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1. Introduction

We address in this paper the following 2D generalized quasi-geostrophic equation (the so-called
o turbulence model, cf. [12])

{at9+u-v9+vAﬂ9:0, (1)
u=A"RL0, 6(0,x) =6 (), '
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where « €10, 1[, 8 €10, 2] and v > 0. The operator A? := (—A)g is defined via the Fourier transform

APF(¢) = ¢ F(¢), and R := (~Ra. R1) = A~ 1(35, —y) are the usual Riesz transforms.
Eqg. (1.1) may be termed as the active scalar evolution equation in general. Here, we say the func-
tion 6(t, x) is an active scalar if it satisfies

¥ +u-Vo+vAPo =0,  6(0,x)=6(x), (12)

where 8 € [0, 2] and u is defined by 6 in some way. When o =0 in (1.1), it corresponds to the more
well-known active scalar equation, the quasi-geostrophic equation, which arises from the geostrophic
study of the strongly rotating flows (cf. [4]). When o =1 and g = 2, although the flow term in (1.1)
vanishes, we can still view another active scalar equation, the magnetogeostrophic equation intro-
duced in [10], as a meaningful generalization of this endpoint case, where the divergence-free three-
dimensional velocity u satisfies u = M[0] with M a nonlocal differential operator of order 1. When
o €]-1,0[, it is just the modified quasi-geostrophic equation introduced in [7] by Constantin, lyer
and Wu.
Eq. (1.1) has the scaling invariance, i.e., if 6(t, x) is a solution of (1.1), then

0.(t,x) = AP~ (WPr, ax), A >0,

is also a solution. Thus according to the L°° maximum principle (cf. [8]), wesay B>a +1, B=a +1
and B8 <« + 1 are the subcritical, critical and supercritical cases, respectively. Note that when o =0,
it just corresponds to the classification of the classical quasi-geostrophic equation.

Compared with the quasi-geostrophic equation, the generalized quasi-geostrophic equation (1.1)
only has an additional operator A% in u; but this positive derivative operator will always produce
much difficulty, so that many results cannot (at least directly) extend to (1.1). Before further pro-
ceeding, we first recall some noticeable results about quasi-geostrophic equation. It has been known
since [18] that the quasi-geostrophic equation has the global weak solutions for all cases g € ]0, 2]
(even the inviscid case) and the global smooth solution associated with suitable initial data for the
subcritical case 8 > 1. See [5,21] for another global results related to the subcritical case. For the
critical case 8 =1, Constantin et al. in [3] showed the global well-posedness of the classical solu-
tion under the condition that the zero-dimensional L* norm of the data is small. This smallness
assumption was removed by Kiselev et al. in [14], where they obtained the global well-posedness for
the arbitrary periodic smooth data by using a new method called as the nonlocal maximum prin-
ciple method. Almost at the same time and from another totally different direction, Caffarelli and
Vasseur [1] resolved the problem to establish the global regularity of weak solutions by deeply ex-
ploiting the DeGiorgi iterative method. See [13] for a third but also quite different proof of the global
regularity issue. For the supercritical case 8 < 1, although the problem that whether the equation has
global regularity or not is still open, some partial results have been proved. Local well-posedness for
arbitrary initial data and global well-posedness under a smallness condition have been considered by
many authors (cf. [2,11,22] and references therein). From the direction of weak solutions, Constantin
and Wu in [6] showed a regularity criterion in terms of the Holder continuous solutions. Based on the
criterion and considering the eventual regularity issue, Silvestre in [19] proved that for some 8 < 1/2
but sufficiently close to 1/2, the weak solutions become regular after a finite time; and then Kiselev
in [15] developed the nonlocal maximum principle method to show the eventual regularity for all the
supercritical range 8 € 10, 1[, see also [9] for another proof by developing the method of [13].

Eq. (1.1) with general o in u was firstly introduced in [7], where Constantin et al. considered the
critical case « € ]-1,0[ and 8 =« + 1 and they showed the global regularity of the weak solutions
by applying Caffarelli-Vasseur’s method. Then the authors in [17] treated the whole critical case o €
]-1,1[ and B =« + 1 by using the method of [14]: for the case « € ]—1, 0[, global well-posedness of
the smooth solution was proved; while for the case « € ]0, 1[, global well-posedness of the smooth
solution was obtained under the condition of small L initial data. For the supercritical range « €
1-1,0[ and B €]0, o + 1[, Kiselev in [15] also showed the eventual regularity of the weak solution.
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In this article we focus on the regularity issue of the generalized quasi-geostrophic equation (1.1).
Since (1.1) is more singular than the classical quasi-geostrophic equation, we cannot expect to obtain
better regularity results than the corresponding results in the quasi-geostrophic equation. In fact, we
here prove the global regularity for all the subcritical case, the local and eventual regularity for the
case o €10, 1[, B € |2, o + 1]. First for the subcritical case, we precisely have

Theorem 1.1. Let v > 0, o € 10, 1[, B € ] + 1, 2] and the initial data 6o € H™, m > 2, then there exists a
unique global solution

6 € C([0, oo[; H™) N L (10, ool; H™#/2) 0 C™(10, o[ x R?)

loc

to the generalized quasi-geostrophic equation (1.1).

For the critical and supercritical cases, we need to introduce the notion of weak solution. Based
on Theorem 1.1, it will be convenient to consider the following system with additional viscosity

) By _ _
{at9+u VO +vAPO —eAO =0, (13)

U= AR, 6(0,x) = 0(x).

Note that if the regularity of 6y is very low (e.g. y € L?), we can replace 6y(x) by the mollified data
Ye * 0p(x). Then passing to the limit € — 0, we can get a weak solution for an appropriate range of
o, B (see Proposition A.3 in Appendix A). Then our main result is the following.

Theorem 1.2. Let v > 0, « €10, 1[, B € 12«, @ + 1] and 6 € H™ with m > 2. Let §(t, x) be the weak solution
of (1.1) obtained by taking the limit € — 0 of the corresponding smooth solution of (1.3). Then there exist
0 < T1 < T < oo which depend only on v, o, 8 and 6y such that

0 €C®(10, T1[ x R?) N C™®(]T2, oo x R?).

The local part of Theorem 1.1 and Theorem 1.2 corresponds to Proposition A.1 in Appendix A, and
the global existence issue of the weak solution is considered in Proposition A.3. We use the newly
developed method from [14,15] to treat the global part of Theorem 1.1 and the eventual regularity
part of Theorem 1.2. For the purpose, we first state the general criterion leading to the nonlocal max-
imum principles for the whole space active scalars in Section 3; then we apply the general criterion
to show the remaining parts of Theorem 1.1 and 1.2 in Section 4 and Section 5 respectively.

Remark 1.1. In the global part of Theorem 1.1, we use the nonlocal maximum principle method to
show the Lipschitz norm of the solution is uniformly bounded for all the existence time, then com-
bining with the blowup criterion (A.1) leads to the global result. This is not a usual treatment and it
seems not clear whether we can apply the classical methods (e.g. in [5,21]) to (1.1). In the eventual
regularity part of Theorem 1.2, similarly as in [15,9,19], we base on the regularity criterion Propo-
sition 5.1, and the regularization mechanism to prove eventual regularity is different from the usual
way, which is by combining a global regularity result for small data with a decay of some norm of the
weak solution. Rather, as Kiselev in [15] says, “the picture is that of regularization cascade spreading
from large to small scales”.

Remark 1.2. Proposition 5.1 indeed implies the regularity criterion of the Hoélder continuous weak
solutions for the critical and some supercritical equation (1.1). We note that in the critical case of (1.1),
the criterion calls for that the regularity index o > /2 with « € ]0, 1[, which is essentially stronger
than the criterion of the critical quasi-geostrophic equation. Thus if we rely on this criterion, it will be
not sufficient to obtain the global regularity of the critical gQG equation (1.1) by applying the method
of Caffarelli and Vasseur [1].
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Remark 1.3. The restriction 8 > 2« in Theorem 1.2 is from Proposition A.1 and Proposition A.3. While
in the proof of eventual regularity, under the condition 8 > « is already enough to show the uniform
in € eventual C? (o > 1) regularity for the solution of (1.3).

Remark 1.4. After this article is completed, the authors revisit the critical case of (1.1), and by applying
the refined estimates in this paper, especially Lemma 5.5 and 5.6 in the sequel, we can improve the
modulus of continuity method in [14] to show the global well-posedness. This can be seen in the
newest version of [17].

2. Preliminaries

In this preparatory section, we present the definitions and some related results of the Sobolev
spaces, Holder space and Besov spaces, also we provide some important estimates which will be used
later.

We begin with introducing some notations.

¢ Throughout this paper, C stands for a constant which may be different from line to line. We
sometimes use A < B instead of A < CB, and use A Sg .. B instead of A < C(8,y,...)B, with
C(B,y,...) a constant depending on S, y,.... For A~ B we mean A < B < A.

o Denote by S(R") the Schwartz space of rapidly decreasing smooth functions, by S’'(R") the
space of tempered distributions, by S'(R")/P(R") the quotient space of tempered distributions up to
polynomials.

o Ff or f denotes the Fourier transform, that is Ff(¢) = f({) = [n € ¢ f(x) dx, while F~' f
the inverse Fourier transform, namely, 71 f(x) = 2m)™" f]R" e* f(r)de.

o Denote by B:(x) the ball in R" centered at x with radius r. We abbreviate it by By, if the center
is the origin. Denote by B¢(x) the complement set of B;(x) in R".

Now we give the definition of (L?-based) Sobolev space and Hélder space. For s € R, the inhomo-
geneous Sobolev space

H = {f eS'(R"); [IflI3s == /(1 +1eP)|F@)) de < oo}.
Rn

Also one can define the corresponding homogeneous space:
. - 2
H® = {f e S'(R")/P(R"); IIf1I% :=/|§|25\f(<:)\ d¢ < oo}.
Rl’l

For & €10, 1[, the Holder space C? is the set of the tempered distribution f such that

Lf&) = fWI
—_—<

I flles :== Nl fllLee + sup
¢ X£Yy [x—yl®

To define Besov space we need the following dyadic partition of unity. Choose two nonnegative
radial functions y, ¢ € D(R") to be supported respectively in the ball { € R": || < %} and the shell

{t eR™ 2 <71 <3} such that

X@O+Y 9@77r)=1, veeR: Y g(270¢)=1, Vr#£0.

j=0 JEZ

For all f € 8’'(R™), we define the nonhomogeneous Littlewood-Paley operators
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Afi=xDVf; Ajf:=¢@7D)f,  Sifi= Y Af, VijeN

—1<k<j—1

And the homogeneous Littlewood-Paley operators can be defined as follows

Ajf=9(277D)f;  Sif= Y Af. Vi€l

keZ,k<j—1

Now we introduce the definition of Besov spaces. Let (p,r) € [1, 00]?, s € R, the nonhomogeneous
Besov space

By = {f €S (R"): Iflsy, = [{2"14)fller} 5]y < o0}
and the homogeneous space
By, = {fes'®RY)/PR"); ”f”l?f,,r = H{ZjS”Ajf”LP }jeZ ”er(Z) < oo}.

We point out that for all s € R, B2 ,=H*and B% , = HS.

The classical space-time Besov space L° ([0, T], Bp’r), abbreviated by L’T)BfJ - is the set of tempered
distribution f such that

”f”L‘T)Bi,f = H{ZjS”Ajf”LP}j)q lerl oo,y <

We can similarly extend to the homogeneous one Lp BS
Bernstein’s inequality is fundamental in the analy51s mvolvmg Besov spaces (see [16]).

Lemma 2.1. Let f € L% 1 < a < b < oo. Then for every (k, q) € N? there exists a constant C > 0 such that
1_1
sup [0 Sq |5 < C29H @BV £,
loe|=k
C12%) flle < sup 9% Ag f | o < C2%| f 1o
|la|=k

Next we state the maximum principle for the transport-diffusion equation (cf. [8]).

Proposition 2.2. Let u be a smooth divergence-free vector field and f be a smooth function. Assume that 6 is
the smooth solution of the following equation

%0 +u-vo+vaPo=f,  divu=0,

with initial datum 6y and v > 0, 0 < 8 < 2, then for every p € [1, co] we have

t
16®], < Nollr + / 1£ (o], dr. (21)
0

Finally we concern a uniform decay estimate of the global smooth solution of (1.3).
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Lemma 2.3. Let @ € ]0, 1[, B €10, 2] and 6(t, x) be the global smooth solution of the equation
¥ +u-VO+vAPO —eA0=0, u=A%RY0,  6(0,x) =6(x),
with initial data 6y € H™, m > 2. Then we have the decay estimate

[
(1+ CtllGollf /160115, 178

l6@] <

where C is an absolute constant independent of the value of €.

The proof is quite similar to the proof of Theorem 4.1 and Corollary 4.2 in [8], thus we omit it.
3. The modulus of continuity and the general criterion

Motivated by [15], in this section we state a general conditional criterion leading to the nonlocal
maximum principles for the whole space active scalars. Here we call the function 6(t, x) whole space
active scalar if the space variable of the active scalar 6(t, x) is over the whole space R".

We begin with introducing some terminology (cf. [15]).

Definition 3.1. A function w : ]0, co[ — 10, oo[ is called a modulus of continuity (MOC) if w is con-
tinuous on ]0, ool, increasing, concave, and piecewise C? with one-sided derivatives defined at every
point in 10, oo[ (maybe infinite at & = 0). We call that a function f:R" — R obeys the modulus of
continuity w if | f(x) — f(¥)| < w(|]x — y|) for every x # y € R".

Notice that from the definition, the inverse function of w(¢) is uniquely determined, and denote
it by w=1(y). Clearly w(w='(y)) =y for all @~ 1(y) < o0, 0~ (w(£)) =&, and w~'(y) is continuous,
increasing and convex. If we consider the time-dependent MOC w(t, &), we shall denote w~1(t, y) as
its inverse function correspondingly.

Then the main result in this section is as follows.

Proposition 3.1. Let 6(t, x) be a smooth solution of the following whole space active scalar equation

¥O+u-VO+vAPO —eAO =0, 6(0,%x) =6(x), xeR", (3.1)

with € >0, v > 0, 8 €]0,2], and 6 having a suitable spacial decay property (i.e. ||V9(f)||u;°(3§) — 0as
R — oo for every t > 0). Assume that:

(1) forevery t > 0, w(t, £) is a modulus of continuity and satisfies w ™1 (t, % [16oll) < oo with some fixed
number 81 € [%, 1[;

(2) for every fixed point £, w(t, &) is piecewise C! in time variable with one-sided derivatives defined at all
points, and that for all & near infinity, w(t, &) is continuous in t uniformly in & (i.e. 3M a large positive
number, s.t. |w(t +h, &) — w(t, &)| < € for all ¢ > M with h depending only on M, t, €);

(3) w(t,0+4) and d:w(t, 0+) is continuous in t with values in R, and that one of the three conditions below
is satisfied:

(a) foreveryt >0, w(t,0+) > 0,
(b) foreveryt >0, w(t, 04) =0, dz(t, 04) = o0,
(c) foreveryt >0, w(t,04+) =0, d:w(t, 04) < 00, dggw(t, 04) = —o0.
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Let the initial data 69(x) obey w(0, &) := wo(&), then 6(T, x) obeys the modulus of continuity w(T, &)
provided that w(t, &) satisfies

drw(t, &) > 2(t,E)sw(t, &) +vTp(t, &) + 20z 0(t, §), (3.2)

forall0 <t < T and & > 0 such that w(t, &) < 2||0(t, -)||~, and where $2(t, §) is from the bound that for
every x € R" and every unit vector e € R",

|(u(t, x+&e) —u(t,x) -e| < Q(t, &), (3.3)
and Yg(t, &) is (usually) given by

&
2
E+2 ,E—2n) - 2w(t,
Tﬁ(t,$)=c:ﬁ/w(t it n)+w)§tlfﬁ n) = 20(t.5) dn

(3.4)

0
7 2 - 2n—E)—2
+Cﬂ/w(t, n+§) w7(7tl,+ﬂn £) w(t,S)dny
3
2

with cg an absolute constant depending only on 8 and n. In (3.2), at the points where d;w(t, &) (dsw(t, §))
does not exist, the smaller (larger) value of the one-sided derivative should be taken.

Proof. We proceed by contradiction. Suppose that 6(t, x) no longer obeys w(t, £) for some t > 0, then
we claim that there must exist T, > 0 and two fixed points x # y € R" such that 6(t, x) obeys w(t, &)
for every t < T, while

(T, %) = 0(T, §) = &(Tx, |X — J1). (3.5)

Indeed, denote

T.:=sup{T €[0,00[; Vt <T, 6(t, x) obeys w(t,£)} (3.6)

in other words, T, is the minimal time that 6(t,x) no longer obeys w(t, ). Clearly, we see that
0Ty, x) —0(T4,y) < @(Ty, |x — y|) for all x, y € R", otherwise from the time continuity property we
shall get a contradiction (cf. [15]). Then for all x # y € R", set

o(t,x) —of(t,
F(t.x, y) = 120X =0 )]

w(t, [x—yI)
Clearly F(T,,x,y) <1, and we assume that F(T,, x, y) <1 for all x # y, otherwise the claim is proved.
However, we shall prove that there exists some small h > 0 such that F(t,x, y) <1 for all x, y € R",
x#y and t € [T, Ty + h], which contradicts with the definition of T,.

First, denote Co(t) := w1 (t, %||90||Loo) with some 81 € [2/3, 1[. When |x — y| > Co(T,), we have

20160l = 810(T+, Co(Tx)) < S10(Ts, [x — y1).

From the uniform continuity property of w(t, £), there exist a small h; > 0 depending only on M, T,
Co(T4), 81 such that for all |x — y| > Co(T,) and t € [Ty, Ty« + h1]
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51 +1
|66, %) —6(t, )| <2[60ll~ < =

w(t, 1x—yl). (3.7)

Since 6 is smooth and has a spacial decay property, then for every € > 0, there exist hy, R(T4) > 0
depending on €, T, such that for every t € [Ty, Ty + ha] we have

e
Ivew® “LOO(B;(T*)) < VQ(T*)“LOO(B%(T*)) T3 SE.

Hence for all |x— y| < Co(T,) and x or y belonging to B%(T*HCO(T*), we have for every t € [Ty, Ty +h3]

’9(t5x) _g(ts }’)‘ < Hvo(t)HLw(B%(r ))lx_y| <g|x_.V|

o, Co(Ty))

I |x — y| < w(t, |x — yl), thus it only needs to

Note that from the concavity of w(t, -), we get

1 w(t.Co(Ts

choose € < 3 CotT) ) 5o that

66, %) — 6, )| < A/20(t, x - y]). (3.8)

Next it suffices to consider x, y € Br(r,)+co(T,)- In a similar way as treating the corresponding part
in [15], we get that there exist «,h3 > 0, o <1 such that for all x, y € Br(t,)+co(T.), XF# ¥, x— Y| <«
and t € [Ty, Ty + h3]

Et.x,y) <p.

Then it remains to consider the continuous function F(t, x, y) on the compact set

K:={(x y) € R" x R" max{|x], |yl} < R(T.) + Co(T). Ix—y| >k}.

From F(T4,x,y) <1 on K and the continuity in time of F, there exists a small number hg > 0 such
that the strict inequality holds for every t € [Ty, T, + h4] and (x, y) € K. Let h := min{hq, hy, h3, hs},
then F(t,x,y) <1 for all t € [T, T« + h] and x,y € R", x # y, contradicting the definition of T,.
Therefore, there have to exist two fixed points x, y (in fact in /) such that (3.5) holds.

Now in this breakdown scenario, we shall use the equation and calculate the time derivative of
6(t,x) —6(t,y) at time t = T,. Indeed, since 6 is smooth, from (3.1) we have

(0, %) =0, 0)|,_y = —W-VIO(Ts, ) + - V)O(T4, )

—vAPO(T,, %)+ vAPO(T,, V) + € AO(T,, X) — € AO(T, ).

Denote £ = |x — J|, £ = ﬁ and by v the arbitrary unit vector orthogonal to ¢. Then almost parallel
to Proposition 2.4 in [15] we get

90 (T, X) = 040/(T. §) = 0z (&), 30e0(Ty, X) < 0z (T4, €), 3e0(Ty, §) > — gz (Ty, £);
BVQ(T*, )7) = ave(T*s 5’) = 0, avve(T*J?) - avve(T*, }_/) < 0.

So we have

|- V)O(Ts, %) — (- V)O(Ts, §)| = | (u(Ts, X) — (T4, §)) - €] 0 (T, ) < 2(Ts, )z (T, §);
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and

€AO(T,,X) — €AO(Ty, §) < 2€0g:0(Ty, §). (3.9)
And the contribution of the dissipative term can be estimated as (cf. [17,14])

—VAPO(T,, %) +vAPO(T,, §) < VT5(Ts, ). (3.10)
Note that in the proof of (3.10), there is not much difference between the case f =2 and the other
case f8 €10, 2[, only observing that limy_,q # Gx(1) = limy_.o %We"’z/(‘“” < Cn]—3; thus (3.10) also

offers another estimation of the LHS of (3.9).
Hence, based on the above analysis, we have

_ QT DT ) + V(T ) +2€0:c0(T ) — (T, §)
=T, (Ty, §) '

3 (9(&?_()—9(& 5’))
o(t,§)

From (3.2), the RHS of the above inequality is strictly negative, which clearly yields a contradiction
with the choice of T,. O

4. Global well-posedness for « € 10, 1[and 8 € Ja + 1, 2]

From Proposition A.1 in Appendix A, we assume that T* is the maximal existence time of the solu-
tion of (1.1) in C([0, T*[, H™) N L2([0, T*{, Hm+§). We shall apply the general criterion Proposition 3.1
to show that some appropriate moduli of continuity are persisted, which implies that the Lipschitz
norm of the solution is bounded uniformly in time. Of course, this combined with (A.1) further leads
to T* = o0.

In fact, from the scaling transformation of (1.1), we shall find some stationary MOC

Wy (&) =2 1p(nE), A €10, 00], (4.1)

satisfying condition (c¢) and (,();1(3”90”Loc) < o0.
With no loss of generality, we assume that there is a fixed constant cp > 0 such that
limg _, o @(£) > o, that is @~ 1(cp) < oo. Then we can choose some A € 10, oo such that

31160l
Co

a1 , (4.2)

and from w; '(y) = %w—l(#), we get @; ' (3]|6pllL) < 0o. Now we check the condition that 6 (x)

obeys w; (§) for appropriate A. First, from (4.2), we know that for every x,y such that A|x — y| >
—i
™" (Co)

2 4 2
|60(0) — Bo()| < 20160l < gxﬁ e < 3@ (Ix=y1). (43)
Second, using the mean value theorem, we have

|60(x) — 60 (y)| < Vol X = y.

Let 0 < 8¢ < w™1(co). Due to the concavity of w, we infer that for every x, y such that A|x — y| < 8o,
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)»ﬁ_a_lw(50)<wx(l?<—,\’|)
8o S oAlx—yl

Thus by choosing A such that

_ do
e s W” Voo, (4.4)

we get that for every x, y satisfying x # y and A|x — y| < o,
00(x) — Bo(V)| < wr(I1x — y1). (4.5)

Finally, we consider the case 8o < Alx — y| < @~ 1(co). Notice that |6p(x) — 6o (¥)| < @uveon Lo
and A#~2~14(8p) < wi(|x — y|). Thus by choosing A satisfying

)\',370[ > w_1 (CO)

YT 4.6
©00) V6ollL (4.6)

we obtain that for every x, y satisfying 8o < A|x — y| < w~'(co),

|60(x) — 60(y)| < @ (Ix—yl). (4.7)

Hence, to fit our purpose, we can pick

416 =
o0 =1 ™ (C
/\=max{<m> ,Jnveonpo], (4.8)
Co 60 Lo
and 8o = =" ().

Then it remains to check (3.2) for some MOC w; (¢§) with A given by (4.8). For the contribution

of the nonlinear term, from Lemma 3.2 in [17], we know: if 6(t,x) obeys w(£), then u = A*R19
satisfies that for every x, y € R?

Jue, %) —u(t, )| < 1), withé = |x— yl, (49)

where

2+oz

21(6) 1=y ( f iyl

0

w(") ) (410)

with ¢y an absolute constant. Thus for such w; (§) given by (4.1), correspondingly, by changing of
variable we get

rzu@:ca< / AUV f AU >=Aﬁ191<xs). (411)

0

While for the dissipative term, from (3.4), we see
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4
2

2 —2n)—2
Tﬂ(é)zcﬂ<fw@+ n)ﬂzgiﬂ & w@)dn
0
Jrmsmesny

3
2
thus for w; (¢), we have

V5. (6) =22~ 11p(08).

Then (3.2) reduces to

21,5 (§) +vYp,(8) <0, forallé >0,

equivalently,

A2§-o¢—1(91w/ + vTﬁ)(AS) <0, forallé >0.

Next, we shall construct a suitable modulus of continuity in the spirit of [14]. Choose two small
positive numbers 0 <y <48 < 1 and define the continuous functions @ as follows

wE) =t—£7  if0<£<3,
WE =—" _ ifess (413)
TN '

Note that, for small §, the left derivative of w at § is about 1, while the right derivative equals
m < 1. S0  is concave if § is small enough (e.g. § < §). Clearly, w(0+) =0, w'(0+) =1 and

@"(0+) = —oc0. Due to B > 1, w is a bounded function, and at least limz_,c w(§) > w(8§) =68 — 53,
Then our target is to show that, for this MOC w,

21(6)w'(§) +vYp(§) <0 forall§ > 0.

More precisely, we need to prove the inequality

2

& 00 3
Ca[/ “’(fi dn+g[‘”(") dn}wf(chﬁv/‘”(‘“2’7”“’(5‘2’7)‘2‘“(5) a
0 3

}71 nZ-‘rOl ) n1+ﬂ

dn <0 forall¢ >0.

[ 0@+ — 0@ —£) - 20()
+C,31)/ 46

/ n
2
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Case1: 0 < & <6.

Since # < w/'(0+) =1 for all n > 0, we have

/w(n) /ldn\ E

n - '

and

Further,

o
(1) 1 @) 1 / Y
dn = d
[ n2ta n o+ 189+ + o+1 4no+1(n 4 nh) n
§ 1)

11 y 12 w
< < S S
a+18% " 4+ 1)2 50+ T 5w

Obviously '(¢) < @'(0) =1, so we get that the positive part is bounded by cy&'~¢ ﬁ
For the negative part, we have

5

£
2
w(& +21) + wE —2n) —260(5) o' (£)2n?
o e e [ S an
0

2

Due to that 0" (§) = —%S“ < 0, we infer that the last expression is bounded by

NI~

Ly s\ _ 3 3
-5 ﬁ§ /de\——fﬁg Z(E) §—§Cﬂ§2
£

Z

But from 8 > o + 1, clearly 51*“(0((216_“0[)
Sﬂ,a,]/z 3va(1-a)cg

3“"@*"‘ £) <0 on (0, 8] when § is small enough (i.e
16cy )

Case2: & > 6.
For 0 < n < § we still have w(n) <

n and for § < n <& we have w(n) < w(§), then
; w(1n) 8 @) 257¢
-
[ g SR s <
0

mw@),

where the last inequality is due to that % <65 — 53 = w($) < w(§) for § < . Also
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w(n) 1 @) 1 / 14
dn = d
/ 772-&-0{ n a+1 Eot-ﬁ-l + a+1 4na+1(n+nﬂ) n
& &

1 w@) Y 1 206)
S a 41 §a+1 4o + 1)2 gotJrl = goHrl :

Thus the positive term is bounded from above by

- B o
28 Hsfa)w/(g)\ c_a@4<s+s ) W) < by @®)
a(l —a)

Caw($)< 5% EF q(l1— a(l—a) £F°

where in the first inequality we have used the fact that £#~% < & + &8,
For the negative part, we first observe that for & > 6,

2&
2 3
0(26) = (&) + / o () dy < () + 182V g4)” < S0E)
3

under the same assumptions on § and y as above. Also, taking advantage of the concavity we obtain
on+&)—w2n—§)<w2§) forall n > % Therefore

w2n+§&)—w@2n—§) - 2w(é‘)
ni+p

A

Cp

wE) [ 1 cp (&)
<o’y [ e on< -3

~|m\8

[

But w@)(% - %) <0 if y is small enough.

Therefore, the solution 6(t, x) obeys the MOC w, (§) with A given by (4.8) for all t € [0, T*[, and
this directly yields sup;cpo 7+ [VO(t, )ll1= < A
5. Eventual regularity for « € 10, 1[ and 8 € [2a, o + 1]

5.1. Aregularity criterion

We first state a regularity criterion for critical and some supercritical cases concerning the Holder
continuous solutions.

Proposition 5.1. Let v > 0, o € ]0, 1[, B € ]2, @ + 1] and 6 be a smooth solution of (1.3) with € > 0 and
0o € H™, m > 2. Suppose that 0(t, x) satisfies the uniform bound

||9||L°O([[0,T],CG(R2)) § CO, o > maX{l + o — /3, (1/2}

with 0 <tg < T < oo and Cy > 0 an absolute constant independent of €. Then for all t € 1tp, T], s > 0 and
p > 2, we have

||9(t) HBS_ ) < f(CO’Sv ﬁ7 t) <00,
D,

where the function f(Co, s, p, t) does not depend on the value of € in (1.3).
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Proof. We mainly adopt the method from [7] and [6]. Denote op := max{o + 1 — 8, %} and we first
consider o € ]og, 1[. From the classical L? energy method, we know the following uniform estimate

t
W@ﬁﬁdﬂﬂMw%Uw;M<WM§,tﬂQWL
0

Since o > og > 0, thus by interpolation, we immediately obtain that for every t € [to, T] and p > 2,
or=0(1-3%)
P

1-2 2 _
lo® 150, <0®l5," 10017 < Co~*/ 1603

Due to o € ]oyg, 1[, we can choose

2
p>pri= (5.1)
1—o09
such that o7 > 0p. Then we claim that, from the a priori uniform estimate
”9”Lw([tOuT];Bg}wmggol,oo) < C]v (52)

with Cq being a constant independent of €, we can show an improvement of the regularity that there
is oy chosen later such that 03 > 01 and for every tq € Jtg, T]

S0 100 gz iz < gt1.01. 0,

where g is a function given in the sequel. )
Indeed, we apply the homogeneous dyadic operator A4 (q € Z) to (1.3) to obtain

3 Agh + Sqr1t- VA +vAP A — e AAGH = Fy(u, 0), (53)
with u = A*R16 and
Fq(u,0) :=Sqi1u - VA — Aq(u - V0).

Multiplying both sides of (5.3) by |Aq0|P‘2Aq6, integrating over the spacial variable and using the
divergence-free property and the following generalized Bernstein inequality in [2]

[ 47 AarolBas P2 Aaf 0 dxz 2 1301y <1021
]Rn
with ¢ an absolute constant independent of q, we have
1d,. . . . .
55” Agd )], +cv29 | Ao}, < ‘/Fq(u,e)mqml’—%qe dx

R2

<[ Equ. 0], 1Ag005 .
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Thus,

d,. Bl :
240 O + 27| Ab ) 1, < [[Fau. )] -

It follows that for every t € [to, T]

t
|Ag0®) |, < eV )| Agoto) |, + / e V20| Fu,6)(1), dt.

fo

On the other hand, for Fq(u, 0), by virtue of Bony decomposition we get

Fo,0) = > Sqpau—Si—qu) - VARAL — Y [Ag, S_qu- V1A

k—qI<1 k—q<4
— Y AgAwu-VS_10) = Y Ag(Aju-VAW)
[k—q|<4 k>q-3
=1+ 10+1+1V,

where [A, B] := AB — BA denotes the commutator operator and Aj = Aj_1 + Aj + Aj+1. For I, we
directly have

. : s
Il S2A@N D NAgulr S 277200 o1 1051 -
q—2<q'<q
From the expression formula of Aq and the mean value theorem, we can estimate II as
iy S Y 27UV Sk_qulli | VAo
lk—q|<4
—qo1 . q'(+a—01)9q'o1 ) A _, q(1+a—201) . .
STl Y 2 29| Ag bl S 2 1011 10151 -
q'<q+2
For III, we obtain that for o4 <1
e S D7 IAwulle | VSk—16]1
lk—q|<4
< 9q(@—0o1) . q'(1-01)9q'01 )| A < 9q(1+a—201) . .
<2 10l D 2 2991 Ag Bl <2 10111 101151 -

q'<q+2

For the last term, since u is divergence free and o1 > § we get

VI $27 ) Akl | Al
k>q—3

k(-2 k A T4+a—2
< 29101 gon E 2M=2002 T Ayf|| oo S 290FX2IV YO o (6] gy
p,o0 k>q—4 p,oo 00,00
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Hence collecting the upper estimates we infer that for every t € [to, T]

[Ag0©],
t
< e~V (o) |Ag0(to)]|,» + Calor) / e~ V29 (t-1) 9q(1+a—201) ”0(7)”3‘;1 ||0(r)||3<;} dr
to

—cv29B(t—
Co,plo)(1—e vt tO))ZlZﬂ-&-a -B- 201)“9”

w2 (t—to) | &
eVt A ot + .
S ” q (O)HLP v tot(Bglme 00)

Multiplying both sides by 29(291+8—-e=1) and taking the supremum of g, we obtain

29t o _
\|9(t)||3§a1+ﬂ7u4 <suZp(e v2lt-to)garth-e=1ycy 4 Co 4(o)v 7 C2,

where Cq is from (5.2). From o1 > 14 o — 8, we have for all t € ]tg, T],
sup 6], gy rh-at S sup(e*cvzqﬁ“l*f0>2q<01+ﬂ*°‘*”)cl + Cq plonv™1C?
te(ty,T) qeZ
= g(t1,01,C1).

201+/3 a—1

Thus for every ti € Jtg, T], we have 6 € L*°([t1, T]; B ). Clearly 201 + B —a — 1> 07; in

201+p-a—1-2
addition, from Besov embedding BZ(”H’ el Bo:jooﬂ “ P, we also need 201 + 8 —a — 1 —
% > o1, which in turn leads to
2
p>ppi=————. (5.4)

o1—(1+a-p)
Hence for 0y ;=201 +8—a —1— % with p > max{p1, p2} and for all t; € ]tg, T], we have
0 € L®([t1, T1; Bp% N BZ o).
with
/
HQHLOO([L’LT];B(;%O) S ||0||L°°([t T 3201+ﬂ a—1 nL2) < C g(t], a1, C])
and

Sel 201 +p-a-1) < C'g(t1,01,Cr).

”9”L°°<m T1:B%2 00) ~ W oo iy, 1187

Next we can iterate thge above process through replacing o1, 02 by 032,03 and so on; that is, from
0 € L®°([tn—1, T]; B N B3 &), N> 1 with ty_; <ty < T, and

||0”L°O([[N 1.TI: BGN QBGN o) gN—l(tN—])v

where go(tp) = C1, and
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gn-1(tn—1) :=C'g(tn-1.0n-1.8n—2(tN-2)). N>2,

then we definitely get 6 € L°([ty, T1; By N BY5) with

”0 ||LOO([thT]:B;{VoZ1 mB:g{g—Cl) g gN(tN)a

provided that oy <1 and p > max{pi, p2}. Note that we do not need any additional assumption
on p, since for every N > 1, oyy+1 >ony and oyy1+8—1—«a — % > 0. In fact, from the relation

ONp1=20N+B—1—a — %, N > 1, we explicitly have

ong1=2No1+B-1—a—=2/p)+1+a+2/p—B, N>1.

Due to that for some p > max{p1, p2}, the fixed increment o1 +8—1—«a — % is positive, then oy is

ever increasing and it can always be attained provided that oy < 1. Thus after a finite time iteration,
say No (Ng > 1), we obtain that ony41 > 1 and

||0(t) ||BGN0+1 mB”N0+1 < 8Ny (tN0)7 Vt e [tNov T]
p,00 00,00
. O
From CMo+! = B0%" N L%, we also get ||9”L°°([rNO,TJ:C"N0“) < C'gny (ENg)-
We then devote to find some p’ €12, o[ and & such that 6 > 1+ % and 6(t) € L*°([tn,, T1; Bg,_z)
uniformly in €. Let 0’ = ony41(1 — %), by interpolation we get the uniform bound that for every

t€[tng, T],

1-Z 2
[0® 155 < W60ll2 + [OO] oy 101172 < € Eng)-

2(ong+1+1D) |
ONg+1—1

To make ¢’ > 1+ %, we only need to choose some p’ satisfying p’ > thus for the fixed
appropriate o/, we choose & satisfying 1+ % < 6 < o’, hence the claim follows from the continuous
Besov embedding Bg,”OQ SN Bg/,z-

Now for such &, p/, in a similar way as obtaining (A.4) and (A.12), we get for every t € [tn,, T]

¢ _ t 2
|6 ”ﬁg‘;z + / He(z)uf}&/?ﬂ dr < H@@No)\\ég, zeqf g+ iy, 10 [Gong 1 4t
B P, B

fNO

From the equation of @, (t, x) := (t —tn,)Y6(t,x) (y >0)
#Oy +u-VO, +v4P0, —€AO, =yO,_1, O, (tn,) =0,

with u = A*R16, we infer that for every t € [tng, T

t
|0yl + [0y @121, de
p'2 Bp’z

tNO

CH+DE—tng +oy 10 |ong 1 40

<Clong 5 e (55)
P,



2806 C. Miao, L. Xue /]. Differential Equations 251 (2011) 2789-2821

Indeed, it reduces to consider the y =1 case; the other cases will follow by induction or by interpo-
lation (cf. [17]). Similarly as (A.4), we have

d 2 2 2 2 2
o0 s + 101013, <+ [0 2 )O10 s + a0 s

P2 P2

Gronwall’s inequality ensures that

t
Clt—tn)+C [ 6@ [2on, d
e (t—tng) ffNO [ (T)”c No T/|‘9(T)‘|26+g dr
B

P2

t
1Ol + [0, 5, 07 <
p'.2 e 2 e

2 20(—tn)+2C 1 0] ong 41 dT
<Clon)] s e 07 Juyg PRl PNo+1 B
p’.2

Now that (5.5) means that for every s > 0 and t € Jtn,, T], we have the uniform bound of the norm
6@l ps, ) the conclusion follows from Besov embedding or interpolation and the fact that t; < --- <
P,

tn, are chosen arbitrarily in ]to, T]. O

5.2. Proof of eventual regularity for @ €10, 1[ and B € 12a, o + 1]

Indeed, according to Proposition 5.1 and a standard process of approximation, it suffices to show
the following uniform Hélder estimate of the solution.

Theorem 5.2. Let v > 0, @ € ]0, 1[, B8 € 12a, a + 1] and 0 be the global smooth solution of (1.3) with € > 0
and 6y € H™, m > 2. Then for every y € Imax{a + 1 — B, o/2}, 1], there exists a time T depending only on
o, B, Y, V, |00l such that ||6(t, -)|lcv is uniformly bounded with respect to € forallt > T.

We shall use the nonlocal maximum principle method to prove Theorem 5.2 (cf. [15]). We first
claim that some stationary moduli of continuity which imply the uniform Holder estimates can be
preserved by the evolution of Eq. (1.3).

Proposition 5.3. Let v > 0, « €10, 1[, B € 2o, + 1], y € Imax{o + 1 — B, /2}, 1[ and 0 be the global
smooth solution of (1.3) with € > 0 and 6y € H™, m > 2. For every positive number H, §, set

_[(H/8EY. ifE €10,5],
w(E) = { i e b ol (5.6)

Suppose that H > 2(1 + ¢1)||0o|| 1 is satisfied for some ¢y € ]0, 1/2] and that the initial data 6y(x) obeys
@(&). Then there exists an absolute constant C1 = C1(a, B, ¥, v) such that if H < C18%+1=#, the solution
0(t, x) obeys w(&) for all t > 0, independently of €.

The proof of Proposition 5.3 is placed in the sequel of this subsection. Clearly, the function w(§)
from (5.6) is a modulus of continuity satisfying w(0+) =0 and «'(0+) = +oo (i.e. condition (b)).
Moreover, if 6(x,t) obeys some w(&) for a time period I, it implies the uniform Hdélder estimate
e, Hler < Siy + ||6o|lree for all t € I. Hence for Theorem 5.2, it remains to show that after a finite
time T independent of €, 6(t, x) obeys some moduli from (5.6) for all t > T.

Here we note that, due to the restriction 2(1 + c1)||6o/lr~ < H < C18%t1=#, not every initial data
will obey some such moduli. Observe that for |x — y| < 8, we have

6o llcr 87 6ollcr 8Y

60 (x) — 60(¥)| < [16 —yr = _y|) < —tollere?
[60(x) — o (¥)| < lI6ollcy Ix — yI q (I 1) ET e (I

- y1):
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while for |x — y| > 8, we get |6p(x) — 6p(¥)| < 2||6pllr= < H. Thus § € R* should satisfy C;8*+1-# >
2(14c1)|l6pll1>~ and 87 < %. Clearly, we cannot choose some appropriate § so that the two
conditions simultaneously hold for all the initial data. Even we use the decay estimate of L° norm
(Lemma 2.3) and consider the solution 6(t, x) = 6(t + T, x) instead of 6(t, x), we still cannot find some
suitable § uniform in €. However, corresponding to the eventual nature of Theorem 5.2, we shall show
that the solution will obey some suitable moduli from (5.6) after a finite time T independent of €, so
that Proposition 5.3 can be applied to the time-translated solution 8(t,x) =6(t + T, x).
Before stating the next key lemma, we introduce a variant family of moduli

yHS V&l e+ (1 - )HSVEY, ifE €10, &,
w(&,0) = | (H/8Y)EY, if € € 1&, 8], (5.7)
H, if¢€ €18, o0l

with 0 <& <4, y €10,1[ and H, § € ]0, oco[. Compared with w(§) from (5.6), the only difference lies
in that when & € ]0, §y], w(§) is replaced by the tangent line of w(§) at & = &p. Clearly w(§, &) is a
modulus of continuity satisfying that w(0+, &) > 0 for all & > O (i.e. condition (a)) and w(&,0+) =
w(&). Also, any bounded initial data 6p(x) obeys w(&, §) if 2||0p||L~> < w(0+,8) = H(1 — y) is satisfied.
Then we claim that

Lemma54.letv >0,a €]0,1[, 8 € 2o, + 1], y € Imax{o + 1 — B, &/2}, 1[ and 0 be the global smooth
solution of (1.3) with € > 0 and 6y € H™, m > 2. Suppose that H > 2(1 + ¢1)||6p || is satisfied for some
c1 €10, 1/2] and the initial data 6y(x) obeys w(&, §). Then there exist two positive absolute constants C1 =
Ci(a, B, y,v) and Co = Co(B, y, ) such that if H < C18%+1=F and & (t) is the solution of

d
o= —Cko)'P,  £(0) =3,

then the solution 6(t, x) obeys the modulus of continuity w(&, & (t)) for all t satisfying &y(t) > 0, independent
of €.

The proof of Lemma 5.4 is also placed in the sequel of this subsection. Note that at the current
state C1 and C, are two fixed absolute constants and the two C; in Lemma 5.4 and Proposition 5.3
can be chosen to be identical.

Since &y(t) = (8% — C,8t)1/#, we know that after a finite time To = 8% /(C28), 0(To—, x) = 6(Tq, x)
will obey the MOC w(£, 04+) = w(&) and thus Proposition 5.3 can be applied to the solution (t, x) :=
0(t + To, x). Thus to prove Theorem 5.2, it suffices to find some suitable H, §, c; under the conditions
that

2[00l <H(1—y) and 2(1+c)folli= < H < 1871,

The supercritical case is direct, since « + 1 > 8, we only need to choose ¢ = min{ﬁ -1, %} and
2|60
G(a-y)’
C18%*1=F can be chosen. For the critical case, we shall use the decay estimate Lemma 2.3 to obtain
that after a finite time independent of €, say T, |6(T,x)|1~ < C1(1 — ¥)/2, then we only need to
choose the same c; as in the supercritical case, some H satisfying % 16(T) |1 < H < Cq and replace

o(t,x) by 0(t,x) =0t + T, x).

Now, we are devoted to the proof of Proposition 5.3 and Lemma 5.4. We shall apply the general
criterion Proposition 3.1, and due to that the solution 6(t, x) (or the translated solution f(t, x)) and
the moduli w(&), w(&, &(t)) satisfy the conditions needed, it reduces to check the inequality (3.2).
Thus first we should know the expression of £2(t, &) in (3.2). In fact, from Lemma 3.2 in [17], we
have had a rough estimate: let O(t, x) obey w(t, £), then u = A*R16 satisfies that for every x, y € R?

8 large enough such that §*+1-# > then some appropriate H satisfying %HQOHLOO <H<
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1
rl+0(

& 00
lut, %) —u(t, y)| <ca</ w(t, n) d'H‘fff%d’?) (5.8)
0 &

with & = |x — y| and ¢, an absolute constant. The RHS of the integral expression has very strong
singularity at the origin, and especially for the moduli w(&, &(t)) with w(0+, &(t)) > 0, it clearly
diverges. However, similarly as treating the corresponding case of QG equation in [15], we can rely
on a refined estimate of the contribution from the dissipative term in the breakdown scenario to
overcome the difficulty. Indeed, we have

Lemma5.5. Letv > 0, € ]0, 1[, B € 12, a + 1] and 6 be the global smooth solution of (1.3) with € > 0 and
6o € H™, m > 2. Assume that the modulus of continuity w(t, £) satisfies the assumptions in Proposition 3.1
and 6o (x) obeys w(0, £). Also suppose that T, is the minimal time that the MOC w is lost, and x, y € R2, x # y
are two points satisfying

O(Ts,x) —0(Ty, y) = (T4, &), with& :=|x—y|.
Then the following statements are true.

(1) Forhxohzz (%, 0), yo := (—%, 0), there exist a unique rotating transform p and a unique vector a € R?
such that

X = pXo —a, y=pyo—a.
(2) We have
—APO(T,, ) + APO(Ts, y) < Vp(To. §) + Vg (T, §). (5.9)

Here Y- is bounded by

fpfa(T*v T), M)

— du, 5.10
o — (. 28 1K (510)

Y (Te,§) < —C /

B¢ (x0)
where

foalt,n, @) =2w(t,20) —0(t, n, W) +0(t, —n, ) —0(t, n, —p) +6(t, —n, —w),  (5.11)

and

Ot 1, 1) =0p.at, 0. 1) =0(t, p- (1, 1) —a), (512)

and

B (x0) := {(n, ) € R*: |xo0 — (1, )| < 1o, o > 0}. (5.13)

In the above C, rg > 0 are absolute constants that may depend on B.
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We place the proof of this lemma in the next subsection.
Note that T;—(T*,S) < 0, then taking advantage of the structure of the nonlinear term, we can

control the strong singularity near the origin in terms of —’Y‘;—. Precisely, we have

Lemma 5.6. Under the assumptions of Lemma 5.5, let u = A*R*6, £ := =L Then we have

[x=y|*
|(u(Tw, X) = u(Ts, ) - €] < (T4, ), (5.14)
with
206 =4 (—sﬂ—“r,é(r, o+ [ U an+e o, s>>, (515)
&

where A is an absolute constant that may depend on «, B. In particular, if w(t, &) is w(&) from (5.6) or
w(&, &(t)) from (5.7), we also get

Q(t.8) = A(—E 5 (t.§) +E Y w(t.§)). (5.16)

We also place the proof of the lemma in the next subsection.
Now based on the above two lemmas, we prove Proposition 5.3 and Lemma 5.4 as follows.

Proof of Proposition 5.3. It suffices to check the following inequality

Q) E) +VTp(E) + VY5 (E) <0, VE>0, (517)

where w, 2, 7, Tﬁl are defined by (5.6), (5.16), (3.4) and (5.10) respectively and we have omitted the
time variable due to the time independence. The case & > § is obvious from w(&) = H. While when
& €10, 8], we only need to prove

AE w(E)w (§) +vYp(E) <0, and — AEP ™o/ (E)T4 () + Y5 (€) <O.

From w(¢) = £&7, /@) =y He7 1, 0" () =—y(1 —y) L&Y 2, and

&
2
2 —2n)—2
Tﬁ(é)écﬁ/w(€+ 77)+C;§iﬂ n) w(§) d)’)SC:gfz_ﬁQ)”(E),

0

we have to call for that

H? H H H &\ wcp(1—y)
T Ly—a—1_ BN S - B WL 2 ) L ) _ B
Ayazyé vegy (1 J/)(WE —Ayayé <5a+],ﬂ(8> 1 )

<0,

and

H H s y+B—a—1
_Ays_ygﬁ—a+y—1rl$($) +VY5 ) = (—Ay s (5) + v)Tﬂl(é) <0.
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Due to £ €]0,4], y >a+1— 8 and TﬁL < 0, both inequalities can be guaranteed by the condition
WLH% < C7 with C; some positive number satisfying C; < min{vc}}(l —v)/A,v/(Ay)}. O

Proof of Lemma 5.4. It suffices to check the following inequality that for all £ >0 and t >0

— (&, &0(0) + (. §)w(&. &o(1)) + V(L. &) + VY5 (L. £) <O, (518)

where w(t, &) = w(&, &(t)) from (5.7) and !2,7”,3,TﬁL are given by (5.16), (3.4) and (5.10) re-
spectively. The case & > § is immediate due to w(&,&o(t)) = H. For the case & € ]&(t), 8], since
w(&, &) = 5%57, almost parallel to the proof of Proposition 5.3, we know that (5.18) holds for
sufficiently small C;. We then consider the case & € ]0, & (t)], and it only needs to verify the follow-
ing estimates

—dw(&, £0(0) + (v/2)Yp(t, &) <0, (5.19)

and
A% w(&, & (D)) w (&, &0 (D) + (v/2)Yp(t, ) <0, (5.20)

and
—AEPT* . 00(8, £0(D) Y5 (1. €) + VY5 (. £) <0. (5.21)

From w(§. é0(t)) =y &£ '€ + (1 — y) ££&] for £ €10, £(0)] and &;(t) <0, we get

H /
—aw(E 5o0) =y (1 =) (88— & )5 < —va —V)—S g,
and

w(&, &) w (&, E0(D) =y szy (ye+0—p)k) <y szy !

523’ 827/

For the dissipation term g, we obtain

Tﬂ(t,g)gc,g/ (& +21.80) — (& — 21, 5) — 2w, &) dn < —c (0, §o)

< —
J n1+/3 = B Eﬂ ’
2

where we have used the inequality w(& + 27, &) — w(§é — 21, &) — 2w(&, &) < —2w(0, &). Then by
virtue of & = —C2£) " and w(0, %) = (1 — y) 4l the LHS of (5.19) can be bounded by

H y-1,, HE& H  y-p Ve (§0\"
YA =v)5y& S (—V)Syg—ﬁ A=Vigh \ve-5\%) )

Clearly, the last expression is strictly negative if C, is sufficiently small (i.e. C; < %). Also, the LHS
of (5.20) and (5.21) can be respectively bounded by
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H? 5,1

w v, H &)
AVSZ—VSO & a—zcﬂ(l—y)

R

H &) Ho (&7 e ™ v,
sa(rEm(3) (5) -36a-n)

and

H y1.p-ar1 1
—Ay b ETI G HVTE ()

H ;’__0 y+B—a—1 f B—a
=t RO e U

Due to ¥y >a +1— 8 and B > «, the last expressions of both formulas are (strictly) negative if Cy is
veg(1-y)
2A)/ ) W})'

sufficiently small (i.e. C; < min{ a

5.3. Proof of two technical lemmas

In this subsection we are dedicated to the proofs of Lemma 5.5 and Lemma 5.6.

Proof of Lemma 5.5. Statement (1) is obvious. We then consider (2). First denote by P,f L () the n-

A

dimensional kernel of the operator e™" ﬁ, indeed from [15] we have the following property that for

every g €10, 2[

pﬁn(x) ~g (5.22)

2 8"
(X2 +h7)"5"

Thus we have
1
—APO(T 0+ APO(T,. y) = lim (P % 0(Tu. %) = P % 6(Ts. y) = 0(Te. ) +0(T., ).

Since 6(Ty,x) —0(T4, y) = w(Ty, &), it only needs to estimate the difference of the remaining terms
in the RHS. Also for brevity we omit the time variable T, in the sequel. Then

PL,*0(X) =P, *6(y)
= /(Pfﬁz(/)xo —a—2z) - P,’iz(pyo —a —z))@(z) dz
R2

= /(P,fz(xo -2) - P,fz(yo —2))0p.a(2)dz
RZ

= [ [ (Phater2 = n.w ~ Py nw)in. wy dndu
R2

o0

= [ du [ (P2 =m0 = Plyer2 4 n. ) @G0 w0 ~ G-, ) dy
R 0
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:/ du/(P}fz(s/Z — 0. ) = PRy E/2 4 0. ) w@n) dy
0

R
+/du /(7’,’?2@ - n,u) —Pﬁz<§ + mu))(é(n,u) —6(—n, ) — o@m)dy  (5.23)
R 0
= Tpn(5) + V&) (5.24)

In a similar way as treating the corresponding part in [17] or [15], we know

o1
lim —(Yp.0(6) — 0(6) =T4(6),
where 73(£) is given by (3.4).

Now we estimate limy_,¢ %T ;—h (&). Clearly the integrand in (5.23) is always negative, and for the

integral we only consider a small part that is near the dangerous point xg = (%, 0). In fact, from (5.22)
and the fact that h is arbitrarily small, there exists a small universal number ry € ]0, }l[ such that for
every z € B¢ (x0) C R?, we have

b b S 1os
hoX0—2) — P ,(Yo—2) = EPhyz(xO —2).
Thus we get

1
Vg ) = lim - g (6)

h—0h

1 T ~ ~
=lim — | du /(P,ﬁ2<s/2—n,u)—P,ﬁz@/zm,m)(e(n,m—e<—n,m—w(zm)dn
R 0

1 - -
< lim — // PLy&/2 = 1.0 (B, 1) — (=1, 10) — 0(2m) dyde

h—0 2h
Brye (x0)
O, w) —6(—n, p) — w2n)
<) f / LS andu
Brye (x0)
20020) — 0, 1) +0(—n, 1) — 0, —) +6(—n, —)
=—c(B) // o — (1. 2P dndu. (5.25)
B, (o)

We note that although the denominator of (5.25) contains the non-integrable singularity, the whole
integral is still absolutely integrable due to the cancelation in the numerator. More precisely, from
6(x0) — 6(y0) = w(&), we know 316 (xg) = 016 (yo) = ' (&) and 3,26 (xg) = 8,6 (yo) = 0. Thus according
to Taylor’s formula, we further obtain that for (1, u) € By (Xo)

IV?6),allL

5 ((n—&/2)* + u?),

6(n, ) —6(5/2,0) = 016(£/2,0)(n —/2) —
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and

IV?6),allL

_ 2 2
3 £/2)" +1?),

0(—n. ) —0(—£/2,0) < 010(—£/2,0)(—n +£/2) +
and

w(2n) — () < &' (E)(2n - ).

Then the numerator fj, q(7, ) < 2|IV28 || |x0 — (n, w)|?, and from the polar coordinate expression
we see that the integral absolutely converges for every 8 €10,2[. O

Proof of Lemma 5.6. In the sequel we always omit the time variable T, if there is no ambiguity. First
by the explicit formula of u from Lemma 3.1 in [17], we know

u(x)—u(y)<c(oz)(pv/w@(z)dz—pvfl(yme(z)dz),

where c(«) is a fixed constant. We shall split the integral into several parts. For the difference

L L
’ / I)Ex_iz)e(z)dz— / U(}y_iz)e(z)dz,

Z|3+a z|3+a
|x—2z| >2¢ |y—z122¢

paralleling to the proof of the corresponding part in Lemma 3.2 in [17] or Lemma 5.2 in [15], we
obtain that it is bounded from above by

cs / O an + s (o).

with C a positive constant that may depend on «. Then, recalling that By (x) or By (y) is the disk
centered at x or y respectively with radius ro&, where rq is the number introduced in Lemma 5.5, we
get

x—2t x—2t
—apret @z = m(e(z) —6(»)dz
|x—2|<2&.2¢ Broe (x) [Xx—2|<28,2¢ Brye (%)
3
(r) —a
gc/ e AT < CET ().
roé

A similar estimate is true for the corresponding integral with replacing x by y.

Now we consider the contribution of the “dangerous” part, the integral over By (x) and By (y).
Here note that what we really need to treat is the weak form |(u(x) —u(y)) - £|. Thus from x = pxg —a
and y = pyo — a, we have



2814 C. Miao, L. Xue /]. Differential Equations 251 (2011) 2789-2821

_ L. oL
’ / we(z) dz — f M@(z) dz

x— 2P+ y—zPte
Bro¢ (X) Broe (¥)
(xo —2)* - eq (Yo—2)" e
= [ 7|x0 P 0p,a(2)dz — f —|y0 mpER 0p.a(2)dz
Bryt (%0) Brye (yo)
W 5 W =
= 0, w)dndu — // —O(n,u)dndu‘
// Ixo — (n, WP+ lyo — (1, W)+
Bl’oS(XO) Brog(J/o)
w ~ ~
= W(G(n,u)—O(—n,u)) dndu
By (x0) ’
I,L ~ ~ ~ ~
| [ =it m = aen =i - +in —p)dndp). - (526)
By (Xo)
where B%E (X0) := Brye (x0) N { > 0}. We claim that the last expression is bounded from above by

—CEP~* g ®).
Indeed, comparing it with (5.10), we first have that for every (n, u) € B;E (%0) and B € Ja,a +1],

W n 1 cebe

0< = < ,
[Xo — (1, WP |x0 — (, WIH=P |x0 — (n, I1?+F ~ |x0 — (7, ) |>+F

where C is a constant that may depend on «, 8. Second, we get

01, 1) = 6(=n, 1) =0, =) + 0 (=1, = )| < f.a(m. 1),

where fj q(n, ) is defined by (5.11). In fact, it directly reduces to two obvious estimates 6(n, 1) —
6(—n, w) <w@n) and 6(n, —p) — 6(—n, — ) < w(21n). Therefore, gathering the above estimates, we
obtain (5.14).

The proof of (5.16) is similar to the corresponding part in Lemma 4.3 or Lemma 5.3 in [15], and
we here sketch it. First we consider w(¢) defined by (5.6). For the case & € ]0, 8[, from w(n) < sﬂyn”
for all n > 0, we have

o0

x
(1) / H 1 H_,_ 1 _
dn < dn < HBevmao 1 pagy,
E./n”"‘ <& 8y nta—y 7 1—i—oc—)/8V‘§ 1+oc—y$ @(E)
& &

For the case & > §, from w(§) = H, we get

oow(n) 1 w1 -
S/n”a = 1 HE ™ = 0.
3

Then we consider w(§, &(t)) defined by (5.7). For the case & €10, &(t)], we split the integral into
two regions: from w(&p, &) < ﬁw(é, &), we know
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(1, o) 1 « 1 w .
g / it < 0o, )6 € o (6. )

and

o
(1, §o) H 1 y—a—1
5/. e TISS/WC‘ <l+a yf(wf
)

1 1

<m5_ w(éo, o) < (1—{—0(—)/)(1—)/)%._ w(é, &o).

The remaining case & > &y(t) is identical to the case & > 0 of w(¢), thus we omit it. O
Appendix A
A.1. Local well-posedness for « € 10, 1[ and 8 € 12, 2]

Our local result of (1.1) is as follows.

PropositionAl. Let v > 0, €10, 1[, B € 12a, 2] and g € H™, m > 2. Then there exists a positive constant T
depending only on «, B, v, ||6o|lym such that the generalized quasi-geostrophic equation (1.1) generates a
unique solution 6 € C([0, T1, H™) N L2([0, T], H™*#/2). Moreover we have t¥ 6 € L*(]0, T1, H"*V#) for all
y >0, which implies 0 € C*(]0, T] x R?).

Besides, we have the following blowup criterion: let T* be the maximal existence time of 6 in C([0, T*[,
H™) N L2([0, T*], H"”g) and if T* < oo, then we necessarily have

/ [voc. )| de = oo. (A1)

The proof mainly relies on the following lemma (cf. [17]).

Lemma A.2. Let v be a divergence free vector field over R". For every q € N, denote

Fq(v, f):==Sq41v-VAqf — Aq(v- V).

Then for every y €10, 1[ and p € [1, oo], there exists a positive constant C such that

Z’qVHFq(v,f)HLP

<c||A1—Vv||Lm< Yo 2 NA flle+ Y z<q—q/>“—y>||Aq/f||Lp>. (A2)

q'<q+4 q'2q-4

Especially, in the casen = 2 and v = AR f (« € 10, 1[), we further have that for every y € Jmax{0, o}, 1[
andq e N
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277 [ Fg(v, H)

<C<||A1*7’VI|LOO 3 260-D=B Ay flip + [ A% £l 3 ||Aq,f||Lp)_ (A3)

q'2q-4 lg'—ql<4
Moreover, when y =0, o =0, (A.2) and (A.3) hold if || A=Y v| 1 is replaced by ||V V|| .
Proposition A.1 is similar to Propositions 4.1-4.2 in [17], and here we sketch the proof.

Proof of Proposition A.1. Step 1: A priori estimates.
We first a priori assume that 6 (and u) is smooth to obtain the uniform B?_z (m>1+ %, pE

[2, 00[) estimates of 6 (note that here in the proof only p =2 case is used). We claim that the
smooth solution 4(t, x) satisfies

d - -
G 10O, + 1601 s Sapw IVOIEPION 101G, + 101 (1 + 16 1y,).  (A4)

p.2

Indeed, for every q € N, by applying the dyadic operator A4 to Eq. (1.1) we get

O Agh + Sqr1tt - VA +VvAP AL = Fq(u,6),

where

Fq(u,0) = Sqy1u - VAgH — Ag(u - V0).

Due to that A40 is real-valued, thus multiplying both sides by |Aq9|p‘2Aq9 and integrating in the
space variable, we obtain

1d
—anAqenfp + v/(AﬂAqG(x))|Aq0|p’2Aq0(x) dx < ’/(Fq(u,9))(x)|Aq9|P*2Aq9(x) dx
P R2 R?

-1

< |Fa(w, )] 5180117
The generalized Bernstein inequality in [2] yields that an absolute constant ¢ > 0 independent of q

can be found such that

1d p qp p p—1
Ea”AqQ”Lp + V2| AgOl Ly < HFq(u,Q)”Lp”Aqe“Lp .

Thus we further have

1d

2dt (2795 Fyw.0)],,)°. (A5)

cv Co
1 AgO1I7, + 72‘“3 120112, < ~

From (A.3), we know that

ziqg”Fq(”’e)”Lu

ARl Y 200D A0 + 450 e Y A6l (AS)

q'>2q-4 lg"—ql<4
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Also notice that for some number K € N

iy iy iy iy
[ 472 uf o + [ A%F720] o S[ATTZ ARG o [ A*TT20] o

K-1 o0
B . B .
S Y0 2D % + Y27 KE T A VO
k=—00 k=K

B B
< 2K@H=D)19| oo + 2K@=2) | VO o,

thus choosing K satisfying [|6 || 2% =~ || V8|1, we infer

_B B_
A5 u | + [ A% 50] o S IVOIE 21020 (A7)

Plugging the above two estimates (A.7) and (A.6) into inequality (A.5), then multiplying both sides by
224™ and summing up over q € N, from Young inequality we obtain

1d cv 8 1 24+20— -2
5 at 2 2 MMNAGB T + - 3 229D Ag61E < S IVOIE 101 161G, (AB)
qeN qeN '

On the other hand, we apply the low frequency operator A_; to (1.1) to get

HA_10=—vAPA_16 — A_1(u-V0).

Multiplying both sides by |A_10|P~2A_16, integrating over the spatial variable and using the positiv-
ity formula of the dissipative term, we obtain

1d . _
S 1aelt, < ’/dlvA_1(ue>(x>|A_1e|P 2A_400x) dx
RZ

-1
Sllullee il lA_1017,

We see that

lluflzee <<

>+ ) |44 R

j<-1  j=0
<D 2 A + Y21V A VO S 101l + VO, (A.9)
j<-1 j=0
thus we have
1d 2 V. g 2 o 5
5181015 + 277 1A161E, < (16llsy, + V)01 (A10)

Multiplying (A.10) by 2=2™ and combining it with (A.8) leads to (A.4).
Set G(t) := |0(D)12n_ + f ||9(r)||;m+ﬂ/2 dz. Then (A.4) reduces to
p.2 p.2

%G(t) <C(GM*+G),
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where C will depend on v, ¢, 8, m. Gronwall’s inequality ensures that for every

1
T < —log(1+1/[l60lI5n_). (A11)
C p.2
we have

6, 2
16013

. (A12)
(60112 +1)e=CT — |62
p.2 p.2

T
2 2
sup [0]y, + / o) g0 dr <

Step 2: Uniqueness.

Let 6 9@ ¢ [%°([0, T], H"(R?)), m > 2, be two smooth solutions to the generalized quasi-
geostrophic equation (1.1) with the same initial data. Denote u) = A*R+L6D i=1,2,80 =6 —9@),
Su=u® —u@, then we write the difference equation as

3860 +u® . vs0 +vAPsH = —su-ve@,  86)—g=0.
By L2 energy method, we have
1d 2 5 2 o @ d
a8 +v[aZs0@n < | [ (5u-vo@) x50 0 dx

R2

<[ou-vePw] gls0®] s
H™ 2 H?2
< Coap | AR 860 [f-u | 6P O [fesr-pn + 5] 470600

where in the last line we have used Young inequality and the following classical estimate that for
every divergence-free vector f and every s,t <1,s+t> —1,

1f-Velgsi Sse 1 f s IVEN e

From H™ < H2+®=F/2 continuously, we further obtain

d
L8017 < Cuas 8601262 O .

thus the Gronwall inequality leads to 80 (t) =0 for all t € [0, T].

Step 3: Existence.
We first regulate the system (1.1) to get

oN N v noN 2 APoN =0
{I+JN(1Nu INON) +v 5 , A13)

uN=ARoN, oN| _ = Jnbo.

where Jy:L? — JyL?, N e Z* is the Friedrich projection operator such that m(g) = 1BN(§)f(§).
By the Cauchy-Lipschitz theorem, for every N € Z*1 there exists a unique global solution 6V e
C1([0, co[, H®(R?)) to the regularized system (A.13). Then almost paralleling to the proof in Step 1,
we know the uniform estimate that for all T < %log(l + 1/||90||f4m)
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, (A14)

= U60lZm + 1)e=CT — 160 )12m

T
B0 l|%m
sup [0 [ + [[107(0) e 7 < 1%]
tel[0,T] 0

where C is a positive constant depending only on v, «, 8, m. From the uniform estimate (A.14)
and the uniqueness result, similarly as treating the corresponding part in [17], we can prove that
6N is a Cauchy sequence in C([0, T]; LZ(R?)), which implies a strong convergence to a function 6 €
C([0, T1; L?). By a classical method we know that @ is a solution of the limiting system (1.1), and
satisfies 6 € L°([0, T1; H™(R?)) N L2([0, T]; H™+#/2(R2)). Moreover, similarly as [17], we can prove
the issues of the time continuity in H™, the C* smoothness in ]0, T] x R? and the blowup criterion
of the solution. O

A.2. Global existence of weak solutions for « € 10, 1[ and B € 12«, 2]

The main result in this subsection is as follows.

Proposition A3. et v >0, @ € 10,1, B € 12, 2] and 6y € L2. Then there exists a global weak solution 6 €
L ([0, oo[; L%(R2)) N L%([0, oo[; HP/2(R?)) for the generalized quasi-geostrophic equation (1.1). Moreover,
0 will satisfy the following energy inequality

t

16)| 2 g2, +2v f [0 57252, 4T < 1600122 g2y > 0. (A15)
0

The proof follows from the standard process of establishing weak solutions (cf. [20,16,10]), and
here we sketch it.

Proof of Proposition A.3. We consider the following approximate system

(A16)

30€ + u€ - VO +vAPOE —enO€ =0,
u€ = AR, 0¢|,_, = Ve %60,

where ¥ (x) € C2°(R?) is a radial positive function satisfying J¥=1and ye(x) = €2y (x/€). Clearly,
Ve * 6ollgm <S¢ 6ol 2 for all m > 0. Thus for m > 2 and € > 0, from Theorem 1.1, the approximate
2QG equation (A.16) has a unique global smooth solution

0¢ € ([0, oo[; H™) N €™ (10, cof x R?).
Besides, from ||y *6oll;2 < [|6oll;2, we also have the uniform energy estimate

T

16T 2 gz, +2v f 160 2 g2, AT < 100122 ). ¥T >0, (A17)
0

that is, 6¢ is uniformly bounded in C([0, T]; L2(R?)) N L2([0, T]; H#/2(R?)) for every T > 0. This
ensures that, up to the subsequence, 6€ converges weakly to some function 6 € L*([0, T]; L%) N
L2([0, T1; HP/?) (in L*°([0, T]; L?) the convergence is weak-*). But it is not sufficient to pass to the
limit of the nonlinear term of (A.16) in the weak framework.
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We further claim that,

¢ — 6 strongly in L*([0, T1; L3 . (R?)). (A18)

loc

We shall use the classical Aubin-Lions compactness lemma (cf. [20]) to prove it. For any compact
subset @ c R?, since the mapping f — xof is compact from HA/2 to L% (cf. [16]), with xo(x) €
CgO(RZ) satisfying that it is supported in a compact subset O’ > O and xo(x) =1 for all x € O, we
know that the sequence {0 }e~o is compact in L%, Thus to guarantee (A.18), it suffices to find some
suitable reflective Banach space X and ag € 11, oo[ such that L%(O") < X(¢) continuously and 8;6¢
uniformly bounded in L% ([0, T]; X(O")). In fact, we shall prove

8
3:0¢ is uniformly bounded in L3 (to, T1; W tes (0)). (A19)

8
From (A.17), interpolation and Sobolev embedding, we have 6¢ € L*([0, T]; L% (R?)). On the other
hand, due to that the Riesz transform is bounded in L2(R%) and H//2(R2?) — H%(R2) contin-
uously, we immediately get u€ e L%([0, T]; L2(R?)) uniformly in €. Thus div(u€6€) is uniformly
8
bounded in L‘il([O, TI; W_l’W(RZ)). For the dissipative terms, we get € A9€ is uniformly bounded
in L2([0, T]; HQ’Z(RZ)), and vAf6¢ is uniformly bounded in L2([0, T]; H~1(R?)). Hence, if the spa-
8
cial variable is restricted in @', we obtain 3;0¢ is uniformly bounded in L‘3‘1([0, TI; W_l’W(O’)) +
8
L%([0, T; H§*2(O’)) 1+ 12([0, T]; H='(©)); and thus uniformly in L3 ([0, T]; W 257 (")) from the
continuous embedding.
Moreover, we also have

u€ —u strongly in L*([0, T1; L2 . (R?)). (A.20)
The proof is similar to (A.18). From (A.15), we know that for all T > 0, u€ is uniformly bounded
in L°°([0, T]; H*(R?)) N L%([0, T1; H%“"). By interpolation, u€ € L%([0, T]; L*(R?)) uniformly in €,
thus u€ e L2([0, T]; H#/2~®(R2)) uniformly in €. For any compact subset © C RZ?, since the se-
quence {xou€}e~o is compact in L2, it remains to show that d;u€ is uniformly bounded in L‘il([o, TI;

W_Z’% (O0"). Indeed, from the equation
JAYRIOC = —AYREdiv(uo¢) —vA*TPRLGE — e AYTEREGC,
we have

L P 1 IR T PN T

8 8
4/3 Nl 4/3 By
PPwE (o 17Pw R (R?)

o 10 gty o+ 1 e

Then (A.20) follows from the classical Aubin-Lions lemma.

Based on (A.18) and (A.20), we can send to the limit in (A.16). Indeed, for any ¢ € C2°(]0, oo[ x R?),
we have

'f(“sQG)'V¢—(u0)~V¢>'<’fes(uf—u)-v¢‘+’/(96—9)u-v¢’

< Juf - ””L%LZ(O) o ||L<;°L2 612100

6 =0 220 I1tlli2 2 1950w 1.
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Finally, we show that 6 is the weak solution of the generalized quasi-geostrophic equation (1.1),
and (A.15) follows from (A.17) by a limiting argument (cf. [16]). O
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