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Abstract
In this paper we address the regularity issue of weak solution for the following linear drift—
diffusion system with pressure

oou+b-Vu—Au+Vp=0, divu =0, ul;—o(x) =uop(x),

where x € R” and b is a given divergence-free vector field. Under some assumptions of
the drift field b in the critical sense, and for the initial data ug € (L2(R™"))", we prove
that there exists a weak solution u(¢) to this system such that u(¢) for any time t > 0 is
a-Holder continuous with o € (0, 1). The proof of the Holder regularity result utilizes a
maximum-principle type method to improve the regularity of weak solution step by step.

Mathematics Subject Classification 76D03 - 35Q35 - 35Q30 - 35K15

1 Introduction

We consider the Cauchy problem of the following linear drift—diffusion system with pressure

u+b-Vu—Au+Vp =0,
V.u=0, (1.1)
u(x,0) = uo(x),

wherex € R",n > 2,u(x, 1) = (ui(x, 1), uz(x, 1), ..., un(x, 1)) is the unknown vector field

of R”, and the drift velocity b(x, t) = (b1 (x, 1), ba(x, 1), ..., by(x, t))isagiven divergence-
free vector field (i.e. divb = 0). The pressure field p can be derived from u and b by the
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expression formula
p=(=A)"div (b Vu). (1.2)

The drift-diffusion system (1.1) corresponds to the Stokes system with a drift term, which
is a coupled system instead of a scalar equation.

The drift—diffusion system with pressure (1.1) shares a fundamental scaling property:
under the following scaling transformations that for each s € R and for every A > 0,

u(x,t) > uP(x, 1) == Mulix, A%0), (1.3)
b(x, 1) > b™ (x, 1) := Ab(hx, A%1), (1.4)
px, 1) > pPx, 1) = A px, 220, (1.5)

the drift-diffusion system with pressure (1.1) remains invariant, that is,
u® + b . vu® — Au® £ Vp® =0, v.u® =0,

If the system (1.1) does not have the nonlocal pressure term, it is essentially not a coupled
system and each component satisfies the same equation; thus we may assume u : R” x RT —
R is a scalar field, and it reduces to the classical drift—diffusion equation

ou~+b-Vu—Au=0, ul;— = uop, (1.6)

with x € R", n > 2, and b a given divergence-free vector field. The Holder regularity issue
of the weak solution for (1.6) with a given vector field b has been a classical problem, which
is as follows: under which conditions of b, the weak solution u is Holder continuous for
any t > 0? The required regularity on b is usually expressed as b € (X)" = X x --- X,
with X some suitable space—time function space. Noting that the scaling transformations
corresponding to the system (1.6) are (1.3), (1.4), we here call that b is under a critical
assumption if b™ defined by (1.4) is invariant under the assumed norm || - || x forall A > 0,
that is, [|6M||x = ||bllx (e.g. X = LP([0, 00); LI(R")) with % +42 =1 p €200l
we call that the assumption of b is subcritical (resp. supercritical) if 5*) has smaller (resp.
larger) norm than b for all A > 0 small enough.

So far, by using current methods it seems impossible to obtain a Holder regularity result for
(1.6) with a supercritical assumption on b, since the drift part of the equation would be much
stronger than the diffusion part at small scales (corresponding to small A). If b satisfies the
subcritical assumption, the drift part would be relatively negligible compared with diffusion
at small scales, and one generally can treat the Eq. (1.6) as a perturbation of the linear heat
equation, so that some regularity results can be achieved. For instance, if b € (LY L?)" with
Z4n o 1, p € (2, 00] ([1]) or b satisfies some Kato’s class condition (e.g. [30]), on can
get the desired Holder regularity result. If b satisfies the critical assumption, the regularity
problem is more subtle. Since the drift part would not be negligible at any scale, in order
to get some regularity results depending on the scaling-invariant norms of b, one has to use
the non-perturbative methods. As far as we know, the variations of De Giorgi—Nash—Moser
theory ([7,22,23]) seem to be the only workable ways to derive the Holder regularity result,
which states that weak solutions of (1.6) are «-Holder continuous for all + > 0 and for
small ¢ € (0, 1). There are some noticeable works in this direction concerning b in different
scaling-invariant functional spaces: one can refer to [17, Chapter 3] for the condition that
b e (LY L))" with %—1—3 =1, p € [2, oo]; and for b belonging to a space—time Morrey space,

one can see [24]; and for b belonging to (L° W, 1291 6r more generally for b belonging
to (L7°BM 0;1)”, one can respectively see [25] and [11,27]. We also refer to [31] and [26]
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for the Holder regularity result with the divergence-free velocity field b satisfying a form of
boundedness conditions.

For the drift—diffusion system with pressure (1.1), if the drift velocity field b satisfies the
subcritical condition, it seems that the perturbative methods can also be applied to get the
Holder regularity result, and one can see [31] for the regularity result under the condition
that b belongs to the Kato’s class. But if b satisfies the critical assumption, since it is hard
in extending the De Giorgi—Nash—Moser type methods to the coupled systems, there is not
much regularity results for the weak solution of (1.1). We here only mention a regularity
result of Holder continuity: Silvestre and Vicol [29] proved that if ug € (C*(R"™))", and

2—
b e (LP([O, T1; MTp))" with p € [1,00),T > 0, the L!-based Morrey—Campanato space
MPB (B € [—1, 1]) defined by

1 1 _
1/ las = sup sup o | f()= F(x,r)ldz < o0,
M 02 P B ] o
(1.7)

and f(x, t) chosen to be 0 if B € [—1, 0), the average of f over B,(x) if € [0, 1], then
there exists a weak solution u to the system (1.1) which preserves the C*-regularity over
all [0, T']. The proof of [29] relies on a maximum-principle type argument to control the
growth of some local average of u (one can see [10] for the same method applied to the
kinematic dynamo equations, and see [14,15] for similar methods applied to the surface
quasi-geostrophic equation).

In this paper, motivated by [29], we address the regularity problem of weak solution for
the coupled system (1.1) with b satisfying some critical assumptions and ug € (L>(R"))",
and we derive the Holder regularity estimate depending on the scaling-invariant norms of b.
Our main result is as follows.

MP = {f e LL (R

Theorem 1.1 Let T > 0 be any given. Assumethatb : [0, T) xR" — R" isadivergence-free
vector field satisfying that b € (LI’([O, T); M”(R”)))n with p € [1, 2] and
WEO®Y, if p=1;
. . 2=
MPR"Y) := {7 (RY,  if pe(l,2); (1.8)
L°[R"), if p=2.
For p € [1,2), additionally suppose that
P-1b e (L'([0, T); L®(R™))", (1.9)

where P<j is the low-frequency operator given by (1.14) below. Let ug € (L2(R™)", then
there is a weak solution (see Definition 2.1 below)u : R" x[0, T) — R”" to the drift-diffusion
system (1.1) such that u € (LOO((O, T), C” (R”)))" for any o € (0, 1). More precisely, for
every t' > 0, we have

C||u0||L2(Rn) T P
||u||L°°([t/,T);C°’(R”)) < ti/% exp C[) ”b(T)”MP(Rﬂ)dr s (110)

where the constant C depends only on n, a, p.
Besides, if p = 2 in the above, the obtained weak solution u : R"* x [0,T) — R" is
unique.

For Theorem 1.1, we first prove the existence of weak solution to the drift—diffusion system
with pressure (1.1). The proof in nature shares much similarity with the existence proof of the
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Leray—Hopf weak solution (e.g. see [18,20]) for the incompressible Navier—Stokes system
(i.e.b = uin (1.1)). But since the drift field b is a given vector field in the system (1.1) while
the drift field b is just the unknown velocity field u in the Navier—Stokes system, there are
also many different points, especially concerning the convergence of the terms involving b,
and p. in the approximate system (2.9). We present the detailed proof of existence part in
Sect. 2.1.

For the uniqueness result at p = 2 case in Theorem 1.1, the assumption on the divergence-
free drift fieldis b € (L2([0, T); L°°(R™)))", and it is reminiscent of the Serrin’s uniqueness
criteria (e.g. see [18,28]) at endpoint case for the Navier—Stokes system. Here, by first molli-
fying the weak solutions u’ (i = 1, 2) and considering the approximate Eq. (2.24), and then
passing to the limit, we manage to prove the crucial equality (2.22) at p = 2 case, which
can be used to yield the uniqueness result. One can see Sect. 2.2 for the uniqueness proof in
detail.

In order to prove the Holder regularity result, which is the core of Theorem 1.1, we mainly
apply a novel idea of [14,21] to the procedure of [29] to improve the regularity step by step.
Recalling that the general strategy of [29] is to show that for any x € R"” and & > 0,

/B ux + €y, 1) — ii(x, £, DI*p(Mdy < (FOw @) = (F())°E*, Vi =0, (1.11)
1

with u the average given by (2.38) and f(¢) some chosen time-dependent function, which
according to Campanato [5] yields the «-Holder regularity of u(¢) (see also Lemma 2.4
below). Here, in difference with [29], we introduce a new modulus w (&, &) defined by
(2.35) to substitute w (&) = &%, which is derived by only replacing the function w (&) at the
range (0, &] with its tangent line at the point (&g, w(§p)). By setting &y = &p(¢) given by
(2.36) a time-dependent function, we firstly prove that the following strict preservation holds:
forevery x e R" and £ > 0,

Ii(x,§,1) = S"/B ux + &y, 1) —ix, €, DIP¢(ndy < (fl(t)w(é,éo(t)))z, Vi >0,

(1.12)
with some suitable f1(¢). Since w (&, 04) = w(§) = &% and &y(r) = O fort > t; witht; > 0
which can be chosen arbitrarily small, we in fact get an improvement of regularity after a
short time

L(x,&1) = 5"*2“/3 lu(x + &y, 1) —i(x, &, 0)*p(dy < fi()?, Vr>1.
1

We then prove that this quantity I (x, &, t) will further strictly preserve the modulus f>(r —
t)w (&, &(t — t1)) with some appropriate f (), which implies that

L(x,£,1) = s’“‘“fB lu(x + &y, 1) —i(x, £, > (0dy < folt — )%, Vi >21.

By repeating the process for a finite time, say n,-time, we get
_ _ 2
g / uCx +&y. 1) — i (x, & DGy < fu, (t — (e — D11)", Vi = ngty,
By
with f,, (-) some chosen function, which ensures the Holder regularity of u(¢) for t > ngty.
Due to the arbitrariness of 71, we indeed obtain the desired C*-regularity of weak solution

u(t) for every t > 0, which also satisfies the explicit Holder regularity estimate (1.10), as
desired. The main proof of the regularity result is given in Sect. 2.3.
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2—
Remark 1.2 The Morrey—Campanato space M 5 considered in [29] has the following prop-
erties: if p = 1, it corresponds to the space of Lipschitz functions W' (R"); and if

p € (1, 2), it is exactly the space of Holder continuous functions C % (R™); andif p = 2,1t
is the class of functions having bounded mean oscillation BM O (R"). Thus for p € [1, 2),
due to that the assumption on b is essentially the same and the regularity condition on u is
removed, Theorem 1.1 generalizes the regularity continuity result of [29] in this case to the
Holder regularity result. But if p = 2, since M? (R™) = L*°(R") is continuously embedded
in M°% = BM O(R") and the class BM O (R") is strictly larger than the space L™ (R") (e.g.
see [9, Chapter 6]), Theorem 1.1 needs a stronger assumption b € (L2([0, T); L®(R™)))" to
ensure the Holder regularization, rather than the assumption b € (L%([0, T); BM O (RM)))"
used in [29].

The main technical reason is that the preservation of (1.11) for all time (the symbol “ <" in
(1.11) can be replaced by “ <”) guarantees that u(t) € CY(R™) forall t > 0 (see Campanato
[5] or (2.34) below), which implies that |u(x, t) —u(y, )| < Cf(t)|x —y|* forall x, y € R"
and this property plays an important role in the estimates of terms containing the drift b (see
[29]), but for the following preservation used in this paper [or its variants like (1.12)]

lu(x + £y, 1) — i(x, &, DAy < (f(Dw(E, &(1))°, VE > 0,x € R", Vi =0,

By
(1.13)
with w (&, &o(¢)) defined by (2.35)—(2.37), itis not so clear that such a preservation will imply
an analogous pointwise estimates of u(¢), more precisely, it is not clear whether or not we
can use (1.13) to get the estimate that |u(x, 1) — u(y,t)| < Cf (Do (|x — y|, & (7)) for all
x,y €eR"andt > 0.

Remark 1.3 1If the spatial dimension n = 3 and b = u (noting that the corresponding scaling
transformations are (1.3)—(1.5) with s = 1), then the system (1.1) reduces to the classi-
cal 3D incompressible Navier—Stokes system, and associated with ug € (L2(R3))3, the
Navier—Stokes system generates the Leray-Hopf weak solution u € (L>®°(R™; L2(R3*) N
L?>(R*: HI(R3)))” (e.g. see [18]). Noticing that the condition (1.9) is only used in the
existence part of Theorem 1.1, thus Theorem 1.1 directly leads to that under the additional
condition thatu € (LP([0, T); MP(R3)))3 (1 < p < 2),thereis a Leray-Hopf weak solution
u(t) (unique at p = 2 case) which is Holder continuous with any index « € (0, 1) for any
t € (0, T). Thisresultis consistent and compatible with some previous regularity results of 3D
Navier—Stokes system which state that under the condition that u € (L? ([0, T'); MP(R3)))3
(for p = 2 see [13], and for p € [1,2) see [2,3,12], and for [6,12,16] etc. for various gen-
eralizations), the corresponding Leray-Hopf weak solution u is infinitely smooth (and also
unique) on R3 x (0, T).

Remark 1.4 1t is not clear for the authors to show the uniqueness of the constructed weak
solution stated in Theorem 1.1 at p € [1, 2) cases. The main reason is that under the assump-
tions of drift field b and the energy estimate (2.1) of weak solution ul (i = 1,2), we do not
know how to show that the last line of (2.24) has a limit as € — 0 and moreover the limit
vanishes.

The following notations are used throughout this paper.

e C stands for a constant which may be different from line to line, and X < Y means that
there is a harmless constant C such that X < CY, and X ~ Y means that X < Y and
Y < X simultaneously.
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e Weuse B, (xg) := {x € R" : |x — xg| < r} to denote the ball of R”, and use B, (xg)¢ :=
{x € R" : |[x—xo| > r}asthe complementary set of B, (xp); we also abbreviate B, (0) and
B, (0)€ as B, and B respectively. The notation S"1 .= {x e R" : |x| = 1} corresponds
to the unit ball of R”.

e ForA=(Ay,...,A,) and B = (By, ..., B,) two vectors, A ® B is the tensor product
of A and B which corresponds to a n x n matrix with each (i, j)-element equaling A; B;.

e For a vector field v = (v, ..., v,) and a function space X, the notation (X)”" is the
abbreviation of the product space X x - -- x X, and v € (X)" means that v; € X for each
i € {1,...,n}. For a matrix valued function V = (V;;),xx, the notation V e (X)"*"
means that V;; € X forevery i, j € {1,...,n}.

e The notation D(R™), D([0, T)) or D([0, T) x R"™) denotes the space of C°°-smooth
functions with compact support on R”, [0, T') or [0, T) x R", respectively. Denote by
D'(R™), D'([0, T)) or D'([0, T) x R") the space of distributions, which is the dual space
of D(R™), D([0, T)) or D([0, T) x R™) (see [18]).

e The notation S(R") is the Schwartz class of rapidly decreasing C*°-smooth functions,
and S’ (R") is the space of tempered distributions which is the dual space of S(R").

e Form € N, r € [1,+00], s € R, we denote by W' (R") (W”‘*’(R”)) and H*(R")
(H*(R™)) the usual L"-based and L2-based inhomogeneous (homogenous) Sobolev
spaces, and by C B[R, Cc# (R™) with B8 € (0, 1) the inhomogeneous and homogeneous
Holder spaces (e.g. see [8]).

e Weuse F(f) (or f yand F~'(f) to denote the Fourier transform and the inverse Fourier
transform of a function f, that is, F(f)(¢) = fR,, X ¢ f(x)dx and ]-'_l(g)(x) =
Gy Jra €480

e Denote by P<; the low frequency operator which is defined as a multiplier operator:

P<i = y(D) = F~ (), (1.14)
where D = lz = % and ¢ € D(R") is such that ¢ = 1 on B(0), supp ¥ C B2(0).

2 Proof of Theorem 1.1

The outline of the proof is as follows. In Sect. 2.1, we give the proof of the existence of a
weak solution to the drift—diffusion system (1.1); we show the uniqueness proof at p = 2
case in Sect. 2.2; we then prove the core Holder regularization result in Sect. 2.3; and in
Sect. 2.4 we present the proof of some auxiliary results used in Sect. 2.3.

2.1 Existence of weak solution to the drift-diffusion system with pressure (1.1)
First we introduce the definition of weak solution (i.e. distributional solution) for the system
(1.1).

Definition 2.1 (Weak solutions) Let T > 0be any given. For a divergence-free vector field b €
(LY([0, T); L .(R™)))", we call that a vector field u : [0, T) x R" — R” is a weak solution

loc
to the drift—diffusion system with pressure (1.1), if it satisfies the following properties.

(1) u e (L°([0, T); L*(R™) N L*([0, T); H'(R")))" satisfies that

t
()17 2 gy +2 /0 IV @ u(®)172@ndt < luoljagy, Y1 €10,7).  (2.1)
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(2) lim;—o4 [lu(t) — uoll L2(gny = O.

(3) There is a distribution p € D’([0, T) x R") such that (u, b) solves the first equation
of (1.1) in the distributional sense, that is, for every test function x = (x1,..., xn) €
(D([0, T) x R")",

T
—/ / (u.(a,x +b~Vx+Ax)+pdivx)dxdt=f o) x (x, 0)dx. (2.2)
0 n R’l

(4) For any test function ¥ € D([0, T) x R"),
T
/ / u-Vy(x,t)dxdr =0. (2.3)
0 n

Recalling that e’ is the heat semigroup and P := Id4V (—A)~!div is the Leray projection
operator (e.g. see [18, Chapter 11]), we also have the following equivalence results about
different formulations of weak solutions to the system (1.1).

Proposition 2.2 Let b € (L' ([0, T); L®(R™)))" be a divergence-free vector field. Assume
that u € (L°([0, T); L2 R™))" is a vector field of R" satisfies (2.3). Then the following
statements are equivalent.

(1) There exists a distribution p € D' ([0, T) x R") such that 9;u — Au+V-(bQu)+Vp =0
in (D'([0, T) x R")" and lim;_o u = ug in (S’ (R™"))".

(2) u satisfies that d;u — Au+PV - (b®u) = 0in (D'([0, T) x R"))" and lim; o u = ug
in (S'(R™M)".

(3) u satisfies that u = e'®uqy — fot eU"DAPY . (b @ u)dr.

Proof of Proposition 2.2 Recall that if b = u, the drift—diffusion system (1.1) reduces to
the classical incompressible Navier—Stokes system, and Lemarié-Rieusset in [18, Theorems
11.1, 11.2] proved the above equivalence under very general assumptions that

ue (L2, L2([0,T) x R")" (2.4)

uloc,x

and the following decaying condition

1 [
lim sup —/ / lulPdxdr =0, 0<ty<t; <T, 2.5
R" Jiy Jix—xol<R

R—00 ycRn

where the notation L”, _L7([0,T) x R") for every 1 < p,q < oo is the space of

uloc,x
Lebesgue measurable functions f on [0, ') x R" such that the norm sup, .« ( f\x—xol<l ( fOT

| £ (x, 0)[4dr)P/4dx) " is finite. Tt is clear that our assumption u € (L*([0, T); L2(R™)))"
guarantees the conditions (2.4), (2.5). Also note that in the case of Navier—Stokes system,
the a priori information of u @ u isthat u @ u € (Llldoc,thl([O’ T) x R™")™" while in our
case of drift—diffusion system (1.1), we get b®u € (L' ([0, T); L>(R™)))"*", which directly
implies b @ u € (Ll,ltlUL',XLtl ([0, T) x R™))"™*". Hence we can follow the same arguments as
[18, Theorems 11.1, 11.2] to prove Proposition 2.2, and we here omit the details. O

We now sketch the proof that the drift—diffusion system (1.1) generates a weak solution
u:R"x[0,T) - R".

Let ¢ € D(R") and n € D(R) be two smooth cut-off functions such that f]R" pdx =1
and suppn C (—1,1), [ ndr = 1. Set g, (x) = eincp(f), Ne(t) = én(é), € > 0. Denote
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by 0,e (X) = @e * uo(x), by be (x, 1) = (Newe) % b(x, 1) if 1 € [€, T — €], while be (x, 1) = 0
ift € [0,¢€) U (T — €, T). We consider the following approximate system that for € > 0,

{8,u+be-Vu—Au+Vp:0, 2.6)

divu =0, ul;=0 =up.e-
Due to that uge(L>(R")", be(LP([0, T); MP(R™)))" and P=1be(L'([0, T); L®(R")))",
then for every € > 0, we have ug. € (H™(R"))", and b, € (L°°([O, T); W’"’OO(R")))”,

m € NN (5 + 2, 00), which can be seen by the follows: [[ug, el gm®n)y < Ce ™ luoll12gn),
and

¢ Il oo ([0, 7); wm.co )y = 1be || Loo (e, T—e1; wm-oo )
< Ce e # bl 1o,y wmoey < Celigellyma bl Lo, 7y 1)
< Ce" 1Bl oo, 7y mtr ey + IP<1Bll 10,y (R)-
By means of the mild formulation of u

t
u(x, 1) =e®up — / UTOAPY . (be ® u)(x, T)d1, 2.7
0

and by using the following estimate (from Plancherel’s therem and Holder’s inequality) that
foreveryO0 < Ty < T,

t
/ eIDAPY . (b ® u)drt
0

Lee([0,T1[; H™ (R™))

1
=¢ H/ IR 1114 12D E |1 F (be ® w)(2, T)ldT
0 L°([0,T11;L?)
‘ 5 1/2 ‘ 1/2
<cC ( / e~ 20l |;|2dr) ( / (1+|c|2>’”|f(be®u><;,r>|2dr>
0 0 L®([0,Ty];L2)
<

172
T
12
c (/0 1De ®M(T)|I%1mdf> < CTI/ 16e | Loo (0, T): w00y lull Loo ([0, 711 H™Y »

we can apply Picard’s iteration to show that there is a time 77 > 0 depending only on
1be |l L= ([0, T): wm.0) and dimension n so that the Eq. (2.7) admit a unique solution u. €
(C([0, T11; H™(R™)))". From the following estimate

IP(be - Vue)ll Lo, 1y1; Hm-2@ny) + 1be - Vitellpooqo, 11, -2 ®r))
< Cllbe uell oo o, 71 =1 ®nyy < Cllbell oo (o, 17 wm-oe ®ny) ltte | Lo 10, 1) Hm (R 5
and using (2.7), we have (e.g. see [18, Chapter 11])
e = Aue — P(be - Vue),

and thanks to that u € (C([0, T1]; H™(R")))" and b, € (C([0, T1]; W™ (R™)))", we can
obtain u. € (C'([0, T11; H™ 2(R")))". We define the function

pe = (=A)div (be - Vue) = (=A) vV - (be ® ue) (2.8)
which belongs to L*° ([0, T'); H™(R")), and thus (from the definition of IP)
Oitte + be - Vue — Aue +Vpe =0, divue =0. (2.9)
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Moreover, noting that the time increment 77 > 0 is a uniform constant and is independent
of the starting time, we can consider the time interval [T}, 271], [2T}, 3T1], . . ., and finally
[Ty, (k+ 1)T1]N [0, T) for some k € N, so that by using the time connectivity, we obtain a
unique solution u, € (C([0, T); H™(R")) N cl([0, T); H™2(R™)))" to the system (2.6).
Thanks to the continuous embedding H™ (R") — W>>®(R") and H"2(R") — L>®R")
form > % 42, we see that u. and p, satisfy the system (2.9) in the classical pointwise sense.

Since [[uo,ellz2qrry < luoll2rny, in view of the divergence-free property of b and the
classical energy estimate, we get the following L>-estimate of u.:

t
it (D117 > gy + 2 /0 IVue (7 2y d7 < luol 2@y V1 €10, T), (2.10)

which corresponds to that u. € (L°°([0, T); L2(R™) N L%([0, T); H! (]R”)))" uniformly
in €. Owing to the weak (weak-x) compactness lemmas (e.g. see [4, Theorems 3.16, 3.18]),
this implies that there exists a vector field u = (uy, ..., u,) such that u., up to a sub-
sequence, denoting by uc,, weakly converges to u in the space (LOO([O, T); L2 (R™)) N
L2([0, T); HI(R”)))" (weakly-* converges in L°°-topology) as €, — 0. Since for any
T >0,u € L%([0, T) x R") uniformly in €, u, (up a subsequence if necessary) is weakly
convergent to u in L>([0, T) x R™), which also implies that ug, = uinD'([0,T) x R").
By setting B(t) € D([0, T)), and using the weak convergence of Bu, in (L2([0, T) x R"))"
and the weak convergence of V ® u,, in (L2([0, T) x R™))"™ " [from the convergence in
(D)™ and uniform control (2.10)], we obtain that

t
// |/3(t)|2|u(x,t)|2dxdt+2/|ﬁ(t)|2(// |V®u(x,r)|2dxdr>dt
Rn 0 JRrn

t
§liminf// |/3(t)|2|uek(x,t)|2dxdt+2/|ﬂ(t)|2 <[/ |V®u€k(x,r)|2dxdr)dt
€—0 R 0 JRrn

< [ 1BOPt 101

For any 79 > 0, we choose B(t) = ﬁ@(%), 8 > 0with 6 € D(R) satisfying f 16()|2dr =
1, then we get

, 1] [t—1\]? fo
llran_)S(L)lp//n 3 |9< 5 >‘ lu(x, )| >dxdr +2/0 /” [Vu(x, 7)|*dxdr < “MOHiZ(Rn)'

If 7o > 0 is a Lebesgue point of the measurable function 7 = [[u(#) || 2 (gn), the limit in the
left-hand side of the above inequality equals ||« (7o) || 2LZ R’ thus we prove the inequality (2.1)
for almost every t € [0, T') (later we shall show that (2.1) indeed holds for any ¢ € [0, T)),

which also implies that

”u”LDO([O,T);LZ(R")) < ||u0||L2(RH), and ”u”LZ([O,T);LZ(Rn)) < ||M0||L2(]Rn). (211)

By using b € (LP([0, T); MP(R"))", p € [1,2], and P<ib € (L'([0, T); L™ (R™)))",
we have that (from the high-low frequency decomposition)

b e (L1([0, T); L*®(R™))", 2.12)

and also b € (L'([0, T); L* (R™))", thus b, strongly converges to b in (LY([0, T);

loc

Lfoc(]R”)))" as € — 0 (e.g. see [8, Appendix C.4]).
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It is clear to see that u, and b, satisfy (2.2), (2.3) with (u, b) replaced by (u¢,, b, ). We
also find that for every test function x € (D([0, T) x R"))",

T T
/ / (e ® bey) - (V® x)dxdr — / / (u ®b) - (VR y)dxdr
0 Jre o Jrr

IA

T T
/ / (e, ® (b — b)) - (V ® x)dxde| + / / (e — 1) ®b) - (V ® y)dxdr
O R}l O Rll

IA

lluey ||L°°([O,T);L2) 1be, — b”Ll([O‘T);Lf‘UC) IV ® x ”LOO([O’T);th)

T
+ / f ((ug —u) ®b) - (VR x)dxdr
0 ]R)l

— 0, as e — 0, (2.13)

where the last convergence (2.13) is deduced from (2.10), the strong convergence result of b, ,
the weak (weak-*) convergence of u,, in (L*°([0, T); L?(R™)))" and the factb - (VQ® x) €
(L1 ([0, T); Lz(]R”)))". From (2.8), we next intend to prove that

P — pi= (=A)"ldivdiv(b ® u), inD'([0,T) x R"). (2.14)

Recall that R;R; := 0y, 8xj (=)L, j =1,...,n)is a Fourier multiplier operator with

multiplier m(¢) = — fﬁ; which has the following expression formula (e.g. see [9, Theorem
4.13])
RiRj f(x) = aij f(x) + Tij f (x), (2.15)
where a;; = —% fori = j and g;; = 0 for i # j, and 7;; is a singular integral operator
Tij f (x) := p-V-/ Kij(x —y) f(y)dy = lim Kij(x —y)f(ydy,  (2.16)
R e—0 x—y|>0
Q;; (%)

with the kernel K;;(x) = U ,Vx #0,x = \%I’ and ;; (%) € C>®(S"1) satisfying the
zero-average property. We thus have that for every x € (D([0, T) x R"))",

T T
/ / (P, — p)(div x)dxdr = / / RiRj(bey,i ey, j — biuj)(div x)dxdt
0 R" 0 JR?
T
= f / (bek,i Ugy,j —biuj)'Ri'Rj(diV X)dxd‘[
0 R"
T
:a,'j/ / (bgk,i Uer,j —b,'uj) (diV)()dxdf
0 R"

T
-‘r-/ / (bgk’i Uey,j —b,-uj)ﬁj(divx)dxdr, (2.17)
0 R®

where the Einstein summation convention on repeated indices is also used. Similarly as
(2.13), we obtain

T
ajj / / (beyi Uey,j — biuj) (div x)dxdt| — 0, as e, — 0. (2.18)
0 R»

Let x be supported in the space—time domain [1g, 71] x Bg, with0 < 79 < 71 < T and some
Ry > 0. By letting R > R( be some constant chosen later and using the support property,
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C
we see that for every x € B3,

QG —y)

|73 (div x)(x, T)| = ‘p.v./ - (div ) (y, T)dy‘
R X —yl

||d1VX ”LOO([O,T);LI)'

1 , 1
=< C/ ~1(div ) (y, Dldy = C—
Bg, X = I x|

(2.19)
For any ¢ > 0, by using (2.10), (2.11), (2.12), (2.19) and Hélder’s inequality, we deduce that

/C (bey,i uey,j — biuj) Tij(div x)dxdz

b;
<C||d1VX||LOOL1/ /L D tey.j = bivj1 dxdr

x|

12
. 1
=< C“leX”L?OL}( (”bek IILngolluek ||L;’°L§ + ”b”LtlL)oCOHMHLt“L%) (/B‘ |x|2ndx>
2R

<e, (2.20)

. 1
< Clldivyllpee 1 1B .1 L;o||M0||L2(R")W

where the last inequality can be ensured by choosing some fixed R such that
2C .
R 2 max 1 2Ro. = vyl ort 1B e Nuoll 2 f

By arguing as (2.13), and using the facts that ||7;;(div X)||L§>OL§ < C||V)(||LtooL1 and
1Z;; (div X)||LrooL% <Clx ||L;>0H)3, we also infer that '

(bek,i uekyj — b,'uj) Zj(div X)dxd‘[

Byr

(e, j (bey,i — bi)) Tij(div x)dxdz

Bag

((ue,j —uj) b)) Tij(div x)dxdr

Bor

= ||Mek||L00([o,T);L2) 1be, — b”Ll([O,T);Lj‘OC)”VX||L°°([0,T);L4)

s (e, j —uj) (b; T;j(div x))dxdz

— 0, as e — 0. (2.21)
Hence, gathering (2.17) and the estimates (2.18), (2.20), (2.21) leads to

T
/ f (pe, — p)(div x)dxdt
o Jre

thus from the arbitrariness of ¢ > 0, we conclude the desired convergence (2.14). Therefore
we can pass the limit €, — 0 to show that u indeed satisfies (2.2) and (2.3), that is, u# solves
the drift—diffusion system (1.1) in the distributional sense.

Next we show that the solution u is weakly continuous from [0, T') to (L2(R™))" after a
redefinition on a null set of [0, T'). Indeed, from 0,u = Au+PV - (b ®u) in the distributional

lim
Ek—>0

<e,

@ Springer



153 Page 12 0f 33 Q. Miao, L. Xue

sense and the following estimate
IPV - ®WliLio,ry: -2 < CIb@ullpiqo,1y:22) = 1D 1o, 1y ooy Ul oo o, 1: 1.2)

we have d,u € (L'([0, T); H~2(R")))", thus u(t) for every t € [0, T) is continuous in
(S'(R™))". Due to that the inequality (2.1) is satisfied for almost every ¢ € [0, T), there is a
null set N C [0, T) such that (2.1) holds on [0, T') \ N, and we can redefine the values of
uon N so that [[u(?)| 2y < C for every r € N. Hence, by using the facts that # = u is
bounded in L2-norm for every ¢ € [0, T) and S(R") is dense in L?(R"), we can prove that
u is weakly continuous in (L2(R™))" for every t € [0, T), as desired.

We now prove the energy estimate (2.1) for every ¢ € [0, T) and also lim; o4 [|u(t) —
uollp2gey = 0. Indeed, for any ¢ € [0, T), recalling that (2.1) is valid for every ¢ €
[0, T) \ N with null set N, there exists a sequence of times {tj}fil C [0,T)\ N such
thatt; — t as j — oo, thus we deduce that ||u(t)||2Lz(R,,) < liminf;, ||u(t,)||iz(w)
Jo Jgn IVulPdxdr = lim;, f(j" Jgn |Vu|*dxdt; hence (2.1) holds for every ¢ € [0, T). For
the strong continuity property of u at time ¢ = 0, due to that u(¢) is weakly L2-continuous at
t = 0, we only need to show that lim;_, o4 ||u(?) I ) = ”“‘)HiZ(R'r)' But this equality can

and

L2(Rn
be seen from ||uo||i2 ®" < liminf,_ o+ ||u(t)||2L2 ® which is from the weak convergence,
. 2 2 . .
and also lim sup, ¢, ||u(t)||L2(R,,) < HMOHLZ(]R") which is ensured by (2.1).

Therefore, based on the above analysis, we construct a weak solutionu : [0, T) xR" — R”"
to the drift—diffusion system with pressure (1.1) in the sense of Definition 2.1.

2.2 Uniqueness of weak solutions to the drift-diffusion system with pressure (1.1)
atp = 2 case

Assume that ! and u? are two weak solutions to the system (1.1) associated with the
same initial data ug € (LZ(R"))", thatis, u’ (i = 1,2) belongs to (Loo([O, T); LEXR") N
L2([0, T); H'(R")))" and satisfies (2.2), (2.3).

We first have the following result which plays an important role in the uniqueness issue.

Proposition 2.3 Let T > 0 be any given. Assume that u' and u® defined on [0, T) x R"
are two weak solutions to the system (1.1) with the same data uy € (L*(R™))". Addi-
tionally suppose that b is a divergence-free (in distributional sense) vector field satisfying
b e (L*([0, T); L®(R™)))". Thenthe map t > [g, u'(x,1)-u*(x, t)dx foreveryt € [0, T)
is continuous, and we have the equality that for every 0 < s <t < T,

t
/ ul(x, t) - uz(x, t)ydx + 2/ / (V® uly- (V® uz)dxdr = / ul(x, s) - uz(x, s)dx.
Rn n n
’ (2.22)
Proof of Proposition 2.3 Let ¢c(x) := Zo(X), ne(t) = Ln(L), e > 0 with ¢ € DR")

and n € D(R) satisfying [, ¢dx = 1 and suppn C (=1, 1), [pndt = 1. Set we(x,1) :=
@e ()N (t). Then we % u' (i = 1,2) is a smooth function on [¢, T — €] x R”, and we have

3 (e xu') - (we % u?) = (3 (we *u")) - (e % u*) + (0 % u") - (3 (we * u?))

= € t e € . ; i

where the notation % means the space—time convolution. Since u' (i = 1,2) solves the first
equation of (1.1) in the distributional sense, we infer that for i, j € {1, 2},
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(e * i) - (we *x ul) = (we * Au') - (we * u')
f(wg*Vpi)-(wf *uj)
—(we %V - (bQu')) - (we *ul)
=V (@ *xV@u') (e xu))) — (0 *V@u') (e ¥V @u’)
—V~((w€*pi)-(w€*uj))
— V- ((@e * (b ®U) - (e xu))) + (e % (b @ u')) - (e %V @ul).

Lety(t) € D([e, T —€]) and Y (x) € D(R") with ¢ = 1 on B;. Observe that for a vector
field F, € (L'([e, T — €] x R™))" uniformly in € and R > 0, we get

/T/ V- Fe(x, Dy (09 (% )dxdr = 1 /T/ Y (O Fe(x, 1) - (V) (2 )dxds
0 JRre R R Jo Jix=r R
— 0, as R — oo.
Also noticing that
(@ (V@ u") - (@e 5 )| 1 e, 7]y
< lwe * (V @ U 2 e, 7 e |0e % 17 1| 2 1e. 71y
<IVeu ||L2([07T)X]Rn)||“j||L2([0,T)xR") < T%”“O”ian),
and
l(@e % (b @ u)) - (e % u )1 (e, 7— xR
< Nlwe * (b @ u) | 1 te.7 ey 2y 1o * 1 | oo e 7 e 12y
< 16l o,7y: ooy Nt N oo o, 7y 22y 17 oo go.7y: 22y < NN L1 o,y L0 Ry ||M0||2Lz(R,,),
and (from p’ = (—A)~!divdiv (b ® u'), see Proposition 2.2)
(e * p') - (we * uj)”L'([e,Tfe]x]R”) <IIp’ ||L‘([0,T);L2(]R"))||uj | oo (o, 7: L2 (R7Y)
< 1Bl 1 o.7y: ooy Nt N oo o, 7y 22y 17 Wl oo go.7y: 22y < 10N L1 o, 7y: Lo Ry ”uO”iZ(Rn)a

we take an inner product of the equality (2.23) with y (t)w(%) (R > 0)and thenlet R — o0,
we find thatin D'([e, T — €]),

at/ (a)e*ul)-(wg*uz)dx+2/ (We % (V@u)) - (we % (V@ u?))dx
n RV!
=/ (we*(b@ul))-(we*(muz»dwf (@ % (V@ u")) - (we * (b ®u?))dx
R~ R~

= / (we * (bR u")) - (we * (V@ u?))dx —/ (we ¥ u') - (we ¥ V - (b ® u?))dx.
R R~
(2.24)

Now we pass € to 0 in the above quantities. Notice thatas e — 0, forsome g € L2([0, T) x
R™), we * g1 strongly converges to g in L2([0, T) x R™). We thus obtain that in D’ ([0, T)),

Bt/ (we * ul) - (we * uz)dx — 8,/ ul - uldx, (2.25)
]Rn

n

1 This function can be defined on [0, T) x R" by first defining we * g as space~time convolution on [€, T —
€] x R" and then extending it by 0 on ([0, €) U (T — ¢, T)) x R".
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and

2[ (We * (V@u)) - (we * (V@ u?))dx — 2/ (Veouh) (Vouddx, (2.26)
]Rn

n

and

/ (e x(bQu")) - (we *(V@u?))dx — / beuh)-(Veur)dx = / b-(Veu?)-u'dx.

¥ « “ (2.27)
Since b € (L2([0, T); L®°(R™)))" with divb = 0, and u? € (L2([0, T); H' (R")))", we
have V- (b @ u?) = b - Vu? in (D' ([0, T) x R"))". Indeed, we may first get the equality for
the smooth vector field w, * b and we * u?, and then pass to the limit € — 0. Thus we infer
that in D'([0, T)),

(e *u") - (we V- (b @ u?))dx = / (we % u") - (we * (b - (VQu?)))dx.
R” R

Due to that ||Cl)€ * Ml ||L°°([0,T);L2(]R")) < ||M1 ||L°°([O,T);L2(]R”)) < ”u()”LZ(]R”)’ ase — 0, we
have we * u! (up to a subsequence, still denoting by w, * u!) weakly-% converges to u! in
(L®°([0, T); LE®RM)))™ (e.g. see [4, Theorem 13.6]). From

6- (Ve u2)||L1([0,T);L2(Rn)) < Nbll2qo,1y: 29IV @ M2||L2([0,T)><]Rn)
= 16l 20, 1y; ooy 1o 1l 2 (2.28)

we also deduce that w, *(b- (V®u2)) strongly converges to b- (V®u2) inL! ([0, T); L? (R™)).
Hence for every y (¢) € D([0, T)),

T T
’/ / () (e *u') - (we * (b - (V® u?)))dxds — / / y(Ou' - (b (V@ u?))dxds
0 R» 0 R2

T
= '/ f y(@) (e xu' —u') - (b (V@ u?))dxdr
0 n

T
+‘/ f YO (e *u') - (we * (b (V@ u?) —b-(Vu?))dxds
0 R®

<

T
/ / () (e xu' —u') - (b - (V @ u?))dxdr
0 n

+ 1y leelloe = b - (V@u®) = b+ (VY @ u) 1o ry:22 luoll 2

— 0, ase — 0,

which directly leads to that in D' ([0, T)),

(e %u") - (e xV-b@u?))dx — [ u'-b-(Veou)dx= | B - (Vou?)) u'dx.
RIL

RH Rﬂ
(2.29)
Gathering (2.24) and the convergence results (2.25)—(2.29), we conclude that in D'([0, T)),

O | @' uPydx + 2[ (Veu) - (Veu?))dx =0. (2.30)
R" R

Since u! (i = 1, 2) is a weak solution to the drift—diffusion system (1.1), it also satisfies
that following integral equation

t
ul (x, 1) = e®uy —/ eTOAPG . ViUl (x, T)dT. (2.31)
0
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We claim that
ut (i =1, 2) is strongly L?* — continuous for every t € [0, T). (2.32)

Indeed, from ug € (L2(R™)", e'®uq for every ¢ is continuous in (L2(R™))"; while
recalling that for g € Lﬁ([o, T); H P (R")) with some B € [0, 1], the function ¢ +—>
fot e"~DAPg(r)dr is continuous in ¢ with values in L?(R") (see [12, Pg. 392]), thus thanks
to (2.28), the function fot eU~DAP(p . Viul)dr is also L2-continuous about the time variable;
hence together with (2.31), the assertion (2.32) is followed.

Therefore, by virtue of (2.32) themap ¢ +— fR,, ul-u?dx for everyt € [0, T)is continuous.
We can integrate the equality (2.30) to get the desired equality (2.22). O

Based on Proposition 2.3 and the energy estimate (2.1), we now prove the uniqueness
result. We have that for every ¢t € [0, T),

' () = > D12 gy = Nl O 2 gy + 11> D12 gy — 2/R u' e, 1) - u?(x, 1) dx

t
e 12 gy F 107 D117 2 ) +4 /0 fR (Veu') - (Veu?)drdr = 2[luoll7s g,

t t
—2/ f IV ®u'Pdxdr —2/ / IV @ u?|?dxdr
0 n 0 n

t
+4//(V®u1)~(V®u2)dxdr
0 n

IA

t
5—2// IVRu'(x,7) — Vu’(x, 7)]>dxdr.
0 JR»

Hence u! = u? on [0, T) x R", and we conclude the uniqueness of weak solutions for system
(1.1) at the p = 2 case.

2.3 Proof of Holder regularity result

Throughout this subsection, let ¢ € D(R") be a radially symmetric test function such that
¢ =1, onBjp; supp¢ C By; Rnd)dx:l.

We first recall the definition of the L?-based Morrey—Campanato space £>*(R"), which is

very useful in the proof: the Morrey—Campanato space £>*(R") with A € (0, n + 2) is the
setof f € L2 (R") such that

loc

1 - X — X0 12
£l g2y = sup (7 / |f(x) = fxo.r)* ( )dx)
xoeR?,r>0 \"" J B, (x0) r

| ) 1/2
= sup (M—_,,fB|f(xo+ry)—f(xo,r)|2¢<y>dy) < o0,
1

xo€R”,r>0

(2.33)

with f(xo, r) := fBl f (xo+ry)¢(y)dy. The L%-based Morrey—Campanato space £2*(R")
has the following important equivalence property (e.g. see [19, Pg. 361]).
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Lemma 2.4 We have

BMOR"), ifr=n,
L22RY) = 1 CF R, ifhe (nn+2), (2.34)
WL @R, ifa=n+2,
where BM O (R") is the space of functions with bounded mean oscillation (e.g. see [9, Chapter
6]).

In this subsection, the following modulus of continuity is also of frequent use

Ja—wEg +asg e, if 0<£ <&,
w(&, &) = LW’ it £ > ) (2.35)
where o € (0, 1), &y = &y(¢) satisfies that
o= —p& ', &/(0) = Ao, (2.36)

with some constants p, Ag > 0, that is,

Eo(1) = /A —2p1. (2.37)

Noticing that as §y — 0, w (&, &) reduces to w (&, 0+) = w(§) = &% which is the modulus
of continuity of the «-Holder continuity.

Since we can first consider the approximate solution u. (¢ > 0) solving the system
(2.9) with p. = (—A)~'div (be - Vue) and then pass to the limit € — 0, we here only
focus on the a priori estimates and always assume that u(x,t) € (C([0, T); H"(R")) N
CH([0, T); H* 2(RM)" (m € (% 4+ 2,00) N N) is a classical solution to the Egs. (1.1),
(1.2). In order to show the a priori estimate concerning the improvement of the solution from
u(t) € LA R") to u(t) € Cce (R™), we divide the proof into three steps.

Step 1 A priori estimate of u(¢) on the improvement from L2(R") to L2224 (RM).

By setting the weighted mean of u on B (x) as

A(x 6, 1) = /B u(x + £y, D ()dy, (238)
1

with ¢ € D(R") the same test function in (2.33), we firstly intend to control the following
quantity

Ii(x, &, 1) = E"/ lu(x +Ey, 1) —ii(x, & 0 p (y)dy (2.39)
By
through the suitable modulus of continuity w; (£, £)?, which is precisely given by

A1 —)Ed +agd '), if 0 <& <&,
Sfi@)EY, if &> &,

with f1(¢) > 0 anon-decreasing differentiable function chosen later [see (2.70) below]. That
is, for such defined /1 and w;, we shall prove that for every x € R" and & > 0,

wi(§. 1) = fithw(E, ) = { (2.40)

L(x,&,1) <w (£, 1)2, forallte(0,T). (2.41)

Before proving (2.41), we first show the direct consequence of this uniform inequality
2

(2.41). From the expression formula of (2.37), we see that £y(¢;) = O at the time ] := 2AT2
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with p given by (2.66) below, thus for t > #1, w (&, t) reduces to f1(¢)€%, and (2.41) implies
that for every x € R"” and & > 0,

g ’ lu(x + &y, 1) —i(x, &, 01Pp(dy < fi(t)?, Yt =1, (2.42)
1

which according to (2.33) means that u(¢) forevery t > t; belongs to the Morrey—Campanato
space £22%(R").
Next we proceed to prove (2.41) forall x € R", & > 0 and ¢ € [0, T'). Observing that

I1(x,€.0) =S"/B luo(x + £y) — il(x, €, 0) ¢ (y)dy
1

:s"/ luo(x + £ Po(dy — €"lax, &, 0) s/ oAy = o2 g
B

B (x)

(2.43)
and w1 (&,0) > f1(0)w(0+, £(0)) = (1 — a) f1(0) A, we infer that by choosing f1(0) to
be large enough so that
V2ol 2 n)

oA (2.44)

f1(0) =

we have I} (x, £, 0) < w; (&, 0)2 forall x € R” and £ > 0.

Now we assume that the strict inequality /1 (x, &, 1) < w1 (&, 1?2 is firstly lost at some time
t. € (0, T) (without loss of generality). Since u is a smooth function that has spatial decay
at infinity, from the time continuity, we get

Ii(x, &, t) <wi(&, 1), forallx e R", & > 0. (2.45)
A direct consequence of (2.45) is the following result.
Lemma 2.5 Assume that the assumption (2.45) is satisfied, then there exists a positive con-
stant C = C(n, «) so that for every (x, &) € R" x (0, 0o) and for every j € N,
& / lux + &y, 1) —i(x, £, 1) Pdy < C(j + D2/ P01 (5,107, (246)
Byj

Proof of Lemma 2.5 Thanks to the change of variables, the support property of ¢ and Holder’s
inequality, we deduce that

s"f e + £y, 1) — iiCx, £, 1) Py
sz

=20 [ a4 2ty ) — e, Py
B2
< gnz(j+l)n
Jj+1 ~ 2
X lu(x + 2778y, ) —u(x, &, t)"d (y)dy
B

< gm2U u(x +2/ ey 1) —a(x, 2/ g 1,
gnp(thntl Juu( 2]+1$y ) (x, 2/ )|2¢>(y)dy
By

_|_g’_-"2(j+l)n+1
2

J
) [ Y haee, 24, ) —i(x, 24, 1)

k=0
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J
x Y lulr + 2%y, 1) — i, 2HE, 1) Pg (y)dy
k=07 B1

<2012/, 1) 4 EMRUFIHLG 4

J
x Z/ lu(x + 2 ey, 1) — a(x, 271, 1) Pdy
k=0"B12

J
S 20)1(2j+l$, t*)Z + 2(j+2)n+l(j + 1) Z 2_(k+1)n6()1 (2k+1$, t*)z
k=0
< YT (j + D?wr (271, 1,02 (2.47)

Then we control w; (2711, 1,) from w( (&, 1,). f 0 < & < &), we get w1 (€, 1) > (1 —
@) f1(t)ES and w1 (27H1E, 1) < 20D £ (188 thus wy (271 E, 1) < 220+ (€, 1),
Whereas if & > &, we directly see that w(2/T1£, 1) < 2U+Deg (£ 1,). Hence
w1 (271, 1) < 120+ Dg, (&, 1) forall £ > 0. Inserting this estimate into (2.47) yields
(2.46). O

Besides, we have the following breakdown criterion.

Lemma 2.6 Lett, € (0, T) be the first time that the strict preservation (2.41) is lost, then
there exists some x € R" and & > 0 such that

N(x, &, 1) = 01§, )% (2.48)

The proof of this lemma is postponed in Sect. 2.4.
Since I (x, &, t,) attains its maximum at x for fixed (x, §) in (2.48), we get

Vili =28" | (u(x+Ey, 1) —u(x, &, 1)) - (Ve Qux + &y, 1)
B
Vi ®u(x,§&, ) ¢(y)dy = 0. (2.49)

From the definition of & (2.38), we also see that

. (uCx + 8y, 1) —u(x, 8, 1)) - Ve Qux + &y, )¢ (y)dy = 0. (2.50)
1

By virtue of the fact /1 (x,&,1) < w1 (&, t)2 forall r € [0, t,), we have
1§, 107 < 011 (x, &, 1),
which leads to that
w1(§, 1) w1 (§, 1) < 5”/3 (u(x +&y, 1) —ulx, &, 1)) - (Oru(x +8y, 1)
1
—0u(x, &, 1)) ¢(y)dy

= sn 3 (M(X + %.ya l*) - IZ()C, 57 t*)) . atu(-x + %.ya t*)¢(y)dy
1 (2.51)
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Plugging the Eq. (1.1) into the right-hand-side of (2.51) yields

w1 (€, 1) w1, 1) < —&" fB (ux +&y,t) —u(x, &, 1)) - (b(x +&y, 1)
Ve @u(x +&y,14)) ¢(y)dy

+&" . (ulx + &y, 1) —u(x,§, 1)) - Axulx + &y, )¢ (y)dy
1

—&" ; (u(x +&y, 1) —u(x, 8, 1)) - Vap(x + 8y, 1) (y)dy
1
= C(x, 8, 1) +D(x, &, 1) + P(x, &, 1). (2.52)

Recalling that w; (&, t) and &y (¢) are defined by (2.40) and (2.36) respectively, we obtain
that for 0 < & < &y(¢4),

Brn (&, 1) = £t ((1 - &g +ats ')
+ £t (a1 — g0 — a1 — sy ko)
= £ ((1 = g8 + a8 ™6 ) = pal — e fie) (8572 — &%)
> (1= ) f{(t)ES — par(l — ) fi()E 2,

(2.53)
and for & > &o (),

dwi (5, 1) = fl(t)E". (2.54)

For the contribution from the convection term C, taking advantage of (2.50), V, ® u(x +
Ey, 1) = gvy ®ux +&y, 1) = 3V, ® (u(x + £y, 12) — ii(x, £, 1)), the divergence-free
property of b and the integration by parts, we get

c=—-¢g""! i (u(x + &y, 1) —i(x, &, 1))

: ((b(x +$y’ t*) - E('x7§’ t*)) : Vy ® u(x +‘§y5 t*))¢(y)dy

1 _
= - 55"*[ (b(x + &y, 1) — b(x, &, 1)) - Vy (Ju(x + &y, 1) — ii(x, &, £)[%) ¢(»)dy

By
1 _
=& /B (x4 £y, 1) — i(x, £, 1012 (b(x + £y, 1) — b(x, &, 1)) - V(y)dy.
] (2.55)

Thanks to the following estimate [deduced from (1.8)] that for every y € By:

Ib(x + €y, 1) — b(x, &, 1,)| < /B |b(x +&y, 1) — b(x +§2, )¢ (2)dz

2 2p 2p
< ||b(t*)||MprL ly =zl 7 ¢(2)dz < 2[b(t:) | ypp€ 7
l (2.56)
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and using Lemma 2.5, we infer that
1 2=p _
Clr 6.t = Lol et 7" [ ute 3.0 = £, 1)Pdy
By

2 9 2
S ClbE) N yp€ P “w1(, 1) (2.57)
{cnbwn ol €, r*)fu*)sf*sg, it0 <& < &)
Clb(t) | g1 . 1) FEIED T2 i & > Eo(ty).

For the contribution of the dissipation term D, we shall use the following crucial lemma
which is a modification of [29, Lemma 3.4]:

<

Lemma 2.7 For fixed x, & and t, appearing in (2.48), there exists a small constant ¢, > 0
depending only on n and ¢ so that

—D(x,&, 1) > ((n +2) L (x, &, 1) _fagll(x,g,t*))z

521] (-x5 57 t*)
2
n+2)w (€, t,) —280:w1 (€, t
—e (¢ Yoy (§ *)52 £z w1 (€, 1,)) . 2.58)
For the proof of Lemma 2.7, one can see Sect. 2.4 below.
According to Lemma 2.7, if 0 < & < &y(t,), we see that w(&, 1) = fi(ts)

(1 =g +asi'6) = EIES. der (€. 1) = afi ()5S and

(n+2w1(§, 1) — 261 (5, 1) = fi(t:) ((n +2)(1 — w)ES + na&‘i‘“é)
> 2fi(t)(1 — )&y,
thus
4(1 — a)* f1(1) 55"
52
whereas if § > £o(1x), we see that w1(§, 1) = f1(1:)E% dgwi(§, 1) = o fi ()5 and
(n+ 21§, 1) — 280 w1(§, 1) = f1(t:)(n + 2 — 20)§, thus
41— ) f1 (1)
552
Next we consider the contribution of the pressure term . Thanks to the following expres-
sion [deduced from (1.2) and divergence-free property of u]

D(x,§,15) = —Cx < —de,(1 — )01 (E. 1) fHt)EGE 2 (2.59)

D(x, &, 1) < —cx < —de,(1 — ) w1 (5, 1) f1(t)EY™2. (2.60)

Vip(x + &y, 1) = Va(=A) " Hdive (b(x + &y, 1) - Ve @ ulx + £y, 1))

1
= g VoA divy (b £y 1) - Vy © (£, 1) — (. £, 1))

1 . _
= Evy(—Ay) divy ((b(x + &y, 1) — b(x, &, 1))

Vy ® (u(x +Ey, 1) — i(x, §, 1)),

we have

P(x, &)
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1 -
=7: /s (uCx + y&) —ii(x, &) - Vy(=A,) " divy ((b(x +&y) — b(x,£)) -V,
1

® (u(x +&y) —i(x, £))p(ndy

1
=), (ur (x + y&) — itx (x, €)) By, (= A) 710y, ((bj (x + E)
1

—bj(x,£)) 0y, (ui(x + £y) — it (x, §)))p (y)dy

1 _
= —— (uk(x+yf§)—uk(x,§))
§ Jp

X Dy, By, By, (= AT ((bj (x + Ey) = bj(x, §)) (i (x + Ey) — i (x, £)))$ (y)dy,

where we suppressed the 7,-dependence in the above formula and we also used the Einstein
convention on repeated indices. Through the integration by parts and using the divergence-
free property of u and b, we find

P, €)
= [, a0 (Bl +69) = By, )y + £3) = 13, ) ar +36)
—i(x, §)) - Vo(y)dy
=g fR (b +83) = bi (6, ©) () (x +£7) =i (v, 6) RiR; ((u(x +58)
—i(x, ) - V() dy,

where R; = 0, (—A)_% (i = 1,...,n) is the classical Riesz transform (e.g. see [9, Eq.
(4.7)]). Note that the operator R;R; := F~ (- iﬁé) (i,j = 1,...,n) has the expression
formula [see (2.15)]

RiRjg(y) = aijg(y) + Tijg(y). (2.61)
where a;; = —% fori = jand g;; =0 fori # j, and 7;; is a singular integral operator
Ty =pv. [ Kiyly - g(@dz = lim Kiyj(y— gz, (262)
R e—0 ly—z|>0
Qi; ()

with the kernel Kijj(y) = ==, Vy # 0, = &j, and ©;;(9) € C®(S"~!) satisfying the

zero-average property. Thus taking advantage of (2.56), we get

P < cnbnms“%‘z/B e+ £y) — i, £)Pdy
1

+cnb||ms"*%*2/|| e ) = i(x, )
yi=

73 ((utx +69) = i, ) - Vo () ) dy

+Clblo 37 [ e ) = e, 0175 ((ut+ £9) = 0. ) - Vo) [y

[y[=2

=P1+ P+ Ps.

The first term P; can be exactly estimated as (2.57). For the second term P, by virtue of
the Holder inequality, the Calder6n—Zygmund theorem (e.g. see [9, Chapter 4]) and Lemma
2.5, we obtain

2_
Py < Cllbll " 772 (f
y

1/2
o lu(x + &y) — ai(x, 5)|2dy)
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1/2
x (/R |(u(x + Ey) —ii(x, &)) - V¢<y>|2dy>

2 _ 2_
< Clbll "7 Zf‘l 2|u(x+sy)—u(x,s)|2dyscnbnwsp 2018, 12)2.
yl<
(2.63)

For P3, from the integration by parts and the mean-free property of (v — )¢, we find
Tij((u(x + &y) —i(x, §)) - Vo (y)) = p.v. /R Kij(y — z)((u(x +£2) —a(x, §)) - Vz¢(z)) dz
=p.v. /1;2{" ¢ (2)(u(x +&2) — i (x, §)) - VK;j(y — 2)dz
=p.V. fRn P@)(ux +&2) —a(x,8)) - (VKij(y — 2) — VK;j(y))dz,

thus thanks to the following estimate (deduced from the mean value theorem and support
property)

1
IKij(y — 2) — Kij(0)| < ColVZK;j()l|z] < COW, Vy € B3,z € By,

and using Holder’s inequality and (2.46), we infer that

< Clbll "7 2 e | i(x, £)ld
P3 < Clbll & "7 [yl » HTHW(X‘FE)’)—M(LfN y
ly[=2 y

1/2
X ( lu(x +&2) —ﬁ(x,s)|2¢(z>dz>
B

1
WW(X +&y) —u(x,§)|dy

i<lyl<2i+t 1y

n,2_ ©
< C|bll o (&, 1)E2 17 22/
j=172

00 1/2
. £+Z_2 1 o 2
< Cllbllyper € )& 077y s (/|y|52f+‘ lux + &y) — ii(x, £)| dy)

o0
2 .
< Cllbll yppo1 (£, 1% 7Y 2716=2/p=)(j 4 9)
j=1

2_
< Clbll & 7 *w1(E, 1% 2.64)
Collecting the estimates on P, P2 and P35 yields
2_
P&, 1) < Cllbllypp& 7 w1 (&, 1) (2.65)

Hence we insert the above estimates (2.53), (2.54), (2.57), (2.59)—(2.60) and (2.65) into
(2.52) to get that for 0 < & < &y(t,),

Fl)ES — per(l — ) f1(0)ES2 < Cllb(t) | o f1 (1)E 7268 — Ay (1 — )2 fi (1)ESE ™,

and for & > &y(t,),

FL)ES < Clb) Lo f1(1)E 772 — de(1 — )2 fi(1,)69 2
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If0 < & < &y(4), by letting
2¢,(1 — )
p = —

, (2.66)
o
we have 2
Flt) < fi(ty) (c”b(;*)nmgﬁ‘z —2c,(1 — a)zé‘z) ; (2.67)
whereas if £ > &y(z4),
£l < filt) <C||b(t*)||Mp$%_2 —4e,(1 — a)2$’2) : (2.68)

By maximizing values of the right-hand-side terms of the above two formulas, we find that

Fl) < Crllb@) 1%, i), (2.69)

with C1 > 0 a constant depending only on n, «, p.
Hence, if we set fi(¢) to be defined by fl’(t) = 2C1|1b(O) |l yz» f1(2), that is,

t
fi() = £1(0) exp{zcl /0 ||b(r)||§-4pdr} (2.70)

2ol 2 g

T—wAT ) (satisfying (2.44)), we have that (2.69) can not

hold true and thus I (x, &, 1) < w(&,1)? for all (x,&,1) € R" x (0, 00) x [0, T) with
w1, 1) = fiwE, &).

Step 2 A priori estimate of u(¢) on the improvement from L£222(R") to L2M(RY) =
BMO(@R™).

We can further repeat the above process to show a similar improvement. By setting

where f1(0) can be chosen as

L, E, 1) :=§”*2“("*“f x4+ Ey. 1) — (e, £, Py, foreveryi=1,2....,
By

2.71)
the conclusion of the above step (2.42) reads as

h(x,&1) < i), Vieln,T), (2.72)
2
with t; = ;\—B and f1(¢) defined by (2.70). Based on (2.72), we shall similarly prove that

L(x, &, 1) <wr (&, t — )%, forallt e[n, T), (2.73)

with (&, ) = fL()w(&, & () and f>(-) > 0 a non-decreasing function chosen later [see
(2.81)].

Since I (x,&, 1) < fi(t1)? and w2(£,0) > @2(0,0) = f£(0)(1 — a)Ag, we see that
(2.73) holds true for t = 1 by choosing f>(0) = Az(u);?l(i‘;). If we suppose that . € (11, T) is
the first time that the strict inequality (2.73) is lost, then there exists some x € R” and & > 0
such that

L(x, & 1) = w(E, 1 — 1), (2.74)

and by denoting t, | := t, — t1, similarly as above we get
@2(§, t4,1) 02§, 15.1) (2.75)

=< —5"_20‘/3 (u(x + &y, 1) —i(x, &, 1)) - (b(x + €y, 1) - Vo @ulx + &y, 1)) (y)dy
1
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+g fB (U + &y, 1) — (e, 5, 1) - Axu(x + &y, t)¢(Mdy
1

- E"’za/B (ulx + &y, 1) —u(x, &, 1)) - Vap(x + £y, )¢ (y)dy
1
= C(x, &, 1) + D(x, &, 1) + P(x, £, 1). (2.76)

Noting that [analogous with (2.46)]

g / lu(x + £y, 1) — il (x, &, ) > dy < C(j + D?2/ 2Dy (8, 1,.1)%,

BZ/

V(x,&) € R" x (0, 00), (2.77)

and by arguing as (2.53), (2.54), (2.57), (2.63)—(2.65) and (2.58)—(2.60), we infer that

(1 — ) f3 (e DES — pa(l — @) folts, DEST2, if 0 < & < &y(ts,1),

0 sl 1) =
tw2(€ ,1) [fz/(t*,l)sa! lf S > SO(Z*,IL

and

CIB() @2 & te) f 0, )EP 26, i 0 < & < Eo(ts.1),

C(x, &, 1) +P(x, 6, 1) < { 24040-2 .
Clb@ll yp@2(8, t,1) f (1,8 7 , ifE > Eo(ti1),

and (with ¢, > 0 the same constant appearing in Lemma 2.7)
2
((n 42 = 2a)a (&, t1) — 280502 (§, 14.1))
;)_—2
- {—46*(1 — @@ (§, 1) ot DEE T2, I 0 < & < Eo(tx1),

5()(, é’>:7 t*) < —Cx

—des (1 — a)?0p (&, 1)) o (e DEYT2, i & > Eg(ts1).

Hence, we obtain that for every 0 < & < &p(#1),

F3(0,088 = pal = @) folts )6 < ClB(E iy fo(te)6 755
—des (1= ) fa(t )5S E 2, 2.78)

and for every § > &p(t,1),

At DE < Clb) |y f2(te)E T2 = dey (1 — )2 fo(ty1)E9 2. (2.79)

By choosing p > 0 as (2.66), we see that for some constant C» > 0 depending only on
n,a, p,

(1) < Czllb(t*)llﬁpfz(t*,l). (2.80)
But if we set f2(-) > 0 as
t
pte =0 = 0 exp o6 [ ol arf. veza sy

we see that (2.80) does not hold true, which in turn concludes the uniform inequality (2.73).
Due to that £y(t — #1) = O for all ¢+ > 2¢q, the preservation (2.73) and the definition of f(¢)

@ Springer



On the Holder regularity of the weak solution to a drift... Page250f33 153

(2.70) imply that

L(x,&,1) = &% | lulr £y =&, DIPp()dy < folt —11)?
1
1610l ) @.52)

t
W exp {4Cf0 IIb(T)IIf,,,dr}, Vi e 20, T),

which also guarantees thatu(t) (t > 2t1) belongs to the Morrey—Campanato space L% (R,
Ifa e (2, 1) and n = 2, we see that n — 2a¢ > 0 and n — 4o < 0, thus by letting
0= 4“‘ " € (0, 1), and using (2.72) and (2.82), we have that for every t € [2¢;, T),

/B lu(x + &y, 1) —ii(x, &, D2 (dy < h(x, & 0P L(x, & 07

< A ot —1)>7Y
16]Juo 12

L2(Rm) )4
e {4C/||b(r)||M,,dr}

which ensures that u(¢t) (t > 2t;) belongs to the Morrey—Campanato space LENRY) =
BMO(@R").

For other scope of « and n, we can iterate the above process for a finite times to show the
desired estimate. Under the condition that fori = 1,2, ..., [%] (with [%] the integer part
of the number 5)

L (x,E,0) < fitt — (i — D)%, Ve elin, T), (2.83)
we intend to show that
L1 (x, €, 1) < w1 (E, 1 —in)?, Vrelin, T), (2.84)

where w;j11(€,1) = fiv1(t —it)w(&, & — ity)) and fi41(r — ity) is a suitable non-
decreasing function (see (2.89)). Indeed, firstly by choosing fi11(0) = Azg‘{"](f;) we see that
(2.84) is satisfied for r = it; then if we assume that 7, € (¢, T) is the first time that (2.84)

is lost, then there exists some x € R” and & > 0 such that

Lip1(x, 6, 1) = w1 (5, 1 — i), (2.85)

and by denoting #, ; := t, — it], we can deduce (as above) that for every 0 < & < &y(t,;),

fi/+1 (t*,i)sg - pot(l - Ol)fi+1 (l‘*,i)ég_z =< C“b(t*)”Mp fi+1 (t*,i)g%_zs(()x
—de (1= a)? fig1 (1, DEFE 2, (2.86)

and for every & > &y(t4,;),

/ a 2ig-2 2 a—2
i1 )" < Clb@ N yyp fi1 (t4,i)EP —de(l =) fir1(1,)E" 7, (2.87)

where ¢, > 0 is just the same number appraring in Lemma 2.7. By choosing p > 0 as (2.66),
we see that for some constant C; 1 > 0 depending only on n, «, p,

flia @) < Ciptlb@INY,, fis (). (2.88)
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Butif we set fj11(t —it;) > 0as

. 2fi(t1) / ! » .
i1t —it) = ————— 2C; b . dry, V=it 2.89
firr6 =) = 2= exp{ | I, >in  (2.89)
we conclude that (2.88) does not hold, which in turn proves the inequality (2.84). Furthermore,
thanks to &y(r —it;) =0 forallt > (i + 1)f; = ("H)AO , we have

Lipa(x, &, 1) = gn—(HD2e ’ lu(x +Ey, 1) —i(x, &, 01Pp(Mdy < fip1(t —itr)?
1

4 uo I3

LR onlac t||b(z)||”. deb, Viell+Dn,T).
T (1 — a)2i+D A20FDe 0 LA ’
(2.90)

Notice that we finally can obtain the estimates of /; (x, &, 1) and I; 11 (x, &, 1) fori = iy :=
[£]. Due to that n — 2a(ig + 1) < O and n —2aiy > 0, by setting 6 1= 22UtD=" ¢ (0, 1],
and from (2.90), we conclude that for all r > (i, + 1)1q,

i lu(x + &y, 1) —it(x, &, O1Pp Ny < Liyr1(x, &, 0% L so(x, £,0) 0
1

< fi, (t — (ia — D)% fi 1 (t — igry) >0
4ty 12,
L(R”
< 4C b s
S A el { /n I }
(291)

which implies that u(t) (t > (iy + 1)t1) belongs to the Morrey—Campanato space L2N(RMY) =
BMOR").

Step 3 A priori estimate of u(¢) on the improvement from L2M(RY) to L2122 RY) =
C*(R™).

Based on (2.91), we can further intend to show that for every ¢ € [(i, + 1)t1, T),

/B lu(x 4+ y&,1) — i (x, £, )*¢(0dy < wi2(E, t — (ig + D11, (2.92)

with @i, 125, 1) = fio42(Dw(E &) (=1 — (iu + Dr1) and fi,+2(-) an appropriate
non-decreasing function. Indeed, the proof is almost the same as the deduction at the above
two steps, and by letting f; 42 be defined as:

t

Jig2(t — (ig + Dt1) = fi,+2(0) exp {ZCiﬁz/(

b))% d‘l,'} . (2.93)
ot D11 mr
with fi,12(0) = W fi, @)% fi +1(t1)' 7% and C;, 4, some constant depending only
on n, o, p, we can show that (2.92) holds true. (2.92) also guarantees that for all t € [(iy, +
D, T),

72 | u(x +Ey, 1) —a(x, &, 0Pp(y)dy

B
< fis2(t — (ig + D11)? (2.94)
4lat2 ||y |2
LZ(R”
SAS““(l oy nt2fa {4C/ bl de }

which corresponds to that u(¢) (t € [(iy +2)t I, T)) belongs to the Morrey—Campanato space
L2"H22(R™), or equivalently, Holder space C%(R").
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Therefore, for ' > 0 any small number fixed, we can choose #; and Ag small enough so

2 .
that ' € [(iq +2)11. T). Recalling that 1y = 52, p = 20=9) 1, — [ 1] we can let
1/2
2¢,(1 —
Ao = M[’ ) (2.95)
(] +2)e

thatis, ' = 2(iy +2)t1, thus we conclude that u () forevery ¢ € [¢', T) belongs to the Holder
space c (R™), and (2.94) with such an A immediately leads to (1.10). In combination with
the preservation of L2-norm of u(z), this moreover yields that u(r) for every t € [¢/, T)
belongs to the inhomogeneous Holder space C%(R"), and due to the arbitrariness of ¢’, we
complete the proof of Theorem 1.1.

2.4 Proofs of auxiliary results

We first show the proof of the crucial breakdown scenario (2.48).

Proof of Lemma 2.6 We prove by contradiction. We suppose that there is no point (x, §) €
R”" x (0, 0o) so that the equality 77 (x, &, t.) = w1 (&, t*)2 holds. Denoting by

Ii(x,&,1)
wi(§, )2’

and from Fi(x,&,t) < 1forallt € (0, t,), we see that Fi(x, &,t,) < 1 forall x € R" and
& > 0. Since we suppose that (2.48) is not true, we necessarily get Fy(x, &, 1) < 1 for all
x € R"and & > 0.

The following deduction is divided into several cases according to the values of (x, &).
Recalling that wy (€, ¢) is defined by (2.40), if £ is large enough so that w; (&, )2 > 2|lug ||i2

and &€ > Ag = &(0), that is, for § > C| = max{(\/Efl.‘llgl”)L2 )al, Ap}, then by using the

energy estimate |[u(?)|l;2 < |lugll;2 for all + € (0,T) and the nondecreasing property
w1 (&, 1) > w1, 1) for &€ > Ag and t € [t,, T), we argue as (2.43) to get that for all
telt,T),

Fi(x,§,1) = (2.96)

1 1
I €0 < U@l < luoliz, < Jo1E 1)* < Joi1E D% (2.97)

If £ > 0 is small enough and &y(¢.) > O, there exists a small constant h; = hy(t) > 0
such that &y(t, + h1) > O and t, + h; < T, then due to that w(&,7) > w1(0,1) =
(1 =) f1(1) &o(1)* > Ofort € [ty, 1, + hi] and

lim Ij(x,&, 1) < lim C|Vu()|3=&""2 =0, foreveryr € [t, tx + h1],
E—0+ E—>0+

there exists a small constant c; = ¢ (t4, h1) > Osothatforall0 < & < cjandr € [t,, t.+h1]
we have

1
hx, &0 < so6, 0> (2.98)

If & > 0 is small enough and &y(t,) = O, then wi(§,1) = f1(H)E® for all & > 0 and
t € [, T), and by virtue of the estimate Iy (x, &, 1) < C||Vu(®)||5£"* for t € [t,, T),
there also exists small constant 4, > 0 and c/l = c/l (t«, hp) > 0 so that (2.98) also holds
for0 < & < ¢} and ¢ € [t, 1, + hy]. Thus by denoting &; := min{cy, ¢}, we only need
to consider the case ¢ < & < Cj. Since u has the spatial decay near infinity, there exists a
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small constant 73 = h3(t,) > 0 and a large number M = M (t,, h3) > 0 such that for all
t € [ty, ty +h3]and |z| > M,

n/2

| - 1 ., -
(e Dl < 57" fit) @ ot + h2)) < 5C) P w11, 1),

then for x € {|x| > M + C}and t € [t4, t, + h3], we have

_ 1 - 1
Li(x,&,1) = s’lf jux + &y, PGy — E"(x, & DI < So1@1, 07 < Jor1E D%
B
‘ (2.99)
Then it suffices to consider the continuous function Fi(x, &,t) = % on the compact

set
K={x.6eR' xR|lx| <M+Cy, & <& <Ci};

and due to Fi(x,&,t,) < 1, there exists a small constant h4 = hy4(t,) > 0 such that
Fi(x,&,t) < 1forallt € [t,, t, + hg] and (x, &) € K.

Let h = min{hy, hy, h3, ha},then h > O and Fi(x,&,1) < lont € [t,,t, + h] for all
(x,&) € R" x (0, 00), which clearly contradicts with the definition of f,. Hence there is
indeed some (x, £) € K sothat F|(x, &, t,) = 1, that is, the scenario (2.48) holds as claimed.

O

Next we turn to proving the key Lemma 2.7.

Proof of Lemma 2.7 Note that the quantity 7 (x, &, t,) defined by (2.39) can be expressed as

hi(x, &, t) = %/B . u(x + €y, 1) —u(x + &2, )PP ()P (2)dydz.  (2.100)

Since at the point x € R” the quantity /; (-, &, #,) attains its maximum, we have

0> Ayli(x, &, 1)
- E"/ / (uCr + &y, ) —ulx + €2, 1))
By J B
(Axu(x + &y, 1) — Aculx + 2, 1)) ()¢ (2)dydz

e / IV @ ulx + £y 1) — V @ ulx + £z, 1) 29 (1) (2)dydz
B JB

— 2D E 1) + s"/ V@ ulx +Ey.12) — V@ ulx + £z, 1) 2 ()b (2)dydz,
By J By

which implies that
—D(x,s,mz%f / IV@u(xt£y. 1)~V @u(x+E2. 1) (NP ()dydz. (2.101)
B, JB

Notice also that
OgI1(x, &, ty)

=g / G+ Ev, 1) — ux + £2, 1) (P ()dydz
B J B

+§l’1/\ / (u(-x—'—sy’t*)_u('x—'—ézst*))(yv®u(x+§y7t*)
B) Y B

—2-V@u(x +£z,1,))¢(y)p(2)dydz.
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We shall adapt the following key lemma (see [29, Lemma 3.5]) to analyse the relations
among the quantities 1 (x, &, #,), 0 [1(x, &, t,) and D(x, &, t).

Lemma2.8 Let f = (fi,..., fn) : Bl — R" be a vector field satisfying f € (H'(R™))",
and ¢ € DR") be a radially-symmetric non-increasing (in radius) smooth function sup-
ported on By. Then there is a constant C depending only on n and ¢ such that

/ /B 0) = QPR @)dyd: — / / (v-V® F)

B x B

—2:V® f(@) - (f() — f@)¢(1)(2)dydz
172
=¢ (/ /B L, Verm-ve f(z))2¢(y)¢(z)dydz>

1/2
x (//B 5 S - f(Z))2¢(y)¢(z)dydz> )

Due to that the proof of this lemma presented in [29] seems a little bit obscure, we here give
an explicit and elementary proof of Lemma 2.8, which is placed in the end of this subsection.

The estimate on the dissipation term (2.58) is now a direct consequence of Lemma 2.8.
By letting f(y) = u(x + &£y, t,) and using the scaling transform, we get

201 (x, &, 1) — (E 11 (v, &, 8) —nli (x, €, 1)) < C (=262D(x, £, 1)) > @I (x, &, 1) /2,

which leads to

((n+21(x, &, 1) — Ede 11 (x, £, 1))
szll(xssvt*) ’

The second equality of (2.58) is just followed from the equality (2.48).
At last we show the proof of the crucial Lemma 2.8.

—D(x,&, 1) = cx (2.102)

Proof of Lemma 2.8 Observe that from [29, Lemma 3.5] it suffices to control the quantity £
defined as

1
g;:f/ / (Vo fey+1-92-Vefe)-y
B]XB] 0

2
~(V® flsy + (1 =9)2) = V& [(2)) - 2) p (N (2)dsdydz,
by the following quantity

ni= [[ Ve rm-ve oo (2.103)
Bl ><B]
more precisely, we only need to prove that
£ < CII.
Denoting by
1
2
£ = / f /0 (V® fsy +(1—9)2) — V& f()p(M() dsdydz,  (2.104)
B] ><B|

and from £ < Cp&; + Cpll, it moreover reduces to show the following inequality

& < CIIL. (2.105)
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For simplicity, we here also suppose that ¢ € D(R") satisfies that?

IR < ¢(y) < 27TF for 3/4 < |yl < 1. (2.106)

If y € B34,z € B34, we see that ¢ (y) = ¢(2) = ¢ (sy + (1 — 5)z) for s € [0, 1], thus by
the changing of variables we have

1
// / IV® fsy+(1—5)2) — V& fMI*()¢(2)dsdydz
B3/4x B34 JO
172
=cff [ e rer =92 - Vo r0)PemeEy + (1 - 92 dsdyz
B3/4x B34 J0

1
+C // / VR fsy+(1—5)2)—-V® f(z)|2¢(sy + (1 —s5)z)¢(z)dsdydz
B3jax B34 J1/2

+C// IV® f(y) — V& f@I*p(0)¢(z)dydz
B3/ax B34
1/2 )
: C/[./o VO fG) =V fOIP =9 "$()$(3) dsdydz

1
+C// /1/2'V®f@) ~V® f@Ps"$(5)(2) dsdidz + CTI
= (2.107)

Without loss of generality, we assume |y| < |z| in the sequel, since otherwise it can be
similarly treated. For the case y € B34 and z € Bj 4> WE infer that there is an absolute
constant 5o € (0, 1) such that ¢(y) < Copp(sy + (1 — 5)z) for s € [sg, 1] (the dangerous
case is that y and z is of the same direction), and also from |sy + (1 — s)z| < |z| we get
¢(z) < ¢(sy + (1 — s)z), thus we can follow the above argument by dividing the interval
s € [0, 1]into s € [0, sg] and s € [sg, 1] to show that

J

By denoting C; := {y € By : 27771 < ¢(y) <27/} for j € N, we next consider y € C; and
z € Cjq for j e NN [4,00) and k € N, and for such y and z, from (2.106), it leads to that

1
/ / IV® flsy+(1—5)2) —V® f(»Ip(»)p(z)dsdydz < CIT.  (2.108)
B34 JO

c
3/4

1 1 1 1
ye{R":l——.s|y|sl—.—}, and ze{R":l—.—s|z|sl—.7}.

J j+1 itk Jtk+1
Let 6 € [0, 2m) be the angle between y € C; and z € Cj 14 so that Z = $e'?, where § := ﬁ
and Z := é—l Ifo e [%, 37”], then the considered case is similar to the case of y € B34 and

z € B§/4, and we omit the details. If 0 € [0, %) (the case of 6 € (37”, 27) is the same), we
deduce that

sy + (1 — )z = [s|y[ + (1 — s)|zle’? 5|

= \/lylzs2 +2[yllzls(l = s)cos® + (1 —5)%|z|* < s|y| + (1 = 5)lz]

_ 1
2 One can similarly consider the test function ¢ with other faster spatial decay, like ¢ (y) ~ 2 1=y for
34<lyl <L
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and

V2 1
53+ (1= 9)2] = 52 + 2200 = 92 2 DIVs2+ (=92 2 Tl = 5,

which implies that ¢(%) >¢d(sy+ (1 —5)2) = ¢(s]y| + (1 — s)|z]). According to (2.106)
and the following facts that

1 1 K 1—=5
shyl+d =)zl <s|{l—— )+ =)l ———|=1—| = + —,
I+ Izl < ]+1> ( )< ]+k+1> (]+1 ]+k+1)

we obtain that

__ (HD(+k+D T _{U=9)(+Dk 1 _ (d=9)(+Dk
P(slyl+ (1 = )[z]) 2 27 TG = 2=U+D™ T 2 Zg(yy2” 7o
(2.109)

thus by choosing o to be § if k < 4, and to be 7 if k > 4, we find that ¢ (sy + (1 — 5)z) ~

d(slyl+ (L —s)|z]) = ¢(y) foreverys € [1 —o, l]andy € C; N{|sy + (1 —s)z| > 1 — %},
and furthermore

[o¢]
2.
j=4keN

ey y

j=aken’IE

1
/ IV® f(sy+(1-5)2) = V& (2P (1)$(2) dsdydz

1—o

/yec,- 2€Cj14,0€(0, %)

1
/ f V® £G) = V& FOIRSG)()s "dsdidz
2€Cjyk J1—0

(1-1 <I5I<1- 57}

o] 1
ey | . 1}/6 [ Ve 1o -ve raPiecs s ass:
yeiz=lyl= -5 2€Cjtk —0

j=4keN

ceyyy

j=4 keN 1=0 /YECj+

/C IV® () —V® ) o ¢()g(2)dydz
2€Cj+k

oo j—2
+CYy 3y /C /C IV® () =V [ o276 ()¢ () dydz

j=4keN I=1

Lo
=€ 00 @ /)C /c V® F(5) ~V© fQF 6519 () dydz

o0 o0 o0 1
+C<Zz—’) Sl [ IVere-ve PG du:+cn
=4 k=4 YEb1 JZEC 1k

o0 [o¢] 1
=cy Y /72/;6“ ZEC_H|V®f@)—V®f(z)|2¢<&)¢<z>dydz

Jj=4 =0 k>max{4,l}

1
+027ﬁ / IV® f() =V [P ¢()(2)dydz + CTI
yeB; JzeB)

o0 00 1 y 5 5
sczzm/k% /ZEB§M|V®f(y)—V®f(z)I ¢ (3¢ (2)dydz + CTI

j=41=0
< CIL (2.110)
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Now for the case s € [0, 1 — o], from ¢ (sy + (1 —5)z) > ¢ (s|y| + (1 —s)|z]) > ¢(2) and
(2.109), we infer that

() ¢ (2) 27U+ k(=5 _ sk 1
= = g = 2 2 =2 J

Syt (1—9)2) Gy + (1= 92D~ 5o rny 0

thus we have

1—0o
/ / / IV® fsy+ (1 —$)2) — V& fFMIPe((2) dsdydz
yeC; JzeCjix,0€[0,5)

—4 keN

1—o
< Ve + (1 -
SH / B f e / IV® flsy+(1—5)2)

j=4keN "
—V® fMIP27 (0 (sy + (1 — 5)2) dsdydz

1
/ / /2 IV® f(sy+(1—5)2) = V& fFOMIPp(»d(sy + (1 — 5)z) dsdydz
)633/4 3/4ﬁ lzI=Iyl}

IA

1_
f f / V® f(Z) -V M1 —s) 275 g ()¢ (Z) dsdydz
yeC; JzeB;

4 keN,k>4

fc /B 1 |V® F@ =V fOPA =927 19 (1)¢ () dsdydz
vee, Jrem J1

__4k 0 2

/ f f : IV® fG) = V& 3P = 5) "¢ (»)¢(E) dsdydz
3/4 zeB; JO

( 3 ke “") [ [ vere-ve rmiremee
By JieB

keN, k>4
+C/ 5 f 5 IV® @) =V f(IPg0bE) dydz
yeB) Jzeb)
=cn (2.111)

Gathering the above estimates (2.107)—(2.111) leads to the desired inequality (2.105), and
furthermore concludes Lemma 2.8. O
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