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Abstract

We construct large velocity vector solutions to the three dimensional inhomogeneous Navier—Stokes
system. The result is proved via the stability of two dimensional solutions with constant density, under
the assumption that initial density is point-wisely close to a constant. Key elements of our approach are
estimates in the maximal regularity regime and the Lagrangian coordinates. Considerations are done in the
whole R.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

The Navier—Stokes equations take an extraordinary position in Partial Differential Equations.
Thanks to the still open Millennium Problem [23], asking if weak solutions in the three space di-
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mensional case are indeed classical, provided the given data are smooth, the system is a symbol of
challenging problems in nowadays mathematics. From the physical viewpoint the Navier—Stokes
equations describe the motion of incompressible flows of viscous Newtonian fluid with constant
density. Here we want to study the connection of this classical system with its modification al-
lowing variable density ([22]). Namely, we consider the three dimensional (3D) inhomogeneous
Navier—Stokes equations

dp+v-Vp=0, in R x RT,
) Vv —vAv+Vp =0, in R3 x RY,

(INS) ,o’,v+pv v—VAv+ Vp ?n 3>< 11
divv =0, in R? x RT,

Pli=0(x) = po(x), v|r=0(x) =vo(x), on R?,

where x = (x1, x2, x3) € R3, v > 0 is the kinematic viscosity, p is the scalar density field, and v
is the incompressible velocity vector field. For simplicity, we assume v = 1.

Mathematical properties of (1.1) are almost the same as those of the classical 3D Navier—
Stokes equations (with the constant density p) [14,18]. The main difference is found in the issue
related to the density. Questions concerned with the low regularity of initial density or the possi-
bility of vacuum states are the subjects of current studies of (IHS) system (1.1) (see e.g. [5,6,8,
13,19,27]).

Our goal here is slightly different: we want to find solutions to the (INS) system (1.1) with
large velocity vector field like in [4,26]. The plan is to consider the stability issue of the equations
(1.1) around the 2D homogeneous Navier—Stokes equations with constant-valued density 1. More
precisely, let v = (v%d, v%d, v%d) be a three-component two dimensional vector field which
solves the 2D homogeneous Navier—Stokes equations

a v+ vﬁd Vv — App2d 4 VpH =0,
(HNS) { vy - v =0, (1.2)
v2]—0(xn) = v3% (en),
where xp = (x1,x2) € R2, t e RY, V), := (0x;, Oxy), Ap = 8%1 + 832, then for the solution
(v, p, p) of the (INS) system (1.1) and the solution (v2d, pZd) of 2D (HNS) equations (1.2),
denoting by

w(t,x) :=v(t, x) =™, xn), h(t,x):=pt,x)—1, q(t,x):=pt,x)—p>,x), (1.3)

we mainly consider the following perturbed system

ht+U'Vh:0,
u).,+v~Vw—Au)+Vq:F, (1.4)
divw =0,

wl—0 =wo, hl=0 = ho,
where

Fi=—h@™), —hw; — h(v-Vw) — p(wp - Vhv*®) — h(v2? - Vyv??). (1.5)
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Let us emphasize that such a stability analysis has been well developed for the 3D homo-
geneous Navier—Stokes equations (see e.g. [1-3,10,16,28]), but has not been pursued for (INS)
system (1.1).

Our first result concerns the flow in the whole space with regular initial density.

Theorem 1.1. Let p > 3 and v*9 = (v2d v%d, v3d) be the unique strong solution to 2D (HNS)

system (1.2) on R? with v2d elrN B3 2/p(Rz). Assume that pg — 1 € Ly N Loo(R?), Vo €
L3(R?) and vy — vO el B,z,,pz/p (R3). There exist two generic constants co, C' > 0 such that
if (po, vo) satisfies

2d
oo — 1||L20LOO(R3) + llvo — v ”LzﬁB,zz}z/p(W)

/ 2d 4
<o exp{ <||v d)4p + 1) oC UFlv 'Lz)}, (1.6)

LN BZ 2/p

then we have a unique global-in-time solution (p, v) to the system (INS). Furthermore, the solu-
tion (p, v) obeys the following estimates

lo =1L 0.00:LonLa®3)) = 1100 = Ul 1,01 3 (.7

and

sup [[v() = v O] ga-2ir ) + 10 =020 V2@ =02, V(p = Pl @ x0,000

<00
< Ceco, (1.8)
and
2d
sup Vo)l @3y < IIV,oo||Lg(Ra)e(HT)C(hO’wO’”O ), forany T >0, (1.9)
t€[0,T]

with C (hg, wo, v%d) > 0 some constant depending only on the initial data.

The above Theorem is a version of result for the 3D homogeneous Navier—Stokes system
(with the constant density) like in [2]. What is important, from the viewpoint of regularity of
density, Theorem 1.1 is not optimal. It shall be underlined that the extra regularity of density
Vo € L3 is needed to control the uniqueness only.

Our second result removes this extra regularity condition of density and also shows the global
stability result.

Theorem 1.2. Let p > 3 and v>4 (v1 , v2 , v3d) be the unique strong solution to 2D (HNS)
system (1.2) on R with véd elrN B;,pz/p(Rz). Assume that po — 1 € Ly N Loo(R3 ) and vy —
v%d elrnN B?,;,z/ P (R3). There exist two generic constants cy, C' > 0 such that if the initial data

(po, vo) satisfies (1.6), then we have a unique global-in-time solution (p, v) to the system (INS)
which obeys the uniform estimates (1.7) and (1.8).
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As a direct application of Theorem 1.2, we have the following result on the density patch
problem of (INS) system (1.1).

Proposition 1.3. Let Dy C R3 a bounded simple and connected set, and let py =1 — nlp, with
n € R a small constant and 1p, the standard indicator function on Dy. Assume that vo(x) =
v%d (xn) + wo(x) is defined as in Theorem 1.2. There exist two generic constants cy, C' > 0 such
that if (pg, vo) satisfies

12 _ody
I+ Dol %) + llvo = vo Il 22/ g3

2d4p C'(1+1v31 )
<copexpi—C' (v . +1])e 0l b
=Co P{ <|| 0 ”LzﬂBf,__,,z/”(Rz)

with | Dy| the volume of Dy, then the (INS) system (1.1) generates a unique global solution (p, v)
which satisfies (1.7)—(1.8).

By virtue of (1.8), Lemmas 3.1-3.3 below and the Sobolev embedding, we deduce that for
y €(0,1—-3/pl, p>3andforevery T > 0,

il ©.7:ctr @)

2d 2d 1 2d
<|v ”Lp(O,oo;Cl’V(Rz)) +Cllv—v ”Lp(O»OO;W%) +CT /p”U -V ||Loo(0,oo;L2) < Q.

An important consequence of this estimate is that if initial boundary 9Dy is C!¥ -regular, then
its evolution 3Dy (1) = X, (t, dDy) remains C7 -regular (e.g. see [11, p. 346]), where X, (z, -)
defined as (2.11) is the flow generated by v. For 2D or 3D inhomogeneous Navier—Stokes system
with more general density patches pg = p1 IDS + p21p,, p1, p2 > 0 constants, one can see the
recent interesting works [9,11,20,21] for various results on the persistence of initial regularity of
the free boundary 0Dy.

For the proof of Theorem 1.1, we mainly follow the ideas from [24,25], where an information
coming from the energy is fit to the estimates in the maximal regularity regime (in our case in the
L ,-spaces). We first show the regularity and decay estimates of smooth solution to 2D (HNS),
and based on which we prove the Lj-energy estimate of the perturbed system as well as the
maximal regularity estimate in L ,-type spaces. In particular, we have the regularity preserva-
tion estimate of density from the regular assumption of initial density. Then we build a suitable
approximate system of the considered perturbed equations, and we use the a priori estimates to
show the uniform estimates of the approximate solutions and get the L,-strong convergence and
uniqueness. Note that the proof of uniqueness is based on the Eulerian coordinates approach, and
that is why an information about the gradient of the density is required.

For the proof of Theorem 1.2, the existence is followed from the uniform estimates of approx-
imative solutions established in Theorem 1.1, and the uniqueness is the main part. We adopt the
Lagrangian coordinates approach originated in [5,6] to prove the uniqueness of solutions in the
rough density case, more precisely, we consider the difference equation (4.10) in the Lagrangian
coordinates, and with the aid of Lemma 2.2 on the linear twisted divergence equation, we can
adapt an energy type argument to show the uniqueness.
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At the end of this section we return to the physics and give an interpretation of our results.
Theorems 1.1 and 1.2 say that if the initial perturbation is small (1.6), then the solutions ex-
ist globally in time and they are close to the ones of 2D (HNS) system (1.2). The condition
(1.6) says the initial density must be close, only point-wisely, to a constant. Hence the physical
interpretation is the following: all solutions to 2D (HNS) are stable globally in time in the in-
homogeneous Navier—Stokes system regime, provided that perturbation of density is close to a
constant in the Ly N Lo-norm. It means the higher norms of the density have no influence of our
issue of stability. In other words, the dynamics of (INS) is the same as 2D (HNS), provided (1.6)
is fulfilled.

The paper is organized as follows. In Section 2 we give the preliminaries of our studies, intro-
ducing some basic notations, definitions and results. In the next section we prove Theorem 1.1.
Then in Section 4 we show Theorem 1.2. In the last Appendix section we give the proof of two
auxiliary results used in the previous sections.

2. Preliminaries

Throughout the paper we use the standard notations: for every p € [1,00] and m € N, by
L,(R") we denote the standard Lebesgue space, by WI’,” (R™) its natural generalization on

Sobolev spaces, by W;T (R™) the corresponding homogeneous Sobolev spaces, by B,T,;"/ P(R™)

and B,’f;"/ P(R") the usual inhomogeneous and homogeneous Besov spaces (see e.g. [17,18,28]).
2.1. Linear estimates

We will extensively use the following a priori estimate of the Stokes system at the whole-space
case (the proof is classical, e.g. one can see [6, Theorem 5]).

Lemma 2.1. Let 1 < p <00, ug € B?,;,z/p(R"), feL,(R" x(0,T)). Then the Stokes system

ou—Au+VQ=f, in R" x (0, T),
divu =0, in R" x (0,7), (2.1)

ul;=0 = uo, on R%,
has a unique solution (u, V Q) to (2.1) with
weCO,T; Ba /P(R"), and u;,V2u,VQeL,®R" x (0,T)),

and the following estimate holds true

2
sup [[u() |l 52-2/p oy + ltr, Vu, VOI L, 2 x 0,7
0<t<T B,y PR ! » (R (0,T))

< C (I llep @0 + 1ol 2270 g ) (2.2)

where C is a positive constant independent of T.
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Before we present the next lemma, we introduce the following auxiliary functional space:
denote by NV,(T) the sum of two spaces L 2, (0,T; L 2, (R")) + L,(0, T; L(R")) expressed
p+2

2p—n

as

2p—n

NﬂTk={ﬂf=a+aaeszmeLgﬂW»weanTﬂaﬁﬁﬁ 2.3)
p+
with the norm

[RAIRNACS) I=inf{||a||L 2 O.T:L 5, )+ Il 0.1:0 | f=a+b.acL 2 (0,T; L%),
2p—n D2 P

Zp—n p+2 2p—n

bely(0,T; L2)}.

Clearly, N}, (T) with the norm | - ||z, (1) is a Banach space. Then we give the following lemma
on the linear twisted divergence equation, which plays a key role in the uniqueness part of The-
orem 1.2.

Lemma 2.2. Let p > n be fixed, and A be a matrix valued function on R" x [0, T] satisfying
detA=1.Let g:R" x [0, T]— R be a function given by

g=divR 2.4)
which satisfies the following conditions
g€ LryR"x[0,T]) and R € Loo(0,T; Lry(R")) and R; € in_in(O, T; L%(R")). (2.5)
There exists a constant ¢ > 0 depending only on n, such that if
1d — All Lo x0,7) + A1l L2 0,7; Los ®7)) =€, (2.6)
then the twisted divergence equation
div(Az)=g in R"x[0,T] 2.7)
admits a solution z in the space
X7 :={f1f €Loo(0,T; Lay(R"), Vf € L2(0, T; Ly(R")), fi e Ny(T)}, (2.8)
which satisfies the following estimates for some constant C = C(n):

Izl Lo, 7:LyR?)) < CURI L0, 7:L,@®"Y)>  IVZllLy0,7;L2®R")) < ClIEIL>0,T: L, R"))
2.9
Izl ) < CIRI Lo 0.7: L@ ) + ClIRAL 5, O.T:L 5 ) (@3)

2p—n p+2 ®")
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Proof of Lemma 2.2. For the proof, we mainly use the spirit of the corresponding part in [7]
(see also [8, Lemma 5.2]).
For any z € X7, we define

W(z) = VA~ div((Id — A)z + R).
It is easy to see that W(z) satisfies the following linear equation
div(¥(z)) =div ((Id — A)z + R).

First we prove that ¥ maps Xr to Xr. From the 0-order operator VA~ ldiv maps L%(R") to
L?(R™) with norm 1, we get

W Lo 0.7; L@y < I1Ad = A)z + gl 1 0,7:1,(R2))
< d = AllLo0.7: Loo ® ) 12l Lo 0. 7: Ly ®7)) + 1811 0. 7: L, (R2))-
Noting that det A = 1 implies that (see e.g. [5, Appendix])
div(Az) = AT: vz, (2.10)

we obtain

IV 200,72 22@my < 1Ad = AT 2 Vzll 10,72 + 181 L20,7: Lo @)

< d = Al Lo 0,7: Lo ® NI VZI Ly 0,7 L, ®?)) + 18| 150, 7: L2 R"Y) -

Finally, due to that ((Id — A)z); = (Id — A)z; + A;z, we find

1Y@,y = 1Ad = Azl ) + 1Azll0,7;:0) F 1R 5, 0,752 2 )

2p—n p+2

< 1d = Allzoo©,7;Loo) 122N, (1) + 1AL 20,7 Loo) 121 Lo 0,7 L)

+lRL 5, ©TL 5, )-
Zp-n P2

Hence the above estimates guarantee WV : X7 — Xr7. Then, for any (z1,z2) € X7 x X7, from
U(z1) — W(zz) = VA~ L div ((Id — A)(z1 — Zg)) and by arguing as the above deductions, we
infer that provided c in (2.6) is small enough,

1
IW(z1) — Wzl xy < C(I1d = All o 0.7:000) + 1AL L20,7:L00)) 121 — 220l x7 < EHZI =22\l x4

Therefore, the classical Banach contraction mapping theorem ensures that there is a solution in
X7 to the equation W(z) = z, which moreover satisfies the divergence equation (2.7). Further-
more, coming back to the above estimates in the case W(z) = z leads to the desired inequalities
29. O
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2.2. The Lagrangian coordinates

The use of Lagrange coordinates plays a fundamental role in our proof of Theorem 1.2. In this
subsection, we introduce some notations and basic results related to the Lagrangian coordinates.
Let X, (¢, y) solve the following ordinary differential equation (treating y as a parameter)

dX, (7, y)

dt ZU(I,XU(I,)’))y Xv(t,}’)|t=0=ya (211)
which leads to the following relation

t

Xy, y)=y+ / v(t, Xy(7, y))dr. (2.12)
0

We list some basic properties for the Lagrangian change of variables.

Lemma 2.3. Let Q =R", n =2, 3. Assume that v e L1(0,T; WOIO(Q)). Then the system (2.11)
has a unique solution X,(t, y) on the time interval [0, T satisfying Vy X, € Loo(0, T'; Loo) with

t
IVyXo (L) < exp /”VxU(T)HLOO(Q)dT . (2.13)
0

Furthermore, denoting by v(t, y) := v(t, X, (¢, ¥)), we have

t

Xv(t,y)=y+/l7(r, y)dr, (2.14)
0
so that
t
Vva(t,y)=Id+/Vy1_)(r, y)dr. (2.15)
0

Let Y (1, -) be the inverse diffeomorphism of X (¢, -), then VY, (t,x) = (VyXU (t, y))_] with x =
X, (t,y), and if

t
/ IVyv(O) | Lo @dt =< % (2.16)
0
we have
t
[V Yy (t,x) —1d| < 2/ [Vyo(z, y)ldr. (2.17)

0
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Proof of Lemma 2.3. The proof is standard, and one can refer to [6, Proposition 1]. We only
note that as long as Vy, X, —Id = fot Vyo(z, y)dr is sufficiently small so that (2.16) holds, we
have

o0 { k
ViYy = (Id+ (Vy X, — Id))‘l = Z(—l)k nyf)(r, yydzr | , (2.18)
k=0

0

which immediately leads to (2.17). O

By using the Lagrangian coordinates introduced as above, we set

h(t,y) :=h(t, X,(t,y), 0, y) :=w(t, X,(, ),

_ — (2.19)
q(t.y):=q, Xo(t,y), F, y):=F( X,(t.y),

then according to the deduction in [5] or [6], the perturbed system (1.4) recasts in

h, =0,

w; — div (A, ATV, w) + ATV, g =F,
divy (Ayw) =0,

hli=o =ho, W= = wo,

(2.20)

where we adopt the following notation

Ay(t, ) i= (Vy Xy (t, )" (2.21)

As pointed out by [5,6], under the condition (2.16), the system (2.20) in the Lagrangian coor-
dinates is equivalent to the system (1.4) in the Eulerian coordinates.
In the sequel we also denote

v, y) =02, Xyn(t,y), and 6, y) = v(t, X,(t, ), (2.22)
with X, n(7, ) = (X0,1(7, y), Xy2(¢, y)), then
B(t, y) = v, y) + 01, y). (2.23)
The first equation of (2.20) implies
h(t,y) =ho(y), Vtel0,T], (2.24)

and then thanks to the formula w; (¢, X, (¢, y)) = w: (¢, y) — (v - Vw)(t, X, (¢, ¥)), the formula of
F (1.5) and (2.23), we further have
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F(t,y) = —ho(y) @, (t, Xon) — ho(y) w (1, Xy)
—ho() @+ V)t Xo) = (wn - Vo) (1, X,)
= —ho(y) W*); (¢, Xu.n) — ho(y) iy (2, ) (2.25)

— ho(y) (3% Vav®) (1, Xun) — po(V) Wa(t, ¥) - (Vav™) (¢, Xyn)
= Flt, )+ F2(t,y) + F3(t,y) + F*(t, y).

3. Proof of Theorem 1.1: global stability result with regular density
3.1. A priori estimates
In this subsection we construct the a priori estimates used in proving Theorem 1.1.

3.1.1. A priori estimates for 2D (HNS) on R?
For the solution of 2D (HNS) (1.2) with L,-initial data, we have the following a priori results.

Lemma 3.1. Let v (v1 0 v2 0 v3 0) € Ly(R?), then there exists a unique strong solution v*4

to the three—component 2D (HNS ) system (1.2) on (0, 00) which is also smoothly regular for all
t > 0. Moreover, the statements as follows hold true.

i. v24 satisfies the Ly-energy estimate

W OIT, 2y + 2000 T o0y < 106017, g2y V1= 0. 3.1
ii. There is a generic constant C > 0 such that
1021 g pqmry = OIS oy (14 10312 o Tog? e + 10 i) - (B2)

iii. v also satisfies the following energy type estimates that for every t > 0,

t

2d 12 2d )2 2 2d2 Cllvgii
VR O o) + / (180>, o) + 1 V0™ 7 o) )dT < ClIUGYIT, goye 0 22,

0
(3.3)
and
t
C(1+|v3¢
2100 O 12 ey + PIVEVR o)+ / P2 Vade 13, dr < CluRY2 o e 1 s
0
(3.4)
and
31V, 9,02 (1) 112 41925 02 ()12 < Cllv2 2 Ca+lvytiz, 35
t ” hOtV (t)”Lz(]Rz)—'—t ” h tv (t)”Lg(Rz) = ”v() ”LZ(RZ) ( . )
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iv. There is an absolute constant C > 0 such that for every t > 0,

2d 2d CA+v3 1 -1
W20, 2y < CI e IR 573 pef2ol. (G6)
C(1+]v3 -1
IV Ol @) < Clgtl @057 peiod. (B
2 2 CAa+v3iNt ) —3
10,0* O g2y < Clvg N ymne 0 2 e (3.8)

Remark 3.2. Up to an exponential function depending on ||v(2)d||L2(Rz), the decay estimates
(3.6)—(3.8) are the same with those for e’ Ahvgd, which is solution to the free heat equation.
We also note that these estimates (3.6)—(3.8) at p = oo case remove the additional logarithmic

function /log(1 + ¢) on the right-hand side of [15, (1.3)-(1.9)].

Proof of Lemma 3.1. For the existence, uniqueness and smoothness on (0, co) issues of strong
solution v?9, the proof is classical and one can see [15, Theorem] for the details (noting that the
treating of the three-component vector field v?9 follows almost the same lines with that of vh dy.
The energy estimate (3.1) for v2 can be deduced in a standard way, while the estimate (3.2)
is just the same result as [2, Theorem 3]. By imposing some suitable time weights in obtaining
energy type estimates (for the original ideas see the past works [12,27] and references therein),
we can prove (3.3)—(3.5) in an elementary approach, and we place the proof in the appendix

section.
The decay estimates (3.6)—(3.8) for v?¢ are immediately followed from (3.3)~(3.5) and the
interpolation inequalities l1gll, g2y < 18117 "z IVagll,cab) for p € [2,00[ and ligll, 2 <
1/2 1/2

gl e, IV2GI, ) D

If the initial data v%d is more regular, we also have the following refined a priori estimates.

Lemma 3.3. Let v delrn 33_2/p(R2) with p > 3, then the unique global smooth solution
= (vh , vzd) ofthe 2D (HNS) system satisfies that

2d 2d 2..2d
sup [0 ga-2/p + 11907 VRv Tl e
t>0

C<1+uv3“ni )
< o3, i 2/p+1)||v0 [pes :

(3.9)

Proof of Lemma 3.3. We first consider the estimate of || Vv (7)|| Ly(RY)- Noticing that the vor-

ticity a)ﬁd =0 v%d — 0y vlzd satisfies the transport equation

dapd + vl vhwﬁd — Appd =0, (3.10)

we multiply the above equation with |wj; 2d7=2 )24 and integrate on the spatial variables to get

1d

o d — NP, + (p — 1)/|Vwﬁd|2|wﬁd|"—2dxh=o,
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which combined with the continuous embedding L, N B;’ pz/ P(R?) — W; (R?) leads to
2d 2d 2d
lor Ol @2 < 1051, @2) < CIVEGH 210 e (3.11)
By the Calderén—Zygmund theorem, we immediately obtain
2d 2d
1Vh0R O, @2) < CIURb I 5320 - (3.12)

Now we turn to the estimate of || Vy v%d ("), - From the maximum principle and L,-estimate of
the transport-diffusion equation (similar to (3.11)), we get that for every r € [2, oo],

03O, @2y < 10350, @2 ¥E=0. (3.13)
Observe that
3 (Vhv3%) + v2 - Vi (Vo) — An(Vhv3%) = —(Vpodd) - vpodd (3.14)

By taking the scalar product of the above equation with |th§d|1”2th§d, and using the
divergence-free property of Uﬁd and the integration by parts, we obtain

1d _
;5||th§d([)||€p+(p—1)/|V§v§d|2|vhv§d|p 2dxy,
]RZ

< / |th§d|P*2th§d . thkzld . thgddx

R2

<(p-1 / |Vav3d P2 V2034 Vivdd |03 (7, xn)doxn.
]RZ

The Young inequality and Holder’s inequality lead to

1d p—1 _
;a”vhvgdllfp+T/|V§v§dlzlvh”§d|” 2dxh
R2

<Co(p—1) / IVhv2d 1772 Vol 2030 P d,
]RZ

2d, p—2 2d)2 2d 12
<Co(p—D|Vhv3 ”L,, [ Vhog ”Lp”v?’v()”Loo’

which implies

1d
5 1Vne3tlz, < Cop = DIVSHIL VA I,
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By using the following estimate (deduced from (3.7) and (3.11))

o
C(1+|v —@-2
/ IV @)117, dr < f lop )13, dr + ClR 3, e 11 f OV
1

2d C+[v344 C+1v31 )
S”w ”L + Cllvg ||L2 01z <C||U ”L r’\B3 Z/p(Rz) 0 27

(3.15)

we integrate in the time variable to find

Va3 @117, < IVav3$liZ, +2Co(p — DIWIIT / IVapd @117 de
(3.16)

)II 24|12 CA+IvylIz,)

2d
<Cllv
(Bl S )

LanBy 2P (R2)

Next we consider the estimate of [[v24(r)]| B2 Ry From the 2D (HNS) system (1.2), by
p.p
using Lemma 2.1, we have

24 o2.2d
sup [|v* (f)ll 52— 2/p(Rz)+||31v VT, ®2xr+)

t>0

2d | g, 2d 2d
< C(llvh VoL, exrt) + Vg ”Bﬁf,?/P(RZ))'

From (3.6) and (3.12), we deduce that for every p > 3,

v I, ®+: Lo ®2) < [ 2(0.1: Lo (R2)) T log? 2, (1,00 Lo R2)
00 l/p
C(1+]| H .y
< 19 e 0,150 + Cll e ' ft 2dr (.17)
1

ca 2d 4
< ClvRbly-2me ™0,

and

2
||Uhd 2% d||Lp(R2xR+) = ||Uh ||LP(R+ Lw(RZ))”VhU ||Loo(R+ L,(R2))

C+1v31 )
(IIv IIL B2 R + 1) IIvO I, B2 @€ o llzy)
(3.18)

Gathering the above estimates leads to
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2d
sup [[v2 -2z + 180%, VivHll g2me
>0

d 2d CA+1v31t,)
<C (”Uo ”L 33 2/p + 1) llvg ||L20313;p2/17e 0 Mo (3.19)

In particular, since a better estimate (3.12) holds and we can use it in (3.18), we also infer that
2.2d
sup ||Uh Il 32-2/p + ||3tU , Viug ||LP(R2><R+)
t>0
CA+vy'lz,

2d 2d
< € (10 o200 + 1) RGN 200 (3.20)

Finally, we intend to estimate lv2d ()| 320 Ry Noting that
p.p

3 (Vnv?Y) — Ap(Vhv®®) + V(Vi p?) = =024 - Vi (Vo) — (Vhod) - Vo™,

and by using Lemma 2.1 again, we get

sup [ Vv g2/ gy + (Vo™ VR e ey
>0

24 o2, 2d 2d 2d 2d
<C (||U}1 Vv, ®2xr+) + I1(VavpD) - Vo™l L, e xr+) + 110G IIBﬁ;z/p(R2)>.

By virtue of Holder’s inequality, the interpolation inequality, Cauchy’s inequality and (3.17), we
deduce

oo 1/p
2 2
f ||v§d'v}%v2“<r>||ipdt / IR 7 Vo™ 2V 2

= EIIth Il p(R2x R+)+C||Uh ||L2 (R+; Loo)”th ||LOO(R+ Lp)

2 Ca+v3; )
< 2 I, ey + C (10 i T I g8 2 e

From the continuous embedding Ly N W2(R?) < WL (R?) and (3.7), (3.20), we find

I/p 1/p
/ 19002007 gandt) = IVl 0oy + / IVhuR 17 o))

e ¢]

c<1+nv2du
< C|jvi? ||Lp(01LzﬂW2(R2))+C”v Ue ' /l Pdt
1

2d 2d Ca+v3%)
C(IIUo ||LZQB;;72/p(Rz)+1)||Uo ||L2032;)2/p€ 027 (3.21)



P.B. Mucha et al. / J. Differential Equations 267 (2019) 307-363 321

which yields

2d 2d 2d 2d
IVhoR® - Veoll L, e+, ®2) = IVRVE L, @+ Lo ®2) I VRVl L ¥ L, (R2)

2d Ca+vy'Iz,)
< C3I -2y + )18 Ly ?,

Thus we have

2d
sup ”th ” 2 2/!’ + ”atv th ”LP(R+ Wl)
t>0

3
<C gz + )10 zive

2d 4
CA+Iv5°liz,) (3.22)

Hence, by combining (3.22) with (3.19) we conclude the desired estimate (3.9). O

3.1.2. A priori estimates for the perturbed system (1.4)—(1.5)
First is the a priori estimate of (h, w) with initial data (hg, wo) € (L2 N L) X Ly.

Proposition 3.4. Let ho = pg — 1 € Ly N Loo(R?), v} (vh 0 v3 dyeL,n 33 2/P(Rz) (p>3)
and wg = vg — v2 € L2(R3) and let (h, w) be a sufficiently smooth solutlon to the system

(1.4)—(1.5) over R3 x [0, T). Then under the condition that ”hO”Loo(]R*) < 2, there holds for all
tel0,T],

||h(l)||Lp(R3) = ||h0||Lp(R3) foreach p€|[2,00], (3.23)
and
172

2d
sup w(O)l @) + / IVw @}, gsyde | = Cliwo, ho)ll @07, (3.24)
0<t<T

where

C+vglz,)

B2 —C(||v0 1 2/F<R2)+l>e (3.25)

L.NB;,

In above, the statement still holds replacing time interval [0, T] by [0, c0).

Proof of Proposition 3.4. From the first equation of (1.4), the L ,-conservation (3.23) is directly
deduced from the property of the transport equation.

Next we prove (3.24). Taking the L?-inner product of the second equation of (1.4) with w, we
immediately have

1d
S w13+ 1Vwol}:

——/h(vzd)t-wdx—/h(w),-wdx—/h(v-V)w-wdx

R3 R3 R3
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—/p(wh~Vh)02d~wdx—/h(vﬁd-Vh)vzd~wdx. (3.26)
R3 R3

From Holder’s inequality and Cauchy’s inequality, we get

/ R, - w(t, x) dx| < (Al L@ 130, @2 1wl L, @3
]R3

1 2 2d 1 2d 2
= §||h0||L2(R3)||3tU ”Loo(Rz) + §||3tU ”Loo(R2)||w”L2(R3)’

and

2d 2d 2d 2d
/ B Vo w (e, x) dx| < 1Al o 1920 oy 1002wl o)

R3
<l||ho||2 o7 +1||thzd||2 lwl
=2 10N, @) P L@ ™ 5 Loo @) 1Ly ®3):

By virtue of the Holder inequality, the following interpolation inequality

1/2 1/2
11l = Coll £1 e 10 £l ) (3.27)

and the Cauchy inequality, we find

2d 2d 2
[ o ) e x| < oo 19 V0,
R3

<ol 1@ I Vav Nl L, @) IVl @y w3
1 2 2 2d 2 2
= 5 ||VU) ||L2(R3) + C ||/00 ”LOO(RB) ”th ”Lz(Rz) ” w ||L2(R3) .

Plunging these above estimates into (3.26) leads to

DO, + IV O
dr L2(R3) L2(R3)
<=2 [ ey war =2 [ nw-Dwwdx+ (1802 g + 19020 ) Tl
R3 R3
+ Clipoll Ve 117, lwlZ, + llhollZ, (natvzdan + ||v§d||%w) :

Through integrating in time, and using the following inequality deduced from the integration by
parts
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t

t
—2//hw,-wdxdr—2 /h(v-V)w-wdxdr

0 R3 0 R3
t t
=—f/ha,|w|2dxdr—/fh(v-V)|w|2dxdr
0 R3 0 R3

t

=/ho(x)|wo(x)|2dx —/h(t,x)|w(t,x)|2dx+//(8rh+v-Vh)|w|2dxdt

R3 R3 0 R3

2 2
< lhollzsllwollz, + 1RollLo lw (DT,

we have

t
w7, g3, + / IVw (@), g3, de
0

< 1+ llhollz) lwoll 7, + Aol w17,

t

+ / (18:v* (D)l Lo + IV (OII7 ) lw (D)7, d7
0

t
+Clipoll., / IVho? (D)1, w017, d
0

t

T lhol2, / (1200, _ay + 112 _ g, di. (3.28)
0

By letting ||holl 1 w3y < 1/2, it follows from Gronwall’s inequality that

t
w17, @, + / IVw (D)7, s, d7 < B e, (3.29)
0

where

R . 2 2 2d 2d 2
Bl = 3”w0”L2(R3) + 2”h0”L2(R3) <||al‘v ||L1(R+;LOO(R2)) + ”vh ||L2(R+;LOQ(R2))) 5

D 2 2d 2 2 2d 2
By 1= Cllv* L, @i oo @y + CIVRO L, i 100 + IVRV L, v

Thanks to (3.8) and (3.9) (from W; (R?) — Lo (R?)), we deduce that
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o0

o

2d 2d 2y COHIE) [ ]
/”atv ||L°O(R2)dl§ 10, v ||Lp(o,1,wl(R2))+C||vo llz,e ft37dt
0 1

Ca+v3%)
(||v I T 1)e 8l

Similarly as estimating (3.21) and using (3.19), we find

o0
12
2 2 2 CAa+Iv31t,) )
VR0 Ly s g2y < CIV L 0.1 L2y + C IR e S O A
1

C+1v3 )
<||v “" - 2,p(Rz)Jrl)e 3L,

Thus from (3.1), (3.2), (3.9) and the continuous embedding Ly N B, ,/” (R2) < WL (R2) for
p > 3, we further have

C(1+ 2d 4 )
By <3|lwol? (R +Cllholl; (Rg)(” ||L v + l)e %z,

+1> C+vgIIL )

By <C(1+lpoll,,m3) (HUO ”L nB, /" ®?)

then inserting into (3.29) leads to the desired estimate (3.24). O

The next result is concerned with the crucial L ,-based a priori estimate of w under more
regular assumption of initial data wy.

Proposition 3.5. Let ho = pg — 1 € Ly N Loo(R3), v24 € Lo N B, /7 (R2) and wo = vg — v €

Ly N B2 2/’7(R3) with p > 3, and let (h,w) be a suﬁ‘ictently smooth solution to the sys-
tem (1. 4) (1.5) over R® x [0, T\. There exists a small absolute constant ¢, > 0 such that if
(ho, wo, v%d) satisfies

2d,4p C'a+lvytlz, -
<||h0||L20LOO(R3) -+ ||U)0||L203127;2/p(R3)) exp { (” () ”Lsz; ,,2/”(]1%2) + 1) } < Cx,
(3.30)

with C' some absolute constant appearing in (3.41), then we have

sup [lw(®)l| , 3+ lwr. V2w, Vel @1y =< Clx. (3.31)

t<T Byl (R3)

In the above, the time interval [0, T can be replaced by [0, 00).



P.B. Mucha et al. / J. Differential Equations 267 (2019) 307-363 325

Proof of Proposition 3.5. Applying (2.2) to the second equation of the system (1.4), we have

supllwll”, 5 + 119w, Viw, Vgl

)4
. L,(R3x(0,r
<t prpp (R3) I’( ( ))

6

Z P p

S C ( l “E ||L1,(R3><(0,[)) + ||w0||B§m2/p(R3)> ’ (332)
i=

with

Fi=p@™ Vw), Fr=pw- Vw), F3:=h@",,

(3.33)
Fy:=hw;, Fs:=p(wy- VhUZd), Fg := h(vﬁd . VhUZd).

We estimate the terms on the right-hand side one by one. For F1, in view of the interpolation
inequality

S5p—6 2p—4
7p—10 7p—10

IVl < ClN G, o 0170 < C (Il in e, + ol ) G349

and using (3.24), the fact [[v*[|;, g+.7. g2)) < CB(vg?) (from (3.17) and (3.25)), we have

p
” Fl ”LP(RSX(O,I))

t
< / 1@} g IVWOI] ) O] 5o dT
0

t t
<C p 4 2d P d C P p 2d,p d
< Cllooll . [ @Iy, IV @IE_dz + Clooll) _lwl}_ g,y [ 10015 _dv
p.p
0 0

1
2d
<cC / w1552, V@] g2y dT + Cllwo. ho)[I7,e* P07,
p.p
0

where in the last inequality we also used | ool w3 < 1+ lhollL w3 < 2. For Fy, if p > 5,
taking advantage of the following interpolation inequalities

4p—10 3p
Tp—10 Tp—10
19010 = CIONLZ 0y 10T 0oy

2 p=2
P P
IVl L, 0.0:L,@®3) = CIVWIL 0.0, VWL 0,0 2.00)
2 @p=10)(p—2) 5(p=2)
Tp—10)p 7p—10

»
= C”Vw”Lz(O,t;Lz)”w”Loc(O,t;Lz) “w”LOQ(O,t;Blz,_,,z/p)’

we see that
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p
||F2||L (R3X(0 l)) — ”IOO”L (R3)”w”Lw(0 t;L (R3))”VU)” p(ot Ll)(R3))

8p— 10p 6p2—24p+20
7p—10 Tp—10 2
=Clw ”Loo(O, B2 ”w”Loo(O,t;Lz)||vw||L2(O,t;L2)

8p—10 6p—10
7p—10 14
<Clwl| "™ " ., 2p) (Il oo 0.1520) + ||Vw||L2(O,t;L2))7p 10
Loo(0,13B)
8p—10 p6p—10)
p 2d Tp—10
<cC 7p—10 ( wo, h By )) 4 :
|| ”Loo(O Bz 2/p ”( 0 O)||L2
if p =5, we similarly get
5 14 5 5
||F2”L5(R3X(0,t)) S ”pOHL (R3) ”w”L (O l‘LOQ(R3 )va”LS(O t'LS(R3))
= C”w”Lm(o, L2)||w|| ”VWHLZ((); L2)||Vw|| 3
Lo (0,1 B5 5) Lo (0,1 35 5)

< . \% .
Cllwlle(Ot BY5®)) (lwll Lo 0,1:L) + | w”Lz(O,t,Lz))

<Cllw|® b

4 4Bw3¢
§ oty (1000, 0 IEeP080 )

s ®RY)

while if p €]3, 5[, thanks to the interpolation inequalities

_2p S5p—10
Tp—10 Tp—10
”Vw”Lp(O,t;Lp(Rz)) = C”Vw”Lz((), Lz)”Vw” p 0.5 5, )
5—p 5-p
5-p

IVwliz 5, 052 5,) = C||w||

2 5
IVZwll;> o
L el Loo(0,1 B2 2/p) Ly(0,t;Lp)°

we obtain that

p
| F2 ”LP(R3 x(0,1))

P P P
S ”'OOHLDO(RS)”w”LOQ(O,t;LOQ(R3))”Vw”L ©,1;L (]R3))
p p

4p—10 3 p?

3p 5p—10
7p—10P Tp—10P 7p 0 Tp—10P
= C”w”Loo(Ot LZ)||w||Loo(0,t;Blz,;,2/p)”vw”LZ(Ot L2)||Vw||L57p(0 L sp )

S—-p S5—-p

8p—10 6p—10
2 Tp-10P L= 2 p
= C (Il g2 @y + 1V20NL,00i200) 7 (0lLm0iiLe) + IVl L00122) 7

8p—10 p(6p—10)
2 7p—10P B2\ 7p=10
< C (Il o2 20y + V20l L,002,) " (I0, o)l 2”0

Thanks to (3.9) and the continuous embedding W; (R2) <> Lo (R?), we estimate F3 and Fy as
follows
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2d p
||F3”L (R3X(O ) — ”h”Loo(Ot L (Ri‘s))”(v )T” L,(0,t; LOO(RZ))
4 CA+vglz,
= Cllholl} g (I3 syt 1)t
and
p
VFal .0 = WONL oy 192 1T 5,0,

The treating of Fj is similar to that of F, and by using the inequality ||w ||Lp < C(II w ||BZ—2/p +
p.p

||w||L2), we have

”FSHL (R3><(O 1)) = ”pOHLoo(R% / ”U)(T)”L (R3 ”thzd(f)”L (RZ)

<C/||U)(T)||p2 2/p||th2d(‘[)||L (RZ)d

I’ p

+Clwl}_ oLy / IVh0* @] 5o de

By using the following estimate (deduced from (3.7) and (3.19))

00 1/p
ca+[vdn} 1
IIthzdllL,,(Rth) < ||U2d”L,,(O,1;L2r1W;)+C”v(%d”Lze (g, /T—pdr
f (3.35)
)3 Ca+1vg7)
< C(IRN gaarn g +1)e 2,
we get (recalling B(v 4 is defined by (3.25))
14
”FS”L (]R3X(0,t))
<C / [l 2 190027 gy e
2d 3 Cp(I+Iv3113
+ Cllwo, o) 17, PP B (IR0 oy 1) IO

2d
<C / ||w<r>||”2 2/,,||vhv2“<r>||L @247 + Cllwo, ho)|7,e*PH07).

For Fg, from (3.1), (3.12), (3.21) and (3.35), we infer that
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2d
||F6||L (R3X(0 1) — ”h”Loo(Ol‘ L (R3))”v th ”L »(0,1; Loo(Rz))
2d 2d
< IIhollLP(Rg llvgy IIL (O,mel(Rz))IIth ||LP(O,1;LOC(R2))
d4p Ca+vg3 )
< Wl gy (13137 i oy + 1) :
Denoting by
4 2
X = sup w17, . Vul®) = lwe, VW, Vall) g g (3:36)
and assuming
1/p
h <|— , 3.37
Aol L ®3) < <2C> (3.37)
we collect the above estimates to find that for every p > 3,
Xy (1) + V() < C f Xy (T) ||v2d<r>||L _ay T IV @17 (Rz))dr +
8p—10 B2 p%pjlloo)
+ C1 (X0 + V) 77 (o, ho) 1,57 ) 7T+ (338)
2d
+C||wo||’f (IlwollL &y +lRoll] (Ra))ew”o ).

17 pP (R’i

We set

_1p=10 B2 —(6p—10)
Toi=sup{t > 0: X () + Vo =@C) ™ 7 (llwo, ho)l,e"”) [BEEEE)

which satisfies T, > 0 from the local existence part. Then for every ¢ < T, we have

X, () + V(1) <2C / 2@ (WO _ gy + IV OI] o)) dr
+2C|woll”, , +2C (IlwollZ, + Mo}, . ) 255",
Bp.pp
Gronwall’s inequality and (3.17), (3.21), (3.35) lead to
X (1) + V(1)

p p p 2B\ 2C (1027 01 Loo) TNIVRVT o
=2¢(lwoll”, , + (lwolf, + Ikoll], . ) €505 )e (12101 Pposita)
; P

BP~1’

2d
< 2C<”w0|lizméﬁ‘,,2/” n ||h()||£szoo>epBl(vo ) (3.40)
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with
B3 =283 + C (Iv31*” 1) SO
o : £y 7 &) e (3.41)
= /(I S Y '
= LanBy 2P (R2)
Hence, if (wq, ho) are small enough so that
- _ 2d
20 (Iwol? 2y 0l e < 207 wo, oy 7 V610803,
LoNBy p 2
equivalently, if (wo, ho) satisfies that
~ 7T ~ B3
||w0||LszI2);2/p(R3) +lhollp,nr @3 < (4C) 7P710Q2C) re 07, (3.42)
the bootstrapping method guarantees that 7, = 7', and we have that for all € [0, T'],
P pB1(v3Y)
X)) + V(1) < ZC(“wO”LzﬁBIZ, ,)2/,7(]1{3 + [lA O”LzﬂL (R3)>e 1) (3.43)

Note that to construct (3.43) we did not use any information about regularity of the gradient of
density. O

If the initial density has some gradient regularity, we moreover have the following regularity
estimate on the density.

Proposition 3.6. Under the assumptions of Proposition 3.5 and additionally assume that Vhg €
L3(R?), then we have

2d
sup [IVAD) | 1ywe) < VRl Lygaye!TTE¢0w0-000) (3.44)
tel0,T]

where C (hg, wo, v(z)d) is depending only on the initial data ho, wo, v éd
Proof of Proposition 3.6. From the first equation of (1.4), we see that

0;(Vh) +v-V(Vh)=—(Vv) - Vh.

By making the scalar product of both sides of the above equation with ((01h)2, (82h)2, (33h)2),
and integrating on the spatial variables, we get

d
g VL) = VUL IV Ly o)-

Integrating on the time interval [0, T'] leads to
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0<tr<

T
sup [Vl Lyws) (@) < IVhollLs eXp/IIVv(t)Ile(Rs)dt- (3.45)
T
0

Thanks to the Sobolev embedding WI% NLy(R") — Wolo (R™) (n = 2, 3) and the a priori estimates
(3.1),(3.19), (3.24) and (3.31), we find

2d
VUL, 0,7; Lo ®?) = NI L 0,701 3y + IVl L 0,701 ®2))
T T'"% o 4 T|[v2d
=Tlwleor:Lo@y T 7Iwly, 02 + TV g 0.7:L,@2)

-1 24
T v, 0.1 w2 @2)

< (14 T)C(ho, wo, v3), (3.46)
which combined with (3.45) yields the desired inequality (3.44). O
3.2. Global existence and uniqueness

We divide the whole proof of Theorem 1.1 into five steps.

Step 1: Approximate system and uniform estimates.

Let v*d be the unique strong solution to the three-component 2D (HNS) system (1.2) asso-
ciated with vgd elr,N 13’13,;,2/ P(R2), then it is smooth for all # > 0 and satisfies the estimates

stated in Lemmas 3.1-3.3. We construct (w"*!, A1) (n € N) as the solutions to the following
approximate system

m 4 VR =0
w;1+1 . Vuw"t!l — Apnt! + Vpn+1

— _hn(w;lJrl + Un—l . an-H) - +hn)(wn+1 . Vde) + f(hn, UZd), (3.47)
divw"t =0,

Wt o =ho,  w™)—o = wo,
with v* = v2d + w" and

F", 02 = —n" (2%, — B2 V2. (3.48)

We also set v~ 1 (¢, x) = 0, wO(t, x) = wo (x), h0(t, x) = ho(x), vV (£, x) = vo(x) = wo + v3". The
solvability of system (3.47) follows from Lemma 2.1 and the Banach fixed point theorem. We
treat the nonlinearity v" - Vw"*! as a perturbation and find a solution via a contraction map for
small time intervals. Solvability of the transport equation follows directly from the method of
characteristics. We omit explanation of this part, since one can find there no obstacles.
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First we have (h', w'!) solves

hl+vo-Vh! =0,
w! +vp-Vw! — Aw! +Vp!
= —how, — (1 + ho)(w} - Vav?®) — ho(v?4), — ho(v2® - VoY), (3.49)
divw! =0,
h'li—o=ho, w'l=o = wo.

We see that |4 DL ®3) = I1holl AL, 3y for any 7 > 0, and by arguing as (3.28), we find

! OI1F s, + / IVw' (@117, g3, de
0

< 1+ llhollL) lwoll7, + ol Ly llw' 117,

t

+ / (||afv2d<r)||Lm + ||vhv2d<r>||iw) lw'(0)17,dz

0

L+ holLy) / VX ()2, ! ()13, dr

t

+ ko3, / (N @l + 10213, ) dr,

0

which under the condition [|hol|, 3 < % leads to that w! € Lo (0, 00; L2(R?)) N L2(0, 003
W21 (R3)) satisfying

1/2
2d
lw! Ol @3 + / IV (17 s, d < Cll(wo, ho)ll 1, @3e® 0", V¥t >0. (3.50)
Taking advantage of (2.2) in Lemma 2.1, we have

sup ||w (r)u” + Jw!, VZwh?

<t P (RS) L (Rgx(o )

1P P
C(Z 1GEIE g 0.9 T 100l 522 (R3)),
i=1 ’

with
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G% =2, le, G% = wp - le, G% = ho (v2d),,
Gy:=how,, G&:=(+ho)(w V), Gii=ho@ Vhv?).

Similarly as estimating (3.38), and from the condition [|Aol w3y < (%)]/p and the following
estimate (as the treating of F» in Proposition 3.5)

p
||G2||L (R3X(0,1)) S ”wO”Lw(R:‘s ”Vw ”L (R3X(O l‘))

2p2

sp=10 Tp—10
<Cllwoll]__ (X1 (1) + Yy (1)) 7710 (Ile ILw.r:L) + V! ||L2(0,1;L2)) !

Sp—10

24\ \ THo
SCIIw()II’L) ( 1 () 4+ Yy ([))71) 10 <||(w0,h0)||L2 B} ))71 10

we obtain

X () + Y, (@)
<C / X O (W17 oy + IV O _ o) ) dr +

2
5p—10 2p

2dy\ 7p—10
+ Cllwnll]_ (X1 (1) + Py (1) 70 (||(w0,;10)||L263<v0 ))w o

2d
+Cllwoll”, 5 +C (lwollZ, + Mol ) 250"
By.p

1
<C / X1 (7) ||v2d(r>||L @y FIVRH @I (Rz))dr+5(2€w1(r)+ywl<t))
e P b 2B
+C(EHlwoll S )(Iwolly o+ holZ,nr e :

with X1 and V1 given by (3.36). Hence, by assuming [|woll;_ g3y < I, we use Gronwall’s
inequality to deduce that

p 2
zSBo% ||w ol 32 2/p(R3) + ”wt’V w ”L »(R3%(0,00))
4 c'a+vyti,
3 . ’ )
2C(|Iwo||L B2 R +IIA 0”Lsz ®3) )eXp{ <||v ”L nBY, 2/"(111<2>+1 €

(3.51)

Now under the condition (3.30), that is, there is an absolute small constant ¢, > 0 so that

/ dy4p C’(1+1v3%11 )
(IlwollL nB2P @) + ”hO”LszOO(]R3)> eXp{C <||v IIL B2 + 1) L2 }sc*,
(3.52)
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we suppose that for each n € N and k < n we have
1/2

2d
lw* O, @) + / IV N7 gsyde | = Cliwo, ho)ll @07, Vi >0, (3.53)

and
sup ||wk(r>||”2__ i, V2] e 000
<00 P (3
p P (R )
Ezc(”wonp 5 + ”hO”Z N )exp{ <||U d|I4P . 2/p , + 1) eC’(1+|U(%d||12)} ,
LZOBZ—ﬁ(R% 2NLeo(R7) LonB, "7 (R2)
(3.54)
which in terms of the notation (3.36) means that
X (t) + Vi (t) <2Ccf, vt >0. (3.53)

We intend to derive the similar uniform estimates for w”*!. Since v = w” + v29, by arguing as
(3.46), we have v" € L(0, t; Wolo (R3)) fort >0 arbitrary. Thus the flow property of transport
equation guarantees that ||h"+1(t)||L2mLoo(R3) = |lholl 1, r3) for any ¢ > 0. For the system
(3.47), in a similar way as obtaining (3.28), and according to the following identity formula

t t
—2f/h"(w”+1), cw"ldxde —2ffh”(v"—1 Vw™ ! w"tldxdr

0 R3 0 R3
=/ho(X)|wo(X)|2dx—/h(t,X)Iw(t,x)|2dx,
R3 R3

we get

™ D17, @5, f IV @)17, @3, d

< (1+ [Iholl ) lwollZ, + 1ol Lo lw@)117,

t

+ / (N0 @l + 190X @13 ) 0" ()13, de
0

+C(+ NholiLy) / IVav* (N7, oy 0" ()17, de

t

+||ho||izf(||af W)+ v ||Loo) z,

0
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which ensures that (3.53) holds with k =n + 1 by using Gronwall’s inequality. Next we apply
Lemma 2.1 to the second equation of (3.47) to see that

sup ||lw

T, A e VR
<t

Ly » (R3%(0,1))
Bp P

n+1 4
(ZHG I (R3X(O,))+||wo||3§ﬁ/p),

with

Gn+] (1+hn)(U2d an-‘r]) Gl‘l+1 (w +hn n— ]) an"r]’ Gl’l+] hn (UZd)n
GZ-‘,—] = hn w¥+l, Gn+1 (1 +hl’l)(wl’l+1 thZd)’ Gn+1 hn(v2d V v2d)

By estimating as (3.38), and noting that (similar to the treating of F; in Proposition 3.5 and using
B53) fork=n—1,n,n+1)

1
IG5+

L,(R3x(0,1))

= (10" @ x 0 + 0l 10" g @300 ) 1V L )

5p—10
o X k<f>+3’wk(t))7” T (X (1) + Yy (0) 10
k=n—1,n
) B
x (Il wo, h)l1,e#007) 7
we infer that by Young’s inequality,
Xwn+1 (t) + ywn_H ([)
=< / wn+1 (T) ||U2d(-,;)||L SR +||th2d(-[)||L (R2)>dr+
71) 10 5p—10
( > k(f)+37wk(t)) (X1 (£) 4 V1 (£)) 77710
k=n—1,n
2y
x (Iwo. ho)l,e3) 77y

2d
+Cllwol”, 5 +C (||w0||§2 + ||ho||€2moo> 2PBGRY

Bp.p

1
<C / Xy (r)(nv“(r)nL @ HIVEHOI] (Rz))dwg(me(t)wwm(t))
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3 _
N C( Z ka o +ka (t)>2 (II(wo, hO)”LzeB(U%d))Sp 5

k=n—1,n
+C(flwoll” +lholl? oy )e2PBMY
0 a2 Ol LyNL o )
LonB, 0

with X »+1 and YV, »+1 given by (3.36). In view of Gronwall’s inequality and the assumptions
(3.52), (3.54)~(3.55), by letting ¢, be suitably small so that (4C)*2c[P/*™> < 1, we deduce

Xwn+l (t) + ywn-H (t)

537C< Xn: X0+ V()

k=n—1

[S1[o%)

3p—5 - 2d
1wo, ko)l eBP=2B1(%0

3C 2d
L p holl? ) pB1(vg")
5 (101} gaap + W0l )e

3C y o
< 7<||w0||” L2+ ||ho||§mw)ep31<u0 ) ((4C)3/26*p/ N 1)
LzﬂBp_pp

2p c'A+1vg )
<2C | Jlwoll” . + holl? expiC’ | ||v2d ) +1]e 0y L
< (II O||Lsz]2;pz/p holly,nr,, ) exp llvg IILZQB%}/,,(RZ)

Therefore, the induction method guarantees that the uniform estimates of (3.53) and (3.54)
indeed hold for every k € N under the smallness condition (3.52). Moreover, for any 7 > 0, by
arguing as Proposition 3.6 and using the uniform estimates (3.53) and (3.54), we deduce that

2d
sup [[VA" @)l yes) < ClIVholl yaye T Ve N (3.56)
t€l0,T]

Step 2: L,-contraction of {(h", w")},cn on a small interval [0, Tp].
Now based on the uniform estimates (3.53), (3.54) and (3.56), we show that {(h", w™)},cn is
a Cauchy sequence in the Ly-energy space on a small interval [0, Ty] with Ty > 0. Denoting by

Sh"=h"—n""', sw'=w"—w""!, spt=p"—p" !, neN, (3.57)

1

with the convention &~ = p~ =0and wl=v~1 =0, from (3.47), we write the equations of

(ahn+1’ 8wn+1) as

(SR"HD), + 0" VSR = —sw" - VA",

((Sw"H), + o Vew T — Aswt! 4 V(Sp”H —H,
divsw™t! =0,

S 2o =0, sw"tl|,_o=0,

(3.58)

where H = Y12, H; with
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Hy:=—sw"-Vu", Hy:=—8"w'™, Hz:=—h""!Sw"h,,
Hy:=—8h"" ' - v, Hs:=—hr""1w" . vu'th,
He:=—h""'"2-Vsw""),  Hyi=—8h"(wi - Vo9,

Hg = —(1+ 1" Howi - o™, Hy:= —8n" (3¢ - V),
Hyo:= —8h" (v*Y),.

First we consider the L;-estimate of 84" *!. Multiplying both sides of the first equation of (3.58)
with 84" +! and integrating over the spatial variables, we get

1d
S I 0N, < / |Sw" | VA" [|8h" (2, x)|dox.
R3

Holder’s inequality leads to

d
al|5h"+1(t)llL2 = 6w" O llLg IVA*D)]lLs -

By virtue of integration on time over [0, #] and Holder’s inequality, we obtain

. 1/2

1A L, < IVA it / / Vsw'Pdedr | (3.59)
0 R3

Next we turn to the Ly-estimate of Sw”t!

equation of (3.58) with sw"t!l, we have

. Through taking the inner product of the second

10
1d
Ea||5w"+1(z)||§2 +Vsw )7, = Z/Hi sw™ (¢, x)dx. (3.60)
i=lp;
Thanks to Holder’s inequality, the interpolation inequality and Young’s inequality, we respec-
tively estimate the terms on the right-hand side of (3.60) (except the terms containing H3z, Hp)
as

1 1
/ | H 15w dx < 18w" |, IVw" [ 18w ey < SIVW! T I6w" 17, + S 18w IZ,,

R3

and

1 1 1
/|H2||8w”+ |dx < [18A" |, 1w} L, 18w" L 5,
P2
R3
p—3

p— 3
1 1 17
< ClIISH" |, llw} I, 8w FH 2 IVEw™ 7
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2p 2p 2p—6

1
2p-3 1,2p-3 1 2p-3 1,2
< ClIsh" I 7 wy™ Iz Isw" . +§IIV5w”Jr Iz,

1 1
< Cllwf ™ IE, 18RI, + S Isw" M7, + S1vsw™iZ,,

and
1 -1 1 1
/|H4|I5w”Jr ldx < 18" L, 10" L IV L 8w iz,
R3
1 1
—1)2 12 2 12
< ST IV ISR, + 5 18w T,
and
1 -1 -1 1 1
/IHSIIM”Jr ldx < A" ML 8w ML, IV L llsw" iz,
]R3
1 1
- 2 n+12 n—1p2 - n+1,2
< S Iholl NV IE 15w, + S 18w,
and
1 1 2d 1
f|1*1’7||5w'”r |dx < 18R | L, 1w 2o I VR0 Lo 18w I 2,
]R3
Lo 2 2d)2 n 2 1 n+12
< Sl IV 18RI, + S 18w,
and
1 -1 2d 12
/|H8||5w"+ dx < (14 1" L) IV L 8w 17,
R3
and
1 2d 2d 1
fIHvaISw"+ dx < 182" 11 £, 1V 2o VRV Ml Lo 18w T 1 2,
R3
Lo oa0 2d)2 n 2 1 n+12
Sillvh 12 NVhv N7 I8k ||L2+§||5w 7,
and

/ |Hiol |5w" ! |dx
]R3

1 1
< ISR ol @Dl NOw™™ ML, < M@ DT NOR"IZ, + S 16w I,
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Integrating on the time variable and using the following formula (concerning terms H3 and Hpg)

t t
—//h"—l(aw"“), CSw" T ldxdr —//h”_l(v”_2~V)8w"+l SSw"ldxdr
0 R3 0 R3

1

; / 110 [ (1, x)d,

R3

we gather the above estimates to obtain that

t
8w )17, + / / [Vow™! (x, 1) dxde
0 R3

= Ioll o N80 I, + (74201 + 1ol ) 1900w ) £ 180" 1E 0110
=2
+t P “an||%p(0,t;Loo)”8wn"%’°°(0’t;L2)
p—2
p—2 2 12 —-1)2
+ 17 kol IV I 0,0 180" T 1L 0.2 en
p=2
P2 1,2 2
7 IR @ IV IR 0 ISR o)
p=2 n+1,2 ny2
+C w0 1R L 0.1:L0)
1,2 2d )2 2d )2 2d) 2
th(llw'”r 17 @ IVRU T @) + 00 1T @) VRV TIE )

S (G Y TNy [ Ll R

with €, :=R3 x (0, 7). Denoting by

Li(t):= sup [|SK"(T)[1},+ sup
7€[0,t] t€[0,7]

t
18w (0113, +/||v3w"(f)||izdr, (3.62)
0

and relied on (3.59), (3.61) and the smallness condition (3.52), Lemmas 3.1-3.3 and the uniform
estimates (3.53), (3.54), (3.56), we can let ¢ be small enough, i.e. t < Ty with Ty depending only

. 2d
on p, ||w0||LzﬂB]2,;,2/p(R3)’ ”hO”LszwﬂW}l (]R3) and ”UO ”LZOB?)T])NP(RZ)’ SuCh that

1 1
In—H(T()) = ZIn(TO) + gln—l(TO)v (363)

which implies that
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1 1 1 C
e () + 3 10(T0) = 3 () + 311 () = = 20 (1) + 7lo(T)) = 52

Hence we conclude that {h", w"},cy is a Cauchy sequence in the space Lo (0, To; La(R3)).

Step 3: Strong Convergence.

According to Step 2, there exists some functions 7 € Ly (0, Tp; Ly(R3) and w €
Loo(0, To; L2(R?)) N La(0, To; W5 (R?)) such that A" — h and w" — w in Loo(0, To; L2 (R3)).
By virtue of the uniform estimate (3.54), (3.56) and the interpolation inequality, we further
get the strong convergence w” — w in Ly (0, Tp; Lo N Ly N B“p(R3)) and A" — h in
Lo (0,Ty; Lo N W§2) with s1 <2 —2/p and sy < 1 arbitrary. Therefore, we can pass the limit
n — oo in the system (3.47) to deduce that (&, w) is a distributional solution of the perturbed
system (1.4)—(1.5). The limits of nonlinearities, since they are quasilinear are well defined. It is

also guaranteed that h € Loo(0, To; W (R?)) and w € Loo(0, To; By /" (RY)), wy € L (1),
VZiw e L,(Qrp).

Step 4: Uniqueness.

For any T > 0, let b € Loo(0,T5 Ly N Log N W), wi € Loo(0,T; Ly N By /) 0
Wp O, T;L,) "Ly, T; Wg), i = 1,2 be two solutions of the perturbed system (1.4)—(1.5)

associated with the same initial data (hg, wo), which additionally satisfy that [|A;] 1 (@) < %
Denoting by

Sh:=hy—hy, Sw:=w;—wy, J&p:=p|— p2,
and v; (¢, x) == v2(¢, xp) + w; (t, x) (i = 1,2), we obtain the equations of (8%, sw) as follows

(8h); +v2 - V6h = —8w - Vhy,

(14 h2)(Sw); + (1 4+ ho)(v2 - Véw) — Adw + Vép = K,
divéw =0,

Shli=0=0, dSwl;=0=0,

(3.64)

where K = Z’/I.Zl K ; with

Ki=—0+h)dw-Vw;, Kp:=-8h(wy1), K3:=-6h(v1-Vwy),
K4:=—08h(wi - thzd), Ks:=—(1+ hy)dwy, - thzd,
=—8h (), K7:=—8h@} VY.
In a similar way as the deduction in Step 2, we get that
1/2

1A 12, < VA1 2020yt / / Vswldrde |
0 R3

and
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t
18wz, + / / [Véw(x, 7)Pdxde
0 R3
< lha() Ly 18w, + (7 +2(1+ ||hz||Lm<g,>)||vhv2d||L&<Q,>) 18w 0.r:1y)

p—2

17 (14 lhall @) IVWIIZ 0,000 18w 0.1

22 2 Vi 12 2 Shl2
+1t 1 ”vl”Loo(Qt)” wlan(O,t;Loo) + ”(wl)t”LP(Qt) [ ”Loc(O,t:Lz)
+r(nun||Lm<g,)||vhv2d||%(g,)+||v 17 1Vav* 17 e

oo [Cae Y AR [ RS

From the condition [|h2]|1.. (@) < %, and by letting ¢ be small enough, i.e. for r < T} with T}
depending only on p, [|w; ||LOQ(O,T;L201§12,T[,2/p)’ I (wi)e, Vzwi ||LP(QT), |7 ”Loo(OaT;LZmLoomW:;l) and

||UO ||L B2 @2y Ve find
T
2 2 )
USRI 0,71; Loy T 1OWIL 073103y +// [Véw(r)|"dxdr <0, (3.65)
0 R3

which implies (84, sw) =0 on R? x [0, T1]. By repeating the above process on the time interval
[T1,2T1], [2T1,3T1] - - -, we conclude that (64, Sw) = 0 on all the spacetime domain R3x[0, T1,
which implies the uniqueness.

Step 5: The maximal time 7, can equal co

Now we consider the time interval [0, oo) instead of [0, T]. We let h € Lo ([0, Ty); Lo N
Wi (R) and w € Loo([0, T.): L2 N By, "") N W0, o) L) N Ly([0, T); W2) be the max-
imal lifespan solution of the perturbed system (1.4)—(1.5) constructed as above. Suppose that
T, < 0o, we intend to show a contradiction.

Since (h,w) is now regular enough on (0, 7,) to satisfy the assumptions of Proposi-
tions 3.4-3.6, we infer that

sup ()| ey + SUp WO 22 o) < CEs, (3.66)
1e[0.7) 2 (R°) 1e[0.T) LmB (R3)
and
2d
sup (VA @) < Vholl,gsye T Bo-woug), (3.67)
te[0,Ty)

where ¢, is the absolute constant in (3.30) and C > 0 is a generic constant depending only on p.
Hence if we assume

_ Cx d,4p C'A+vytl7,)
Cy < Eexp{ <||v0 ||L ﬂBz 2/,, ®) + 1> },
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with ¢, is the constant in (3.52), we have

ry.2d7p c'A+vg )
(”w||Lw([0’T*);LzﬁB,2,,_p2/”)+”h”Loo([0,T*):L2ﬂLoo)) eXp {C (HUO ”Lzmgij/p + 1) e 2

= Cx, (3.68)

and we can repeat the above process in Step 1-3 from some time 7y < 7T that can be arbitrarily

close to T,. Since the proceeding time Ty is depending only on p, Ty, ||w|| Lao(O.Ts: LoB2 27y
oo \Us Lk, p.p

. 2d . . . . . .
”h”Loo(O,T*;LzﬁLooﬂW31) and |vy ||L2mB,3{pz/p(R2), which in turn implies that 7} is depending only

on p, T, and the initial data (hg, wo, v%d), we conclude that the maximal time T, can be pro-
ceeded beyond and this is a contradiction. Hence we obtain T, = co. Then Theorem 1.1 is proved.

4. Proof of Theorem 1.2: global stability result with rough density

The proof of Theorem 1.2 is split into two parts: existence and uniqueness. We follow the
following ideas. Having already proved Theorem 1.1, we are able to find a class of suitable
approximation solutions with regular density. Then since the a priori estimates (1.7) and (1.8)
do not contain any dependence of €, we are able to find a suitable sequence tending to a rough
solution to the system (INS) with rough density. However this approach does not provide the
uniqueness of solutions. To perform the uniqueness issue, we apply the method from [5,6] to use
the approach via the Lagrangian coordinates setting, which is also the main part of the proof.

4.1. Existence

Take € > 0 and define ,05 1= TT¢ * pg, where 7, stands for the standard mollifier. Then we are
ensured that Vo5 € L3 (R3). Next we consider the (INS) system (1.1) for (o€, v¢) with initial data
v¢|;=0 = vo and p|;—0 = p;. Theorem 1.1 implies that under the uniform-in-e condition (1.6),
the approximate system generates a unique regular solution (p€, v¢) satisfying estimates (1.7)
and (1.8) with rhs’s independent of €. Then we are allowed to subtract a subsequence € — 0
(write € — 0 for short) such that

p€ —1—=%p—1in Loo(0,00; Ly N Leo(RY)) (4.1)
and
v — Xy

in Loo(0,00; Ly N By /P (R3) N WO, 00; L, (R%) N L, (0, 00; WARY).  (4.2)

2d

In addition, by the argument of diagonal method together with Rellich type theorems applied for
the compact (spacetime) subsets of R® x R, we conclude

v€ — v a.e. pointwisely in R? x (0, 00). 4.3)

The above convergences are sufficient to pass to the limit in the equations (1.4) and prove that
(p, v) is indeed the solution to the (INS) system (1.1) (and also (1.4)). The only problematic term
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is p€0; v, since here directly we have just weak convergence of single terms. However one can
use the continuity equation of p€ to represent as follows

p€0, v + pv€ - Vo = 9,(pv) +div(pv€ ® v°). 4.4)

The rhs of the above relation allows to pass to the limit using its distributional form and strong
convergence of the velocity. Hence the part concerning existence of Theorem 1.2 is proved.

4.2. Uniqueness

We consider two solutions (k 1, wl, q1) and (h2, wa, q2) to the perturbed system (1.4) starting
from the same initial data (hg, v0 , wo) with hg € Ly N Lo (R3), v delrn B4 2/p (R?) and

wo € LN 32 2/p(R3). According to (1.8), we have

SUp 11w ()l 2210 s, + 1 W01 VWi Vil 230,009 = € 0, 4.5)

<0

which combined with (3.1) and (3.9) leads to that for any T > 0,

2
il Lo ®3x0,7y) = NWillL 0,750 ®3) T IV L0 0,7 Loo R2))

4.6
+ v 0

< llwill C,

3-2/p

<
Loo(0,T; LN By 7 (R3)) Loo(0,T;LaNB, /7 (R2)) =

and (similar to (3.46))

T

/||sz(t)||Loo(R3)dt < CoT! 7 lwillz,0.7; (Lo NW2(R3) + CoT |[v* ”L 20 (0.7: LonBY /P (R2)

<O +7T), 4.7

with C some constant depending on the initial data. Note that due to v delrn B4 2/p (R?), we
also have the estimate (5.14), which is more regular than (3.9).

By adopting the notations introduced in the subsection 2.2, the system of (h;, w;) (i =1,2)
in the Lagrangian coordinates is written as

dh; =0,

dw; — div (A, AL Vyw;) + AL Vyg; = F;,
divy (Ay,w;) =0,

hili=o =ho, Wili=o = wo,

4.8)

with F;(t, y) = Fi(t, Xy (¢, y)) and
Fy = —h); — hd,w; — h(v; - Vwy) — pwip - V™) —h(@p? - Vipo®®). (4.9

Note that from (2.24), the density in the framework of Lagrangian coordinates are the same, that
is,
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hi(t,y) =ha(t, y) = ho(y)-
We see the difference equation of w; — wy =: §w reads as follows

Sw; — div (Ay, A7 V,8w) 4+ AT V87
=0F +div ((Ay, A}, — Ay, AL)Vyin) — (A}, — AL) V45,

) _ ) _ (4.10)
div, (Av| Sw) =div ((Au. — AUz)wz),
dwl;=0 =0,
where g := g1 — g2, and SF:=F| — F» is decomposed as Z?:] SF! with
SF':=—ho(») (00> (1, Xoyn) — 3074(t, Xupw)),  8F2:=ho(y)8uy,
8F = —ho() (i - Vav®) (1, Xy 0) — (W3 - Vav? D, Xo, m)), @i

SF*:= —po(y) §Wn (2, y) - Vav™ (1, Xy, 1) »
8F> 1= —po(») Wan(t, y) - (Vav®(t, Xu,.0) — Vav® (1, Xu 1)).

We want to show that the norm [|[dw(¢)]|;, is zero, by the energy type estimates. The basic
problem is related to the nonhomogeneous right-hand side of the second equation. Because of it,
we are not allowed to test the equation (4.10) by w. We instead have to split it into two parts

sw=z'+z%, (4.12)

where z! is given as a solution to the following divergence equation
div(Av,zl) =div((Ay, — Ay w2) = (Ay; — Ay,) 1 Vywo. (4.13)
The construction of such a field z! can be done by the method from [7], and one can see

Lemma 2.2 for details. We below need to verify the conditions (2.5) and (2.6) in Lemma 2.2.
Note that from (2.13) and (4.7), by letting T be small enough we have

T T
/ 1V, 510 oy < / IVa01 ) oy 1V Xy (D]l gyt
0 0

T T
< / IVuillg, r3ydt exp / Vil w3ydt (4.14)
0 0
< TP LTV min{f, l},
- - 2 4
with ¢ > 0 the constant in (2.6), thus thanks to (2.17),
; 1
”Id — AU] ”Loc(o’T;Loo(RS)) < 2/ ||Vy'l_)] (t)”Loo(R3)dt < min {C, E}, (415)

0
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and

1 Av 1200, 7 Lo (R3)) < 2- (4.16)
Taking advantage of (2.17) again, we see that

; k-1

(Av)i =Y (=D*k / Vybi(ryde | (Vi1 ),

k=1 0
thus using (4.14), (4.7) and by letting T > 0 be small enough we get

_ 1_1 1-1/p
1CAv ) y0.7: Lo ®3)) < CHVYVLI L 0.7: Lo w3y S CT? reCT =c (4.17)

which combined with (4.15) ensures (2.6). As for the condition (2.5), recalling N, (T) is the
function space defined in (2.3), we have to justify that

(Ayy — Ap)w2 € Loo(0, T5 L2), (Ay, — Ayy) : Vyw2 € L2(0,T; L),

i (4.18)
((Ay, = Ay ia), € Np(T),

then we find

||(Av| - sz)w2”Loo(0,T;L2(R3)) = ||Av1 - sz||LOO(O,T;L2(R3))||’D2||LOO(O,T;LOQ(R3))7 4.19)

and

(A, — Ayy) : v}171)2||L2(0,T;L2([R3)) <Ay, — AU2||Loo(0,T;Lz(R3))”wZHLz(O,T;Wo‘o(W))’ (4.20)
and

Il ((Av| - sz)J)Z)t ”/\f(T)

< 1(Ay, — AWzl 5, O.T:L 4, ) + 1(Ay, — Av)iw2llL ,, ©.7:L 5, )
2p=3 P2 2p-3 P2

p=3 _
<T?» ||Av1 - sz”Lw(O,T;Lz(R%)||atw2||L2(0,T;Lp(R3))
p=3 _
+7T 2 ||(Ay, — sz)t||L2(0,T;L2(R3))||w2||Loo(0,T;Lp(]R3))- (4.21)

Thanks to (2.13), (4.5)—(4.7), we have

||w2”Loo(0,T;LooﬁLp(R3)) = ||w2||Lm(O,T;meLp(R3)) = C”wanw(O,T;LzﬂB,z[,,z/”) =<C,
and

IVywall L, 0,7: L0 @) = IVyXus L@ 50,7 I VxW2ll Ly 0,7; Lo @)
2

p—
2p

p=2
< T olIVU2llL 0,7;L00) . <
= CcT e ”w2”LP(0,T;L2ﬁW§(R3)) = CcT s
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and

19 w2l 0,71, ®3)) = 13 w2llL,0,7;L, @) + IViw2llL0,7;1, @) 18 Xv, 1L, 0,7; 100 ®3)

p=2 1 P=2
<CT? ||3zw2||Lp(R3><(o,T)) +72 ”w2||LOO(O,T;LzﬂBi;,2/]}(R3))||U2||L’>°(R3><(0’T)) <CT 2,
thus in order to obtain (4.18), it suffices to control Ay, — Av, |1 0.7:0,®3)) and [[(Ay, —
Av)ill L, 0,7:1,(®3))- Next from (2.18) observe that

oo k—1 !
Ay = Ay =Y > (=DM, (1, 3)) (Cop (8, ) / V,85(z, y)dy,
k=1 j=0 0

(A = A = 3 (=D (€ (6 )TV ) = (€0, 7 V(0 1)
k=1

= V801, y) + V80(1, y) Y _(—=D!K(Cyy (1, y))*

k=2
0o k-2 ‘ ' !
VI Y)Y D (=D K(Cy (1. 3)) (Coy (8, y)) 27 / V85 (z, y)dy,
k=2 j=0 0

with Cy, (¢, y) = fot Vv (t, y)dy,i = 1,2, by letting T > 0 small enough so that (4.14) holds, we
get

1Av; = Avyll Lo 0.7: L2 ®3))

= CT2(IV (@1 = @22l y0,7: 10w + IV8D 0. mi00)s (422)

and

||(Av1 - sz)z||L2(0,T;L2(R3)) = C(”V((UZd)l - (Uzd)2)||L2(0,T;L2(R3)) + ||V5U_)||L2(0,T;L2(R3))),
(4.23)

where v24" = v24(r, X, (¢, y)), i = 1, 2. Noting that

1
W21 (1, y) — W) (1, y) = (Xoy n(t, ¥) — Xuy (2, ) - f V024 (1, X, 1 4 (1 — )X, 1)ds
0

t

1
= / (021 (1, y) — 2D (x, y) + 85 (z, y))dz - f Vi 0?4 (1, Xy 0 + (1 — 5) Xy, 1)ds,
0

0
(4.24)

and
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Vy (021 (1, y) — 02),(1, y))
= VyXu 0t ¥) - Vi, v™ (1, Xoy 0 (£, ) = Vo Xy n (2, 3) - Vi, 0™ (£, Xop (2, 1))
= VyXo 0, y) - (Vv Xopn(t,¥) = Vi, vt Xy n(2, 1))
+ (Vy X n(ty) = VyXoyn(t, ) - Vi, v* (1, Xy 02, ) (4.25)

=V, Xy n(t, ) / Vi 02 (t, s Xy n+ (1= $)Xuyn)ds - (Xo (1Y) — Xopn(t, )

t

- / (VoD@ ) = Vy (@, v) + VOTR(T, 1) )t - Vo 01, X (2, 7)),
0

and due to that Vv is Lipschitzian and bounded (see (5.14) below), so by letting time 7" small
enough we have

1021 = @2l 0,15y < CTISDN 10,1512 (4.26)

and

“7d “d 1/2 - —
IV (@21 = @) 1073123y < CT V21801 oo 0,7: 203y + VD 10,7 1o R)))-
(4.27)

Inserting (4.26)—(4.27) into (4.22)—(4.23) leads to that for sufficiently small 7',
1Ay — Al 0.7: 23 < CT2U8D 1 0.7 Loy + V8Dl 0.7 LoR3y):  (4:28)

and

I(Av; — Avy): ||L2(0,T;L2(]R3)) = C(||5w||Loo(o T:L,(R3) T ||V5w||L2(o T; Lz(R3))) (4.29)

By collecting the above estimates, we thus verify the condition (4.18). Hence, Lemma 2.2 and
the above estimates ensure that

1 1 125 -
12 20,75 ,®3)) FIVZ I3 x0,7)) =CT / (||5w||Lm(0,T;L2(R3)) + ||V5w||L2(O,T;Lz(R3)))’

(4.30)
and
p=3 _ -
||3tZ1 Invey <CT 2 (||5w||Lm(o‘T;L2(R3)) + ||V5w||L2(o,T;L2(R3)))- (4.31)
Now we look at the equation on z which satisfies that

922 —div (A, AT Vy22) + AT V6 =6F + 3| L
divy (Ay,2%) =0, (4.32)
Zz|t=0 =0,
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with §F :=Y">_, 8 F given by (4.11), and

L' =div ((Ay A}, — Ay Ap)Vyin), LP=—(A} — A}V,

: } (4.33)
=0z P = div (A,,lAIlvyzl).

We test the equation (4.32) by z2, and noticing
/ Ay Vy8q(t, y) 22 (t, y)dy = — / 8q(t, y) div(Ay, 2)(t, y)dy =0, (4.34)

R3 R3
we derive that
1d 5 4 '
muz%r)niz +IAL V2 ONT @3y <Y f SF'(t. )2t y)dy + / Li(t,y) 22 (t, y)dy.
i=1 i=1
R R
(4.35)

By virtue of the estimate [[Id — Ay, [l _ 0. 7: 1., ®3)) = % (from (4.15)), it induces that

2
14T Vo201, g5, = (IV 2Ol ey — 1 = Au Il o0,y IV 2Ol Ly )
1
> SIVy Ol gs) = 114 = Au 17 g0, 1Yy O, gy (436)
1 2 2
= Z ||VyZ (t)||L2(R3)'
From the integration by parts, Holder’s inequality and (4.16), we see that

/ LY(t,y)22(t, y)dy| = f (Ap AY — A, AL ) Vyiby - VZ2(2, y)dy
R3 R3

IA

14w AT, — An AL |11 0.7: Loy | Vs B2l 1y @3y V22O Ly r3)

1 -
= 5 IV O, @) + ClAy = AullL 0, 7:1) IVyD2OI7_ g3y
4.37)

Using Holder’s inequality and the interpolation inequality, it follows

/ L*(t,y) 22(t, y)dy

R3

. 2
< Av = AnllL 0 7:,@ ) IVy@ROl L, @y Iz7 Ol 5, ®3)
P 172
2
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p=3 3
= 2 2 P
< 4u = Aus L 0.7:La@ V52Ol 127 Ol o VDN sy

2p 2p— 6

1 2p—3 p— p—
= 5 IVEOIL, + CllAy = Ay | Z’;OEO,T;LZ)IIqu(t)II“ 2 Ol (438)

For the right-hand side of (4.35) containing L = —9,z!, since 8;z' € NV,,(T) with NV}, (T) defined
by (2.3), for any € > 0 we take

dz' =ac +be, with ac €L 2p (0,T; L 25 (R?), be € L2(0, T; Lo (R?)),
2p—3 P2

so that

||ae||L27p(o,T;L 2 @) T l1Pelly0.7:0,®3)) = ||3t21||/\/,,(T) + €, (4.39)

23 P12

thus by virtue of Holder’s inequality and the interpolation inequality, we infer that for p € (3, 00),

/ D020 21Ol @120l w0+ 1Ol 120 e
R g

p=3
<llac®llL 5, lI2° (t)IIL ®3) Ivz? (Z)IIL L(®3) + 1be (D1, 12° ) £, 3

p+2
2p—6
2? 2p—3
||VZ (t)||L2+C||ae|| Iz Ol w3 F1be Ol Lo 122 @) 1y g3 -
e

P

(4.40)

For the right-hand side of (4.35) containing L*, we integrate by parts and use (4.16) to show that

/i“(t,y)zz(t,y)dy = /AmA;flel(t,y)'sz(t,y)dy

3 3
B ¥ 1 . (4.41)
< NAv @<,V O, w3y IVZE (@Ol L, w3

< 3anZ OI2, gy + CIV N2 g

Next we consider the right-hand-side terms of (4.35) containing SF' (1 <i <5) which are given
by (4.11). By Holder’s inequality and

1
3 v2(t, Xy, 1) — 80?4t Xopp) = f (Xoph — Xuph) - Vi 8020 (, Xy 0 + (1 — $) Xy p)ds

we get
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f SF(t, )22 (1, y)dy| < lholl Lo 190 (1, Xy 1) — 3028, Xyl Ly @3y 127 Ol Ly w3
]R3

< 1ol Loo 119 Vav™ Ol 1. g2y 1 X0y = X 1o 0.7 Lo 3N 122 O 1y (R3)-
4.42)

It follows from (2.14) that

t

Xu (1.9) = Xy (t,7) = f (@12, 5) = @z, y) + did(z, y) ) de
0

and by (4.26),

1 Xv, = Xyl 0.7:2,®3)) = CTNSWI L 0,71, ®3))>

thus we obtain

f SF (1, )22(t, y)dy| < CT lholl Lo 13 Vav™ )|, @2 18911 1 0.7 Lo @3 122 | Ly 3 -

R3
(4.43)

For the right-hand-side terms of (4.35) containing & F2,in a similar way as the deduction in
(4.40), we have

1d
/ SF2( )20y = 5 o [ oI v Py + / ho(1d,z (1, )22, )dy

R3 R3 R3

5—/ho(y)lz (. Py + lholl L llac )L 5, 122Dz 5, + ol e, 12O,

P+2 P2

_2p 2p—6

5— / ho()122 (1, y)I*dy + —||VZ N7,z +C||ho||§” S lac O g 1200 2y
p+2
+ loll 1o w3y 156 (O 1y 3y 127D | 1y 3 - (4.44)

By arguing as above, we find that
' f SF3 2%, y)dy‘
3

< lhollLo lvp? - Vav® (7, Xy, ) — v - Vv (2, Xy )l @) 1220 1,
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< 1ol VRS - Vav®™ YOl L 21X — Xoo Il 0.7 L@y 127 O s
< CT ol IVt - Vav* YOl @2 1891 0.7: L, @) 122 O | Ly@3ys (445)

and

f SFH(t, )22 (1, y)dy| < llpoll L@ IVav* Ol w2y 18D Ol Ly 127 Ol Ly, (4.46)
R3

and

/ SF(t, y)2%(t, y)dy
R3

< 100l g 182 | Lo V0?4, Xy 1) = Vo™ (2, Xy ) 12, 1220 11,
< CTlpoll o w2l 1 @3 0.7 VRV O Lo 18D Lo 0, 7: L) 122 D) |, (4.47)

Gathering (4.35) and the above estimates yields
d 22 3 20112 d / 2 2
—|lz=(¢ —|IVz=(t —— | h t, d
@ lz=(liz, + 16I| =0z, @ oIz7(z, y)I*dy
R3

< CllAy, — An ] 0.7:1,) I V2O,

2p 2p ) 2p—6
2p—3 - 2p—3 2p—3
+Cll Ay = Anll [0 .oy IVROI L 12O,

P 2p—6
2

2p 2p 2p—6
+CA+llholl 2 Dllac ") 122 @15

p+2

+ C A+ ol )b Ol L, 122 Ollz, + CIVZ DI,
+ CT ol (10 V™ Ol + 19002 V™) Ol )
X 189 2,00, 7522 1)l L
2d 2.2d
+ Clloollza, (1900 Ol qz2) + T2l 250, | VRV Ol )
X 1891l 2.00,.7:22) 1)l 5.

Noting that according to (2.13), (4.5), (4.7) and (5.14),

IVyw2llr, 0.7; Lo ®3) = IVy Xyl @30, 1) I Vaw2ll,y0.7; L. ®3)

p—2

-2
Vv ) rP—z
< CelVlL0rio 7735 w2l 0,7;Lnvi2@sy = €T 27,

and
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IVygall, 2p (0,T;L,(R3)) = ||Vvaz||LOO(R3X(0,T))||foI2||L 2p (0.T;L,[R3))
-3 -3

IV | 83
<CT 2p eVl o1iLeo) | Vg ||, LE®XO.T)) <CT @ ,

and

p—1
||8,th ||L1(o T:Loo(R2)) = CT ” ||3tU ||Lp(o T;W2(R?) = = CT o,
2
||Vh(vhd : th )”L|(O,T;Loo(1Ri2)) = ||VhU ”Ll(O TiLo) T ||Uh ”LOQ(RZX(O T))”th ||L1(0 T;Ls)

< CT? ) 2, + CTIV

Loo(0,T:L2NB,; Loo(0,T;LaNBy /")

=<CT,
we integrate on the time variable and set ||hol|;__ (r3) small enough to deduce that
22 22
1Z71E 0.7 2oy HIVE L@ 0.7

) 2p=5 2 2p=6

) 2 _217% 2p—3 2 2p-3
<CT 7 ||Ay — Aulli_ 011+ CTZ 3 Ay, — An ) o i 1270 071
00 (0,T;L>) 00 (0,T;L2) 0 (0,T;L2)

Zp 5 2p—6
2 2p-3
+Cllacll;” 1207 0 ey (4.48)

2p (OT5L 5, (R%)
2p=3 p+2

2
+ CTV211bell Ly 0.7: @) 127 Lo 0.7: Lo @)
1,2 — 2
+C||VZ Ile(R3X(0,T))+CT||3w||LOC(O,T;L2(]R3))”Z ||LOO(O,T;L2(R3))‘

Recalling (4.28), (4.31) and (4.39), we combine (4.48) with (4.30)—(4.31) to get

1217 07303y F 1V @0, 100,10y + 1V N @00,y

3 (4.49)
<CT>= (”‘S’I’”im(o,T;Lz(R»*)) + ”V(S’D”iz(wx(o,n) + ||Z2”ioo(0,T;L2(R3)) +e€%).

By passing € to 0 and letting 7 > 0 be small enough, we conclude that Z'=z2=0andsw=2z'+
z2=00nR3 x [0, T]. In light of (4.26) and (2.14), we also get (v29); = (v29), and X,, (1, y) =
Xy, (t,y) on R3 x [0, T']. Hence, by (4.14), coming back to the Eulerian coordinates, we infer that
(h1, w) = (ha, wy) on R3 x [0, T, which corresponds to the uniqueness on the small interval
[0, T].

Now suppose that the solution to (1.4) is unique on the time interval [0, T'], with T’ > 0 a
fixed time. Let (h;, w;, g;) (i = 1,2) be two solutions to (1.4) starting from the same initial data
(ho, v%d, wy), and from the assurllption: (h1, w1, q1) = (h2, wa, q2) on [0, T']. We next introduce
another Lagrangian coordinate X, (¢, y) (i =1, 2) defined by

dX,, (, y)

L =i, Xyt y), Xu(T',y)=y, (4.50)

which corresponds to
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t

Xy (t,y) =y + f vi (T, Xy, (7, y))dr. (4.51)
T/

In terms of this Lagrangian coordinate, and denoting by

hi(t,y) :=hi(t, Xy, (1, y),  Wi(t,y) = wi(t, Xy, (£, y)),
X

Gi(t,y) = qi(t, Xy, (1, ), Fi(t,y) = Fi(t, Xy (2, ),

the perturbed system (1.4) corresponding to (k;, w;) (i = 1, 2) can be written as

3h; =0,

iy — div (A, AT Vi) + AT V,g; = F,
divy (Ay,w;) =0,

hli=r =h(T'.y), Wil =w(T",y),

(4.52)

where h(T", y) = hi(T', y) = ha(T", y), w(T", y) = wi(T", y) = wa(T", y) (from the unique-
ness assumption) and

Ay (t,y) = (Vy Xy, (1, )7 (4.53)
We also set
@M, y) =020, Ry n(t, ), and 561, y) =i, Koy 2, ),
with Xy, n(, ) = (X415, ), Xy 2, ), then
B, y) = R (1, y) + B (¢, ). (4.54)
From the first equation of (4.52), we see that
hi(t,y)=hi(T',y)=h(T',y), Vre[l',T'+T], (4.55)
and similarly as (2.25), we have

Fi(t,y) =—h(T', y) ™), (t, Xopn) — h(T', y) 8:0; (2, )
— (T, y) W - V™) (1, Xy 0) — p(T7, y) Win(t, ¥) - (Vav™) (1, Xy 1) -

1

The difference equation of Sw := ' — w? reads as follows

8wy, — div (A, AT Véw) + AT Vg
=8F +div (4, AT, - A, AT)va?) - (AT, - AT)Vap,
divy (Avlaa}) =div ((Ay, — Ay)i?),

Swl=7 =0,

(4.56)
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where 8§ := §1 — o, and 8 F := F; — F> is decomposed as Z?zl SF' with

SF' = —n(T’, y)(8,v* (1, Xop ) — 0022, Xop ), SF2=h(T', y)8i,,
8F3 = —n(T', ») (- Viv®) (¢, Xoy ) — @3 Viv®) (¢, X)),
SFY=—p(T’,y)8Wn(t,y) - Vav™ (t, Xu.n)

SFS = —p(T',y) Won(t, y) - (Vav™(t, Xu,0) — Vav?(t, Xo, 0).-

We split §w into two parts
O )
Sw=2z +2°, (4.57)
where z! is given as the solution to the following equation (from Lemma 2.2)
div(A,, 2" = div((Ay, — Ay,)W2) = (Ay, — Ayy) 1 Vyido. (4.58)

In view of (4.7) and (4.14)—(4.17), we have that for T > 0 small enough,

T'+T T'+T
- > .c 1
/ I1Vyvi (Ol w3ydT = / 1Vy Xy, (DL VUi (D)l L m3ydT < mm{i, Z}’ (4.59)
T’ T/
and
T'+T |
I1d — Avi I L 74T Loy (R3)) <2 / Vi ()1l r3)dT < min {C, E}’
T/
and

1AW N Ly 747 Lo ®3y) < CUVY Uil Ly 1 74 7: Lo RP)) S €

By arguing as the above deduction on the small interval [0, 7], and from ||A(T")|L,, <
lhollL,, < 1, we find that

~1,2 ~1,2 ~2112
12 o a7 Loy T WV N @ ey T IS i@y
~212
IV, @ ey

p=3
< CT= (BDIL v 14,y T IVOBI @iy T 12 1L o aria@y):

Therefore, for any large number T, > T’ > 0, there exists a sufficiently small constant 7 > 0
depending only on the initial data and T so that Z F'=722=0andsw=00onR> x [T/, T +T1,
and moreover Xy, (¢, y) = X,, (¢, y), which combined with (4.59) implies (k1, w1) = (h2, w2)
on R3 x [T/, T+ T). By standard connectivity, we get w =0 on R3 x [0, T;] and from the
arbitraries of T, we conclude the uniqueness on the whole R3 x [0, 00).
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Appendix A
First, we give the proof of the energy type estimates (3.3)—(3.5) appearing in Lemma 3.1.

Proof of (3.3)-(3.5) in Lemma 3.1. We take the inner product of the 2D (HNS) system (1.2)
with the vector 3;v24, and by the divergence-free property of vﬁd and the integration by parts, we
get

9™, + 5 < I3, = / (30 Vi) - 3v2d]

Multiplying both sides of the above equality with ¢ and integrating on the time interval [0, ¢], we
use Holder’s inequality to find

t

t t
1 1
2d 2 2d,2 2d 2 2d 2d 2d
S1% ||Lz—5/||vhv ||L2dr+/r||afv ||L2drsfr||vhvh L1102 2 102 1, d.
0 0

Applying the interpolation inequality (3.27) and Young’s inequality, it follows that

t
2d 2d,2
fIIVhU IILz+/fII3rU I7,dr

0
t

2d 2d1/2 2d 2 2d
_—|| v |IL2+C/TIIU Iz, Vel Vv ™l
0

1/2 2d
218021, d7

1 1

1
< S, + €I, / VIR, IV + f T3 v2)2,dr,
0 0

and thus

t t
24,2 2d 2,2 §g2,2d
1|V ||Lz+/T||3rv 17,d7 < llvg®IIZ, + Clivg ||L2/T||th 7, IViv™©ilz,dr.
0 0

We write the (HNS) system (1.2) as
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Wy vpH= g™ — 2. vy, (5.1)
and from the classical property of the Stokes system, we infer that

IV ()L, + IVep* (DI, < Cl3 @) Iz, + Cllvd® - Vv (0)]l1,
1/2 1/2
< Clav 01, + IO IV O 1L IV 011,

< ClIav* )L, + Cllvg L, IVav™ 17, + Env;‘ivzd(r)uLZ,
which implies that

IVavX L, + 1Vap* O, < ClB ™ O L, + Clvg L, | Vav™ 17, (5.2)

Thus we obtain

t

V) 12, + f 219, v2 ()12, dr

0
t t
<Ilvg*llz, + Cllvg®lc, / (Vv (D117, 13- v L, d7 + Cllvg?Il, / 7| Vav* (1)]|7,dT
0 0
t 1 t
<llvg®lz, + Clivg*liz, / (T IV @) IVav* (OII7 7 + / T8> ()17, d7.
0 0

Gronwall’s inequality and (3.1) lead to that

t

Cllvg )4
HIVR O g2, / T0r0 2 o dT < CIVRY2 poye 2 (5.3)
0

Together with (5.2), we deduce

t
/ 7| Vav (D)7, dr
0
t

/ tlld- 0|7, dr + CllvglI7, sup (r||vhv2d(r)||L2 / IVhv*(2))17,dr
7€[0,7]
0

Clg i

< CURRIR, + 0318 e i < o L&), (5.4)

”Lz(Rz)

Combining (5.4) with (5.3) yields the desired estimate (3.3).
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Now we turn to (3.4). Observing that

3?02 Vi (8,0%) — Ap (0,07 + V(@ p*Y) = —8,03 - Vo, (5.5)

and taking the inner product with 3;v>4, we have

1d
Ea||a,v2d||i2 + | Vadv™||7, = /(a,vgd Vo) . 9,0%dx] .
RZ

By multiplying both sides of the above equation with > and integrating on the time variable, we
get

t

t t

1

2 2d,2 2 2d 2 2d,2 2 2d,2 2d

Sl ||L2+/r 1Vhdev ||L2drs/r||arv ||L2d1+/f 10:v2)13, 1 Vvl
0 0 0

22 Cllgtlly 2d 2d 2d
<Clugz,e "0 e +ff 19z v M 2, VRO v Ml 2, Vv ™| 1, dT
0

t
C 1
< Clod)3, 1L 4 / 200013, [ V™13, dr + 3 / 22| Vhd 0?2 dr.

0 0
Gronwall’s inequality guarantees that

t
2 2d;12 2d 2d Cllv3® 13, +Cllvoli? 2d )2 C<1+||v 17,
t716;v ||L2+/r Vhorv IILZdr<Cllv0 IIL2 0 Lo L2 <Cllvg"IIz,
0
(5.6)

By virtue of (5.2) and (3.1), we see that

ca 2d 4
VR Oll, = (190 Oll,) + Clvg s (V0™ 17,) < CllgI7,e 01,
5.7
which combined with (5.6) yields (3.4), as desired.
Next we treat (3.5). Differentiating the equation (5.5) leads to
3 V™ + 0 Vi (Vad ™) — An(Vidiv®?) + V(Vhd, %) 58

2d 2d 2d 2d 2d 2.2d
= —Vhvy - Vho v — VRovy - Vo — Gy - Vv,

By taking the inner product of this equation with V43,024, and using Holder’s inequality and the
integration by parts, we have
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1d
T IVd 0?7, + IVEav™ 17,

357

<2 Vud v N7, 1IVav™ Ny + 1807 2y 1 V™l oy 1 Vi g 0™, (5.9)

Multiplying both sides with 73 and integrating on the time variable, we find

t
1
3 2d 2 3v2q ,.2d2
SV ||L2+/r IV2a-v?|3 dr
0
t t
3
2 2d 2 3 2d 2 2d
55/’ IVhdv ||L2dr+2/r 19030212, [ Vh™ ,de
0 0
t
3 2d 2d 24 2d
+/T 10z v Ly I VRl Ly Vi 0z v | L, dT
0
t
C(1+Hv 14 3 2d 24 .2d 2d
<Clv§ || 0 Tk +C/f VR v N L, I VR 0 v I Ly | Vvl L, dT
0
t
1
2d p2d e 2,2 24 .2d
+C/r 130212 1 V3012 1 Vo217 V2022 V20,02 1, de
0
t t
2d C<1+Hv2d\| 1 3 92q -.2d)2 3 2d;2 2d;2
< ClIv§ || 0 Iz, +2 7| VRar vz, dr + C | T l[Vadc v I, Vo™ llg, dT
0 0
t
3 2d 2d 2d 2.2d
+C/f 10: v N Ly 1 VRO v Ly I Vo™ L,y [ Vvl L, d.
0

It is clear to see that

t
3 2d 2d 2d 2.2d

[ 1019002 1 Vi

0

t t

2d 2d 2 2d 2 2d2

< / oM 2, IV 2, I VR 2 de + / 22|V ™2, dr

0 0
CA+vy'lI7,)

2d 2 2.2d2 2d)2 2d,2
=< sup (r [0-v IIL) sup (7°[|Viv IILz)fIIth I7,d7 + Cllvg~llz,e
7€[0,¢] 7€[0,7]

2d 2d C+v3% ) 242 CA+IYE)
=< Cllvg ||L2(||U() ||L2 ) 0 M2t < Cllug I7,e 0 1Ly
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We use Gronwall’s inequality to conclude that

t

3 2d2 2d
[ Vnorv ||L2+/T IVad-v* 17, d7 < CllvgII7, e
0

2d4
LC 0+ 7, (5.10)

From (5.1) we get
ApVav®d — V(Y p?) = Vg o™+ (Vo) - Vo 4+ 02 Vi (Vho®d),
and the classical estimate of Stokes system ensures that
Vv L, + 1VEp™ I,
< ClIVRd™ L, + CIVav™ (17, + Cllog® I, 1 Vev™ I,
< C|Vad vz, + C||vhv2d||L2||v3 2d||L2 +Cllv; annvthdannvZ 2d||L2|| Vi 2“||L2

2d 3 2d 2d 2d 2,24
= ClVhd vz, + ||V Iz, + CIVav* 117, + Cllvg L 1V 2y | Ve vl .

Combining the above estimate with (3.3), (3.4) and (5.10) leads to

3 3 C(1+
V@) 1, + 13 192 p2 (1)L, < Cll2Y 3, eCOF 1L (5.11)
We then differentiate (5.8) to get

3 (VAU + 02 Vi (V20,02 — AR (VE8,0°Y) + V(VE8, p*Y)
= — 2Vt V2,0 — V2ol w02 — V2902 vy
— 2V vdd - VEu2 — 9020 Vv
(5.12)

Similarly as obtaining (5.9), we get

1d

5 IVadw ™I, + 1VR0 0™,

24 2d)2 2d 2d 2.2d 35 2d
= 3IVR v VR Nz, + 200 v L, VRV Ly 1V 807 Ml 2y
+ 201 Vi3 0> L Vv 195 80> -
We multiply both sides with #* and integrate on the time variable, and it follows that
t

1
Et4||v§atv2d||§2 +fr4||v§a,v2d||§2dr
0



P.B. Mucha et al. / J. Differential Equations 267 (2019) 307-363 359

t t
_2/r3||vga,v2d||§2dr +3/z4||v§a,v2d||§4||vhv2d||L2dr
0 0
t
+2 / 1002 L, 1 Ve v? Ly 1 V5 00> T
0
t

4 2d 2d 24 2d
+2ff IVhor v L I VR Ly | VR 0 v | 1, dT
0
t
C1+1v3% 4 4yo2q o 2d 3, 2d 2d
<CII IIL2 0l Lo f ¢ Vi 0 vl L, 1V 0 v L, VR | 2, dT
0
t
1 1 1 1
4 2d 2 2417 1w2,2d)2 1o3..2d)2 1o3a 2d
+C/T |0 v ||i2||vharv IIiZIIth IIEZIIVhU IIiZIIVharU llz,dz
0
t
1
2d L2 L2 2,2d 34 .2d
+C/T | Vhor v IILZIIVhar ||L2||Vh ||L2||V ||L2||Vh3rv lr,dz
0
t t
2dy2 C(1+Hv||) 1 dyo3a o 2d )2 dyo2q o2d)2 2d)2
< Cllv§ || 0 Iy +2/r IV}, 0-v ||L2d‘(+C/‘L' Vi o-v ||L2||th ||L2d7:
0 0
t
4 2d 2d 2.2d 3.2d
+C/T 1005 Ly VRO v L, Vv 2, [ Vv I L, dT
0
t
2d L2 2d 2,2d
+C/T | Vhor v ||L2||Vhar L, Vel L, [ VR vl L, d.
0

Noting that

t
4pa o 2d 2d 2 2d 3. 2d
/T 19z v 2, VRO v L, I VR vl 2, VRVl 2, dT

0
t t

6 2d 2 2.2d2 3.2d2 2 2d,2
s/r 18:113 1IVE)13 1 Vi ||L2dr+/r 1Vhd: 023, de
0 0
t

CA+v314)
< sup (10?1, sup (SIVRIE,) [ eIVRIE e + Ot e O

0
7€0,1] 7€(0,7] 0

2d C1+v3% ) 22 CA+IYE)
< Cllv} ||L2(||vo IIL2 1)e 02" < Cllvg“llg,e 0 ML
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and

t
2d 2d 2d 2,2
/T V30>, 19500 0> 2, [ VR0 2, 1 Vi v™ |,

0
t

t
< sup (22IVEv*)3)) sup (t3||Vh8,v2d||%2)/||th2d||%2dr+/I3IIV§BTv2d||%2dt

7€[0,7] 7€[0,7] 0

C(L+I1v3%1% )
<C |I IIL2 0Ly,

Gronwall’s inequality directly yields

t
4 2 2d)2 2d
*IV29v ||L2+fr 1V39:0%13 de < Cllodd13 e
0

which combined with (5.11) concludes the desired estimate (3.5). O

Next, we show the refined regularity estimate for the solution v>? other than (3.9).

LCUHIVE)
K

(5.13)

Lemma 5.1. Let v delrn B4 2/[)(RZ) with p > 3, then the solution v?4 = (vh , vgd) of the 2D

(HNS) system (1.2) satisfies

2
Sup||v || 4 2/]7(R2) =+ ||0;v d th ”L pREW2R2)
t>0

CA+vgliz,)
= (g1, . e

Proof of Lemma 5.1. From (1.2), we see that Vﬁv2d satisfies

3 (Vpv*®) = Ap(Viv?h) + V(V; p*)

= —(V2u2Y) v — 2ot V20— 2 v (VE0PY),

then we have

sup | Vvl -2 + 118 Vo™, Vav Dl e e
>0

2d 3.2d 2d 2. 2d
§C(||vh Vvl @y + 1R VRV L 2 )

2..2d 2d 2d
+IVivy" - Vo ||L,,(R2xR+) + llvg IIB:;z/,,).

By arguing as (3.15), and using (3.12), (3.16), (3.17), we find that

(5.14)

(5.15)
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1/p
2 2
/uv T VRV gy dt
1/p
/ [ VAN T
1/p

o0
2d,p 2d 4 2d
<c| [t vt 1v; 15 o
0

< 4C L vt Ui, @t + CIRL, @b p 100 L@t

Ca+vgtiig,)
’

<1 IV gy + C (10 I3 i H1)e

and

l/p

o0 o0
/ IVhvp® - Vv ] gaydr | < / IVhuptIl7, VRN, dr

1/p

p+2
2d 4 2d
<C /nvhv I 19, IV,

2o \Up
= 4C ”th ||LP(RZXR+) +C||th ||Loo(R+ (”th ”iio(zO] Ly) +f ”th 2p zd[)

ca+vy'lz,)
<1 L v e, @exmh) + C(””od”L Lt 1>e WU
where in the last line we have used the following estimate

[e.e]

(o)
C(1 2d _3p c 2d
(/ ||thﬁ 2P 2dt> < C” ||2P 2 ( +I|v0 ”L2 ft 7 d < C” ||3 ( +||1}0 ”LZ

—

From (3.19) and the continuous embedding L, N B}z);z/ P(R?) — W,l, (R?%), we also infer

2.2d 2d 2d 2.2d
”thh - Vpu ||LP(R2><R+)§”” ||Loo(R+;LzﬂB§}2/p)”thh ||Lp(R2xR+)

C(1+ 4
< C(”v || 3 2/17 + l) ( ”U HL )

Hence, gathering the above estimates leads to



362 P.B. Mucha et al. / J. Differential Equations 267 (2019) 307-363

2 2d 2.2d w4, 2d 2d)6 C+1v3 )
sup || ViEv="|| s2—2/p + ||(0; VEv=", Vi v 2 +§C<v e —i—l)e 0 "Ly,
tzg Vi ”Bp,,,/" 10 Vi, WO L, ®2 xR lvg ||L2032‘pz/p

(5.16)

Therefore, (5.16) and (3.9) combined with Calder6n—Zygmund’s theorem yield (5.14), as de-
sired. O
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