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In this paper we consider the following modified quasi-geostrophic
equation

%0 +u-Vo+vD*=0, u=|DI* 'R, xeR?

with v > 0 and « € ]0,1[ U ]1, 2[. When « € ]0, 1[, the equation
was firstly introduced by Constantin, Iyer and Wu (2008) in [11].
Here, by using the modulus of continuity method, we prove the
global well-posedness of the system. As a byproduct, we also show
that for every o € ]0,2[, the Lipschitz norm of the solution has
a uniform exponential upper bound.

© 2011 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we focus on the following modified 2D dissipative quasi-geostrophic equation

36 +u-VO+v|D|% =0,
u=|DI*"RL0, Olt=0 = o (X)

(11)

with v >0, ¢ €10,1[U]1,2[, |D|# = (fA)g is defined via the Fourier transform

* Corresponding author.

DIEF() =121 F(©)

E-mail addresses: miao_changxing@iapcm.ac.cn (C. Miao), xue_|t@163.com (L. Xue).

0022-0396/$ - see front matter © 2011 Elsevier Inc. All rights reserved.

doi:10.1016/j.jde.2011.08.018


http://dx.doi.org/10.1016/j.jde.2011.08.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jde
mailto:miao_changxing@iapcm.ac.cn
mailto:xue_lt@163.com
http://dx.doi.org/10.1016/j.jde.2011.08.018

C. Miao, L. Xue / J. Differential Equations 252 (2012) 792-818 793

and
R0 = (—R20, R16) := |D|~1(820, —16)

where R; (i =1, 2) are the usual Riesz transforms (cf. [16]).

When o = 0, this model describes the evolution of the vorticity of a two-dimensional damped in-
viscid incompressible fluid. The case of & =1 just is the critical dissipative quasi-geostrophic equation
which arises in the geostrophic study of rotating fluids (cf. [8]). Although when o« =2 the flow term
in (1.1) vanishes, we can still view the model introduced in [17] as a meaningful generalization of this
endpoint case, where the model is derived from the study of the full magnetohydrodynamic equations
and the divergence-free three-dimensional velocity u satisfies u = M[6] with M a nonlocal differential
operator of order 1. We also refer to [3-5] for other related generalized quasi-geostrophic models.

For convenience, we here recall the well-known 2D quasi-geostrophic equation

o0 +u-VO+v|D|*0 =0,
(QG) {t N
u="R=~40, 0(0,x) = 6p(x),

where v >0 and 0 < o < 2. When v >0, o €]0,1[ U]1,2[, we observe that the system (1.1) is
almost the same with the quasi-geostrophic equation, and its only difference lies on introducing an
extra |D|*~1 in the definition of u. When « €10,1[, |[D|*~! is a negative derivative operator and
always plays a good role; while when « € 11,2[, [D|*~! is a positive derivative operator and always
takes a bad part. Moreover, corresponding to the dissipation operator |D|“ in the equation (QG)y, this
additional operator makes it be a new balanced state: the flow term u - VO scales the same way as
the dissipative term |D|%0, i.e., Eq. (1.1) is scaling invariant under the transformation

O(t,x) > 0, (t,x) :==0(A*t, Ax), with > 0.

We note that in the sense of scaling invariance, the system (1.1) is similar to the critical quasi-
geostrophic equation (QG)1.

Recently, when o € 10, 1[, Constantin, Iyer and Wu in [11] introduced this modified quasi-
geostrophic equation and proved the global regularity of Leray-Hopf weak solutions to the system
with L? initial data. Basically, they use the method from Caffarelli-Vasseur [2] which deals with the
same issue of 2D critical quasi-geostrophic equation (QG);. We also remark that partially because
of its simple form and its internal analogy with the 3D Euler/Navier-Stokes equations, the quasi-
geostrophic equation (QG)y, especially the critical one (QG)1, has been extensively considered (see
e.g. [1-3,7-10,12,14,18,23] and references therein). While global regularity of Navier-Stokes equations
remains an outstanding challenge in mathematical physics, the global issue of the 2D critical dissi-
pative quasi-geostrophic equation has been in a satisfactory state. In [10], Constantin, Cordoba and
Wu showed the global well-posedness of the classical solution under the condition that the zero-
dimensional L* norm of the data is small. This smallness assumption was firstly removed by Kiselev,
Nazarov and Volberg in [18], where they obtained the global well-posedness for the arbitrary peri-
odic smooth initial data by using a modulus of continuity method. Almost at the same time, Caffarelli
and Vasseur in [2] resolved the problem to establish the global regularity of weak solutions asso-
ciated with L2 initial data by exploiting the De Giorgi method. We also cite the work of Abidi and
Hmidi [1] and Dong and Du [14], as extended work of [18], in which the authors proved the global
well-posedness with the initial data belonging to the (critical) space Bgo.l and H! respectively with-
out the additional periodic assumption.

The main goal in this paper is to prove the global well-posedness of the system (1.1) with « €
10,1[ U 11, 2[. In contrast with the work of [11], we here basically follow the pathway of [18] to
obtain the global results by constructing suitable moduli of continuity. Precisely, we have

Theorem 1.1. Let v > 0, € 10, 2[ and 6y € H™(R2), m > 1, then there exists a unique global solution

6 € C([0, oof; H™) N L2 ([0, ool; H™2) N (10, oo[ x R?)

loc
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to the modified quasi-geostrophic equation (1.1). Moreover, if 6y also satisfies V8o € L°(R?), we get the uni-
form exponential bound of the Lipschitz norm

sup Vo) < ClIVOolIL exp{Cli6ollL>}. (12)
t/

where C is an absolute constant depending only on «, v.

The proof is divided into two parts. First through applying the energy method and para-differential
techniques, we obtain the local existence results (Proposition 4.1) and further build the blowup crite-
rion (Proposition 4.2). Then we adopt the nonlocal maximum principle method of Kiselev-Nazarov-
Volberg and finally manage to remove all the possible breakdown scenarios by constructing suitable
moduli of continuity.

Remark 1.1. The main new ingredient in the global existence part is a suitable modulus of continuity
with the explicit formula (5.12). For every « € ]0, 2[, such MOC has a logarithmic growth near infinity,
and this further yields the uniform exponential bound of the Lipschitz norm of the solution. In par-
ticular, when o =1, (1.2) is an improvement of the corresponding bound in [20], where it is a double
exponential type.

The paper is organized as follows. In Section 2, we present some preparatory results. In Section 3,
some facts about modulus of continuity are discussed. In Section 4, we obtain the local results and
establish blowup criterion. Finally, we prove the global existence in Section 5.

2. Preliminaries

In this preparatory section, we present some notations, give the definitions and some related re-
sults of the Sobolev spaces and Besov spaces, and we also provide some necessary classical estimates.
We begin by introducing some notations.

o Throughout this paper C stands for a constant which may be different from line to line. We
sometimes use A < B instead of A < CB, and use A Sgy .. B instead of A < C(B,y,...)B with
C(B,y,...) a constant depending on B, y,.... For A= B we mean A < B < A.

< Denote by D(R™") the space of test functions, by S(R") the Schwartz space of rapidly decreasing
smooth functions, by S’'(R") the space of tempered distributions, by S’(R")/P(R") the quotient
space of tempered distributions which modulo polynomials.

o Ff or f denotes the Fourier transform, that is Ff(¢) = f({) = /R” e~ f(x)dx, while F~1f
the inverse Fourier transform, namely, F~! f(x) = 2m)™" /]'Rn e*¢ f(r)de.

o Denote by [y] the integer part of the real number y, and by N! the factorial of the positive
integer N.

Now we give the definition of L?-based Sobolev space. For s € R, the inhomogeneous Sobolev
space

o= g e @) 1= [0+ 110 ds <o0)

Rn

Also one can define the corresponding homogeneous space:

F = {f e S'(RY)/P®"); |IfI = / G oo}.
]Rn
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To define Besov space we need the following dyadic partition of unity (see e.g. [6]). Choose two
nonnegative radial functions x, ¢ € D(R") be supported respectively in the ball {¢ € R": |¢| < %} and

the shell {t e R™: % <g) < %} such that

XO+Y 9@7Tt)=1, YeeR: > g(27i)=1, Vr#£0.

j=0 jez

For all f € S’(R") we define the nonhomogeneous Littlewood-Paley operators

Aaf=xDf;  Ajf:=9QR7D)f, Sif:= Y  Af, VjeN
—1<k<j—1

And the homogeneous Littlewood-Paley operators can be defined as follows

Aif=927D)f;  Sif= > AJ. Vel

keZ,k<j—1

Now we introduce the definition of Besov spaces. Let (p,r) € [1, 00]?, s € R, the nonhomogeneous
Besov space

By = 1{f €S (R"): Iflsy, = {2714 fller} 5[l <00},

and the homogeneous space
B = {f €S’ RY)/PR"): If gy, = [{2°14f er} el ) < 00}

We point out that for all s € R, BS , = H' and B, = H*.

Next we introduce two kinds of space-time Besov spaces. The first one is the classical space-time
Bhesov space L”([0, T1, B, ,), abbreviated by L?B;,’r, which is the set of tempered distribution f such
that

Iflleps, = I ”{zjs||Ajf||Lp}j>—1 el Lo(o,17) < °

The second one is the Chemin-Lerner’s mixed space-time Besov space f"([O, T1, B;,r), abbreviated

TP
by LB}

».r» which is the set of tempered distribution f satisfying

Ifizegs = 112218 Fllo 1o} g5 o < 0.

Due to Minkowiski’s inequality, we immediately obtain

L7BS, —17B5,. ifr>p and I7BS —L{BS, . ifp>r.

These can similarly extend to the homogeneous one L7BS . and L7 B3 |.

Bernstein’s inequality is fundamental in the analysis involving Besov spaces (see [6]).
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Lemma 21. Let f € L% 1 <a < b < oc. Then forevery (k, q) € N2 there exists a constant C > 0 such that

sup [99Sq f |5 < C29%H @) IS £l a,
or|=k

C2% ) Ag flle < supklla“AquLa < 2% Ag f e
la|=

Finally we state the maximum principle for the transport-diffusion equation (cf. [12]).

Proposition 2.2. Let u be a smooth divergence-free vector field and f be a smooth function. Assume that 6 is
the smooth solution of the equation

00 +u-vVOo+v|D|*=f, divu =0,

with initial datum 6y and v > 0, 0 < @ < 2, then for every p € [1, oo] we have

t
100)],, < 160le + / |£(D)],, dr. (21)
0

3. Moduli of continuity

In this section, we discuss the moduli of continuity which will play a key role in our global exis-
tence part.

We suppose that @ is a modulus of continuity (MOC), i.e., a continuous, increasing, concave
function on [0, c0) such that w(0) = 0. We say that a function f:R" — R™ has the modulus of
continuity w if |f(x) — f(y)| < w(]x — y|) for all x,y € R", and that f has the strict modulus of
continuity if the inequality is strict for x # y.

Next we introduce the pseudo-differential operators Ry, ; which may be termed as the modified
Riesz transforms.

Proposition 3.1. Let « €10, 2[, 1 < j <n, n > 2, then for every f € S(R"),

_ yj
Ra.jf () = IDI* 'R f(x) = canp.v. |y|n]+af(x—y) dy. (3.1)
where cy p is the normalization constant such that
— & o
Raif @) =—ir55 1@,

The proof is placed in Appendix A. Also note that when o € ]0, 1[, we do not need to introduce
the principle value of integral expression in the formula (3.1).

The pseudo-differential operators like the modified Riesz transforms do not preserve the moduli
of continuity generally, but they also do not destroy them too much either. Precisely, similarly as the
lemma in [18], we have

Lemma 3.2. If the function 6 has the modulus of continuity w, then u = (—Ry 26, Ra.16) (a €10, 2[) has
the modulus of continuity
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9(&)-Aa< f ‘“n(")d +& f o ) (32)
0

with some absolute constant Ay > 0 that may depend on «.

Proof. The modified Riesz transforms are pseudo-differential operators with kernels K(x) = |x|§'(—x{)+ﬂ

(in our special case, n=2 and S(x') = \xl j=1,2), where ' = 5 € §"~ 1. The function S € C1(S* 1)

and fsn—l S(X')do (x') = 0. Assume that the function f:R" — R™ has some modulus of continuity w,
that is | f(x) — f(¥)| < w(]x — y|) for all x, y € R™. Then take any x, y with |x — y| =&, and consider
the difference

/K(x—t)f(t) dt—/K(y—t)f(t)dt. (3.3)

First due to the cancelation property of S we have

2§
’ / K(x—t)f(t)dt‘ =’ / K(x—t)(f(t)—f(x))dt’ <Cf %dr.
[x—t|<2& [x—t|<2& 0
Since w is concave, we obtain
2% &
f @) 4 < 220 / @) 4. (3.4)
re re
0 0

A similar estimate holds for the second integral in (3.3). Next, set z = ”Ty then

/ Kx—t)f(t)dt — / K(y—t)f(t)dt‘

[x—t|>2§ ly—t|>2¢

Kx—0(f®) - f(2))dt - / Ky —-(f® — f2)dt

[x—t|>2¢ ly—t|=>2§

< / K(x— 1) — K(y — ]| £©) — f(2)| e
|z—t|>3&

v [ (k-0 + ko -0l - f@ld
F <lz-tI<38

=11+ 1.
To estimate the first integral, we use the smoothness condition of S to get

[x -yl
|[K(x—1t)—K(y —1)| < Cm when |z — t| > 3&,

thus
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a)(r) a)(3r) w(r)
Csu/ 1+u <@ S'/] 1+a ng/ 1+a

For the second integral, using the concavity of w and (3.4), we have

1
I < 2Ca(36)E /
[x —t|"
e<|x—t|< 5k
2 .
< Co(E)E! gcz“/ @) rgc/ AU
re re
: 0

Now we consider a special action of the fractional differential operators |D|% (« € ]0,2[) on the
function having modulus of continuity. Precisely,

Lemma 3.3. If the function 6 :R? — R has modulus of continuity w, and especially satisfies 0 (T, x) —
0(Ty, ¥) = w(£) at some T, > 0 and x, y € R with |x — y| = £ > 0, then we have

£

[(=1D1%)8]() = [(=1DI%)¢]

n1+a

n1+a (3.5)

/ w@n +§) —w@n —§) —20¢) ,
3

where B, > 0 is an absolute constant.
Remark 3.1. In fact this result has occurred in [24,19], as a generalization of the one in [18], thus we
here omit the proof. Also note that due to concavity of w, both terms on the right-hand side of (3.5)
are strictly negative.
4. Local existence and blowup criterion

Our purpose in this section is to prove the following local result:
Proposition 4.1. Let v > 0, 0 < o < 2 and the initial data 6y € H™, m > 1. Then there exists a positive T
depending only on o, v and ||6g|| ym such that ghe modified quasi-geostrophic equation (1.1) generates a unique
solution & € C([0, T], H™) N L%([0, T], H™*2). Moreover we have t¥ 0 € L°°([0, T], H™7%) for all y > 0,
which implies & € C*(]0, T] x R2).

We further obtain the following criterion for the breakdown of smooth solutions:

Proposition 4.2. Let T* be the maximal existence time of 6 in C([0, T*[, H™) N L2([0, T*{, H™ % ), m>1.1If
T* < oo then we necessarily have

T*
[l60l%s a=ce.
0

00,00
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and

T*
/|| Vo) |} dt = oo. (4.1)
0

The method of proof for Proposition 4.1 is to regularize Eq. (1.1) by the standard Friedrich method,
and then pass to the limit for the regularization parameter.
Denote the frequency cutoff operator J; : L(R2) — H™(R?), € >0, m > 0 by

(T ) =FH(F ()1, ()) (0 = 2m) / e @O <) de.
R2
The following properties of 7. are obvious.
Lemma 4.3. Let J, be the projection operator defined as above, m ¢ R™, k e R*, § € [0, m[. Then
(i) forall f € H™, lime—o | Je f — fllum =0,

(ii) forall f € H™, |DI™(Je f) = Je(ID|" f) and A j(Je f) = Te (A ),
(iii) forall f € H™, | Te f = fllpm-s S € N1 fllum and |1 Te fllygmoec S el llm.

Then we regularize the modified quasi-geostrophic equation (1.1) as follows

6f + Te((Teu€) - V(Teb)) + vTe| D|*6€ =0,

(4.2)
u€ =|DI* IR0, 6¢| _, = Tebo.
For this approximate system, we have

Proposition 4.4. Let the initial data 6y € L. Then for any € > 0 there exists a unique global solution 0€ €
C®([0, oo[, Je L?) to the regularized equation (4.2).

Proof. We can write (4.2) as follows

d
S0 = Felo). %] = et (43)
with

Fe(0¢) = =T ((Teu€) - V(Te6)) — vTe|DI*6C.
For every € > 0, we can show that (cf. [21])

[Fe(H) |2 Sew Iz + 1 £11Z

and

[Fe(f1. f2)] 2 Sevlfillz 11 = falliz,

where f, fi, f» are all in L2. This means that F. maps L% into L2 and F, is locally Lipschitz contin-
uous on L2. Hence the Cauchy-Lipschitz theorem ensures that for every 6y € L2, there exists a unique
solution 6€ € C1([0, Te[, L?) with T > 0 is the maximal existence time.
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Moreover, using the L? energy method, form divu¢ =0 and J.0¢ € C1([0, Te[, JcL?), we get

L& e 2+ vl D2 e | =0,

Thus

up [6€®|| 2 < 1Teboll 2 < 160l 2 (44)
te[0,Te[

Then the classical continuation criterion guarantees T¢ = oo.
Further, since J0€ is also a solution of (4.2), from the uniqueness we find ¢ = 7.0¢. O

Remark 4.1. From the proof we know 6¢ = 7.0¢, thus (4.2) will be written as follows

Of + Je(u€ - VO) +v|D|*6€ =0, (45)
u€ = |D|*"IRLOE, €| _ ) = Tebo. '
In the sequel we shall instead base on this form.

Next, we prove the main result in this section.

Proof of Proposition 4.1. Step 1: Uniform bounds.
We claim that: the regularized solution 6€ € C®° (Rt x R?) to Eq. (4.2) satisfies

2 2 2
o ©12y, +vlIDI6° s g
t
C
<tolig, + 5 [0+ 1@ )o@ G, o (46)
5 ,00

Indeed, for every q € N, applying dyadic operator Ay to both sides of the regularized equation (4.5)
yields

9 Ag0° + Te ((Sq1u€) - VAGO®) + v[D|* Agh€ = T (Fq(us, 69)),

where
Fq(u€,0) = (Sqe1u€) - VAGHS — Ag(u€ - V6°).

Taking the L2 inner product in the above equality with Aq0¢ and using the divergence-free property,
we have

1d o
o | 2q0¢ |72+ v]IDI% Ag0¢ |} < ‘/(Fq(uf, 0%)) (%) Je Agh€ (x) dx
R2
<2709 R (e, 0] 12273 | T g0 2

< Co2 7% | Fo(u®, 6) [ 12 [1D1% Ag6°] .
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Then by virtue of the Young inequality, we deduce

Co
L gt 2+ S 1IDIS 27| < 2 270% g (u %) | )

Integrating in time leads to

o C o
[8q0° @ +v1D1% 266122 <11 AgTeb0l1Z, + = / (2795 |[Fg (u, 0) (D) o) dT. (47

From the inequality (A.2) in Appendix A, we know that
279% || F(u, 6) | ;» Sa |6 ” ( 20D D a6 o+ D [ agee HL2>. (4.8)
a'>q-4 lg'—ql<4

Plunging the estimate (4.8) into inequality (4.7), then multiplying both sides by 229" (m > 1) and
summing up over q € N, we obtain

D2 Agh° |2 +v Y 22 1DI% Ag6 122
qeN qeN !

t

<22 AgbolFz + / loc )| :7;oolef(r)||3m : (49)

qeN 0

On the other hand, we apply the low frequency operator A_; to the regularized system (4.2) to get
HA_10° +V|D|*A_160¢ = —Te A (u€ - VO°).
Multiplying both sides by A_10¢ and integrating in the spatial variable, we obtain

1d a
5 7 la-16¢ |5+ v]IDI% A_16¢]7, < ‘fdivA_1(ueee)(x)A_1j€9€(x) dx
2

<[ act(ue) ] ;g | ZeIDIE Ar6¢]
C o
<=2 | (w6 7 + 5 [1D1% A6 .

Using the Bernstein inequality, the Sobolev embedding =% < La (a €1]0,2[) and the Hélder in-
equality, we see that

[a-1 @)z SHA-1 @O s, S Nucl 2 l6%] e SNl g 1602 S 16%0 g 6% .21

Ot+2

thus from the energy estimate (4.4) we have
c t
|a-16° @172 + v]IDI% A-16% |31 < IA160l1% + 7“/||96(r>||f-,% [6° @) 5y, de.  (410)

Multiplying (4.10) by 272™ and combining it with (4.9) leads to (4.6).
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Next, we prove that the solution family (9€) is uniformly bounded in H™. First denote by

t
g€ 2 o 2
20) = [6°0) gy, + [ D165 .
0
then from B"f — BY,, m=>1, and by interpolation and Besov embedding, we get

16°) g S 16°]

Lopm 1 a2l 2 S 203,
with pp, € 12, o] defined by

00,00

D= m, mell, 14 3],
me 00, me[l+$, o0l

Furthermore, from (4.6) and the upper estimate, we find

t

20 < Io0ly, + <= [ (@l

0

+lo° @)z de

t
—2 2
< ||90||§,2n2 + Capt' " Pm z(t)2+ca,U/\|ef(r)\|H% Z(v)dr. (411)

By the continuity method, we infer that for some T > 0 satisfying

CanT' "'"2||90||Bm exp{2Ca.v[160l17,}

1 exp{—2Cq.v[l60]1%,}\ P2
< z <~ T < ’

4C v [100112m
2,2
we have

Z(t) <2ll6ol gy, exp{2Cavllfolif,}.  VE€[0.T].
From the fact that || - || m /Co

II - ”Hm < Coll - lIem  with Cg a universal number, we get that for every
2,2
te[0,T],

6% Ve ram + v 11D176% 2 ym < 2C3 1601m exP{2Cav 160117 ). (4.12)

This clearly implies that the family (6€) is uniformly bounded in C([0, T], H™) N L2([0, T]; H™"2)
m > 1, with respect to €.
Step 2: Strong convergence.

We ﬁrstly claim that the solutions (6€) to Eq. (4.5) strongly converge in C([0, T1, L2(R%)) N
L%([0, TT; HS (R?)). Indeed, for every 0 < € < €, we assume that §¢ and 6¢ are two approximate
solutions, then from a direct calculation
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(6 — 6F,6¢ —6°) = —v(ID|%6€ — |D|*6¢, 6¢ — 6¢) — ((Te (u€ - VO¢) — Tz (u€ - V69)), 6¢ — 6°),

we have

S 1O~ @% + v o - o) 0,
= ((Je = T)(u€ - VO), 0 — 0°) + (T ((u€ — uf) - VO<), 0° — 6°)
+ (T2 (u€ - v (6¢ - 69)),0¢ — 6%)
=1 + 1y +1I3.
For II1, by means of Lemma 4.3, divergence-free condition and the following simple inequality

1
[u 1o = 1D RE0 2o S 6% g S 6% m S M2

with M > 0 the uniform upper bound from (4.12), we have
N1 S |(Fe = Fo) (u€ - Vo) | g [IDI% (6° = 69)] 2
<eCyfluc - voe|F + 211 (65 - 0%)

<€ Can[u G-g V0 Ig + Z11D1% (05~ 6%)

-]
4
<€ CauM| V6 g + 2[IDI% (65— 69) ..

where in the second line we have used the classical product estimate (cf. [15]) that for every s,t <1
and s+t >0,

I F8ll s+t St I Mg g e (413)
For II, using the Young inequality and (4.13) again, we directly obtain
€ é € < (pe é
a1 < [ — ) - V8 g [1DI5 (6% —6°)]

< CanIDIR (0 — %) [ [V0° 25 + 2101 (05 — 09)

|i]7
< Can [0 g 10° = 0% 12 + F11D1% (0 0 [
For the last term, II3, from the divergence-free fact of u¢ and J:0¢ = J.0¢ = 6¢ we get
Il = ((u€ - V(65 — 6°)), Tz (6° — 6%)) = %(ug, v(6¢ - 69)°) =o0.
Putting all these estimates together yields that

1d
2dt

Jo° =672+ 2o — 0% g < e Carn |0 5+ Can[99° 2 [0 — %2

H2

Thus the Gronwall inequality leads to the desired result:
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CanllIDI % 652
2 a 2

J6° =65 i+ v]l6° —6°|7, 45 <e (€ oo M 1D15 6 g + 105 — 65 112)

12i%
< e (e + (65 — 65]]2)

SMa,v a(e), (4.14)

where a(e) := €% 4 ||(Id — je)@o”%z satisfies that a(e) —» 0 as € — 0.

From (4.14), we deduce that the solution family (6€) is a Cauchy sequence in C([0, T]; L%(R2?)) N
L2([0, T]; HZ (R?)), so that it converges strongly to a function @ belonging to C([0, T]; L2(R2)) N
L%([0, T1; HS (R?)). This result combined with uniform bound of Z(t) and the interpolation inequality
in Sobolev spaces gives that for all 0 <s<m

1-s/ /
[6° = 015 < Cl* = 015157 6° ~ 6

lq_s
Soma, a(e)2—m

and

11D 5 ~ )3 < Co(1D1% (6° ) 3247 1015 (6° — ) L)

lq_s
Ss.Mav a(e)Z( m).

~

Hence we obtain the strong convergence in C([0, T1; H*(R%)) N L([0, T1; H”%) for all s <m. With
1 < s <m, this specially implies strong convergence in C([0, T], C(R?)). Also from the equation

0f = —v|D|*0¢ — T (u€ - VO°),

we find that 6¢ strongly converges to —v|D|%¢ —u - V@ in L%([0, T], L?(R?)). Since 6¢ — 6, the
distribution limit of 8¢ has to be 6. Thus 6 € H'([0, T], L>(R?)) N C([0, T],C(R?)) is a solution to
the original equation (1.1). Using Fatou’s lemma, from (4.12), we also have 8 € L°°([0, T], H™"(R?)) N
L2([0, T], H™ % (R2)).

Next, we show that 6 € C([0, T], H"(R?)). Indeed, from the deduction in Step 1, we can find that
the formula (4.11) remains true by replacing ||9€||L[o03;2 with ||6¢€ ||Z?QB?2 in the definition of Z(t).
Hence, we in fact obtain 0€ ¢ Zw([O, T]; B?_z(Rz)) uniformly in €. Based on this fact and by a classical
process (cf. [7]), we can prove the continuity-in-time issue.

Step 3: Uniqueness.

Let 61,62 € L([0, T], H"(R?)) N L2([0, T]; H'*% (R?)) be two smooth solutions to the modified
quasi-geostrophic equation (1.1) with the same initial data. Denote by ul = |D|*~1R+6! i=1,2, 80 :=
01 — 62, su:=u' —u?, then we write the difference equation as

386 +u' - V80 4+ v|D|¥80 = —su - V62,  860|r—0860 = 0.
We also use the L? energy method, and in a similar way as treating the term II3, we obtain

1d

5 7190015 < Can | VOO 5 |50 2:

Thus the Gronwall inequality ensures that
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|86®)] > < 160ll,2 exp{Cav [ VO?|)%, 4 } =0, Vee[o, T,

L2H2
that is, 91 =92,

Step 4: Smoothing effect.
Precisely, we have that for all y e R™ and t € [0, T]

70O [ e + 1101 (7 0O) [ 3 e
<C(ty1+ 127 (1) (1 + T2 ) MM, (4.15)

where M denotes an upper bound of ||0] L Hm + v|||D| 20|| and C is an absolute constant de-

LEHm
pending only on «, v, m. Notice that t¥6 (y > 0) satisfies

% (tY0) +u-V(tV0) +vID|*(t70) =yt o, (t¥6)],_, =0, (4.16)

|0
which is a linear transport-diffusion equation with the velocity u = |D|*"1RL0, « € 10, 2[. We first

treat the case y € ZT. For y =1, in a similar way as obtaining (4.6) and using the maximum princi-
ple (2.1), we infer that

[60© [z +v[1D1% (€0©) [ 72 s

(le®lis + 16050 e de+ [1D1F0] 5 gy + 10O 2121611312

O\.."ﬂ

(leOl5s +10@5) 0@ [gpsa de+M -+ ool T

o\.ﬂ'ﬂ

Gronwall’s inequality yields that
2 [3 2 2\ CM
tO(t) || pme D|z (tO(t mie SM(14+T , 417
66 e +v]1DI (60) P gyse < M(1+T2)e (417)
where we have used the following estimates
[1DI%6] 250 <M. and 1617, 4 <ll6ol% <M.
LTBoo.oo L%H? L

Thus (4.15) with y =1 follows. Now suppose estimate (4.15) holds for y = N, we shall consider the
case N+ 1. We use Eq. (4.16) with y = N + 1, and similarly as obtaining (4.17), only by replacing 6(t)
with tN6(t) and m with m + Na, we have

[+ o) ”i{er(NH)a +[1D1% (¢¥+10 o) ”E”’"“NHW
SeM(WN A D [IDIE (0 0) 72 nere + N+ D00 2,60 2.2)
S eM(N+ 2D (1+ TN )Me ™M 4 (N + 1)) 1282 6o 2,)

S((N+ l)!)z(l + T2N+2)MEC(N+1)M’
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where in the second line we have used the following estimation (by repeatedly using the maximum
principle (2.1) N times)

INo @) HLW < NT”tN’le(t)HL?oLz <INV 60 2.

Thus the induction method ensures the estimate (4.15) for all y € Z*. Also notice that for y =0 the
inequality (4.15) is also satisfied. Hence we obtain estimate (4.15) for all y € N. For the general y > 0,
we set [y] <y <[y]+1, and use the interpolation inequality in Sobolev spaces to get

IR TR fretiwa) LEgiald jramie o

<Cy1+ 1) P (1) (1 4 727 )MeCr M,

.. . 3 2
Similar estimate holds for |||D|2 (tVQ(t))HL% ymvar

Therefore, we conclude Proposition 4.1. O
Now, we are devoted to building the blowup criterion.

Proof of Proposition 4.2. We first note that the equation has a natural blowup criterion: if T* < oo
then necessarily

101 Loo (o, [, Hm)y = 00.
Otherwise from the local result, the solution will continue over T*.

In the same way as obtaining the estimate (4.6), we get the similar result for the original equa-
tion

6@ )o@ |G dr.

t
[0@ [ + v [1D120() | 2 m < ColloolIFm + Cac /(”9(””2%
J ,

Thus the Gronwall inequality and the energy estimate leads to

10120 pm + V10160 32,71 my

T T
<coneon%,mexp{ca,vfne(t)”zg dt+ca,v/||e(t)||§l% dt}
0 ~ 0

T
2
< Collfollfm exp{ca.vfne(t)ugg dr+ca.v||oo||§z}.
o ,00

Furthermore, if T* < oo and the integral fOT* l6®)]?, dt < oo, then we directly have
BZ

00,00
Supoi<7+ 10(®)|lym < oo, and this contradicts the upper natural blowup criterion. Thus, if T* < oo,
we necessarily have the equality fOT* le®?. dt=o0.
B 2

On the other hand, from interpolation and the maximum principle (2.1), we obtain that for every
te[0, T*[
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lool,s slooly” ool

a
2
0,

1-¢

Slow =2 [Vem | S l6ollin? Voo | 2.

Hence if T* < 0o, we also necessarily need IOT* [VO®)|fs dt =00. O
5. Global existence

In this section, we use the modulus of continuity argument developed by Kiselev, Nazarov and Vol-
berg [18] to prove the global result. Throughout this section, we assume T* be the maximal existence
time of the solution in C([0, T*[, H™) N L2([0, T*{, H””%).

From Proposition 4.1, we know that there exists To > 0 such that for all t € [0, To],

te HQ(t) HHm+1 < Co, To, 6ol ym -

Let A > 0 be a real number which will be chosen later and T; €10, To[ (note that if 6y € Lip(R?), we
can choose T1 = 0), then we define the set

IT:={Te[Ty,T*[|VtelT1,TL, Vx,y eR%, x#y, |0(t,x) —0(t, y)| <wr(lx— yI)},

where o is a strict modulus of continuity also satisfying that w’(0) < oo, limy\,0 @” (1) = —oo and

i (1x = y1) = o(rlx — yl).

The explicit expression of @ will be shown later (i.e. (5.11) in the below).
We first show that the set Z is nonempty, that is, at least T; € Z. The proof is almost the same
with the one in [1]. We omit it here and only note that to fit our purpose A can be taken

013160 ]l1)
= — ——— “|\VO(T - 5.1
NS [vecnl, 1)

Thus 7 is an interval of the form [Ty, T,[, where T, :=supr.7 T. We have three possibilities:

(@) T, =T*,
(b) T, <T*and T, €Z,
(c) Ty, <T* and T, ¢ Z.

For case (a), we necessarily have T* = oo, since the Lipschitz norm of 6 does not blow up from
the definition of Z which contradicts with (4.1). This is our goal.

For case (b), we observe that this is just the case treated in [1] or [14] showing that it is impossi-
ble. The proof only needs small modification, so we omit it either. We just point out in this case the
smoothing effects will also be used, since we need the fact that | V20(T,)|| is finite.

Then our task is reduced to get rid of the case (c). We prove by contradiction. If the case (c) is
satisfied, then by the time continuity of 6, we necessarily get

0T, x) —O(Ts, y)I
sup =
X, yeR2, x£y wr(lx =y

We further have the following assertion (with its proof in Appendix A).
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Lemma 5.1. If T, < T* is the first time that the strict modulus of continuity w;, is lost (i.e. case (c)), then there
exists x, y € R?, x # y such that

O(Ts, X) —O(Tx, y) = wp(§), with§ :=|x—y|. (5.2)

Moreover, let £ = &:i," and v € S! be the unit vector perpendicular to ¢, we have

30 (Ts, X) = 300(Ts, y) = @5 (§),  3vO(Ts, %) =3y0(Ts, y) =0, (5.3)
where 9, = £ -V and 9, = v - V are the directional derivatives along ¢ and v respectively.

We shall show that this scenario (5.2) cannot happen, more precisely, we shall prove

f'(T.) <0, with f(t) :=0(t,x) —0(t, y).
This is impossible since we necessarily have f(t) < f(T,), for all 0 <t < T, from the definition
of 7.

We see that the modified quasi-geostrophic equation (1.1) can be defined in the classical sense
(from the smoothing effect), and thus

fI(T) = =[-VO)(Tw.x) — (- VO) (T, )|+ v[(—|DI¥6)(Ts, X) — (—|D|“6) (T, y)]
=A1+ Ay
with
u=|DI* 'R0 =R10 := (—Ry.20, Re.10)

where Ry ; are the modified Riesz transforms introduced in Section 3.
For the first term, A1, from (5.2), we find that

Ar = [(u(Th x) —u(Ty, ) - €]} (6)
=[(u(Tw, %) —u(Ts, ) - €A (AE).
Lemma 3.2 gives us a rough estimate as follows
|A1] < 2,.(E)ra (18) = 1% (2a') (1§),
where 2, (£) is defined from (3.2), i.e.,

& 00
2.6 = A ( [ an e [ 20 dn) =171 208). (5.4)
n n
&

o
0

For the second term, 4;, from Lemma 3.3 we get

Az SvAYT(AE),
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where

£
2

TE) = Bf 0 +2n) + o —29) ~206) | ]ow(zn FE) —wn —E) — 20()
£
2

rll+a n1+a dn.

0

Thus we obtain

f/(T) <2%(Rae +vT)(0E). (5.5)

Observe that when o € ]1,2[ and & is a large number, the integral from 0 to & in the expres-
sion of £ will produce much difficulty, roughly speaking, to ensure the right-hand side of (5.5) is
negative, we need that the contribution from this part w(§)w'(§) = c% with ¢ > 0 a fixed small
number, thus it seems impossible to construct an appropriate unbounded MOC. However, basically
following an idea from [20], we can further develop the contribution of the dissipative term and use
the additional dissipation to control this “bad” part of the nonlinearity, so that we can construct an
appropriate unbounded MOC to guarantee f’(T,) < 0. Meanwhile, when o =1 this method can also
slightly improve the MOC constructed in [18]. Precisely,

Lemma 5.2. Under the condition of Lemma 5.1 and for « € [1, 2[, we have
Ay SVAYT (AE) + VAT H(A8), (5.6)

where Y1 < 0 is a meaningful integral defined from 6 and w. Correspondingly, we can treat the drift term as
follows

|(u(Ts, ) — u(Ts, ) - €] < 2CTT2(06) (5.7)
with
2() =A<—srL(s> +é& / fffi dn +s—“+lw(s>>, (5.8)
&

where A is an absolute constant that may depend on o.

Remark 5.1. For the reader’s convenience, we give the explicit formula of T1. Set xp := (%, 0), yo:=
(—%,0), thus there exist a unique rotating transform p and a unique vector a € R? such that x =
pxo —a and y = pyo — a, where x, y € R? are two points stated in Lemma 5.1. Then we have

fo.a(m, 1)

— — dndu, 59
o — (p e 1M (5.9)

TiE) < —C /
B¢ (x0)
where B?I;E(XO) ={(n, w) eR?: |(n, w) — x0| <10, >0},

Fo.a, 1) :=202n) — O(Tu, 0, ) + (T, =1, 1) — O(Ts, 0, =) + O(Ts, =1, — 1) =0,

and 6(t,n, ) :=0(t, p- (n, ) —a). Notice that in the scenario described in Lemma 5.1, the expression
of T+ is meaningful for all « € [1, 2[.
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Proof of Lemma 5.2. This is a direct consequence of Lemmas 5.5 and 5.6 in [22] when « € ]1, 2[, and
they can simply extend to the case « =1. O

Hence when « € [1, 2[, based on Lemma 5.2, we also get
fI(T) <242 +vT +vTH)(28). (5.10)

Next we shall construct our special modulus of continuity in the spirit of [18]. Let 0 <y <8 <1
be two small positive numbers chosen later, and define the continuous function @ as follows!

=£—E1T ifO<ELS,
MOC a)/(é) Eyé , § (5.11)
') =g if¢ >4,
equivalently,
—g1+3 if0< &<,
cu@):{S e, MOSS (512)
§—38""2+Zlogy ifE>4.

Note that, for small §, the left derivative of w at § is about 1, while the right derivative equals % < }1.

So w is concave if § is small enough. Clearly, w(0) =0, »'(0) =1 and limy_.o+ ®”(17) = —o0, and @
is unbounded (it has the logarithmic growth at infinity).
Then our target is to show that, for this MOC w, when « €10, 1[

QE)W (E)+VY(E) <0 forallé >0, (5.13)

and when « €[1,2[

5(5)w’(§)+vT($)+vTL($) <0 forall& > 0. (5.14)
In the following we shall carefully check these two formulae.

Casel: When o €10, 1[.
Precisely, we shall check the following inequality

&
2

& 00
A|:/CO(TI) dn+§‘/w(n) dn:|w/(s)+v3/w(§+2ﬁ)+w(§—271)—20)(‘5) dn
0 H

na n1+a n1+a

0

dn <0 forall§& > 0.

+v3/w(2ﬂ+$)—w§2’7—$)—2w($)
r] +ao

§

2

We further divide it into two cases.

1 Note that when « € 10, 1[, we once adopted an equivalent expression that o/(£) =
this paper, and the formula like (5.11) (only « € ]0, 1[) also occurs in [19].

y . . .
T if £ > § in the first version of
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Casell: ¢ €]0,1[ and 0 < & <6.
Since #gw’(O):l for all n >0 and n < n* for n <8 <1, we have

£ &
/w(g)dngfw(n)d <t
n n
0 0
and
; ) 61 1 1
o 1-«o 11—«
dn< | —dn=— < —.
/n1+a"/n“"1—( A v
& 3
Furthermore,
v n) 1 %) T 1 1 2
w(n @ 14 )4
/nwd st e NS g T S g
5

if y <ad. Clearly @'(§) < @'(0) =1, so we get that the positive part is bounded by A& —=—
For the negative part, we have

a(l )’

§ &
2 2
w(§ +2n) + o€ —2n) —20(§) o (€)2n*
VB/ e dnng/de
0
— 2t g1-% < % ype1-$,
21— (2 — @) 2

But, clearly £§(A—~— %vBé‘%) < 0 on ]0, §] when § is small enough.

Ot(l o)

Casel.2: ¢ €]0,1[ and & > 6.
For n <& <1 we still use n* > n and for § < n <& we use w(n) < w(&), then

&
1-o
/“’n(;’)dn@ 28 (1 sy w@)( 4 & )
0

11—«

where the last inequality is due to 28 < w(8) <w(§) if § is small enough (i.e. § < (1 — g)2/"‘) Also

oo

]Ow(")dn=lw(5)+1/ Y 4 1w(f§)Jr 206
£

4pli+e UIS o & o2 5%-_04 o &
&

if ¥ < a?8 (thus y/2 < aw(£)) and § is small enough. Thus the positive term is bounded from above
by

2 1 e REGI: Ay w()
A”(g)(T(l ata )g ) O<Awaa a>(5+5)s a(—a) §
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For the negative part, we first observe that for & > §,
2
log2
wRE) =w@E) + | ' (Ndn=wE)+ —V < —w(S)
§
under the same assumptions on § and y as above. Also, taking advantage of the concavity we obtain

w2n+&)—w2n—§&) <w2¢) forall n > % Therefore

o o
w2n+§) —w@n—£§) —2w(§) w(§) 1 2% w(§)
vB/ T dng—vB—/ 1+ad77=_” —
n 2 n 2a &
“’(5)(2‘27 & - VBZ) <0 if y is small enough (i.e. y < minfa?s, YIZ2B2Z s1-ay)

Case II: When « € [1, 2].
Precisely, we shall check the following inequality

£
wé& +2n) +wE —-2n) —2w(§) d

[ EYHE) +E ““a)(s)+§/ ffi dn:|a)’(§)+v3/ ek

0

/a)(ZT]-FS)—C;giZ—S)—ZCU@) dn+vYiE) <0 foralle > 0.
&

We also further divide it into two cases.

Caselll: @ €[1,2[ and 0 < & < 4.
Since % @ (0) =1 for all >0 and —TL(&) >0, we have —£7L(€) < —871() and

£ (&) <£27% and

)

1 1 gl
/a)1(77) dn</—dn<{"“1g . aell,2,
J n“ log(8/8), a=1.
Further, integration by parts leads to

Tom . 1woo 1
om . 1o y
/n1+a dn_& sa +&/4r’a+] dn

8

11 y 1 1 .
< — <2—— <2679
sl 4a? 5 d

Clearly o'(£§) < w'(0) =1, so we get that the positive part is bounded by

A-STHE) +8277 A0, aell2],
A(=8TH(E) +£G +logy)). a=1.
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For the negative part, we have

4 ¢

2 2
— — /" 2
UB/w(E+27))+w§ia 2n) —2w(é) dnng/w (i)j'?
n n
0 0
_ a(2 +(X) 17% _ 17%
= UB421_Q(2_O{)5 < —3vB¢ .

But, clearly if § is chosen small enough, we find that for every & € 10, §]
1 2—«a 4 21
(—AS+V)T—(§)+& A ] —3vB&2 <0, aell,?2],
a —
)
(—AS + V)T ) +§<3A +A logg - 31)35_%> <0, a=1.

Casell.2: @ €[1,2[ and & > 4.
For the positive part we have

fom  1o@ 1[ y
/n1+a d’?—a go +oe 4po+l dn
& &

_le®) v 1 _ o)

To g a2 T g

where we have used the simple fact that y < % < w(8) < w(&). Thus the positive term is bounded
from above by

Y o Ay + Ay LS

A(=ETHE) +30E)E ) €)= A(—ETH(E) +3w(E)E™) pr2 o

For the negative part, in a similar way as treating the corresponding part in Case 1.2, we have

000)(2774‘5)—0)(277—5)—260(5) (&) [ VB w(§)
\)B! 77”“1 dng_VBTJn]+a dn<_7 EO‘ .
2 2

But, clearly (—Ay +v)T1(&) + %?(Ay — 28) <0if y is small enough.
Therefore both Cases I and Il yield f’(T,) < 0.
Finally, only case (a) occurs and we obtain T* = co. Moreover

[VO@®) |, <X, Vte[0, 00l

where the value of A ~ C||V8p||e€1?TDle is given by (5.1).
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Appendix A

A.l. The formula for Ry j f

Proof of Proposition 3.1. By applying the Fourier transformation to the operator Ry, j (a € 10, 2[),

we know that the symbol of Ry j is —igj/|§\2*°‘. Now we want to know the explicit formula of
F1(—i¢;/1¢1>7%). From the equality in the distributional sense

d X
—(+a-2) _ _ _ J
—axj |X] =—Mn+aoa—2)p.v. X

and the known formula that for every 0 <a <n (cf. [16])

2n7ann/2r(%)

—n-+a
o 11,

(IxI=) ") =

we directly have

. A 1 A
(P-V~ lxl),:]_,_a) @)= —m(axﬂxrnfaﬂ) )

— S (X7 ) " @)

nta-—
__ i PR e
n+a-2 (=2
2P g o

NCO T

A.2. A commutator estimate

The key to the proof of the uniform estimate is the following commutator estimate:
Lemma A.1. Let v be a divergence-free vector field over R". For every q € N, denote

Fq(v, ) :==Sq41v - VAqgf — Aq(v - V).

Then for every B € 10, 1[, there exists a positive constant C such that

27| Fo(v, )] o <ClIvIgs, ( D 2 Ag fllp 4+ Y 207D0R ||Aqrf||Lz), (A1)

q'<q+4 q'2q—4

especially, in the case n =2 and v = |D|*""RL f (a € 10, 2[), we further have for every g € Jmax{0, o —
1}, 1[and everyqe N
279 Fo(v, )] 2 < CIFIl ngc( > 2P Ay flla+ Y ||Aqff||Lz)- (A2)

q2q-4 lg'—ql<4

Moreover, when 8 =0, o € 10, 1[, (A.1) and (A.2) hold if we replace ||V||B;, . by [|VV]| .
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Proof. Using Bony decomposition, we decompose Fq(v, f) into Z?:] FfI(v, f) (cf. [13]), where

Fov, /)= (Squ1v —=v)-VAqf,  Fi(v,f)=[A_1v,Aq]- V],
FRv.f)=) [Sq—1V.Agl-VAgf,  Fqv.f)= > Ag¥ VASgiaf.

q'eN q>-1

Faw. f)==Y Ag(AgV -VSq_1f).  F§wv.f)=— ) leAq(Aq/v > Agai >

q'eN g>-1 ie{+1,0}

where [A, B] := AB — BA denotes the commutator operator and Vv := v — A_;v denotes the high
frequency part of v.

For F;, from the divergence-free property of v we directly obtain that when 1 — 8 >0

Z_QﬁIIFL}(v,f)HLzS Z 20-BYa=0220' =B A v || [ Ag 2
q'>2q+1

<||Vl41-p ||A .
S “Blo_ﬁc” afll2

For Fg, since Fg(v, H= Zlq_q‘gl[Aqv, Aql- VAy f, then from the expression formula of Ag and
mean value theorem, we get that when g > 0

2P|, ] S27%279 VA vl Y 27 Ag fll

lg'—ql<1
L
S Y0 2PIDIPA| e D A fl
—ooj<—1 lg'—qI<1
Svlgs Do 1Agfle.

lg’—ql<1

For F3, similarly as estimating FZ, we infer

2P R, D) S27% DT 27VSg V2 [ Ag fl2
lq'—ql<4

S Y > 29D A Y]l Ag il

lg'—ql<4q"<q' -2

Sviligi-s 1Aq fllg2-
BOOOO

lg'—q|<4

For F7 and F?, from the spectral property and the fact 200=P) || Ag V|| 2 | A ID|'P¥ |0, we have

PR e S Y 20D B AT Ag iz S IV l1s 180 N2,
a>q-2 '

PR D)2 S27% YT 27Ag VI Y] 27 A fll

lg'—ql<4 q"<q'-2

"
SWligis > 27N flz.

q"<q+2
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Besides, for Fg’ when v = |D|*"1RL f, we alternatively have the following improvement that when
B>a—1

2P, N <27 Y |Aagld— A DIDI*TREF] 21V Sg—1 i

l’—ql<4
—1— !l B
S Y Iagfle Y 29RO DI P A f]
lg'—ql<4 —00xq”<q' -2
< .ol — !
SUflger Do 18g 2.
lg'—qi<4

Finally, for Fg we easily have

2PN, NS Y] 20D EP AN Y 1 Ag4iflle
q'>q-3 ie{£1,0}

SWvligis Yo 29000 Pjag £,
T g'>q-4

Combining the above estimates appropriately yields the inequalities (A.1) and (A.2). O
A.3. Proof of Lemma 5.1

Proof of Lemma 5.1. Set C’ := w~1(3||6p|| 1), then from the maximum principle (2.1), we get
, 2
AMx—y|=C = |0(Te.%) —0(Ts. y)| < 3o (Ix=yl). (A3)
Since Vé(t) € C([T1, T*[, H"(R?)), then for every € > 0, there exists R > 0 such that

”VQ(T*)”LOO(]RZ\BR) < Cof VQ(T*)HH’”(RZ\BR) <€

where By is a ball centered at the origin with the radius R and R? \ By is its complement. Thus for
every x, y (x# y) satisfying that A|x — y| < C’ and x or y belongs to R? \ Brycryn, We get

|0(T*7 X) - Q(T*, J’)| g ||VQ(T*)“L°°(R2\BR)|X - yl g 6|X - yl
Taking advantage of the following inequality from the concavity of w

w(C)
c’

Mx =yl < w(Ix=yl).

we can take € small enough such that € < %%C,/)A to obtain

1
Mx—yl<C,  xoryeR*\By o = [0(Te0—0Ty)| < or(x=y).  (A4)

Now it remains to consider the case when x,y € B Rl From the smoothing effect, we know
IV20(T) || < oo, thus we have (cf. [18])
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[ve(T. < A/ (0).

)“LOC(BR+CT,)

Let 8’ « 1 small enough, then we see

w(8)
6/

/
HQ(T*)”LOO(BR o) S )‘(1 -8 )
vy
Thus for every x, y (x# y) satisfying that A|x — y| <&’ and both x, y belongs to B¢/, we have

|0(Ts, X) = 6(T, y)| < HV@(T*)HWBR Xl
R

(8

8/

< (1 —8’)

M= y1 < (1= 8w (1x - y1). (A5)

We set

c’ 8
2= {(x,w e R x R%: max{|x|, [y} SR+ -, Ix—y| > K}’

then from the above results we necessarily have

10(Tx, %) = 0(Ty, y)I 10(Ts, x) —0(Tx, y)I
1=sup = su .
Xy wy (|x = y1) x,y)eR wy(|x = y1)

Thus the conclusion follows from the compactness of 2.
For (5.3), it is from a direct computation under the scenario (5.2) (cf. Proposition 2.4 in [20]). O

References

[1] H. Abidi, T. Hmidi, On the global well-posedness of the critical quasi-geostrophic equation, SIAM ]. Math. Anal. 40 (2008)
167-185.
[2] L. Caffarelli, V. Vasseur, Drift diffusion equations with fractional diffusion and the quasi-geostrophic equations, Ann. of
Math. 171 (3) (2010) 1903-1930.
[3] D. Chae, P. Constantin, J. Wu, Inviscid models generalizing the 2D Euler and the surface quasi-geostrophic equations, Arch.
Ration. Mech. Anal., doi:10.1007/s00205-011-0411-5, in press.
[4] D. Chae, P. Constantin, J. Wu, Dissipative models generalizing the 2D Navier-Stokes and the surface quasi-geostrophic
equations, arXiv:1011.0171v1 [math.AP].
[5] D. Chae, P. Constantin, D. Cérdoba, F. Gancedo, J. Wu, Generalized surface quasi-geostrophic equations with singular veloc-
ities, arXiv:1101.3537v1 [math.AP].
[6] J.-Y. Chemin, Perfect Incompressible Fluids, Clarendon Press, Oxford, 1998.
[7] Q. Chen, C. Miao, Z. Zhang, A new Bernstein’s inequality and the 2D dissipative quasi-geostrophic equation, Comm. Math.
Phys. 271 (2007) 821-838.
[8] P. Constantin, AJ. Majda, E. Tabak, Formation of strong fronts in the 2-D quasigeostrophic thermal active scalar, Nonlinear-
ity 7 (1994) 1495-1533.
[9] P. Constantin, ]. Wu, Behavior of solutions of 2D quasi-geostrophic equations, SIAM ]. Math. Anal. 30 (1999) 937-948.
[10] P. Constantin, D. Cordoba, J. Wu, On the critical dissipative quasi-geostrophic equation, J. Indiana Univ. Math. 50 (2001)
97-107.
[11] P. Constantin, G. Iyer, J. Wu, Global regularity for a modified critical dissipative quasi-geostrophic equation, Indiana Univ.
Math. J. 57 (2008) 2681-2692.
[12] A. Cérdoba, D. Cérdoba, A maximum principle applied to the quasi-geostrophic equations, Comm. Math. Phys. 249 (2004)
511-528.
[13] R. Danchin, M. Paicu, Global existence results for the anisotropic Boussinesq system in dimension two, arXiv:0809.4984
[math.AP].
[14] H. Dong, D. Du, Global well-posedness and a decay estimate for the critical dissipative quasi-geostrophic equation in the
whole space, Discrete Contin. Dyn. Syst. 21 (4) (2008) 1095-1101.


http://dx.doi.org/10.1007/s00205-011-0411-5

818 C. Miao, L. Xue / J. Differential Equations 252 (2012) 792-818

[15] H. Dong, Dissipative quasi-geostrophic equations in critical Sobolev spaces: smoothing effect and global well-posedness,
Discrete Contin. Dyn. Syst. 26 (4) (2010) 1197-1211.

[16] J. Duoandikoetxea, Fourier Analysis, translated and revised by D. Cruz-Uribe, Grad. Stud. Math., vol. 29, Amer. Math. Soc.,
Providence, RI, 2001.

[17] S. Friedlander, V. Vicol, Global well-posedness for an advection-diffusion equation arising in magneto-geostrophic dynam-
ics, Ann. Inst. H. Poincaré Anal. Non Linéaire 28 (2) (2011) 283-301.

[18] A. Kiselev, F. Nazarov, A. Volberg, Global well-posedness for the critical 2D dissipative quasi-geostrophic equation, Invent.
Math. 167 (2007) 445-453.

[19] A. Kiselev, Regularity and blow up for active scalars, Math. Model. Nat. Phenom. 5 (2010) 225-255.

[20] A. Kiselev, Nonlocal maximum principle for active scalars, Adv. Math. 227 (5) (2011) 1806-1826.

[21] R. May, Global well-posedness for a modified 2D dissipative quasi-geostrophic equation with initial data in the critical
Sobolev space H', J. Differential Equations 250 (1) (2011) 320-339.

[22] C. Miao, L. Xue, On the regularity of a class of generalized quasi-geostrophic equations, ]. Differential Equations 251 (10)
(2011) 2789-2821.

[23] J. Wu, Global solutions of the 2D dissipative quasi-geostrophic equation in Besov spaces, SIAM ]. Math. Anal. 36 (2004)
1014-1030.

[24] X. Yu, Remarks on the global regularity for the super-critical 2D dissipative quasi-geostrophic equation, J. Math. Anal. Appl.
339 (2008) 359-371.



	Global well-posedness for a modiﬁed critical dissipative quasi-geostrophic equation
	1 Introduction
	2 Preliminaries
	3 Moduli of continuity
	4 Local existence and blowup criterion
	5 Global existence
	Acknowledgments
	A.1 The formula for Rα,jf

	A.2 A commutator estimate
	A.3 Proof of Lemma 5.1
	References

