > tg + t1,

(414) sup He(t>”05(]Rd) S C(||90‘|L27t07a7ﬁ70—7 dﬂT)7
te[to+t1,T)

with ¢; the time introduced above. Furthermore, (4.14) yields that for every 8 €
N—a+o1],

sup  lu(t)|les <Co  sup  [[0(t)||lrz +Co  sup  [|0(t)] e
te[to+t1,T) te[to+t1,T) te[to+t1,T)

< OO O(HGOHLZ,t(),Oé,ﬂ,U, d’ T)7
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which together with Lemma 2.5 implies the C2%-regularity of 6(x,t) for all ¢ €]t +
t1,T).

Besides, if a €]0,1[ and o = 0 in the condition (A3), i.e., m(y) = Coly|* for all
ly| > 0, from (2.11), we have that there is no term —[|6||2, in (4.5) and the constant
C in the R.H.S. of (4.6), (4.7), and (4.12) can be replaced with 0, which guarantees
that 7" in (4.13)-(4.14) can be chosen to be co. Next by choosing § =1 — &, we see

that v = %4, and (3.19) just reduces to

o

C/C(l—a)\T* o
(415) n< S () el

moreover (4.7) becomes

Cigifcy /20
(4.16) ||9(t0)||L°°<< o ) 00l[ 2,

which combined with (4.15) leads to (1.19). Thus we finish the proof of Theorem 1.1.

4.2. Proof of Theorem 1.2: Global regularity result in the logarith-
mically supercritical case. Considering the e-regularized equation (4.1) under the
assumptions of Theorem 1.2, by virtue of the standard Bony’s paradifferential calcu-
lus and Lemma 2.3, there is a uniquely global smooth solution 6¢(x,t) to the system
(4.1) so that 8¢ € C([0, 0o[; H*(R%)) N C*°(]0, 00[xR%) with s > d/2 + 1. Owing to
Lemma 2.4, we have the uniform-in-e L>-estimate sup,~ ||0¢(¢)||L~ < By with

(4.17) By = {||00||Loo if Case (II) is considered,

C(|loll 2L, 0, d) if Case (III) is considered,

and the uniform energy estimate ||0°(t)||z2 < ||6o]|z2 for all ¢ > 0 if Case (III) is
considered.

We will apply the method of nonlocal maximum principle as in section 3 to show
the uniform-in-e global regularity result. Let Ag < % be a positive constant chosen
later (¢ is the constant appearing in (1.4)); then analogous with (3.8)—(3.9), we
introduce the family of moduli of continuity that for &, €]d, Ag],

(4.18)

w(& &) =
(1=B)rm(8~)d+y [ m(n~)dn—ym (&) (& — 0)+Brm(5~ 1) for 0 < € <4,
k(8718 4+ [5° m(n~")dn — ym(&5 &0 + ym(&5 )¢ for § < € < &,
km(671)6 + vffm(n_l)dn for §o < & < o,
w(co, o) for £ > co,

and for &y < 9,

(1=B)km(6~ 1)1 Bel+Brm(6~ 1) FPef e for0 <€ < &,

| km(s1)51-5e8 for §o < ¢ <4,
(4.19) w(§,&) = k(=154 [Sm(r) dy for § < &< cp
w(co, &o) for & > co,
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where 8 €]o, 1], k,7, d are appropriate positive constants, and £y = &y(t) is given by

d
(4.20) aﬁo = —pm(& o, €0(0) = Ay,

with p > 0 some constant chosen later.

First we prove that under the condition (1.20), and by suitably choosing §, the
initial data 6 strictly obeys the initial MOC w(£, £0(0)) = w(&, Ap). Indeed, it suffices
to show

(4.21) w(0+, Ag) > 2B,.

Without loss of generality we also assume Ay < ¢; * (with ¢ > 1 appearing in (1.20)),
and we see that

Ao
w(0+, Ag) = (1 — B)km(6 1) + 7/5 m(n~")dn — Wn(Agl)(Ao —9)

Ap
ol 1
>0 [ . ay—m(1
2 )s  m(lognTh)r n=mil)
1
yo[r 1
4.22 > [7  _dp—m(1
(4.22) ¢z J 1 n(logm)* o
—2—( (lo l)lfﬂf log - A m(1) if pe0,1]
S (-1 g5 g A, Y i pw y L

=X (loglog% —loglog A%)) —ym(1) if = 1.
In order to achieve (4.21), if € [0, 1], we need

1 1\ 1- o
log + > (1og) +M(230+7m<1>>] ,

4] A

and from the inequality (a—i—b)l%u <Cu (al%wr —&—bl%u) for a, b > 0, it suffices to choose
0 as

(429 6= Ay exp ( —Cu (02(17—#)(330 + Vm(l))) 1/(17@)’

whereas if u = 1, it suffices to set ¢ as

1 1 Co
loglog = =loglog — + —(3By +vm(1)),
glog 5 = loglog - 7(07())
that is,
(4.24) 6_ACXP(C72(330+’YW(1)))
. = A, .

Next by using (4.22), we see that the MOC defined by (4.18)—(4.19) satisfies for
all 0 < & < Ay,

Ao
w(Ao,&0) > w(Ag, 0+) > 7/ m(n~1)dn > 2By;
5

thus according to Proposition 2.7, we only need to justify the criterion
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(4.25) —0,w (&, £0)60(t) + Q& 1)Dew (€, &0) + D(E,t) + eeew(€, &) < 0
for all t > 0,0 < & < Ag, 0 <& < Ap with Ag < 9, and

(4.26)

£

D(&,1) < Cluw(€, &) + O / :

0

B B m(n~")
(W(f'f‘???afo) +w(§ 277750) 2&)(5750)) n dﬂ

Ao -1
w0 [ (e +e.60) - wn -6 ) - 2w<s,§o>)m(j’7>dn,

2

and

(427) Q&) < —

Co

T D0+ (€ Gt )+ ot [ 2y
and C; = C1(d),Cy = Cs(d) > 0, and C7, C4 are just 0 if Case (II) is assumed and
are the constants (depending only on d, &, ¢, ¢1) respectively appearing in (2.23) and
(2.29) if Case (III) is assumed.

By arguing as in Lemma 3.2, we indeed can prove the desired inequality (4.25) as
long as p, k,7y are suitable constants satisfying (3.76) (maybe with slightly different
C) and Ay satisfying

. 1/(1—0)
(4.28) 0 < Ay < min { (Cwm(l)&;f)(l — U)) 0 c1} .

2
We will present the different points compared to the proof of Lemma 3.2 in the end
of this subsection.
Then at the time t; satisfying £y(¢t1) = 0, we have that 6¢(z,¢;) uniformly-in-e
obeys the MOC w(§) = w(,0+) given by

km(6~1)ot=P¢h for 0 <& <4,
(4.29) w(§) =< km(671)8 +7f5§ m(n~Hdn  for § <& < cp,
W(CO) for £ > ¢g

with x,+ > 0 the suitable constants satisfying (3.76). In a similar way as obtaining
(3.15), we moreover get that the MOC w(&) given by (4.29) is uniformly-in-e strictly
preserved by the solution 6¢(x,¢;). Then we can argue as in the proof of Lemma 3.1
and Cases 56 in the proof of (4.25) to show that for every ¢t > ¢; and 0 < £ < Ay,

(4.30) QW' (€) + DI, 1) + e’ (§) <0,

where D(&,t) and Q(€,t) are given by (4.26) and (4.27) with w(-) in place of w(-, &),
which guarantees that 6¢(x,t) uniformly-in-e strictly preserve such a MOC w(§) for
all time ¢ > t1.

From (3.76), we can choose the positive constants p, k,~ as

=(1-p(1-0)/C, £=(1-5)*/C, y=min{f(l-5)*(1-p)>1-0)}/C,

with C' > 0 the suitable constant depending only on d, C} (and a,|¥|). Thanks to
(3.14), (1.20), and (3.7), we find that the eventual regularity time ¢; satisfies
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(4.31)

1 < CCQ
T (L-a)pm(Ayt) T (1-0)’(1-p)

600 Co

o g™

A

tl AO(IOgAal)H S

and for every 8 €]o, 1],

(4.32)
sup |0 (1)l ¢e ey < k(616 P < km(1)67"
tE[t1,00[

Tm _ oo (1— 1/(1—p) )
A e (B (P pey(1pm(n) ) e 0,1
| Tm(1) A1 6eXP(3°3,B°+02m(1)) i —

Entt (47 -

= 1
Now for any t,>0, by virtue of (4.31), we also need A satisfies that &%Ag

< Lde, Ag < ((17‘7):‘M)2 thus for each o € [0,1] and 8 €], 1], we can choose
= o LEy A0 > 2CCoca ) ; s L

Ap to be
(4.33)
. 1Em — — o)\ V/(A=0) ¢y _ —0)%(1 - o\ 2
Aozmln{(c (1)2140{&)(1 )> 1 ((1 2)02)02 Bt ) }

525625

so that the uniform-in-e Holder estimate (4.32) holds true. According to Lemma
2.5 and the Calderén—Zygmund theorem, we can further get 0¢ € C([t., o0o[xR%)
uniformly in e.

If Case (III) is considered and divu = 0, 6y € L?> N L¥(R?), in a similar
way as deriving (4.6), we apply Lemma 2.3 to get that #¢ € L°°([0,T]; L%(R%)) N
L2([0,T7; H 17T(T(Rd)) uniformly-in-¢ for every T' > 0. Since u is divergence-free, for any
T > 0, similarly as the corresponding part at subsection 4.1, we can pass e — 0 in (4.1)
to obtain the existence of weak solution § € L>([0,T]; L*(R%))n L2([0, T'; H=" (RY))
to (1.1)—(1.2) which also satisfies 6 € C>([t., T] x R?), as desired.

If Case (II) is considered, §y € Cy(R?), and there is no divergence-free condition
of u, we can pass € — 0 to get a limit function § € L>([0, co[xR%) NC>®([t,, co[xR?).
For any t, > 0, the limit function @ on the time period [t.,co[ satisfies (1.1)—(1.2)
(but it is not so clear whether 6 is a weak solution to (1.1)-(1.2) on [0, t.]).

Finally, we state the different points of proving (4.25) compared to the proof of
(3.34).

Case 1: 6 < & < Ao, 0 < & < 6. Since dyw(n, &) = 0 for all n > ¢, we can
prove the estimates analogous to (3.41) and (3.42) with Cy + CJ in place of Cs. For
the contribution from the diffusion term, we have (noting that o = 1)

Ao

-1
D(E.1) < Clu(6. &) — 201w(0+6) [ m(’;)dn

2

< Chw(€, &) — 2C1w(0+, &) (6) m (2) ‘ id
>~ 04 ;S0 1 » S0 9 5 % 772 n
< Cf (w(0+,&) + Bem(671)8) — Crw(0+,&)m(E7T)

(1.31) < C{rm(57)5 — D0t Gm(e™)
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where in the last line we used the estimate m(¢=1) > m(A; ") > %, which is implied
by a stronger condition Ag < (%ﬁl))l/(l_”). Since w(0+,&p) > Mg, s by (3.38), if
& < N¢é with N € N defined in (3.45), thanks to (3.46), we get

_me—l)am(f*)—@m(gal)fom(s‘l)
Ci(1

m(e=om(e™) ~ LD V(e gm(e ™),

D(&,t)<CiBrm(571)6

c G -pk
- 8
where in the second line we used 4y < (%ﬁ_m)ﬁ, whereas if & < N9, by

(-8 (1-0)r

virtue of (3.51), we see that through setting v < 16 ,

D(E.1) < OfBrom(6~)0 — T (1~ Arm(5™)6 — 3m(e5)eo) mlc™)

<= S (U2 - ) (o) < - S iy

where we also used 4y < (A2 % . Hence under the conditions (3.49 , (3.52
h Iso used Ay < (SHEE)

(up to some pure numbers and Cs replaced by Cs + CY), we show that (4.25) holds
in this case.

Case 2: § < & < Ap, § < & < &. The different points are quite similar to those
stated in Case 1 above, and under the (slightly modified) conditions (3.56) and (3.57),
we can show (4.25) in this case.

Case 3: § < & < A, & < £ < Ayg. We obtain (3.58) with Cy replaced by Cy+C4,.
For D(&,t), similarly as (3.59) and (4.34), we have

Ao m(n=1
D(E.1) < Clu(€,&) + 1 (w(26,60) — 2(6:60)) | (77)0177

2

< Cluole,60) + T (w(26,60) — (. €0))mlE);

thus if £ > &(

1
2

21,},71)1/"7 by using (3.61), we get
o)

Cré(1 —

51—
4 ~Gi( U>w

) (£a§0)m(5_1)a

D(§>t> S Ciw(£a§0) - w(§7€0)m<§_1> S

where ¢ = infze]o,l]{fm_l} > 0 and in the last inequality we used Ay <

(%W)ﬁ If £ < 8(5r2—)"°, by arguing as (3.63) and (4.34), and us-

ing (3.64), we find

D(E1) < Cluo(e, &) — L0y e)

<} (/@ + 2(@) m(6 1) — Mm(é_l)ém(f_l)

1-o0)
< D5 mie ),

Cim(1) (1—5)(1—0))1%
4C]

where in the last line we used v < x and Ay < ( = . The remaining

proof is similar to Case 3 in the proof of Lemma 3.2, and (4.25) holds in this case
under (slightly modified) (3.62) and (3.65).
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Case 4: 0 < & < 4,0 < & < &. We have (3.69) with Cs replaced by Cy + C%. In
a similar treatment as (3.70) and (4.34), we infer

Gy

D(a,) < Cluo(6, ) — w0, Eo)mle™) < (0, Eo)mle ™),

where in the last inequality we used the fact w(€, &) < ﬁw(OﬁfO) (from (3.66))

and the condition Ay < (%)51_6))1*0. Thus we can obtain (4.25) in this case
under (slightly modified) (3.71).

Case 5: 0 < & <0, & < & <. We have (3.72) with Cs replaced by Cy + C4. If
o < %, (3.73), (3.67), and the formula w(¢, &) = km(571)517P¢P lead to

D(E,1) < gl ) — 0 PWy(571) 5080 mie)
< — Clﬂ(]éél_ ﬁ)ﬂ (m(éfl))252707ﬁ53*1+0,

Cim(1)B(1—-H)
4C'

6 )ﬁ, whereas if £ > %, by arguing

where in the last line we used Ay < (
as (3.74) and (4.34), we obtain

7
1

D(E1) < Clu(€ ) ~ Pw(0+, Eo)m(e™)

< uie &)~ 2E D gymie)

< _Cl(llg ﬁ)’i (m((s_l))2 52—0—[355—1%77

where the last inequality is deduced from using Ay < = . Thus we can

similarly obtain (4.25) in this case under (slightly modified) (3.75).
Case 6: 0 < & < 0,6 <& < Ay. We have (3.28) with Cy replaced by Co + C4,.
Similarly as (3.29), (3.31), and (4.34), we get

Cim(1)(1-8
(S =)

3

D(E1) < Clul &) + Ca(w(26. &) ~ 20(6.60) [ m(z)dn

7%‘3(1 — o)m(E M w(E, &),

Cicm(1)(1—0) )1%
16Cy

< OfulE, &) — 501~ o)mle (6, &) <

where the last inequality is ensured by Ag < ( 7. Thus in this case we
deduce (4.25) under (slightly modified) (3.33).

Therefore, gathering the above results concludes (4.25) at all cases and thus The-
orem 1.2 is followed.

5. Appendix.

Justification of the statement in Remark 1.5. By using the standard Bony’s para-
differential calculus and Lemma 2.3, we first can prove the local well-posedness result
that there exists a time T > 0 depending only on ||fy|/z- and d such that (1.1)-
(1.2) admits a uniquely local smooth solution 6 € C([0, T[; H*(R%)) N C>(]0, T[xR9).
Moreover, let T* be the maximal existence time of this solution; then by Lemma 2.5
and the Calderén-Zygmund theorem, we necessarily get that

(51) if T* < o0 = ||9HL°°([O,T*[;C.'[‘}(R‘1)) =0 Vﬂ 6]1 — o+ a, 1[

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/29/20 to 210.31.78.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2968 CHANGXING MIAO AND LIUTANG XUE

Next we prove that the maximal lifespan solution 6(¢, z) on the time period [0, 7]
strictly preserves the MOC w(§) given by (4.29) with « €]0,1], 0 € [0,a], § > 0,
0 < v < k < 1, which implies the desired uniform g-Holder estimate of 6 and further
concludes the statement concerned.

Similarly as the deduction around (3.2), w(§) is a MOC satisfying the needing

properties, and the mapping & — ‘”5(5) for every £ > 0 is nonincreasing.

Then we prove that under the assumption (1.23), the MOC (4.29) with fixed
K, > 0 can be obeyed by the data 6y for 6 small enough. For this purpose, noting
that |0o(x) — Oo(y)| < 2(6ol|ze, and |0o(2) — bo(y)| < [|0ollcs |z — y|?, it suffices to
prove

(5-2) min {2[|6o]| L, |60l s €7} < w(€).

Denote by ag := (%)1/5, and if &€ > ag, then as long as
C

(5.3) w(ag) > 2[|fo| Lo~

we have that (5.2) holds for all & > ag, while if £ < ag, by virtue of (5.3) and the
fact % > %‘2‘)) which is deduced from (3.5), we also obtain (5.2), as the following

0
deduction shows:

0ol < Ionlen ——ue) < 2= ) < e,
@ = T w(ao) ~ w(ao)
Now we prove that for every 6, the condition (5.3) can be guaranteed by the as-
sumption (1.23). Indeed, without loss of generality we assume that ag > §; then we
get

(5.4) w(ag) > W/ m(n~t)dn — oo as § — 0+,
s

hence (5.3) is ensured for ¢ sufficiently small depending on v and [|0o||¢s 7,0 -
Recalling that By is the bound of [|(-, )|/ L given by (2.13)-(2.14), and by letting
bo €]0, %] be a constant chosen later, we use (1.23) to deduce

bo
(5.5) w (bo) > 7/5 m(n~")dn > 2By,

provided that ¢ is sufficiently small. Thus according to Proposition 2.7, it suffices to
show that for all 0 < ¢ < T% and all 0 < £ < by,

(5.6) Q& t)w'(§) + DI, ) <0,

where D(&,t) and (&,t) (by Lemmas 2.8 and 2.9) are respectively given by (4.26)
and (4.27) with {w(),bo} in place of {w(+, &), Ao}

In a similar way as the proof of (4.25) at Cases 5-6 and the proof of (3.21)
(noting that by plays the same role as Ag in showing (4.25)), we find that by set-

ting by = min{%, (%éﬂ{(aﬂj))l/(a*”)}, and for s,y fixed constants satisfying

(3.33) (up to pure numbers and Cy replaced by Co + CY), and for 6 > 0 sufficiently
small constant satisfying (5.4)—(5.5), we conclude (5.6) at all the considered cases.
Hence, the statement concerned on the global well-posedness result for (1.1)—(1.2) is
justified.
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