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LOCAL REGULARITY AND FINITE-TIME SINGULARITY FOR A CLASS

OF GENERALIZED SQG PATCHES ON THE HALF-PLANE

QIANYUN MIAO, CHANGHUI TAN, LIUTANG XUE, AND ZHILONG XUE

ABSTRACT. In this paper, we investigate a class of inviscid generalized surface quasi-geostrophic
(SQG) equations on the half-plane with a rigid boundary. Compared to the Biot-Savart law in
the vorticity form of the 2D Euler equation, the velocity formula here includes an additional
Fourier multiplier operator m(A). When m(A) = A%, where A = (—=A)? and « € (0,2),
the equation reduces to the well-known a-SQG equation. Finite-time singularity formation for
patch solutions to the a-SQG equation was famously discovered by Kiselev, Ryzhik, Yao, and
Zlatos [60].

We establish finite-time singularity formation for patch solutions to the generalized SQG
equations under the Osgood condition

r < oo

*° 1
|,
along with some additional mild conditions. Notably, our result fills the gap between the
globally well-posed 2D Euler equation (a = 0) and the a-SQG equation (o > 0). Furthermore,
in line with Elgindi’s global regularity results for 2D Loglog-Euler type equations [30], our
findings suggest that the Osgood condition serves as a sharp threshold that distinguishes global
regularity and finite-time singularity in these models.
In addition, we generalize the local regularity and finite-time singularity results for patch
solutions to the a-SQG equation, as established by Gancedo and Patel [32], extending them to
cases where m(r) behaves like 7 near infinity but does not have an explicit formulation.
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1. INTRODUCTION

In this paper, we study a family of inviscid generalized surface quasi-geostrophic (SQG)
equations

Btﬁ—i—uVH:O, (t,x)€R+xD, (1)
uw=VE(=A)"tm(N), (t,x) e Ry x D, (2)
0lt=0 = 0o, z €D, (3)

where D is either the whole space R? or the half-plane R2 £ R x Ry, V+ £ (=0,,,0,,),

A& (—A)%. When D = R? | we assume the no-penetration boundary condition
uy = 0, (t,x) € Ry x ORZ. (4)

The vector u = (uj,ug) is the velocity field and the scalar field 6 can be interpreted as the
vorticity or density or temperature of the fluid. The operator m(A) is a Fourier multiplier with
the symbol m(¢) = m(|¢]), which is a radial function of R? satisfying the following hypotheses:

(H1) m(r) € C°(Ry) and

Vr>0, m(r)>0, m'(r) >0, and lim m(r) <oo, lim rm’(r) < oo, (5)
r—0t+ r—0t

and m/(r) satisfies the Mikhlin-Hérmander condition, that is, there exists a constant
C > 0 such that

| (r)] <

The velocity formula (2), known as the Biot-Savart law, can be expressed as:

()

. YEk=1,2,3,4,Vr>0. (6)

Sz 20 G2 — y])O(y. )y, if D=R2
u(a,) = (7)

fez (97 Gla — ) — 8- G(2 7))oy, )y, it D=R3,

where zt £ (23,—21), T £ (r1,—x2), and the kernel G(-) is a continuously differentiable

function on (0, +00) given by (22) below.
Considering different forms of m satisfying (H1), the equation (1)-(3) can include several
important hydrodynamic models as special cases:

e m(r) = 1. In this case, m(A) = Id and G = 5. The equation (1)-(3) becomes the
2D Euler equation in the vorticity form, which describes the motion of 2D inviscid
incompressible fluid and is a fundamental model in fluid dynamics.

o m(r) =r* with a € (0,2). We have

m(A) = (—A)2 = A%, and G(p) = acap ®, with ¢, = M#{f—)a/@ (8)

In this case, the equation (1)-(3) reduces to the inviscid a-SQG equation. For a = 1,
the a-SQG equation is the well-known SQG equation, which is a simplified model for
tracking atmospheric circulation near the tropopause [19] and ocean dynamics in the
upper layers [63]. The a-SQG equation with 0 < o < 1 was introduced by Cérdoba,
Fontelos, Mancho, and Rodrigo [20] as a class of models interpolating between the 2D
Euler equation and the SQG equation.



LOCAL REGULARITY AND FINITE-TIME SINGULARITY FOR GENERALIZED SQG PATCHES 3

with € > 0. In this case,

[ ] m(?“) - —7‘27:5627

m(A) = =33, and G(p) = gerKi(ep).

where K| is the modified Bessel function (see [29]). The equation (1)-(3) corresponds to
the quasi-geostrophic shallow-water (QGSW) equation. This model is derived asymp-
totically from the rotating shallow water equations in the limit of fast rotation and
small variation of free surface [72].

o m(r) =log?(1 +log(1 + r2)), with 3 € [0,1]. We have

m(A) = log?(1 +log(1 — A)). 9)

In this case, the equations (1)-(3) correspond to what is typically referred to as the 2D
Loglog-Euler equation. This model was introduced by Chae, Constantin, and Wu [11]
as a more general framework connecting the 2D Euler and a-SQG equations.

1.1. Global regularity versus finite-time singularity. The global well-posedness of classi-
cal solutions for the 2D Euler equation in the whole space R?, the half-plane ]R%_, or bounded
smooth planer domains is well-known, see for instance [(4, (6, 55, 54]. However, for the a-SQG
equation in R? with o € (0,2), the global well-posedness of smooth solutions remains an open
problem.

Local well-posedness for the a-SQG equation in Sobolev/Holder spaces was established in
[73, 12] for the whole space, and in [17] for bounded smooth domains. Some ill-posedness
results in Sobolev/Holder spaces can be found in [75, 22, 23, 52, 16]. In a recent work [70],
Zlatos proved that the a-SQG equation on the half-plane is locally well-posed for a € (0, %] and
ill-posed for o > % in anisotropic weighted spaces (see also [53] for similar ill/well-posedness
results). Moreover, he demonstrated that smooth initial data can lead to finite-time singularity
in the regime a € (0, 1].

'3

Regarding weak solutions to the a-SQG equation, global existence was established in works
such as [70, 65, 12, 18, 68, 62], while non-uniqueness was shown in [6, 14, 50].

Chae, Constantin and Wu [11] introduced the Loglog-Euler equation (1)-(3), where the

Fourier multiplier m is slightly more singular than the 2D Euler equation, but less singular than
the a-SQG equation. An intriguing question arising from their work is whether the Loglog-Euler
equation exhibits global regularity, like the Euler equation, or develops a finite-time singularity,
similar to the a-SQG equation. They showed global regularity when D = R?, assuming the

parameter v < 1 in (9). Later, Elgindi [30] and Dabkowski et al. [24] independently extended
the global regularity result of [ 1] to more general multipliers m(A) in (2), where m satisfies an
Osgood-type condition
+00 1
dr = 10
/2 r(logr)m(r) r= oo, (10)

along with other mild assumptions. It remains unknown whether this Osgood-type condition is
sharp, namely whether the violation of condition (10) leads to finite-time singularity, and this
is one of the main focuses of this paper.

We would like to highlight a related result for a 1D Burgers-type equation where the question
of global regularity versus finite-time singularity has been resolved. The equation is given by:

00 — 00,6 + %9 =0, 6li=0 = 0o, (11)
where x € T, and 0 is a scalar. Dabkowski, Kiselev, Silvestre and Vicol [24] proved that under
an Osgood-type condition (different than (10))

+00 1
/2 Wdr = +o0, (12)
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and some mild assumptions, the equation (11) with smooth initial data 6y generates a unique
global-in-time smooth solution. Conversely, if (12) is violated, there exists a smooth initial
datum 6y such that the solution to (11) develops a finite-time singularity, in the sense that
th_)II% |020]| L= = +00 at some finite time T". Our goal is to establish a similar argument regarding

the sharpness of condition (10) for inviscid generalized SQG equations.

1.2. Patch solutions. In recent decades, there has been significant interest and intense study
on a class of non-smooth solutions called patch solutions. These are weak solutions of the
transport equation (1) associated with patch-like initial data, where the initial condition 0];—¢ =
0o is given by either a single patch (N = 1) or multiple patches (N > 1):

N
1, ze€eD,
Oo(z) = ailp.(z), a;€R, 1p ()& I 13
0() ;JD]() J D]() {0, xED\Dj, ( )
where D; (j = 1,---,N) are disjoint simply connected bounded domains with regular bound-
aries 0D; on D.
For the 2D Euler equation, Yudovich [74] proved the global existence and uniqueness of weak

solutions associated with initial data 6y € L' N L>°(D), which implies that the corresponding
patch solutions are globally well-defined and keeping the patch structure during evolution.
However, Yudovich’s result does not provide sufficient regularity information on the evolved
patch boundaries.

The vorticity patch problem for the 2D Euler equation concerning whether the smoothness of
patch boundaries dD; can be globally persisted was raised in the 1980s. Chemin [13] resolved
this question by proving the global persistence of C*7 patch boundaries in whole space with
k € N* and 0 < v < 1. Alternative proofs of the same result were provided by Bertozzi and
Constantin [5], and Serfati [69].

Kiselev and Luo [57] showed the ill-posedness of C? vortex patches, while proving the global
W2P_regularity persistence of patch boundaries with p € (1,+c0). In the half-plane D = Ri
and in smooth bounded domain D, Kiselev et al. [60, 50] established the similar global C7-
regularity persistence of patch boundaries, allowing that the patch boundaries touch the rigid
boundary 0D (see [28] for previous work in the half-plane).

For the Loglog-Euler equation with m(-) satisfying (9) with 8 € [0,1], or in general, under
the Osgood-type condition (10), the velocity field for the vorticity patch problem is no longer
Lipschitz. As a result, there will be an e-regularity loss in the evolution. In the whole space
D = R?, Elgindi [30] proved the global C'7~¢ regularity (for arbitrarily small € > 0) of the
evolved patch boundaries associated with the initial C'7 patches.

For the patch solutions of the a-SQG equation (also called sharp fronts in the literature [30]),
the situation becomes more intricate due to the velocity field u being only Holder continuous for
a € (0,1) and not even continuous for a € [1,2). However, the normal direction of the velocity
field is well-defined. Using the contour dynamics equation, Rodrigo et al. [71, 20] showed the
local existence and uniqueness of C'™° patches for the a-SQG equation with « € (0, 1], applying
the Nash-Moser iteration. Through using the cancellations of the curve structures, the local
well-posedness of patch solutions for the whole-space a-SQG equation in the L?-based Sobolev
spaces X were established in a series of works: Gancedo [31] for o € (0,1], X = H", n > 3
(with uniqueness later proved by Kiselev et al. [61] and Cérdoba et al. [19]); Chae et al. [12]
for a € (1,2), X = H", n > 4; Gancedo and Patel [32] for X = H? if a € (0,1) and for
X = H? if a € [1,2); and Gancedo et al. [34] for a = 1 and X = H***, s € (0,1). Additionally,
Kiselev and Luo [58] proved the strong ill-posedness of patch solutions for a-SQG equation
with a € (0,1) in Holder space C?7 with v € (0,1) and Sobolev space WP with p # 2. The
exclusion of splash-like singularities in a-SQG patches with a € (0, 1] was addressed in works
such as [33, 59, 51].
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The a-SQG equation on the half-plane Ri with rigid boundary is also of significant interest.
Kiselev, Ryzhik, Yao and Zlatos [60, (1] showed the local well-posedness of patch solutions for
a € (0, %), associated with patch-like data (13). Moreover, they constructed symmetric patch-
like data that leads to finite-time singularity formation in the same range of a. Subsequently,

Gancedo and Patel [32] extended these results to the range a € (0,3) (see also [76] for the
recent improvement). These results, together with the global well-posedness of the 2D half-
plane Euler equation in [60], indicate that o = 0 is a critical index, marking a phase transition

in the behavior of solutions.

We also mention that, although the global well-posedness problem for smooth or patch solu-
tions of the a-SQG equation remains open in general, various non-trivial global-in-time (patch)
solutions have been established for both the Euler and a-SQG equations. See for instance
[1,4,7,8,9, 10,15, 21,25, 26, 27, 35, 37, 38, 41, 42, 43 44,45, 16, 47, 18] and reference therein.

1.3. Main results. The main goal of this paper is to develop a local well-posedness theory
and demonstrate finite-time singularity formation for patch solutions to the generalized SQG
equation (1)-(4) on the half-plane D = R? with patch-like initial data (13). We focus on two
types of multipliers m that satisfy the hypotheses (H1).

The first regime of consideration is the critical case when o« = 0, where we assume the
multiplier m(r) has a sub-algebraic growth:

(H2a) there exists a constant v > 0 such that m satisfies that

r (logr)m/(r) rm” (r)

lim m(r) = +oo, lim

r——+o00 r——+00 m(r) =1 (14)

v r—}r—ir-loo m’(r)

Let us list several examples of the multiplier m that satisfy conditions (H1)-(H2a):

my(r) =logf (1 +7), ma(r) =log?log(e+r), ms(r)=loglog(e+ r) log™ loglog (e + r),

(15)
where 1, 82, B3 > 0, and the constant v = 1,0, 0, respectively. In particular, the Loglog-Euler
equation (9) falls into this category.

In light of Elgindi’s work [30] on the global regularity of patch solutions for the 2D Loglog-
Euler type equation in the whole space, the Osgood-type condition (10) is known to be a
sufficient condition for ensuring global regularity. Our aim is to demonstrate that this condition
is also necessary. Specifically, we show that if (10) is violated, finite-time singularity formation
will occur for the patch solutions.

Theorem 1. Consider the inviscid generalized SQG equation (1)-(4) in D = R%. Assume that
m(§) = m(|¢]) is a radial function satisfying (H1)-(H2a), and the following Osgood condition:

+o0 1
/2 r(log T)m(r)dr < feo (16)
Then there exist non self-intersecting initial patch data 0y given by (13) such that the half-plane
inviscid generalized SQG equation (1)-(4) generates a unique local-in-time H? patch solution 0
that develops a singularity in finite time.

Remark 1 (Criticality of the Osgood condition). The Osgood condition (16) is precisely the
opposite of (10). Therefore, Theorem 1 demonstrates that the Osgood condition serves as the
critical threshold marking a sharp phase transition between global reqularity and finite-time
blowup for the patch solutions to the generalized SQG equation (1)-(4).

For the examples in (15), the Osgood condition (16) holds when $ >0, B2 > 1, and 3 > 1,
respectively. Combined with the global well-posedness results for the 2D Euler and Loglog-Euler
equations, we obtain critical exponents B1 = 0 and P = 1 that distinguish the global behavior of
the solutions.
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m1(r) = log™ (1 +7) ma(r) = log™ log(e + r)
B1 =0 (Euler) Global regularity [60] B2 <1 (Loglog-Euler) Global regularity [30]
61 >0 Finite-time blowup B2 >1 Finite-time blowup
It is worth noting that the well-posedness result in [30] for the Loglog-Euler equation was

established in the whole space R?, and it is reasonable to conjecture that a similar result holds
in the . We leave the validation of this conjecture for future work.

The second regime of consideration is for a-SQG-like equations, where we assume the multi-
plier m(r) behaves similar as 7 near infinity, satisfying:
(H2b) there exists a constant o € (0,1/3) so that

/ . / "
P (r) — o, lim (I —a)m/(r)+rm/”(r) _o. (17)

r—4oo m(r) r—+o0 m/(r)

_ " 2,1 _ 2, 3,,(4)
lim (2 —a)rm”(r)+r*m" (r) ~ m B3 —a)yrm” (r) + r*m\¥(r)

r——+oo m’(r) r——+oo m/(r)

—0.  (18)

Note that (H2a) corresponds to a reduced case of (H2b) with o = 0. The assumption a < 1/3
is required to ensure local well-posedness (see [32]).
Clearly, the a-SQG equation with m(r) = r® satisfies (H2b). Other examples include

Ca,ﬁ > 1, for /8 > Oa

ma(r) = r*1og?(Cop +r), with
a(r) g (Cap + 1) {Caﬁ large enough, for 8 < 0,

and
2

ms(r) = ———(r2+e2)2, with e5,e5 > 0.
r2 4 €2

Now we state our second result.

Theorem 2. Consider the inviscid generalized SQG equation (1)-(4) in D = R%. Assume that
m(&) = m(|¢]) is a radial function satisfying (H1)-(H20b).

Then there exist non self-intersecting initial patch data 6y given by (13) such that the half-
plane inviscid generalized SQG equation (1)-(4) generates a unique local-in-time H? patch so-
lution 0 that develops a singularity in finite time.

Remark 2. The local well-posedness and finite-time singularity formation for the a-SQG equa-
tion with a € (0,1/3) were studied in [60, 61, 32]. Their analysis relied heavily on the explicit
form of the kernel G in (8). In Theorem 2, we make non-trivial extensions of these results to
the generalized SQG equation, where the kernel G may not have an explicit expression. This
requires a careful study of the behavior of G near the origin and adapting it to the existing
theories.

1.4. Organization of the paper. Now, we outline our approach to proving Theorems 1 and
2.

In Section 2, we derive the integral expression (7) for the velocity field u from the relation
(2). This allows us to express the generalized SQG equation (1)-(4) equivalently as equation
(1)&(7), which will be the form used in our analysis.

For general choice of the multiplier m, the corresponding kernel function G does not have an
explicit expression. In Lemma 2, we derive several key properties of G(-) near the origin, under
the hypotheses either (H1)-(H2a)-(16) or (H1)-(H2b) on m. Roughly speaking, we obtain

G(p) ~m(p™")
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when p is close to zero. These properties are essential in establishing both local well-posedness
and finite-time singularity formation. Notably, the Osgood condition (16) translates into the
following condition on G:

1/2 1

————dr < 4oc. (19)
/0 p(log p=1)G(p)

The properties of G are summarized in (A1l)-(A2a), and (A1)-(A2b) for the two regimes,

respectively.

Section 3 is devoted to proving the local regularity of H? patch solutions for the equation
(1)&(7). Our strategy builds on the work in [61, 32] for the a-SQG equation. We first derive
the contour dynamics equation (see (70) or (72)-(74)) for the patch solution (see Definition 1)
of the form

N
0(z,t) =D ajlp,p(x).
j=1

A major challenge, compared to the explicit form in the 2D Euler or a-SQG patches, is effectively
handling the implicit terms, such as R(|zx(¢,t)—Z;(¢—n,t)|) in (70), where R(p) is the primitive

(p)

function of —GT. Under the general assumption (A1) on G, we manage to bound these implicit

terms in Lemma 3. This then leads to the local well-posedness of H? patch solutions for the
equation (1)&(7), as presented in Theorem 3.

Additionally, we explore the relationship between the C'1¢ patch solution and the flow map
®,, which satisfies (67), in Proposition 1. This relation plays a pivotal role in proving finite-time
singularity. For a detailed proof of local regularity result, refer to Section 3.3 and Appendix A.

In Section 4, we construct patch-like initial data in the form of (13) and show that the patch
solution to the equation (1)&(7) develops a finite-time singularity. Our construction follows the
scheme introduced in [60]. The core idea is to show that a locally well-posed H? patch solution,
consisting of two distinct patches with odd symmetry in z1-variable and whose boundaries touch
6]1%3_, will develop a finite-time singularity when the two patches touch at the origin. A key
element in this approach is constructing a moving trapezoidal region K(t) C (Ry)? £ Ry x R,
inside the patch that drives it towards the origin. Unlike the explicit kernels (8) of the a-SQG
equation studied in [60, 32], the implicit form of G(-) in our considered equation (1)&(7) presents
a significant challenge.

Since the key properties (A1)-(A2) of G are concentrated near the origin, our initial data is
carefully designed to support the patch in a small neighborhood around the origin. We then
proceed to estimate the horizontal velocity ui(x,t) and vertical velocity ug(z,t) of the “front”
in Proposition 5. Finally, we argue that the Osgood condition (19) ensures that the two patches
will collide at the origin in finite time, concluding with the main singularity result stated in
Theorem 4.

2. THE KERNEL FUNCTION FOR A CLASS OF FOURIER MULTIPLIER OPERATORS

In this section, we shall derive the expression formula of vector field u = V+(—A)"tm(A)d
inD=R%>orD = Ri, which provides a foundation for relating the generalized SQG equation
(1)-(4) to equation (1)&(7). Then, we shall carefully study some useful properties of G(-) given
by (22) under the hypotheses either (H1)-(H2a) or (H1)-(H2b), which exactly fulfill the needs
in Sections 3 and 4.

The first result is about the expression formula of velocity wu.

Lemma 1. Let u(z) = VY (—=A)"'m(A)0(x), where V+ = (=04,,04,), m(A) is a Fourier
multiplier operator with the symbol m(§) = m(|§|) a radial function satisfying that m(§) €
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C?(R?\ {0}) and lim m(r), lim rm/(r) exist, and also

r—07t r—07t
. _1 _ . Lol () —
rgrfoor 2m(r) = 0, rgrfoomm (r)=0. (20)

Then the following statements hold true.
(i) For every x € R? we have

.%'J_
u(r) = K +6(x) = - K(z —y)(y)dy, K(x)= WG(W% (21)
where - = (z9, —x1),
G(|z]) & %m((ﬁ) + %/0 Jo(Jz|r) m/ (r)dr
/ (22)
L[ ()
500 o [ e

with m(0F) £ lim+ m(r) and Jo(-) the zero-order Bessel function given by (26).
r—0

(ii) Letu = (u1,u2) and 0 be functions defined on R?. satisfying the rigid boundary condition
uglaRgr = 0. For every v € R, we have

u(w) = [ (Ko=) = K@ = 0)0)dy, (23)
+
where y = (y1,92), § = (y1, —y2), and K(-) is given by (21).
Remark 3. If the condition ET r_%m(r) =0 in (20) does not hold, we rewrite the formula
(27) of ¢(p) as

1 [r m(;) o m(%)

— -1 P P

#(p) o /0 (Jo(r) —1) . dr —i—/p Jo(r) . dr,
which also yields
/ 1 /OO / r !/ 1 m(l)
= — )d Vdr —
1 & , 1

= —— dr — — +

375 o Jo(pr)m/(r)dr 27Tpm(O ),

which is exactly the same with (28). In this way, the formula (28) will hold under the conditions
(H1)-(H2b) with more general scope o € (0,1) or even a € (0,2).

Proof of Lemma 1. (i) Denote by

5 m([€])
then our aim is to compute F~1(f)(z) £ ¢(|z|) = ¢(p), which also solves that
—A
mﬁbqﬂ) =&y in R (24)

with &y the Dirac measure on R? centered at the point 0. Note that due to that f is radial,
F~1(f) will also be radial. It follows from the definition of inverse Fourier transform that

o L[ el 1 [ e mED
00) = F Do) = o [ e gt = o [ et
0

—1

]:
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where Jy is the zero-order Bessel function of the first kind defined as follows (e.g. see [2, Sec.
4.9]):

1 " —ix sin
Jo(z) = %/ e dn. (26)

In the above, we may encounter a problem with the above integral at » = 0. To circumvent this
problem, we define the distribution # more properly as:

m() \ s [ (9 — g(0)m(e) g©me) |
<r-\2’g>‘/31 €7 d“/c FE

From this we get

1 et — I)m 1 e tm
o= 2/31( |£|2) (|£|)d£+(277) / |£|2(|£|)dg

- %(/01 (Jolpr) — dr+/100 Jo(p dr) (27)

P(p1) —
Pl —

Noting that

p2p2 —%/ /Jo sp1+ (1 = s)p2)r)m(r)dsdr,

we now differentiate ¢(p) in p:

1

o) =52 | hlorimiryar

Using the asymptotics of Bessel function Jo(z) ~ /- cos(z — %) and under the assumption

that lim rfém(r) = 0, we integrate by parts to deduce that

r—00

810) =~ Jim o)+ [ (o )

- % r—0t

=g (0" 5 [, o)

Notice that if m = 1, the above expression formulas (25), (27)-(28) imply that ¢(p) = —5=log p,

(28)

and ¢'(p) = —ﬁ, which coincide with the 2D Euler case; while if m(r) = r%, a € (0, 3), we
_ a1 _ r(e
have ¢(p) = cap™® and ¢'(p) = —acep ! with ¢u = 5= [5° Jo(r)ro~tdr = WM (see

[39, sec. 6.561]), which coincide with the a-SQG case.
Moreover, we have

u() = VE(6(]- ) % 0) (@) = (= ¢ (le]) ) *b(a)

T — 1
= [ =G~ oty = K 60), (20)

where

G(p) = —pd'(p). (30)
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This gives the formula (21)-(22). By using (22) and the integration by parts, we infer that for
every p > 0,

G'(p) = G (al) = 5 [ Toprirm (1)

1 1 &
= oy rlir(r]{r rm/(r) — 3 /0 Jo(pr) (m/(r) + rm” (r))dr (31)
1 1 ' / "
C L i L [ e (DD g
27p r—0* (2m)%p Jge €]
where we have used the fact that lim r2m/ (r) = 0 and the decaying property of Jy(-).

r—-+00
(ii) Under the rigid boundary condition us] orz = 0, we see that u(z) = V+(z) with 1 the
stream function solving the following equation

_A o
my =0 mRL Yoy =0
For a function g defined on R%, denote by e,[g] the following extension operator
g\r), for xo > 0,
colgl@) 2 41 @)
—g(x1, —x2), for x5 < 0.
Note that
—A

meo[w] =e,[0], in R

In view of (24), we find that for every z € R?,

vle) = eil(@) = [ olle = s)eoldlln)dy

- / ol — y)0(y)dy — / o1z — 50, —y2)dy
]Rgr R X (—00,0)

-/ , (0002 =) = o(lc = 5) (31

Hence, applying the differential operator V* to the above formula and estimating as (29) lead
0 (23), as desired. O

Next, we show some crucial properties of G(p) given by (22) under suitable assumptions on
m.

Lemma 2. Assume that m(£) = m(|€]) is a radial function of R? satisfying either (H1)-(H2a)
r (H1)-(H2b) (see (5)-(6) and (14)-(18) in introduction). Then there exist constants ¢ > 0,
¢o > 0, and C > 0 such that G(p) = G(|z|) defined by (22) verifies the following statements:

em(p™') < G(p) < Cm(p™t), Vpe (0, (33)
and
_ Cm(p~t Cm(p~t
m(0.), 16 < S )< CE) en
and
the function (p) is decreasing on (0, o], if (H2a) is assumed, (35)
the function G( ) is decreasing on (0, ), if (H2b) is assumed.
and

G(p) + |G ()| +1G"(p)| < C, Vp = &o. (36)
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Besides, we also have
!/
plirél+ PG (pé—(i—p;l Glp) =0, if (H2b) is assumed, (37)

and for every l > 0,

lim 202 ) 1, if (H2a) is assumed,

o 38)
oG _ - - (
pl_l)I(I)l+ o = b if (H2b) is assumed.
Remark 4. (i) Note that the conditions (14) and (17) respectively imply that for r > 0
large enough,
rm!(r) rm!(r)
0< <e Ve>0, and a—e< <a+e Vee (0,a). (39)
m(r) m(r)
By some direct calculation (e.g. see [67, Lemma 2.2]), the following holds that under
the condition (14),
C~t <m(r) < Cr, Vee (0,1, for r >0 large enough; (40)
and under the condition (17),
C™lro7¢ <m(r) < Crete) Ve € (0,0), for >0 large enough. (41)

As a consequence of the above inequalities, the condition (20) in both cases and (16)
in the case of (H1)-(H2b) will naturally hold.

(ii) From (6), we see that —C’w < d”élfr) < C= (T), which implies that rCm’(r) is
non-decreasing for every v > 0 and r~m/(r) is non-increasing for every r > 0, thus
consequently,

7/ (r) <m/(lr) <1m/(r),  Vr>0,1>1. (42)

Moreover, the non-decreasing property of m (by (5)) and (42) guarantee that for every
Co>1andr >0,

m(r) < m(Cor) < m(r)+ Cy /: m/(Cor)dr

r (43)
<m(r)+ C’OCJrl /r m/(7)dr < (C’OCle + )m(r).

Proof of Lemma 2. We first consider the case under the conditions (H1)-(H2a). Let x(§) =
x(|€]) € C(R?) be a smooth radial function such that

x=1 on{l¢|<1},  x=0, on{l¢|=2}, O0<x<L (44)
For G(p) = G(|z|) given by (22), we have

G(p) = 5om(0) + (2;)2 [emsxtoled™Eag + 1 [ ems(a - xipie) oL ag
_im + i > - ! () dr 1 elm§ (|£|)
= 5em0%) 5 [ T )+ o [ 61— () g
£ %m(O—F) + 0L + Do (45)

Noting that 3 < Jo(r) <1 for 0 <r <1 (e.g. see [2, Sec. 4.7]), we have

I > % ’ Jo(pr)ym!/ (r)dr > % /Op m'(r)dr = % (m(p™") = m(07)),
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and

9,1 9,1
I < % 0 " J(or)ym! (1)dr < % /0 () dr = %(m(Zp_l) “m(0%).  (46)

For I(p), taking advantage of the integration by parts, (6), (42) and the fact that (owing to
(14))

r — m/(r) is non-increasing for r > 0 sufficiently large, (47)

we find that for p > 0 small enough (i.e. 0 < p < &),

1= Gl 00 o) D s

g 2 -1 m/(’é.‘)d m/(’é.‘)d >
= P2</pl§|§|szp1 (0" PIEI™) iy “/52,,1 €17 ¢

<

2

_ _ <1 _ _
< p (pm’(p H+m!(p 1)/ 1 ﬁdr) <Cp~tm/(p7h). (48)
-
Hence we get that for every p > 0 small enough,
1 1 _ _ _ 1 _ _ _
=m(0%) + —m(p™h) = Cpmim/(p7h) < Glp) < -ml207 ) + Cp i (p7h). (49)
0 77 i

Thus under the conditions in (14), and noticing (43), we infer that G(p) ~ m(p~!) for p > 0
sufficiently small, that is, (33) holds. The bound |G(p)| < C (Vp € [cyg,00)) can be easily
deduced from (45)-(48) and the following estimate that

1 m' (1)) c (% m/(r) C %< 1
— d¢ < —2/ dr + —2m/(501)/ —dr
p p p Cy

P Jigizpmr 1EP -

” (50)
< p_c;(é%m(aol)w/ 0 Ti«(g)d’"ﬁoml@l)) < Om(ey ).

p—1

Now we consider the properties of G'(p) and G”(p) as in (34) and (36). We start from the
expression formula (31) and its derivative

G (p) = =G/ (p) = = [ Tor) )+ (1))
— _%p) + 2771;)2 Tlirégr (rm/(r) + r? m”(r)) + 2771;)2 /OOO Jo(pr) (m’(r) +3rm”(r) + 12 m”’(r))dr,

where in the last line we have used the integration by parts and the fact that lim (r%m’ (r) +
T—00

T%|m”(r)|) = 0. Similarly as (45), we have

G'(p) =~ Tim ron'(r) = 5= [ Jopr)tor) (' () + v (1))

__1 i (] _ m/([€]) + [§lm” (I€])
7 o S0 D) P
2 1 ( lim Tm’(?“)) + fl + TQ, (51)

_% r—0t

and

G rli%h (rm/(r) + r2m”(r))

G"(p) =~ %G’(p) +

+

2mp? /0 Jo(pr)x(pr) (m' (r) + 3rm” (r) + r*m" (r)) dr
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S (¢ + 3lelm" €]) -+ € )
= [ e - xtoe) ™

+ JE—
(27)2p? €]
N : 2
== ;G/(P) + 27 p? rl_lf(]i (m/(r)r +r*m" (r)) + I + Is.
By using (6), we obtain
1 oo
N < 5— Jo(ﬂT)X(PT)(m/(T) +r|m” (r)[)dr

2mp Jo
C/ / c -1

< = J r)ym' (r)dr < —(m(2 —m(0")),
<= | dlerym(dr < = (m2p!) = m(07))
and similarly,

| < p—(’;(m@p—l) — m(0%)).

For the terms I and I, arguing as getting (48) we find that for p > 0 small enough

o101 iz m/(|€]) + [§]m" (|¢]) "(p 1)
[I2| = W;‘ /R2 e Ag((l —X(P|f|)) €] )dﬁ‘ T’ (52)
and
1 - m' (1€]) + 3J¢|m” (|€] + [€*m"™ (|€])) (p_l)
L)< oy [ e a6 = x(ok) g Dyag| < cme ),
Collecting the above estimates leads to that for every p > 0 small enough,
G0 < g tim ron'() +  mi20) — m(oh)) + L) 53)
2mp \r—0+ P p?
and
G" (p) (2 tim_rme/(r) + T 2" (7)) + C (o) = m(0t)) + D (s
PIT= 2mp? \ 50+ r—0+ p? P P

Hence, arguing as the above treating of G(p), the corresponding properties of |G’(p)| and |G" (p)]
in (34) and (36) can be easily deduced.

Next, as a consequence of the condition 11111 rm(’g’) = 0 (which can be deduced from (14)),
r—r+00
m(lp~")

=Ty = 1 for every [ > 0. Indeed, without loss of generality we assume

we can show that lim
p—0F

[ > 1, then we see that m(lp~1) > m(p~!) and (using (42))

Ip—1
m(lp~t) —m(p~") =/p m/(r)dr <19 =1)p~'m'(p™");
p

-1
which immediately leads to
-1 —1,/(,—1
0< lim <M—1) <100 —1) tim 20T g
p—0F p—0+t  m(p~1)

as desired.

It remains to show the decreasing property of p — G(p )

for p > 0 small enough. To this end,

it suffices to prove that G'(p) < ;G( ) for p > 0 small enough. We also use the same splitting
of G'(p) as in (51). From the limit lirf M”m%w = 0 (see (14)), for every £ > 0, there
r—400

exists a constant Ry = Ry(e) > 0 such that
|m/(r) +rm”(r)] <em'(r), Yr> Ry;
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then by using the property of Bessel function Jy and (43), we find that for every 0 < p < (2R;) ™!
(small enough if necessary),

~ 1 [
[0 < o— [ Jolor)x(pr)|m’ (r) + rm”(r)|dr
™ Jo
1 f ’ " € 2! /
< Jo(pr)(m'(r) +r|im”(r)])dr + Jo(pr)m’(r)dr
vz o o)) i )+ 5= [ (oo
c i € -1
< —(m(R1) —m(07)) +—m(2p~")
p p
C
< —m(Ry) + E20+2m(p_1).
p p
In view of (52) and (14), we obtain that for ¢ > 0, there exists a constant Ry = Ra(¢) > 0 so

)
that Crm/(r) < em(r) for every r > Ry, and also for every 0 < p < Ry *,

L] < Cp~2m! (o) < “m(p™Y).
P
Gathering the above estimates yields that for every 0 < p < min{(2R;)™*, R;l},

G (p)] < 1( lim,_rm (r) + Cm(Ry) ) + %(20+2 + Dm(p ).

P \r—0t

Since lim m(r) = +oo, there exists a constant R3 = R3(R1,¢) > 0 such that lim rm/(r) +
r=++oo o0t

Cm(Ry) < em(r) for every r > Rs, so that for every 0 < p < pg 2 min{(2R;)~*, Ry ', Ry '},

9 _
G ) < 2 m(p ™).

Recalling that G(p) ~ m(p~!) for every p > 0 small enough, we can choose ¢ > 0 to be a fixed
small constant so that the desired result |G'(p)| < %G(p) holds for every 0 < p < po (po is
now fixed). Hence we verify the statement (35) and complete the proof under the conditions

(H1)-(H2a).

Now we turn to the proof of (33)-(38) under hypotheses (H1)-(H2b). The upper bounds of
G(p), |G'(p)| and |G"(p)] in (33)-(36) can be easily deduced: indeed, in the same way as above
we obtain the upper bound of (49), (53) and (54) for every p > 0 small enough (the fact (47)
can be ensured by (17)), then the desired result follows by combining these inequalities with
(5), (17) and the facts (43), (50).

The lower bound of G(p) in the considered case is more delicate. We borrow some idea from

[24, Lemma 5.2]. First, we claim that there exists a constant ¢ > 0 depending only on « such
that

e (m’gg\)>1 Ag(m‘gf‘)) > ¢, (55)

m/(1€D\~t o (' (€D + [€lm"(€])
Jm ) s g ) = 0
Indeed, due to that A¢(g(|¢])) = ¢"(1€]) + ‘?ﬂg' (€]), direct computation implies that the esti-

mates (55)-(56) are respectively equivalent with the following inequalities

r2m/ (r) —rm/” (r) +m/(r)

li >
P00 m/(r) e (57)
3,,4) 2 M _ " /
i (r) +2r2m” (r) —rm/”(r) +m/(r) > e (58)

r——+oo m’(r)
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then according to the hypotheses (17)-(18), the desired result (57)-(58) can be justified as follows

r2m/(r) —rm”(r) + m/(r)

T‘BI}—IOO m’('r)
— lim r2m" (r) + (2 — a)rm” (r) o - rm”(r) 4+ (1 — a)m/(r) W1
- rl>+oo m/(r) + ( 3) rlH-oo m’(r) + (3 )(1 ) +1
=B-a)(l-—a)+1=(a—2)?
and
lim r3m@ (r) +2r2m"” (r) — rm” (r) + m/(r)
r—+o0 m!(r)
L rm®(r) + (3 — a)r?m” (r) o im r2m"” (r) + (2 — a)rm/”(r)
" ) o) m, )
~((@=D@=-a)+1) lim_ rm(r) +7n(’1(7“_) ym'(r) (a=1)2=a)+1)(1—a)+1
= a(a —2)°

Let x(€) = x(|¢]) € C°(R?) be a radial function satisfying (44), and let Z9 > 0 be a large
constant such that for every || > =y,

ag(MUEDY 5 em Dy (D £ D)) (€D,

)22 P €l 37T o
Denote by xr (&) = X(‘%) with 0 < R < % a fixed constant. From (22), we get
/ !/
Gp) = 5-m0) + Gz [ e Exmle) ™ e + g [ (1= xn(leh) g ag
= im(0+) + L, + Lo.
2m
For every p = |z| > 0 small enough so that p < =, we find
L, = L /OO Jo(pr)xr(r)m/(r)dr > L /R m/(r)dr = L (m(R) —m(0")).
2m Jo ar Jo a7
For Lo, the integration by parts gives
/
L=~ [ e P@ae witn PO 2 a1 -l D). (oo)

Note that from (5)-(6) and the fact that r — m/(r) is decreasing for r > 0 sufficiently large,

P)lde < C R+ r2) U m/(m)d>
JRLGEE (/RSWR( AR g e
< CR™'m/(R) < .

Since P(€) is a radial function belonging to L' and it is mean-free [, P(€)d¢ = 0, we infer that
L =~ [ cosla - P
= ﬁ /R (1= cos(z - €)) P(¢)de = ﬁ /]R (1= cos(p&1)) P(€)de.
In order to use (59), we decompose it as
L2 = s /lg (1 costpa)) PEyte + rere /5 (1 costpa)) PLEYIE
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For the first mtegral direct computation gives that for every 0 < p < _a ,

e ‘/§|< 1 — cos p{l d§‘

— P(¢)|d
< pg €es, [p€1]?|P(€)|d€

—1ye1—1 -2 / m’(|£|) >
§C</RS5S2R(R TR )15\m<r§\>d§+/R§|£|§0 e
< CRm/(R) + Cm(Z0).

By virtue of (59) and the support property of xr, we obtain that for every 0 < p < Ej L small
enough,

Ly > —C(Rm/(R) + m(Z)) + %sz /5>= (1 — cos(p&1)) P(£)dE
_C(Rm/(R) + m(Eo)) + %%2 /5>Eo (1 — cos(p&))Ag(m]ng)dg
—C(Rm/(R) + m(Eo)) + FZ/)Q /£>: (1 — COS(P§1)) m’/§:§|)d§

C m/ —1
—C(Rm'(R) +m(Zo)) + 5775 /n|>pEo (1- 005(771))7(’[)77‘3’”‘)(177

c m/(p”nl)
1—cos(n)) ———=—=dn
8m2p /1§77|§2 ( ( )) n|?

—C(Rm'(R) +m(Z0)) + %m’(/fl)

—C(Rm/(R) + m(Zy)) +

Coca
2

where in the last line we have used that m/(p=') > $pm(p~"!) for p > 0 small enough (from
(39)). In view of (41) and the above estimates, we conclude the desired lower bound that

> —C(Rm'(R) + m(Zo)) + m(p™),

Coca

G(p) > Ly > m(pt), for 0 < p < Zy* small enough.

In an analogous way as above, we can prove that for 0 < p < Ej ! small enough,

G'(p) < —C%l). (61)

Indeed, notice that from (31),

m/([€]) + [€[m" (€]) |

6(0) = =g (Jm ') = o [ mleD ™ :
L[ e m(J¢)) + [€lm” (€]
iy [ 1= e UL D g
=5 (Jim () = 5 [ () o () ar
L e orer e a1 e e UED €l (€D
+ Gy [, Qe with Q) 2 Ag( (1 - xa(el) LT EED ),

and

o o = s [ 1 o)1
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L 1
T ons /|§|S50 (1 = cos(p&1)) Q(€)dE — S /|£|on (1 — cos(p&1)) Q(€)dE,

due to that (59) is satisfied and

— /OO Jo(pr)XR(r)(rm'( < 27rp/ m/(r)dr < Cﬂ

‘ 271'[) 0
the desired result (61) can be obtained via the similar deduction as above. As a direct conse-
quence of (61), the function p — G(p) is decreasing for p > 0 small enough.

Next, in view of (22) and (31), we see that

PG (p) +aG(p) = — o= Tim () + —=m(0*) — W(p),

27 r—0+ 2
with

1 1 /em-g(l—a) m/([€]) + [€lm"(1€]) 4 de.

U(p) & /0 " Iolor) (1= @y () + v (1)) dr = 27 Je €]

Below let us consider the upper bound of |¥(p)|. Recalling that x € C2°(R?) is a cut-off function
satisfying (44), we have

Y(p) = — /0 " Jolpr)x(or) (L — a)m! (r) + " (r))dr

2

+(2}T)z /R 6 (1 — x(plel) O >m'<rfs‘\§>’+r«s\mmsodgé\I,l(p)wz(p)'

Denote by M(r) 2 (1 —a)m/(r) +rm"(r). For every e > 0, according to (17)-(18), there exists
a constant Rg = Ro(e) > 0 such that

(M ()| | e M ()] |r? M (r)]

< . 2
m/(r) m/(r) m/(r) ~ & Vr>Ro (62)
Let p > 0 be small enough such that 0 < p < Ry'. For ¥;(p), by (6) and (62), we have
()] = —1/ Jopr)x(pr) M (r)dr

1

sc(/o M ()\dr—i—/l: (M (r)ar)

< C</ORO m/(r)dr + ¢ /:pl m’(r)dr)
< Cm(Rg) + Cem(2p1).

For Wy (p), using (62) and the integration by parts, we find
M([¢])
¥l = | [ e 0= o)

= W;\ /R @A (L= x(pleD) 15‘\5’ )de|

S MG (BERETS

2T p
2p 1 1N r
%/ g pQIM(T)I +p|7“M(7“) M( )I)

rdr

| N

rdr
r2

+—= dr

P>

/°° [r2M"(r) +r M'(r) + M(r)|
2
P

-1 T
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2p 1 1 e !
< Ce(/ m/(r)dr + —2/ mn (Zr)dr>
p1 Py T

<Ce (m(?p_l) + % /pl Tr;(;)dr>

< Ce(m(p_l) + %1) /poj T—12dr> <Cem(p™h),

where in the last line we have used (43) and the fact that 7 — r~1m(r) is decreasing for r > 0

sufficiently large. Gathering the above estimates yields that for every 0 < p <Ry U and for any
e >0,

10G'(p) +aG(p)| < C +Cm(Ro) + Cem(2p™").
In combination with (33) and (41), we get
G’ (p) + aG(p)|

li < Ce,
oot Gl
which implies the estimate (37), as desired.
1°G(lp)

Finally, by using the property (37), we prove that lim+
p—0

we also assume [ > 1 without loss of generality, and from (37) we deduce that for every e > 0
there exists a small constant pg > 0 such that

1pG (p) + aG(p)| < eG(p), V0 < p < po,

o = 1 for every [ > 0. In fact,

then noting that
lp
19)°G(1p) = 7Glp) = [ (a5 1G(s) + 5°G/(5)) s,
p

we find that for every 0 < p < min{%, EI—O ,

“—-1
@

— 6’
G(p) p*G(p) p
where in the second inequality we have used the property (35). Hence, the desired equality in
(38) follows immediately.

Therefore, the wanted properties of G(p) in (33)-(38) have been verified in both cases and
we complete the proof of Lemma 2. O

«a lp lp
Pl _ 1‘ < ! / 595G/ (5) + aG(s)|ds < %/ s*lds =
P P

3. LOCAL REGULARITY FOR THE GENERALIZED SQG PATCHES

In this section, we establish a local-in-time well-posedness theory for the generalized SQG
equation (1)&(7). This theory has been previously developed in the works [(1, 32] for a-SQG
equation with « € (0, %) Our goal is to extend this theory to general kernels G.

Let us proceed by stating the following assumptions on G.

(A1) Assume that G : Ry — R is a continuously differentiable function, and there exists
a € (0,%) when D =R2 or a € (0,1) when D = R?, such that

on (0,co), IG(p)| < Cop™, |G (p)| < Cop™ '™, (63)
and
on [cp, +00), |G(p)| < Co, |G (p)] < C, (64)

with some constants ¢, Cy > 0.
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In Section 3.1, we define the patch solution for the equation (1)&(7), and establish a useful
relationship between the patch solution and the flow map ®;. In Section 3.2, we derive a
contour dynamics equation associated with the patch solution for the equation (1)&(7). Then,
in Section 3.3, by examining the H2-solvability of the contour equation, we prove the local-in-
time existence and uniqueness of the patch solution in H? for the equation (1)&(7), under the
assumptions (Al) on G.

3.1. Patch solution. We first introduce the definition of patch solution the equation (1)&(7).

Definition 1. Let D = R? or R%. Denote by dy(T,T) the Hausdorff distance between two
sets F,f C R?, and for a set T' C R?, a vector field v : T' — R2, and h € R, denote X[ &
{x + hv(z) : x € T}. Let ay,--- ,ay € R\ {0}, and let Di(t), --- ,Dn(t) € D for every
t € [0,T] be pairwise-disjoint bounded open sets where each boundary 0D;(t) is a simple closed
curve and is also continuous in t € [0,T] with respect to dy. Denote D(t) = Uéylej(t). Let

N
)= ajlp, (). (65)
j=1

and u be defined from (7). If for each t € (0,T] we have

- dy (OD(t + h), X[y [0D(t)]) o, (66)
h—0 h

then 0 is called a patch solution to the equation (1)&(7) on D x [0,T]. If 0D;(t) also belongs
to C™? (resp. H™) for each j € {1,--- ,N} and t € [0,T], then 0 is a C™° (resp. H™) patch
solution to the equation (1)&(7) on D x [0,T].

Remark 5. Let &, : D — R? be the flow map generated by the velocity u which solves
d
7, 26(2) = u(®e(2),8),  Be(2)li0 = 2. (67)

If 6 given by (65) satisfies that each patch D;(t) has pairwise disjoint closure with its boundary
0D;(t) has simple closed curve and also 0D;(t) = ®+(0D;(0)) for each j € {1,--- ,N} and
t € [0,T], then by virtue of the Hélder continuity of u (from Lemma 4 below) and compactness
of 0D;(t), we have that 6 is a patch solution to the equation (1)&(7) on D x [0,T]. Moreover,
if OD(t) belongs to C' and n(z,t) is the outer unit normal vector at x € OD(t), then (66) is
equivalent to the motion of OD(t) with the normal velocity u(x,t) - n(z,t) at each x € OD(t).

Next, motivated by [(61], we build some important relationship of patch solution to the flow
map P, for the equation (1)&(7), which will play a key role in the finite-time singularity part.

Proposition 1. Let 6 given by (65) be the patch solution on [0,T] satisfying the assumptions
in Definition 1. Let x € D\ 0D(0) and tg, € [0,T) be the mazimal time such that the solution
of (67) with u defined by (7) satisfies ®¢(z) € D\ dD(t) for each t € [0,tp).

(i) If the assumptions (A1) with o € (0,3) are assumed, o € (12,1], and 0 is a C7
patch solution to the equation (1)&(7) on [0,T), then tg, =T for each z € D\ dD(0)
and

®;: D\ dD(0) — D\ dD(t) is a bijection for each t € [0,T).

(ii) If the assumptions (A1) with o € (0,1) are assumed, tg, =T for each x € D\ 8D(0),
and ®; : D\ dD(0) — D\ dD(t) is a bijection for each t € [0,T), then 0 is a patch
solution to the equation (1)&(7) on [0,T). Moreover, ®; is measure preserving on
D\ dD(0) and it also maps each D;(0) to D;(t) as well as D\ D(0) onto D\ D(t). At
last, for each j € {1,--- N} and t € [O,T) we have

) =

®,(9D;(0)) = 9D; (1),
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in the sense that any solution of (67) with x € 0D;(0) satisfies ®¢(x) € 0D;(t), and
for each y € 0Dj(t), there is x € 0D;(0) and a solution of (67) such that ®(z) =y.

In the a-SQG case, which corresponds to G(p) = acqp~ @, this result was proved by Propo-
sition 1.3 in [61]. Hence, Proposition 1 can be viewed as a suitable generalization to general G
satisfying conditions (63)-(64). For the proof of Proposition 1, one can see the section A.1.

3.2. Contour dynamics equation. Let z;((,t) (k=1,---,N) with { € T be a parametriza-
tion of the patch boundary 0Dy(t), where each zj (-, t) is running counterclockwise along 0Dy (t).
We assume that 2z;(¢,0) with each k =1,--- | N belongs to H?(T) and is non-degenerate.

We mainly consider the case D = R2. For x € 0Dj(t), denote by n(z,t) the outer unit
normal vector of Dy (t) at x. From (7), and using Gauss-Green’s theorem and the following
simple facts ut-v = —u-v!t, w-T=7-v and 7t = —nt, we have

Up(x,t) = u(x,t) - n(x,t)

N
| o EmwenEdt (e 7) (et
——;ag/l)j(t)@(l e e e e L
N
N @t (@) nm)
- ;J/Dj(t)@(' e e T L
N
=Yoo [y (R shnte )t + R - oD )y
7j=1 J

(Rl = yhnly, 0/ + Rz = ghnly, DT ) - nle,t) do(y), (68)

j=1 dD;(t)

where R(p) is the primitive function of —@ (recalling that G(-) is given by (30)), i.e

1
R 2 [ East o= o) -0+, (69)
p

with ¢(p) given by (27) and C € R some constant chosen for convenience. For the 2D Euler
equation, it was chosen as R(p) = —% log p in [0, Eq. (8.62)]; while for the a-SQG equation, it
was selected as R(p) = cop™ @ in [60, Eq. (2.5)] (the authors have dropped the positive constant

Ca)-
By using the parametrization of 9D (t), we find

Za]/ (12(C,1) = 25(¢ = m 1)) (C — ot

+ R(|Zk(<a t) - Ej(g -1, t)|)aczj(< -1, t)) : n(x, t)dn

Since the evolution of patches is solely governed by the normal velocity and one can add any mul-
tiple of the tangent vector 0¢zx((,t) to the velocity u(zx,t), we will write the contour dynamics
equation for 0Dy (t ) as follows

8tzk <7 Z / aCzk ¢, t) aCz](C - 777t))R(’Zk(C7t) - Z](C - 777t)’)d77
a (70)

+ Zaj /']T (aCzk(Cat) - aczj(g - U,t))R(|Zk(C,t) - Ej(( - nat)an
j=1

Since zj, is periodic in T, the choice of C' in (69) does not change the equation (70).
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If in the whole space D = R?, we analogously get the contour dynamics equation as

Oz (¢, 1) Z%/ Oz (Cot) — 0czi (¢ — mt)) R(|2k(C, 1) — 2(¢C —myt)|)dn. (71)

Moreover, we will use the contour parametrization depending only on time, i.e. [0:2;((,t)|? =

Aj(t) for each j =1,2,--- , N, and exactly arguing as in [32, Sec. 2], we find that the contour
dynamics equation in D = ]R%_ now becomes

atzk(gat) = NLk(C’t) + Ak((at)aﬁzk(gat)’ (72)

where

N
NL(¢,t) éz / (Oczr(C,t) — Dczi(C —m, 1)) R(|26(C, 1) — 2(C = m, t)])dn

(73)
+ Z aj/lf (aczk(C= t) - 8C§J(C -1, t))R(’Zk(Ca t) - z](C -1, t)’)dn,
j=1
and
T p . ¢ 8 .
MGt & ¢ ;T /T Iz (n; t)A ]jz)NLk(W’ t) - /_ Oz (n, t)A k(?Z)NLk(n, t) dy, (74)

and Ag(t) = |0c2(¢,t)% k = 1,2,--- ,N. If D = R?| the contour equation is also (72) with
keeping only the first integral in NLg((,t).

Now we introduce some notations used in this whole section. Denote by z £ (21,22, ,2N)
and define the arc-chord term that
[l
F[Zk](ganat) £ 3 C,U € Ta
F[Zk](c’ Oa t) £ |6CZ/§(C’ t)|_1a
and also
§[z](t) = min min |2;(¢,t) — z(n,t)]. (76)
i#j ¢meT

In the sequel, we denote by W the following set

N
1
. Y 2
w2 {Z = (a1 y2n) < llallw 2 |zl 3 + kz_l <HF % Hmw)) + 57 < oo}. (77)

In addition, we suppose that the initial data z|;—¢ = zo satisfy that ||zo|lw < +o0.

3.3. Local H?-solvability for the contour equation. By applying the similar arguments as
in [32, 61], we can prove the following local-in-time regularity result for the patch solution of
the equation (1)&(7).

Theorem 3. Let D = R%. Suppose that G(p) satisfies the assumptions (A1) with a € (0, 3).
Then for each non self-intersect H? patch-like initial data 0y given by (13), there exists a

unique local H? patch solution 6 to the inviscid generalized SQG equation (1)&(7) associated
with 9(-,0) = 60.

Remark 6. IfD = R?, since the contour dynamics equation becomes (71) or (72) with removing
the second integral term in NLy((,t), Theorem 3 will hold true under the assumptions (A1) with
0 < a < 1. If additionally we consider the H® patch solution, analogously as [32, Theorem 4],
we can show the local regularity result for the equation (1)&(7) under assumptions (A1) with
1<a<?2.
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The following simple properties of the function R(-) defined by (69) appearing in (73) will be
repeatedly used in this section.

Lemma 3. If G(p) is a continuously differentiable function satisfying (63) and (64) with o > 0,
then we have that for every r > 0,

[R(p)] < Cmax{r=, |logpl}, E/(p) < Cmax {p~=,p71}, (78)
and
|R"(p)| < Cmax{p~?"%p~'}, (79)
where C' > 0 is a constant depending only on G.

Proof. Recalling the formula of R(p) given by (69), and under the assumptions (63)-(64), it is
straightforward to check that for every p € (0, ¢p),

[R(p)| < Cp™®, |R(p)] < Cp™'=%, |R"(p)] < Cp™*7°,
and for every r € [cg, +00),

C C
[R(p)| < Cllogpl, |R'(p)] < " [R"(p)] < .

Combining the above estimates leads to the desired inequalities (78)-(79). O

The next proposition, whose proof is placed in the appendix section, is concerned with the a
priori estimates of z = (z1,- -+, zy) solving the contour dynamics equation (72)-(74).

Proposition 2. Under the assumptions of Theorem 3, then there exists a polynomial function

P(-) such that

el < Pzl (50)

The following result is about the HZ2-regularity for the change of variables between two
contour parametrizations. For the detailed proof, one can see the section A.3 below.

Proposition 3. Suppose that z = (21, ,2zn) is a solution of contour dynamics equation
(72)-(74) withz € C([0,T}; W). Lety = (y1,--- ,yn) € C([0,T]; H?) be a contour parametriza-
tion satisfying (70) and for every k € {1,2,--- , N},

21 (C,) =y (er (¢, 1), 1) (81)
Then the change of parametrization ¢y((,t) — ¢ € C([0,T); H*(T)).

The uniqueness result of the contour dynamics equation (70) in C'([0,7]; W) is exhibited as
follows.

Proposition 4. Let G(p) be a continuously differentiable function satisfying (63) and (64).
Suppose that {z,(¢,t) =12, 8 and {yp((,t)}r=12.. N are both solutions to the contour dy-
namics equation (70) in C([0,T]; W) with initial data z;,(¢,0) = yx(¢,0). Define wi(¢,t) =
2k(C,t) — yr(¢,t). Then we have

d N N
= (DllwellE2) < € ol
k=1 k=1

where the constant C' > 0 depends continuously on 6[z]~t, dly]™', |[(Flzx], Flyx])|lr~ and
|(z,¥) || z2- The above inequality together with Gronwall’s inequality provides the desired unique-
ness zi, =y on T x [0,T] for every k € {1,--- /N}.
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Proof of Proposition 4. For the sake of convenience, we define that for every k, j € {1,2,--- | N},
Zk;,j(g’n?t) = Zk(g’t) _EJ(C _nat)a Zk,g((ﬂ%t) £ Zk:(Cat) - Z](C _nat)a (82)
and
Yk,j(C7 1, t) = yk(<7 t) - @g(c -1, t)a Yk,](Ca m, t) = yk(<7 t) - yj(C -1, t)7

where Z;(¢,t) = (zﬁl), —z](?)) (¢,t). In the sequel, if the variables ({,,t) are clear in the contexts,

we also abbreviate Z, ;(¢,7n,t) and Yy ;((,n,t) as Z; ; and Y}, ;, respectively.
Using the contour dynamics equation (70), we have

: dtnwk Wi = [ Brn(c,t) - wn(<, ¢

:;“J‘ [ (ROZ0s(€ 000021 6.1.0) = BOYis G 0D Yis €oet)) - (O

N
+ ;GJ/T/T <R(’Zk,j(C7777t)’)3<Zk,j(C7777t) - R(’Yk,j(Canat)\)acYk,j(Q77775)) “wy(¢)dnd¢

éLl"’LQ.

For the term Lq, we further split it as follows

N
L=, [ [ RIZeD0(0) ~ a0 (O
N
- Z o [ [ RUZDOEC = = 36,6 = ) - wn e

+Z“J// R(|Z ;1) (|Yk,j|))3¢Yk,j> - wi(¢)dnd(

£ L1 + Liz + Lys.
For Lyy, via the integrating by parts, and using Lemma 3 and (130), (132), we obtain that

[L11| = 2‘2%//34 lwi(O)°) R(1Zk. (¢, m) dUdC‘

Zi.j - OcZy

212//\% R 25 2t |

1 2 1 1
3 3 2
Cllalml Flallis + laxlhe) | [ lu) (i * 1 o) ¢

1 1

C o0 2 A

+Cllal %AA|wk<<>| (s + 7 e
< Cllwill2 (2] 2 + 1) (IF [ 55 + 6[2) 7~ +1).

For L5, we separately consider the j = k case and j # k case in the summation: by performing
the change of variables and using the fact x -y =7 - y, we find

Lia|j=k = —ak/T/TRUZk,kDac@k(C — 1) - wg(¢)dnd¢
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= —ou || RUZu)0cn(O)- (= mnaC

a

=5 | RUZei)oc (@ (¢ —n) - wi(€))dndg

- //wkc W) - wr(OR (’Zkk’)ZkTZaC’Zkkd a

o 1 1
< Clael + DFEIE +1) [ [ 7006 00) (s + ) e

< Cllwel 2 (2l + 1) (1F ] I7E + 1)

on the other hand, noting that d;w;(¢ —n) = —0,w;(¢ —7n) and integrating by parts, we deduce
that

Lizli = =2 oy [ [ RUZs DO, (¢ =) - wn(Odnc
J#k

OnZy,
= —Za]//wk (e n)R/(\Zk,]\) ’]|Z | SRR g nd¢
J#k ki

< c(;uwkné) Il 2 (8l 7~ +-1).

Hence, collecting the above estimates yields

L < C(Zuwkup) (2l + 1) (1P 522 + 8127 +1).
For Li3 in the j = k case of the summation, using (130), (132) and the fact that

1
R(Z,l) — R(Yes) = (1Zug] — Vi, ) /0 R (r|Zu] + (1 — 7)[Yey|)dr, (83)
we have

[(R(Zeal) = RYieal)) OV

1 2 1 L

< Cllyrll g2 | F Tyl foo 4 Nurll i) | Zw — Yk7k|/ \R'(7|Zi | + (1 — 7)Y )|dT Vi k] 3
0

1 2
< C(lwrll ezl Flyrlll foo + 1yl r2)1 Zk i — Yakl X
L | < 1 N 1 )d
T 273 2/3 )47
0 (1=7)5 (7] Zupl + (1= DYaer)>™ (71 Zusl + (1 = )|Yis)?

. 1 1
< C(lyrllerz + 1) (1CF lyw), Flae) 12 + 1) | Zi s — Yk,k|<|n|a+2/3 + |77|2/3>’

X

and

Lis|j—k = ak// R(| Zy 1) — (!Yk,k\))acyk,k) - w(¢)dnd¢

_ 1 1
<C [ [ m©lhunt@) = mc =l (g + e

< Cllw 7.
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For Ly3 in the j # k case of the summation, using (83) and the fact that for any 7 € [0, 1],

1 1
R(7|Zk ;| + (1 = 1)V < C +
Rzl + @ = D)D) QﬂZm++ﬂ—TN%AP“X ﬂZm++O—TN%ﬂ)

< C(min(s[z], 6[y]) 1> + 1),
it follows that

Lusljzr = Y ay // R(|Z 1) (|Yk,j|))5cyk,j> - wi(¢)dnd(

J#k
< Clylos oy (min(dlal: 6D~ + 1) Y [ [ ) =, = mllwn (O ldnd¢
J#k
N
<Ol
k=1
Hence, gathering the above estimates leads to
N
1| < [Lag| + [Lg| + [Lus| < C D [fwglf3-.
k=1

The estimation of Ls can be done in a similar way as that of L; (indeed it is easier since Lo
contains more cancellation), thus we omit the details. Therefore, the proof of Proposition 4 is
completed. O

Now, based on Propositions 2, 3 and 4, we can give the proof of Theorem 3.

Proof of Theorem 3. Relied on the a priori control of ||z||y followed from (80) in Proposition
2, the existence of H2-regular solutions to the contour dynamics equation (72)-(74) will be
obtained by taking the limit of approximate solutions to an appropriate family of mollified
equations. We refer to [01, 34] for the detailed process. Besides, exactly arguing as [01], one
can prove that for Dg(t) (k = 1,---,N) the interior domain governed by the contour zj(-,t)
constructed above, 6(-,t) = Zszl arlp, () is an H? patch solution (in the sense of Definition
1) to the generalized SQG equation (1)&(7). This finishes the existence part.

Next, we treat the uniqueness issue. Consider any patch solution 6(x,t) given by (65) to the
equation (1)&(7) with 0D;(t) € C([0,T]; W), j = 1,--- , N non self-intersecting and D;(t) N
Dy(t) = 0 for j # k. For any parameterization of the boundary of patches, we can change of
variables to deduce that 9D;(t) = {z;((,t) : ¢ € T} with |9¢2;(¢,t)[* = 4;(t) (j =1,---,N)
depending only on time and z = (21, -+, zn) solves the contour dynamics equation (72)-(74)
(see [19] for more details). By using the change of variables ¢;(-,t) in Proposition 3, it recasts
0D;(t) ={y;(p,t) : pe T} with y;(p,t) (j =1,---,N) solving the contour dynamics equation
(70). Moreover, Proposition 3 guarantees that y = (y1,--- ,yn) € C([0,T]; W). Hence, the
desired uniqueness result follows from Proposition 4 concerning the uniqueness of solutions to
the contour equation (70) in C([0,T]; W). O

4. FINITE-TIME SINGULARITY FOR THE GENERALIZED SQG PATCHES

In this section, we demonstrate the finite-time singularity formation for the patch solution of
the generalized SQG equation (1)&(7), associated with patch-like initial data (13). Our focus
is on the half-plane case, where D = R%r. The kernel G is assumed to satisfy (A1) to ensure
the local well-posedness of the solutions.

Additionally, we introduce a second set of assumptions, (A2), concerning the behavior of G
near the origin. These assumptions feature two types of Biot-Savart laws that are central to
our analysis.
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(A2) There exists a constant ¢y > 0 (it can be chosen the same constant as in (A1) without
loss of generality) such that either one of the following conditions is satisfied:
(A2a) G(p) satisfies that

G(pp) is non-increasing on (0, ¢p), (84)
CO 1

. dp< oo, 85

/0 p(log p~1)G(p) )

and

G(p) < Glp) < C1G(p) onr € (0,c0),
where C1 > 1 and G(p) is a positive smooth function on (0, cg) such that
G(lp)

li — oo, lim 2221 viso, 86
i, G(p) = +o0 Sz (86)

- pllogp~")(=G'(p)) .
lim =, ith v > 0. 87
i, 00) v, with vy > (87)

(A2b) G(p) satisfies that
on (0,¢9), G(p) >0 and G(p) is non-increasing, (88)
and for some 0 < 8 < %,
18G(1

Glp) _ 1 viso, (89)

o0t Glp)

i "G (p) + BG(p)
p—07F G(p)

The conditions in (A2) can be derived from the assumptions (H1)-(H2a)-(H2b) on m using
Lemma 2.

In particular, (A2a) addresses the borderline scenarios between the Loglog-Euler equation
and the a-SQG equation. Condition (85) is equivalent to the Osgood condition (16), while
conditions (86) and (87) further describe the behavior of G near the origin. A typical example
of the function G is

= 0. (90)

G(p) = (logp™')7, v > 0.
There may also be additional log-log terms. From (87), we can deduce that for any £ > 0, there
exists some p. > 0 such that

G(p) < Ce(logp~')*¢, Vp e (0,p]. (91)

Indeed, this follows from the fact that the function (logp~!)"77¢G(p) is increasing on some
interval (0, p:), which can be seen by (87),

i( G(p) ) _ (v +2)G(p) = plogp” (=G (p) _
dp\(log p=t)rt=/ = p(log p=t)rtett
for p > 0 small enough.

The assumptions (A2b) contain a-SQG-like equations. Note that the kernel G(p) = p~
satisfies conditions (89) and (90). The singularity formation for the a-SQG equation has been
established in [60, 32]. Here, we extend the results to general kernels G that behaves like p~"
near the origin. The extension is non-trivial due to the lack of an explicit form for G.

We now state the main result of this section concerning the finite-time singularity formation
of the patch solution for the equation (1)&(7).
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Theorem 4. LetD = Ri. Suppose that G(-) is a continuously differentiable function satisfying
assumptions either (A1)-(A2a) or (A1)-(A2b). Then there exist non self-intersecting H* patch
initial data (13) for the generalized SQG equation (1)&(7) so that the corresponding unique
local-in-time H? patch solution develops a singularity in finite time.

Based on Lemma 2, Theorems 3 and 4, one can immediately conclude the proof of Theorem
1 and Theorem 2.

Proof of Theorem 1 and Theorem 2. Under the hypotheses either (H1)-(H2a)-(16) or (H1)-
(H20b), according to Lemma 2, the function G(+) given by (22) in (7) satisfies all the assumptions
in Theorem 3 and Theorem 4; in particular, if hypotheses (H1)-(H2a)-(16) are assumed, (85)
follows from (16) and (33) that (assuming ¢y < min{co, 1} without loss of generality),

[t P e
— P>z — — p < +00.
o plogp=tG(p) ¢Jo plogp=tm(p~1)

Hence, Theorem 1 and Theorem 2 follow as a direct consequence. O

The remainder of this section is devoted to proving Theorem 4. We construct an H? patch
initial data and demonstrate that it develops a singularity at the origin in finite time. The
construction is primarily based on the approach in [60], but we must derive refined and implicit
estimates to effectively handle the general kernels G.

4.1. Set-up and mechanism for finite-time singularity. In this subsection, we shall demon-
strate our setting for the patch-like initial data and the mechanism of finite-time singularity,
and we also present a more precise statement of Theorem 4.

Recall that ¢y > 0 is defined in (A1) and (A2). Let

s ©
C*—Z,

and € be a small constant satisfying 0 < € < ¢, to be determined later. Denote by
Q1 2 (6,c0) % (0,c0) = (€,4c,) x (0,4c,), and Qy = (2¢,3c,) x (0,3c,).
Let ©Q be a domain with smooth boundary such that Q9 C Qy C ©; (see Figure 1). The reason

that we choose the size of {)y small is to use the good local property of the kernel function G(p)
around 0. We let 6y in R2 = R x R, be defined as follows,

Oo(z) = 1o, (z) — 15, (2), (92)

where ?20 is the reflection of 2y with respect to the zs-axis.
The oddness of g in x1-variable and the local uniqueness result in Theorem 3 imply that for
every t € [0,Ty,) with Ty, > 0 the maximal existence time in Theorem 3,

0(a,t) = Lo (@) — g (@), (93)

where Q(t) = ®(Q) and Q(t) = (o) (which is the reflection of Q(t) with respect to the
xg-axis), and P(-) is the particle trajectory mapping generated by the velocity u which satisfies
(67).

Below we shall show that Tp, < oo provided that G(p) satisfies the assumptions (A1)-(A2);
that is, the patch solution € develops singularity in finite time.

More specifically, let

X'(t) = —%F(X(t)), X(0) = 3e, (94)

where

cp(log p~HG(p), if (A2a) is assumed,
F(p)é{ pllog p~1)G(p) (A2a)

cpG(p), if (A2b) is assumed,
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with some absolute constant ¢ > 0 (depending only on G). Equivalently,
e
2
——dp=1t.
/ x) F(p)

_— /35 id { f md if (A2a) is assumed, (96)
o F(p) 2 fo pG 4, if (A2b) is assumed.
It follows from (85) and (90) that T, < co and X (7) = 0. Indeed, if (A2b) is assumed, denote
by G(p) = é(%), p > 0, then (90) is equivalent to Tli)m %
we get

Define

B, thus arguing as Remark 4-(i),

G(p) = é(%) > C’pfg, for p > 0 small enough,

which directly leads to 036 pc#(p)dp < 00.

Let k € N* be fixed later, which is the slope of the following trapezoid. For every ¢ € [0, Ty, ),
denote by (see Figure 1)

K(t) 2 {z € (Ry)? : 21 € (X(¢), %) and x5 € (0,ka1)}, (97)
with (Ry)? = R, x R,. We shall show that
if Ty, > T, then K(t) C Q(t) for all ¢t € [0,T].

Since ui(x1,x2) = —uy(—z1,22) and ug(ml,xg) = ug(—x1,12) for any x € R2, this yields a
contradiction because then Q(T%) and Q(T,) touch at the origin, and so the solution can not
remain regular on the whole [0, T}, ).

T2
ey k-
I I 0
3¢, {4 L w
20* =7 —‘( N :
1 Q2 3
| K(0) |
€ 26 3e 2% 3¢y 4oy I

FIGURE 1. The domains 1, Q2, Qy and K(0).

As a result, we exhibit the more precise version of Theorem 4.

Theorem 5. Assume that G(p) satisfies the assumptions (A1)-(A2). Let e > 0 be a sufficiently
small constant. Assume that 0y(x) is an odd-in-z1 function given by (92), with a bounded open
domain Qo C (Ry)? such that (2¢,3c.) x (0,3cs) C Qo C (€,4¢x) x (0,4c.) and 0 is a smooth
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simple closed curve. Then there is no H? patch solution 0 to the generalized SQG equation
(1)&(7) on any interval [0,T) with T > f035 %dp and F(p) given by (95).

We give the detailed proof of Theorem 5 in the section 4.3. Before that, in the section 4.2 we
show the estimates of the velocity fields which play a crucial role in the finite-time singularity
analysis.

4.2. Estimates on the velocity fields. In order to show the singularity scenario that the
patch Q(t) and its reflection across the zo-axis touch at the origin in finite time, we need to
prove that in an appropriate subset of (R )2, the horizontal velocity u; is sufficiently negative
and the vertical velocity us is sufficiently positive (at least for some time). This subsection is
devoted to showing this result, which corresponds to Proposition 5 below.

We start with some basic pointwise estimates on the velocity field w.

Lemma 4. Let D be either R? or R2. Let 6(-,t) € L'(D) N L>=(D), and u(-,t) be defined by
(7) with G(p) satisfying (A1) with a € (0,1). Then we have
C
lu@®lzee < 7= 10@) ][z + CIO@)| 11, (98)

and

c
t —a < ———
o= < oo
where C' > 0 is a universal constant. Furthermore, if 6 is weak-x continuous as an L>(D)-
valued function on the time interval [ty, tg]Land is supported on a fixed compact subset of D for
every t € [t1,ta], then u is continuous on D X [tq,t2].

10(@)][ e + CllO@)[| 1, (99)

Proof. Since the whole space case is easier, we only treat the case D = ]R%_. Recall that for a
function g defined on R%, e,[g](-) given by (32) is the odd extension function in R%. Then we
have

(z—y)*

u(wt) = [ LG~ yealo) (v t)dy. (100
Rz |7 — Y|

Using the conditions (63)-(64), we infer that

ol o8] oy o)) o
pe ol [ SEERGG b [ G e iy

< Clleol oo~ [ =2

lz—y|<co |$ - |
C

< T M0C Dz~ + ClOC, )l 1

“1-«

dy + Clleo[0](- )| s

To prove (99), consider any x,z € @ with » £ |2 — 2| (with no loss of generality assuming
r < ¢p), then by virtue of the conditions (63)-(64), we get

u(e, t) —u(z,1)|

G(lz — G(lz —
</ Lﬂ—ﬂ¥mw%mw+/ 160z = 9Dl 61y, ) ay
B(z,2r) |£C - y| B(z,2r) |Z - y|

)
R2\ B(z,2r)

3r
< Cllefolli= | 166)1ds

r— u)t A
D 6 ) - 061 - )

e8] (y,t)|dy
P P leol0](y, 1)

T — )k o)t
&9 Gile — )~ E2Y 02— y)

+C
|z —yl |z =y

R2\ B(z,2r)

leo[0](y, )] dy
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3r co
scwunmw(A|G@me/’@lwwn+wwmd§+cwwwmﬂ

c 11—«
< (G oo Olles + OGOl I = 211,

where the third inequality follows from the mean value theorem. Hence, (99) can be deduced
from this inequality and (98).

For the last assertion, since the kernel %G(MD belongs to L' on any compact subset of R?
the assumptions yield that u(x,t) is continuous in ¢ € [t1,ts] for any fixed = € @ The wanted
result now follows from the uniform continuity of u in x as shown in (99). O

Below we drop the t-variable in the functions for brevity. For every y = (y1,%2) € (R1)?,
denote by ¥ £ (—y1,y2) and § = (y1, —y2). If 0(-) € L>°(R?%) is odd in z1, then from (7) and
(92), we infer that u(z) = (u1(z), uz(x)) and

wie) = [ (EER6( - i) - 2R -7 ) o)y

[z —yl? z =7

= [, K,
+

with
Y2 — T2 Y2 — T2 ~ Y2 + T2 Y2 + T2 _
Kq(z,y) = G(lz —yl|) — —G(lz —y]) — G(|lx +y|) + Gz -7
(@) = PG = y) = P22 Gl = 31) = 2R G+ vl) + 2L G~ 3)
£ Kll(l’,y) - KlQ(w7y) - K13(x7y) + K14($,y)7
(101)
and
Y1 — 21 Y1 — 21 _
us(x) = —=G(lr —y|) - _Gx—y)@ydy
0= [, (Fmypote —) - p =56 =) o
— [ K
(R4)?
with
Y1 — > Y1+ o ~n Y1t m Y1 — 1 _
Ko(z,y) = G(lx —y|) + —G(lz —y]) — G(lz +y|) — Gz -7
(@) = PGl = y) + P25 Gl = 31) = 2 Gl + vl) — 2= G~ 3)
= K21(CC, y) + K22(xa y) - K23(CC, y) - K24(CC, y)
(102)
Similar as [60, Lemma 4.2], we state some useful properties about the kernel functions K;
and K.
Lemma 5. Assume that G(p) satisfies that
G
on (0,¢0), G(p) >0 and Glo) is mon-increasing. (103)
P

For every x,y € (Ry)? such that |z + y| < co, the following statements hold true.

(1) Kl(x’y) Z Kll(x,y) - K12(x,y)‘
(i) sgn(y2 — 22) (K1 (2,y) — Kia(z,y)) > 0.
(iii; Ky(z,y) > Ko (z,y) — Kos(x,y).

(iv) sgn(yr — 1) (Ko (z,y) — Koa(z,y)) > 0.
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Proof. Due to (103), Gp(gp) is non-increasing on (0,¢p). Thus (i) follows directly from |z —g| <
|z + y| and (ii) from |z — y| < |z — y|. The proofs of (iii) and (iv) are ensured by exchanging y
and . O

In view of Lemma 5-(ii), we shall separately estimate the "bad” part and ”good” part of the
integral

(@) = - / Ky (2, 9)6(y)dy — / Ky(z, 9)0(y)dy
R+><(0 :132) R+><({L'2, )

(104)
a ood
£ uy™(z) +uf*™ (2).
Analogously, we also have the splitting for wus:
w@= [ Kbyt [ K)oy
(0,z1) xRy (z1,00) xRy (105)

£ (o) + o).
The following result is concerned with the estimation for "bad” parts of u; and us.

Lemma 6. Let the condition (103) be satisfied. Assume that 0 is odd in z1, and 0 < 6 <1 on
(Ry)? and 0(y) =0 for y € (Ry)*\ ((0,¢0/2) x (0,c0/2)). The following statements hold.

(i) If x € (Ry)? and x1, 29 < ¢4,

bad < 2/ / 81 + 82) d82d81

(ii) Ifz € (Ry)2 and x1, x5 < ¢, then

bad > 2/ / 81 + 82) d$1d$2
31

Proof. (i) Due to that |z + y| < |z| + |y| < ¢ for every z,y € suppd C (0,c0/2) x (0,¢0/2), it
follows from Lemma 5 that for every z1,29 < c, = <

4
— X — T ~
wdw <= [ (BEEa(e-al) - ZGﬂx—yr))e(y)dy
Byx(0 Wz 9 = :
Y2 — X2 -
< - Gz —y = w—y>
/@,co/mw,m)(w— #0lle — )~ g Gl -3

< x — y|)dy,
_/(02:c1)><(012 |Cﬂ—y|2 < udy

where in the third inequahty we have used the following identity

Y2 — Y2 —
G|z — l)dy = / Gz — yl)dy
/(0 c0/2)%(0,x2) ’35 - y!Q (221,¢0/2+2x1) % (0,22) |z — y‘z

Now, using the change of variables s = x — y and by symmetry, we find

bad ( <2// )dd
Uy 51+82 51—|—S2 Sodsy.

(ii) The proof of part (ii) is analogous to that of (1), and we omit the details. O

In the estimation of the "good” parts of u; and wug, we shall additionally assume that for
some z € (Ry)? we have § = 1 on the following triangle:

Alz) £ {y = (y1,y2) : y1 € (21,21 + %), y2 € (22,2 + k(y1 — xl))}, (106)

where k € N* is a positive integer to be fixed later.
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Lemma 7. Let the condition (103) be satisfied. Assume that 0 is odd in z1, 0 < 6 <1 on
(Ry)%, 0(y) = 0 for every y € (Ry)?\ ((0,¢0/2) x (0,¢0/2)) and for some z € (R4)? we have

0> 1y on (R )2, with A(z) given by (106). Then the following statements hold true.

(i) If v1 < g, w2 < cs, we have

ugOOd(ac) §2kG<ck—*>m1 — ﬂ /c* @

1 4
k_2+1 2kx1 S

_/211 dsl/ks1 e G<\/s%+s%)d52
/24361 dsg /kal G(\/s% + 3%)(182.

(s1—271) 81 +32

ds

(ii) If w2 < 3%, 21 < ¢, we have

2:)32
ood
o> [ [ (o) - o (VT ) s

Proof. (i) Using Lemma 5 and the changing of variables y; — y; + 2z, we obtain

good _/ <y2_1’2 B Y22 o~ >
U ) < == G(|x —G(|x d
1 ( ) — A) _ y‘z (’ y‘) ’1‘ _ y’2 (‘ y’)

|

— X — X
= [ et [ G-y

A(z) ’1’ - y’2 x)+2x1€e1 ’1’ - y’2

with e; = (1,0). After some cancellations, it directly leads to

good / Y2 — T2 / Y2 — T2
z) < — G(lzr —y|)dy + —=G(lz —y|)dy
1 () Ay ’x_y‘z (‘ ’) Ao ‘x_y‘z (‘ ‘)

2T+ Tz,

where

A& {y=(y1,12) : y2 € (w2, 32+ c) y1 € (w1 + L7230, + 272) |,
Ag 2 (21 + %301+ §) x (22,22 + ¢)

Since for every y € Ay we have ys — 2 < ¢, < k|z — y| < keg, we use (103) to infer that

Tz < |A2| G () = 2kG (5 )1
For 77, inspired by [32], we split it into three parts
Ti = T + T2 + T3,
where T1;, i = 1,2,3 is given by

7h=—/ Y2722 s yl)dy,
A |

1i |x_

with

A £ AN ((21,321) x Ry),  Ap £ AN (R4 X (22 4 2k, +00)),
and

Az 2 {(y1,92) : y1 € (321,521), Yo € (x2 + k(y1 — 321), 2 + 2ka) }.

One can see Figure 2 for the illustration of these domains.

(107)

(108)
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21’1
—_—
T+ Cu |
Aqp
Cx
Ag
xo + 2kxq
Ags
Aqq
xIr9 + P EF—— L - -
Cx
k
1 1 1
21 31 T+ 3r1 + ¢

FIGURE 2. A demonstration of the domains A; = A1 UA9 U A 3 and Ay. The

gray region represents A(z).

Via the change of variables, we can write 711 as

3z zo+k(y1—z1) —
To==[an [ 02 =22 6o — e

211 ksq So
— dsl/ 7G(\/82—|—52>d82.
/o 0 ST+ s b

33

Now we move to the estimate of Ti2. Since (y1,y2) € Ao implies that yo — xo > 2kzy and
ya — x9 > k(y1 — 3z1) = k(y1 — 1) — 2kzq, we see that 2(ys — z2) > k(y; — x1), which leads to

o =yl < (% + 1) (g2 — 22)".
Thus by using the condition (103) we find
zoten 3o+ 2207 — 2
o= [ — Gl — o)
x x

2+2kx 1+y2

ﬂ/m-i-c* G(\/% + 1(y2 —xg))

!
k2 + 1 2+2kzy Y2 — T2

ﬂ/c* G(\/%—i—ls)ds.

_I%—i—l s

dys

2kx1
For the term 773, we directly have
5x1 zo+2kx — 9
To=- [ an [ Gl ~ yl)dys
3x T

g—l—k(yl 31‘1 ‘.%' _y’2

/24361 dsq /kal G(\/s% + 3%)(182.

(s1—271) 81 +32

Collecting the estimates of 77 and 75 yields (107), as desired.
(ii) Using Lemma 5 and the change of variables ys — yo2 + 222, we deduce that

good Y1 — 71 — T —
i) > [ ( Gl - yl) — L=EL (e — y|>> a
2 Alx) \ |7 — yfz \ yl?

Y1 — Y1 —
- Gz — yl)dy / Gl — yl)dy,
/A(x) |z — y\Q Az)+2z2e2 |z — y\Q
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with ey 2 (0,1). After some cancellation it follows that

() > / ULZ 01 G — yl)dy — / 7T e~ ydy,
B ‘ ]BQ‘ ’

1‘96—

where
By £ (21,21 + %) X (z2,322),
L2{y=(y,v2) 11 € (z1,21+ %) ,y2 € (w2 + k(y1 — x1), 322 + k(y1 — 21)) }.

One can see Figure 3 for the illustration of B and Bs.

3za + i
) + Cx
|
l
B, :
: C
31‘2 r ! *
2332 IB%1
X9 +
z Cx
1 k 1
o T+ ¢

FIGURE 3. A demonstration of the domains B; and B,. The gray region repre-
sents A(x).

The change of variables ys — y2 — (y1 — x1) in the above second integral gives

us™ ) >

[ (Bt = o~ gy — (s ks =) )
Due to that the integrand is positive, and noting that for every y € (21 +kxo, x1+ ) X (22, 3x2),
2(y1 — x1) > 2kxy > k(ya — x2) > 0 and also
|2 — (y1.y2 + k(y1 — 21))|* = (2 + D] — > + k(yo — 22)[2(51 — 1) — k(g2 — 22)]
> (K + 1) -y,
we use the condition (103) to get

(000 it (G(, -

) 2 [ = [G(VR 1o ) ) dy
(1‘1+k$27$1+%)x(1‘2,3$2) ‘.%' y’

Loy 7 (OO ) - ﬁa(mm)) dsrdsn.

0,2z5) 51 T 83
O

Based on Lemmas 6 and 7, we have the following crucial result on the control of the velocity
field.
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Proposition 5. Let the assumptions (A1)-(A2) be assumed. Assume that 0 is odd in x1 and for
some x € (Ry)? we have 1y, < 0 <1 on (Ry)?, and 0(y) = 0 if y € (Ry)*\(0,¢0/2) % (0,¢0/2).
Then there exist a positive integer k and a small constant dg € (0,c.) such that for every
Ty < kzy < g,

ui(z) < —F(x1), (109)
and for every kzy < x9 < dg,

us(a) > F(3) (10)
where F(p) is given by (95).

Proof. We first consider the case that G(p) satisfies assumptions (A1)-(A2a). We can simply
choose k = 1. Gathering Lemmas 6 and 7 gives that for every xo < xy <

221 [ G(v/5s)

) <2 s7 + s5)dsadsy + 2G (¢ )x1 — — ——2ds. 111
//81+52 1+ s3)dsads; ()15%15 (111)

For the term u%oo , it follows from (108) and (103) that

good . 1 S1 2 2

Us Z(l W = 1) /(kx2 . 731 n SQG(\/sl + 82>d81d82

>2(1 - o)™ / G/ + 13)d
k

- k%—l—l S

S
Z2

where we also use 4/ 1:% + 181 > /8% + 53 in the last inequality. Hence, choosing k = 1, together
with Lemma 6, for every z1 < xo <

2(1 — )ag pe
) > 2/ / sT+ 32)d81d32 + ( ﬁ) / G(\/gs)ds. (112)
51 + 32 2

5 s
Now we begin with the estimate of (111). Direct calculation yields

T1 9 V21 z 2 :
/ / 52G(y/s7 +82)d52d51 S/ /2 Mgdndg
51 +52 0 0 0

V21 V21
- / 2G(0)do < 201 / G(0)do
0 0

~ 2\/501561@(3:1), as x1 — 07,
where the last line is guaranteed by the following fact (owing to L’Hospital’s rule, (86)-(87) and

(91))

lim fo lim G(p) _
p—0+ pg( ) ~ =0t G(p) + 0 (p)

On the other hand, observing that (using (86)-(87) again)
fz* s'G(V5s)ds . p1G(2v5p) 1

om0t (ogp G(p) o0t p1G(p) — (logr 1)G'(r)  1+7

we have

_2n /C* G(V5s) o 2Cim [*G(V5s)
2x1 o

) S 5 221 S (113)
20,

“5(1+7)

Q

z1(logz7)G(x1), as 23 — 0T,
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Hence, by letting d¢ € (0, c,) small enough, the contribution from the integral term in (113)
dominates and we can find a small positive constant ¢ such that

F(p) = cp(logp 1 )G(p), if (A2a) is assumed,

so that (109) holds true. Similarly, in light of (112), by putting d¢ € (0,¢) and ¢ > 0 even
smaller if necessary, the estimate (110) also holds with the above F(p).

Next we consider the case that G(p) satisfies assumptions (A1)-(A2b). Taking advantage of

Lemma 6 and Lemma 7, we deduce that
/4
2 Cx G( 3 + 1 S)
up(z) < 2kG xl + 2/ / s + 32)d32d31 1 1 / _VE Ty
51 + 32 izt 1 ok s

2x1 kst So 4xq 2k
— / dsl/ ———G 51 + 82 d52 / dsl/ G<\/s% + S%)dSQ
0 0o S7t+ 53 % k

(s1—2z1) 51 + 82

S

£ 2kG<%>x1 + U, +Us + Uz + Uy.
Denote by G1(p) £ p°G(p). Notice that the assumptions (89)-(90) in (A2b) imply that

!/
T L R T A L)
r—0t 1(7°) r—0% Gl(r)

= 0. (114)

First, for zo < k1, we have

N P st+a3 G1(\/s
U, = 2/ / m 31 + 32 )dsods; = / / 31+5/2 dsds;

k2+1 :1:1 Gl
/ / 31+5/2)d d81 Hl(xl)-

Let us find an equivalent explicit form of Hy(z1) as 1 — 07. Note that

1(z1) = 22 1+B/2 5+ o (K24 1)148/2 x%+ﬁ “1
+Def G (/5 2 _
:u/ s+ —2 a6 (VI 1),

23 s (k2 +1)%

and
(K241)ae2 _1_8
LTI 41y he e (VP T — 20 G ()
z1—0+F xl_ﬁGl(ﬂUl) z1—0+ xl_ﬁ_lGl(xl)( — B+ 1G(x1)/Gy (ml))
2 9 _8
- 5<1_ (K2 +1) 2),

we obtain that

Hy(zy) Hj (21)

hm T = hm "y
z1 =0t Ty Gl(xl) z1—0T Ty Gl(.%'l)(l — B+ le/l(xl)/Gl (1‘1))

2 2(k% 4 1)~P/2

% 12 -
B L I A
— %(ﬁ — (24 1)),
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Hence, we get that

U < (% (ﬁ — K2 +1) > + 0(x1)>x15G1(m1), with x}ii%+ o(z1) = 0.

For the term Us, we first consider the integral

HQ(xl)é/2€* Gl(s\/%—i—l)

. e ds.
From the fact that
Hy(e1) = —(2) oy 06 (2o [ 1 1),
it follows that
o FRl) Hy(o) -7
no0t g PG(m) 0 PG ) (— B )

Hence we deduce that
214 o1-PK—5

= —-—— < e —
v (1 +1)1+6/2H2(”“) = < B(& + 1)1H6/2

+ 0(1‘1)) m%_ﬁGl (.%'1)

For the term Us, we have

211 kst
Us = Us(ay) / dsl/ CET 1+MG <\/s%+s%)d52.

It is easy to check that

2kxq G 4 2+ 2
Ué(ml):—2/ G Vizi +5)
0

(422 + s2)1+5/2
We claim that for every sy € [0, 2k ],

G1 <\/4x% + s%) = (1+o0(x1))Gi(x1), with lim o(z1) =0. (115)

2131~>0+

Indeed, this is a direct consequence of Newon-Lebniz’s formula and (114):

\/Ax2+s2
G\t +s) it = [ Gl

x1
and for every £ > 0 there exists a §y > 0 such that |s G (s)| < eG1(s) for every x1 € (0,0p) and
s € w1, /422 + s3] C [z1,2Vk2 + 121], thus we deduce the desired result

‘/ 4961-‘,—82 d /\/490%—1—5%1
S
T

-G (s)ds
1
<e2vk?+1 sup G1(5)>
s€[z1,2vkZ+1z1]

<e4vk?+ 1G1($1),

where in the last line we have used the fact that the supremum of Gi(s) on compact set
[z1,2Vk? 4+ 1 1] can be achieved on a point lz; with some 1 <1 < 2v/k? 4+ 1 and also Gy (lx1) =~
G1(z) for every x1 € (0,d).
Hence,
52
4:6 +s )1+ﬁ/2

2kx1
Ué(:ﬂl) = —2(1 +0($1))G1($1)/0 ( dso
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217 8 _
= (1= 0+ )75 ) (1 + ow1)) 2y G (),
where lim o(z;) = 0. We thus infer that
:B1~>0+
lim 7(]3(3:1) = lim Us(@1)
z1—0t xl 6G1 (561) r1—0t xfﬁGl(Cﬂl)(l — ,8 + gigi;)
218 £
=—— _(1-(K®+1)"2),
sl
and as a result,
1-8 5
< (__“ " (1_02 -8 1-8 . . _0
Us < < 30-5) (1—(k*+1)"2) —1—0(361))951 Gi(x1), with mlg]%+ o(x1) =0

For the term Uy, arguing as obtaining (115) (the main difference lies on that G1(+/(s1 + 221)2 + s3)
attains its supremum over {0 < s1 < 2z1,ks; < s9 < 2kzy} at the point (I3z1, klazq) with some
0 <ly,ls <2), we find that

4 2kx
/ 1 dsl/ 1 52 ———— (G (\/5% + s%) dss
2% K 81 +s )1+ﬁ/2

(s1—2z1)
4xq 2kx1 So
1—{—0(561) G1 xl / dsl/ —————dsy
( 2r k(81 21‘1 81 + s )1+ﬁ/2

with lim o(x1) = 0. In addition, since the integrand is positive, we find that
z1—0t

dx1 2kx1 So 1 3z B8 B
/ dsl/ d82 < <(s% + (Qkxl)Q) 2 — (8% + k2(81 — 2.%'1) ) 2>d81
2x (s1—2z1) 5 + s )1+2 5 2x1
1 on 2 2 2\~ 2 2 g
Sg/m <(4x1 + 4k xl) 2 — (9:131 +kz ) 2>d81
1
B((4 +A2)TE - (94K )ay
which gives that
1 _
U < (1 +o(m1))g((4+4k2)*§ e +k2)*§)x} PGy (x1).

Therefore one has that
ul(x) < (Hl(ﬁ) + O(ml))le(xl) + 2kG(f)£ﬂ1 (Hl(ﬁ) + 0($1))$1G1($1),

where lim o(z1) =0 and
:B1~>0+
2/ 1 8 2~ 2~ 8
II £ — —(K2+1)2 - — 1—(kK*+1)"2
92 375w ey e e I I

—-p

(116)
+271 ((4 T4 TE (94 k2)—§>>.

In the sequel, we focus on the estimation of ug(x) for every kx; < x9 small. It follows from
Lemmas 6 and 7 that

) > =2 + s5)dsid
/ / 31—1—32 52 82) s1dso

2o s1
i /kxg /o 53+ 53 (G(@) k2 +1 (\/I(Q—M)>d82d81
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2V + V.

For the term Vi, owing to kz; < x5 we have

T2 32+;)32 X2 (1+i)x2
_/ / o Mdsdsz > _/ / o Mdé’dsz 2 Hj(x2).
0 Js3 5 0 /o ’

Note that
(1+L2)$% G 1 _B
e = [ O oo L) st (i ).
z5 st 2
and
(1+%5)73 3 1 _B
li fw% o C:IIJE\B//;)dS li 2y B((lJFk_l?) 2Gl(\/ 1+k%x2) _01(952))
1m = [im .
e P RNy
2 1\~5
—Z(1- (1 ) )
ﬁ< e
Thus we infer that
H H’
3('%.2) — lim 3($2)

vt 2y PGh(ws) w0 (1= By G ()
2 1\-
=l ()

3 g (o)

which implies that

2 1 I 1-8 : .
iz g(-gmpt (L) *He@)nGiw), with lim ofrs) =0.

It remains to consider the contribution from V3. Let Ny > k be a fixed constant depending only
on k and 8 such that Nyzs < $¢. Note that for fixed k € N*, we can choose Ny sufficiently

large by restricting x5 > 0 small enough. By using (88) and the notation G1(p) = p?G(p), the
integrand in V5 is positive and

V2 > /kam /23&2 (s1+ 1+B/2 <G1<m> (k2 +1) 1+6/2 Gl(\/ﬁmﬁd&d&

In a similar way as derlvmg (115), we find that for every s; € [kxa, Nyx2] and sy € [0, 2x2],

G1<\/S%—|—S%> = (1—|—0(m2))G1(3:2), Gy (\/k2 \/81—|—52> 1—|—o xQ))Gl(:Ug),

with lim o(zy) = 0, thus

zo—0t

1 Nyxo 29
V2 2 Gi(2) (1 + of22)) (1 (k2 + 1)1+8/2 /k / (s2 + 52 1+B/2 7 2 yaaasadsy.

In addition, we see that

Nyxo 2o 1 219 B
/ / 51 d52d51 / <(k2x% + 5%) 2 (kaQ + 52)
ks (s1+s3)'" ] 0

S

[
wlm

>d82,
an

2xo 5 X9 1 219 5 >
/ (k%23 + 53) " 2dsg > / ————5—dsa + / (k2 +1)" 25, dsy
0 0 (k2 + 1)5:{3[3 x2
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1 21— 1N\ 15
> .
= (k2+1)5/2(1+ )

It follows that

Niza 222 1 21-6 1 2 1
dszdsl > — ( (1 + ) — —)x =8,
/k / (st + 83 B\ (k> + 1)/ 1-8 N

Consequently,

18 1 2= -1 2 -8

Therefore, we infer that for xo small enough,

U,Q(.%') > (HQ(,B) — ﬂij\fkﬁ + 0(%’2))1‘%7[3611 (1‘2)
k15

2

(Hﬂﬂ)—ﬁ%—o(:ﬂg))(ﬁ) Gi(22), with lim o(zs) =0,
k

k 1’2~>0+

>

with
B
2 1 IN-52 1—-(K+1)7 12 216 1
B 2= ———+(1+= 1 .
2(5) ﬁ( 1—5+<+k2> LTI <+ 1-8 )
Noticing that Hl( ) and II5(3) are the same indexes appearing in [32], and by picking k = 5,
for every 0 < B < 3 (1 e. the same range as in the local well-posedness part), we find

II;(8) <0 and IIy(B) > 0.

Moreover, we can choose 1 and x5 small enough and Ny > k sufficiently large so that IT;(5) +
o(z1) < —c <0 and %(Hg(ﬂ) - ﬁ% + o(x2)) > ¢ > 0. Consequently, we have
k

ui(z) < —cx1G(21), Vay < kzy < g,
us(z) > cRG(3), Vkry <22 < g,
which corresponds to (109)-(110) under the assumptions (A1)-(A2b), as desired. O

4.3. The finite-time singularity analysis. This subsection is devoted to the proof of Theo-
rem 5.

Proof of Theorem 5. The proof is via a contradiction argument introduced in [60].

We turn to the setting in Section 4.1. The initial condition we consider is odd in x1, then
according to Theorem 3, the resulting unique H? patch solution is also odd. Assume that such a
local H? patch solution exists on [0, Ty, ) with Ty, > 0 the maximal existence time, and let X (¢),

K(¢) be given by (94), (97), respectively. Recall that T}, = 35 (2p) dp < oo and X(T,) =0. In
view of Theorem 3, the solution has the patch form (93), and we shall show that K(t) C Q(t)
for each t € [0,T%]. This is a contradiction because then the patches Q(T}) and Q( %) touch at
0.

As |Q(t)] = Q] < 16¢2, Lemma 4 implies that for all ¢ € [0, T%],
Ju(-, )|z < C, (117)
where C' depends only on G. Since 99(t) is continuous in t € [0, T.] with respect to the Hausdorff

distance of sets, Lemma 4 also shows that u is continuous on R% x [0, 7%].
Consider dg € (0,9) and k € N* the constants introduced in Proposition 5 and let the
constant € > 0 be small enough so that

< and /36 2 dp < e
€< — — —.
1k s F(p)’ =90
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From Lemma 4 we know that the function d(t) £ dist((Ry)%\ Q(¢),K(t)) is continuous on
[0,T,]. Hence, if K(¢) is not contained in Q(t) at some ¢ € [0,T,], then there is the first time
to € [0,T%] such that d(¢p) = 0. Since d(0) > € > 0, we have ¢ty > 0 and K(to) C Q(to).

Now we assume that such a tg exists and set

Q3 = (6G’ 5;*) X (0’ 55*)

Note that in view of Proposition 1 (the assumptions are satisfied due to that H?(T) C Cl’%(']I')
and there exists some o € (72, 3] for every 0 < o < 1), we have (R1)?\ Q(¢) = ®4((R4+)?\ Qo)

for every t € [0,7p,). Then by using symmetry, the fact T3 < g—%, and the estimate (117) and
2e < %5@ < 5, we find

[(R)?\ Q(to)] N Q23 = 0.
Due to that tg is the first time with d(tp) = 0, it yields that there exists some
z € 9[(R4)*\ Qto)] N [T1 U Ty,
where 77 = {X(to)} x [0,kX(t9)) and Z; is the closed straight segment connecting the points
(X (to), kX (tp)) and (d¢, kdq) (see Figure 4).

Z2

5cx

FIGURE 4. The segments Z;, Z5 and the sets 3, K(tg).

If z € 7y, in light of the fact X (tp) < 3e < %G < ¢4, the triangle A(z) defined by (106)
satisfies

A(z) CK(tg) € Qto).
Consequently, Proposition 5 and z1 = X (tg) (recalling X (¢) satisfies (94)) imply
1
ul(x,to) < —F(ml) < —§F(£C1) = Xl(t(]).

Noting that ®;,((R1)%\ Q) N B(x,r’) # () for any ' > 0 and u is continuous, we use this fact

and (117) to deduce that for any sufficiently small s € (0, %[X(to) — %2]),

@iy (R)*\ ) 0 (X (10 — ), %2) x (0,KX (1)) ) #0.

Since (X (to — ), %) x (0,kX (t9)) € K(to — s), we obtain d(to — s) = 0 for these s, which is a
contradiction with the choice of tg.
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If x € Iy, then kz; = 29 < g, and Proposition 5 guarantees that
ui(z,tg) < —F(z1) < —5F (1) = X'(to),
UQ(CC,to) > F(%) > %F(Cﬂl) = —X/(to),

1
k241

and thus for n = (=k, 1) the outer normal unit vector of the Zy segment,

k+1
———X'(tp).
Vs )

Hence, by applying a similar argument, we infer that for any sufficiently small s > 0,
@y —s((R4)*\ Qo) N ((wl + X(to — s) — X(to), %) x (0,k(z1 — X(to — s) + X(to)))) # 0.

Since X (t9) < z1 implies (z1 + X (to — s) — X (to), 2&) x (0,kz1) € K(to — ), we again get a
contradiction.
Therefore, we complete the proof of Theorem 5. O

u(x,tg) -m>—

APPENDIX A. PROOF OF PROPOSITIONS 1, 2 AND 3

In this section, we present detailed proofs to Propositions 1, 2 and 3.

A.1. Proof of Proposition 1. We only focus on the case D = ]Ri, since the whole space case
is easier.
Denote by dy(x) £ dist (z,0D(t)). To start with, for the patch solution # given by (65) and

the velocity u given by (7), we claim that for any = € @ \ 0D(t) such that di(z) > do,
Vu(z,t)] < C(dy® +1), (118)

which means that the velocity w(z,t) is Lipschitzian about x when z is away from the boundary
0D(t). Indeed, recalling that u(z,t) has the formula (100) by odd extension and x(z) = x(|z|) €
C°(R?) is a cutoff function satisfying (44), and using the fact that § = const on B(w,dg) and

the kernel %G(\x!) is mean-zero, we have that for every z € B(z, %),

et = [ 6 - (1= x (B ) et 1

2 |z —yf?
which combined with (63)-(64) leads to

G(lz =yl 16 (1 =y 2 —y|
Vuwolse | (Fump oy ) (o x (el oldy

41G(Jx — y))|
R2 do‘x - y\

do
co 1 2 T‘_a —|— 1
< oo e
< C<H6(t)HL /%1 Tradr 10 22+ 100l /%1 = dr)

< ClOW)llzinzes (dg ™ + 1),

+C

(B ol i

as desired.
For the proof of (i), as discussed in [(1], we mainly need to verify that there exists 0 < B <

+00 such that for each 7" € (0,7T') and (z,t) € (@\8D(0)) x [0,717],
dy(Dy(z)) > e Bldy(z), and @ (z) > e Blay, (119)

with ‘1>§2) (z) = ®4(x)-(0,1). In fact, according to (118) and (119), the particle trajectory ®:(z)
solving ODE (67) is unique for each (z,t) € (R \ dD(0)) x [0,T'), which implies that the map
®, : R2 \ 9D(0) — R2 \ 9D(t) is injective for any ¢ € [0,T); while for the surjectivity of
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the map P, it follows by solving the ODE (67) backwards in time with any terminal point
y = ®(z) € R2 \ 9D(¢).

Next, note that the map ¢ € [0, 7'] — d¢(P¢(x)) is Lipschitzian (by using the same argument
as in [01, Lemma 4.10]). Thus in order to get (119), by virtue of Gronwall’s inequality and (67),
it suffices to prove that for any ¢t € [0,7"],

ddy (P
M) > Ba@,(x). sl 1)] < Bes. (120)
We first prove the second inequality in (120). Consider z = (21, ,2n), and each z;((,t)

a parametrization of the C'1° patch boundary dDg(t) as in the subsection 3.2, then analogous
with (77), we denote that

N

Izllw, & llzlce + D IFlx]ll~ + 8z~ + 1.
k=1

Since # given by (65) is a C' patch solution to the equation (1)&(7) on [0,T), we have
llz(t)||w, < +oo for every ¢t € (0,7). Similar as deriving (68), we deduce that

2 (1) Z i, (Bt =) = fGtie =T )y
o ) on (Rl =9 B~ )dy

o [ a0 (Rl = ol) - Rlle ~ 7)) do )

oD, (t)

MZEMZ

1

MZQ

“ / Rlle — 2500, 0)) — Rllz — (1)) 332 (n,1)) o,

1

J

where R(-) is defined by (69), n(y,t) = (n'"), n?)(y,t) for each y € dD;(t) and z; = (z(»l), z(-Q)).
Thanks to [61, Lemma 2.2] (see (129) belovv) we have

8,(-P )] < Cliz 5 (2 ) T8 < Clall 7 (2 ) 75,

This inequality and the mean value theorem lead to that
ug(z,t)| < 2HzH“"mZ |, // R (7la — 2 ()| + (1 = 7)|z — 2 ()| (=17 () 7 drdy.

Observing that |z — z;| < |z — |, |z — Z;| > z( ), together with (78), we have

Jua(, t>\<cuzul+vxzz( / / G drdn

i+
(rle =2zl + (1 = )z —Z;(m)]) "

)

// T\x_zjn;+§1_7>\x_ <n>rd7d">

<CHZH1+09UQZ// 1—7- 1+°d7’<‘x—zj( )’ H%fa_i_‘x_zj(n)’,ﬁ)dn

_1 1, __1
<Ol ( Lz == an+ [ o=z ).
j=1
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In addition, arguing as the estimation of T in [61, pp. 1309], we know that for every « € (0, %)
and o € (2=, 1],

_1_, _1
/T|x_zj(n)| e d77+/T|w—Zj(n)l Hedn < Cla, 0)llz|lw, ,

which implies the wanted estimate that for every ¢ € [0,7"],

240

fus(, )] < ON [zl 12 g0 v, 72

11—’

For the first inequality in (120), as showed in [61, Lemma 5.6], we only need to prove that

for any = € @ \ 0D(t) and any P € 90D(t) such that |[x — P| = d;(x), we have that for every
t e 0,7,

|(u(@) — u(P)) - £=5| < Cllzllie ol - Pl (121)

We first prove

(=5 - V)ule,0) - £1| < Clal=gozraws). (122)

Define R; £ (4||z(t)||wa)7%71. For every z such that |z — P| > Bt according to (118), and
noting that a(L +1) < 1, we find

‘(é - V)ulz )'(\f;:?

Suppose that P € 0Dy(t) for some k and consider each z satisfying |[x — P| < %. We split
u(z,t) given by (7) as

0 < Cllz(t)llw, -

N
Zaj (W (z,t) — @ (z,1)),
7j=1

where 5j(t) = {(z1,22)|[(z1, —x2) € D;(t)} an
1

' = L_y)L x — W(z,t) = ey x—
Wt = [ o Gl by, e = /D( G =)y

For every j # k, we have dist (x,0D;(t)) > dist (0D, (t), 0Dy (t)) — dist (x,0Dg(t)) > W -
Bi > Bt Tn addition, we also see dist (=, 35j (t)) > dist (x,0D;(t)). Thus, arguing as (118), wi
find that for every j # k,

(£ - V), 1) - R < VW (2, 0)] < CR;® < Clla@®)lw,

and

[=-RILICUR = p\‘<CHZ()Hwo

For the term involving u*, noting that np(r) £ =~

‘xip‘ is the normal vector at P € 0Dy(t), we

have to develop some cancellation of the normal derivative of u*. By setting
Sp(zx) £ {y €R?: (y— P)-np € (—Ry,0), !(y —P)- n};! < Rt},

and

usp(@) 2 [ Sl -y,
Sp(x)
and using symmetry, we observe that

np(e) - usp(e) = £ [ EG(le —yldy = 0.
Sp(z) Y
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Let x, = z + e ‘ with |r| < |z — P|. Due to that np(x,) is also the normal vector at
P € 0Dg(t) and np(x,) = np(x), it follows that

Xp—y)+
0=np(xr) usp(x) =np(z) - /S " (‘XF@;)‘Q G(|xr —y)dy, V|r| < |z—P|. (123)
p(z

Differentiating (123) with respect to r at r = 0, it follows that

(tvrw) 90 [ GOz —uay)|_nrtw) =0
Thus
‘(np(x) : Vx)uk(x,t) -np(x)‘ = ‘(np(x) -V2) <uk(z,t) — /S " %G(\z — y[)dy) ‘z:l‘ . np(ac)‘
<C (\Glgxyly\)l + lG/|(m|Ji;/TJI)‘>dy’

Dir(t)AS

where we have used the notation AAB = (A\ B)U (B \ A). In view of (63)-(64) and without
loss of generality assuming R; < ¢y, we deduce that

/ (Gl 4 1Sl )y < ¢ rdy
Dy (t)ASp (Dg(t)ASp)NB(P,R¢)

(124)
+C (—i + a>dy-
(DyUspI\BPR T TV
Since |z — P| < Bt |Dy(t)| = |Dk(0)] < C and |Sp| < CR?, by using the rearrangement
inequality, we infer that

/ \:vl dy</ ! dy+/ ! dy < C,
(Dy(HUSpI\B(P,Ry) * Y Bla/DrO)/=) 1T — ¥ B(x,CRy) |7 — Y

and
1
< / ——dy < CR;™ < C|l2(t) |,
/(Dk(t)usp)\B(RRt) |z — y|2te R2\B(z,Ry) T — y[*T® '
The remaining term in (124) is the same with I; in [61, Lemma 5.1], hence we conclude that

((E=h - k@, 1) - 25| < Clla@)llw,

|z—P|

For the term involving ¥, we can bound it as the estimation of V#(x)np in [61, Proposition

5.3]:

‘(ﬁ - V) (2, 1) - 5= P|‘ < Cllz(t)]lw, -

Collecting the above estimates immediately yields (122). Next, noting that if x; = P+7(z— P)
for 7 € [0, 1], then dist (x,, P) = dist (z,0D(t)), and by using the mean value theorem, there
exists some 7 € (0,1) such that

‘(u(m,t) —u(P,t)) - 2:5“ _

(:vfllz -V)u(xT,t) |95 Pl“x P|

(E=h - V)ulen,t) - 2|l = Pl

Hence, this equality and (122) imply (121).
The proof of (ii) is exactly the same with the proof of [(1, Proposition 1.3 (b)], and we omit
the details.
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A.2. Proof of Proposition 2. Taking the second derivative with respect to ¢ in both sides of
(72) and making a dot product with 3?%, we obtain that

d
il = [ al0) B (NLim (G0 + NLpa(G.t) + M(C 006, D) de, (125)

where NL;_j, is the term with j = k in the sum of (73) and NL; are the other terms in the
sum of (73). In the sequel, we shall separately estimate the nonlinear terms NL;_j, NL;, and
the tangential term A\g((,1).

A.2.1. Estimation of the NLj—y term in (125). First, NL;_; can be split into the following

where

Ok(Cat) = akA (8Czk(C7t) - 8Czk(< - nat))R(‘zk(Cat) - Zk(c - nat)‘)dna

Nk(C7t) £ ak/]l‘ (8Czk(C7t) - aczk(g - 777t))R(’Zk(C7t) - Ek(c - nat)‘)dn

We shall focus on N, which contains the additional term from the half-plane setting and is
more singular. By virtue of Leibniz’s rule, we have

/T Po(C) - ONK(C)AC = Iy + I + I,

where

/ / 0221(C) - (B32(C) — 0¥2k(C — M) R(121(C) — (¢ — m)]) ddlC,
L2o / / 2(C) - (0220(C) — 220 (C — ) O R(12(C) — Zr(C — m)]) dpdC,

lI>

I3 / /8(Zk (Oczk(€) = 0czr(¢ — ) FZR(|21(C) — Zx(¢ — m)[)dndC.

Noting that

I = / / 0274(C) - (032(C) — 022x(C — m) R(|24(C) — Z(C — m)]) dndC
(127)

_ /T /T (¢ — 1) - (B350(C — 1) — B22r(O)) R(1(C) — Za(C — m)[)dnd,

we use the integration by parts to deduce
1
f=—1 [ [10800) - (¢~ WPOR(0) - 5uC ~ m)dndc. (128)

For every k,j € {1,--- , N}, we denote Z, ;(¢,n,t) 2 2 (¢, 1) —Z;(¢—n,t), and we also abbreviate
Zi,;(¢,m,t) as Zy ; if the variables ((,7,t) are clear in the context. Notice that

O Zr5(C,m,t) - Zi 5(C,m, t)

| Z1.5(C,m, 1) '
In order to control |0 Zk x(¢,n)|, we recall an important observation in [6], Lemma 2.2] that
for every g(¢) > 0,

OcR(|Zy5|) = R'(|1Zr 51)

0c9(Q)| < 2”&9”“” Q)%+, V¢eT,oe(0,1]. (129)
Thus, in combination with the following facts that

Inl < Flze] (¢ m)lzk(C) = 21(C = m)| < I1F (2]l o [ Zkk(C )] (130)
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(1) (2)) )

and (recalling z, = (2, 2,

2:2(¢ =) < 2(C) — 21(C = )| + | Zoi ()]

(131)
< llzellcrlnl + 1Zks(C )l < (Izellor[F 2kl o + 1) [ Zks(C )],
we find the crucial inequality as follows (see also [32, Eq.(18)]),
10¢ 211 (C )] < 192k (C) — Dezr(C — 77)|+2|<942k (€ —mn)l
< ll9czxll 3 Inl +4||3<Zk\|é% (22 —m)*
1 2 1
< Cllzellm2 P2kl 2o + Nzl Fr2) 1 Zs ()l (132)

In addition, from (78) we see that |R'(|1Zx;|)| < C(|Zk ;17" + |Zk;|7'). Hence, we use the
above estimates to obtain that

(1| + [12] < C/T/T (10224(Q)1? + 10Z21(C = m)*) |B (| Z1o )| 10¢ Zk (¢ ) [dnd
Ol N F Ll + el ) /T/T (10220(O) 1 + 1022(C = MI?) (120l =57 + | Zigel ~5)dnd(

1 2 210 _2_ _2
< C(llzll a2 F L2kl F + Nzl Fr2) (1F 2]l E o +1)HZ/€H§{2/E(‘77’ 37+ 075 )dn

< C(IFLrlIZE + 1) (Izkll a2 + 1) 2l 7o (133)

By direct computation, Is can be rewritten as

Zig - (0221(C) — OFzr(C — 1)
b= [ [ (0 %Zs(C) B (2] s ¢ ) dna
TJT | Zpe ke
| [o2240)- ocziatc.r (e 225 anac
Zik - OcZp gp)? (Zy - Oc Z jp)?
+ o2 -0 7, —R(|Z (’—’—FR”Z —— =" )dnd
/T/T Bar(Q) - Oz ( = R0kl 270 (1Z1) 2725 ) dnd¢
£ I3y + I3 + Iss. (134)

The term I3 can be estimated exactly the same as I5. By using the symmetrization trick as in
(127), we have

1 0¢ Z, i |
TJT k.k

1 |0¢ Zi o]
=- Oc(10c Zk 1|2 R (| Zye i) = dnpdC.
Then through the integration by parts, we find

1 Zyk - OZirk (R'(|Zk k) R(1Zkl])
I:——//8Z4’ ( k) _ ’)dd.
5 8 Jr T’ ¢ Dok | Z k| | Z k| Zii? ) ‘

Hence, in view of Lemma 3 and (130), (132), we can deduce that for every e € (0,3 — a),

| ”(| kk|)| | ,(|Zkk|)|
I <C// 9 Ziopl? (LD | EUZREDD g
[Tz % | Zik] R ) ¢

1 1 1 1
< C(lanlim Pl + axlfa) | [ 02 (g7 *+ g7 )

1 |0cZy "
Cllanlml PRI+l FEl) [ [ st C
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: 110 Z !
+ O P + Vel Flasdige) | [ ni™8 2k dnc
Now we recall the following crucial result (see [32, Lemma 7]) that for every 2m-periodic positive
function 0 < g € H?,

!g’(ﬂ)

CﬁHQH[ﬁ ’ V/B € (172]7

(135)
and in combination with (130)-(131), we find that for every a € (0, %),
(2) 4
1 |0cZrpl* < e-110¢2(C) = Bezie(C = )|* + 10cz,” (€ =)
//‘ | | Z o573+ R \77’ | Zk (G, m)|oto/3+e dnde

at§e Ia% Az (¢ —n)*
L e L

a € a !
C (et | Flaallle +1) +*‘//H“ ‘j?_fDJZ%+JMd<

Il

+32+e -
< C((lzkll 2 + DIF ]l + 1) <sz‘H[3-12
an

__| c Zi el 4 5 4
\ |73 ‘4/3d nd¢ < C((Izell gz + VIIF (2]l + 1) <HZkHH2 + szHm)

Hence comblnlng the above estimates leads to

7 14
[Tsa| < COF LI +1) (2l e + 1) (o2 + 24l 32

The term I33 can be estimated in a similar manner: by using Lemma 3, (130)-(132) and (135)
again, we find

R (Z
/T|8CZIC,I~:|3<7’ ](Z k) +|R”(|Zk,k|)|)

e |
< Cllaulim (Il Pl + lanlo)|| [ 10620 (e + ) 1)
— L H T ) ’Zk,k’5/3+a ‘Zk7k‘2/3

53] < |2k | 2

)

and for every € € (0,1 — )

H 10 Zi k>
’Zkk’5/3+a 77

< C||Fzk

L2

10c2(C) — Bezn(C — )2 + 1022 (¢ —
L? = CH/ | Z1e 1 (C,m)[P/3+e

2
/|aCZk - — Ocz (¢ — ) dn‘

‘5/3-1—04

n)|

i,

[

L2

+C((lzllrz + DIF i)l +1)°

e—1 \({“)Czk (= 77)’2 ‘
))a+2/3+6

L2

10¢2k(S) — B2 (€ — 77)”
<cIFEiEE [ e L%n

ot 0c2” () 1/2
(e + VIF Ll +1) (A@ngﬁmwe)

+2 i _a—c
< C((lzkllgz + DIF k)l + 1) 73 (Izal7e + 2kl )
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H/ |0¢ Zs u|* kk"
T |Zkk|2/3

s [ 10cr(©) — Acar(c — )l
< C|IFlaf. [ St iy

2
C (el + DIF el + D)7 [ i 9c2 (¢~ ) |

(2 ¢ =)™

13
IZkllfm + 2kl 2)-

L2

2
C((Nzkllg2 + DIIF[zx]llzee +1)3 (
Thus, gathering the above estimates yields

4o 8 u
(L33 < C((llzkll 2z + DIIF[ze)llzee + 1) (2kllZz + Nzkll 22).

and moreover,
7 14
| /T 0224(C) - BNK(C) Ac| < NPTl IFES + 1) (ol + 1) (Nawle + Dzl ). (136)

A.2.2. Estimation of the NL;jy term in (125). First, for ¢[z] defined by (76) we claim that

N
%(«wl) < C(DIFLlg + 012~ ) 2. (137)
k=1

Indeed, from Lemma 3 and (130), notice that
| [ @cx(0) = aczitc = ) Belan(c) = 2,(¢ ~
< CH /1r |0c2k(C) — 8cZ5(C — )| (’Zk(C) —Zi(C—n)|"* 4+ |z(C) — Z(¢ — n)])dnHLw
. {CHZ||01 (9]~ + [zl 1<) for j #F,
Clzllcr (1F [zl +lzlL=),  for j =k,

and the same upper bound holds for estimating || [ (Oczk(¢) — 9c2;(¢ — 1)) R(|z(¢) — 2(¢ —
n)|)dn|| e, thus, recalling NLj given by (73), we obtain that

INLy ||z < Cllzllon ([1F (2]l g0 + 0[2) + [|z]| 2 );
in addition, via integrating by parts in the expression of Ay (see (74)), we have
AR ()02 ()l L < ClINLi[|Loe |2k [l 2 [l 2k [l o1
< C(IF (]300 + 0[2) ™ + ||zl 22 ) 121772
hence, from the contour equation (70) we find that
102kl Lo < C(IF ]2 + 0[2] ™ + |zl r2) (Il2l] 122 + 12172,
and thus,

(51l ™") = ola] 2 S 0lal(0) < CIF sl + 012 + alare) (ol + o)

Now we start the estimation of the term NL;.j, in (125). For every j # k, we split it as

where

O,k (C,t) Za]/ Oez(C,t) — Oczi (€ — 1)) R(| 2k (¢, 1) — 2;(¢ — n, 1) [)dn,
J#k



50 QIANYUN MIAO, CHANGHUI TAN, LIUTANG XUE, AND ZHILONG XUE

NS S / ezk(C, ) — Oz (C — m ) R(120 (G0 1) — Z5(C — m, 1)),
Jj#k

We only consider the estimation of the term N, since the treating of Oy is easier and can
be implemented in the same way.
By using the notation (82), we have

/aCZk (9C Hgde Za]//agzk 8((8CZIH(C n) (|ij|))d77d<

J#k
—Za]//agzk 3<ZkJ(C n) R(| Zk. ;1)dnd(¢
J#k
01
#30a; [ [ B 022y T R 2 g
j£k | Zk,5(C, )
#3a0; [ [ a(0) - 0 (Con) OB R(Zi )i
J#k
éJ1+J2+J3.

Through the integration by parts, observe that

h= Y [ [ 02(0)- (08a(¢0) = 826~ m. ) R Zis )¢

J#k
= —Zaj (102 21(C) ) R(| Z, 5])dnd¢
Sl
+ 300y [ [ 200,085, - RNz landd
J#k

7z oz
Z——Z%//Wc 2(Q) k’Z SR 2R RY(| Zg gl dndC

7.]’

Ly i+ OpZy,
= Soa [ [ i) oz - PR 2 hanac.
j#k k.
Thus, by using (78), we obtain that
[T+ 12| < Cllzkl|Fellzl o (1 + 8[2]7277).

For J3, we see that

s <Y a / / 022(O)] 19 Zi 3P |R" (1 Z1 ;)| dndC
J#k

0cZ
25 [ [ 10201 1R 200 22 ana
J#k kg
10¢ Zk 5|0 Zi 1

+ 300y [ [ 8Ol IR (20, D=0 .
7]

J#k
Hence, by virtue of Lemma 3, we have

1 1
sl < © (1lzli Nzl + izl 2 llzllFe ) >~ sup ( + )
¢ i j% et MZiiPTe |2yl

< Ollzz2 (1 + 0[2] 7).
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Collecting the above estimates gives
4 _9_
(/Tagzk(g) NG adc| < C (ol + 1al) (1 + 61220,

A.2.3. Estimation of the tangential term in (125). Now, we deal with the tangential term in
(125). We have

/Tag%(C)'3f(>\k(4)5¢2k(4))d4Z/Tag%(o'3§’Zk(C)>\k(C)dC+2/T(9?Zk(C)'3§Zk(4)3¢>\k(4)d€
+ [ 9a(0)- ) MO
=5 [ 1BaOPOI + [ BEan(6) - (€ MG
5 [, 1003k Ak 2k 2k c Ak :
Since Ay (t) = |0¢2x|* depends only on ¢, we have Bgzk(g) Oczi(¢) = 30c Ag(t) = 0, and thus
3 3
[ 22240 20n010c0(©)ac = § [ 180 PAMIOE < 5 an Bl 0 @ (139

From (74), we see that
_ 0cz(Q) - ONLi(Q) | 1 [ Oczw(n) - OcNLy(n)
N O = R

with Ag(t) = |0c2(¢, 1) 2 for every k€ {1,--- ,N}.
It remains to estimate A H(?gzk( ) - OcNLg(¢)|| <. We only consider those conjugate terms

dn,

of NL, as the other terms 1n NLj are similar and with more cancellations. Recalling that
NL;—(¢) is given by (126), the conjugate term in d:NL;—(() is decomposed as follows

0 [ 0cZua(C.n OR( Zial)in = K1 (©) + Falc),

where

Zike - OcZi ke
Ky & / Oc Zi R’(\Zk,k\)"Ti"dm Ky 2 / 02 Zn.x R(| Zy o) dn,
T s T

with Z, j, defined by (82). Using (130), (132), and noting that
_1 -
A2 = |0czr (¢, 1) < NIF 2]l

we get

1 1 1 2 (9 1 1
- . <(C——_ 3 3
1o 20 K30 < g (el Pl + Vealle)? [ (s + 1w

4 2
< OllF [l el (2l e + 1) (1 F Ll 25 + 1)
Notice that d¢z(C) - agzk(g) = 0¢Ag(t) = 0, we apply (78) and (130) to deduce that

0c54(0) - Ka(Ol = | [ 264(€) - B50(C = m)R( ZealC.m. )i

1 1
<C——0 (7 + 1Zel)d
< Cqmalele [ (g + 17 )
< C||F[zi]ll o N2l 2 (1 F (2]l Toe + N2k ]l 2ov)-
For NL; given by (138), the derivative of the conjugate term satisfies

0 [ 0:Z1y € R( 2 D = Ka6) + Ka(©)

1
Ag(t)
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where
i O Z
ko2 [0, Rz Py ko [ 02, R0z iy
T k,j T
By virtue of Lemma 3, we immediately have
1 —1l—«
2, % Q) KOl < CHF L] lell (007 + 1),
and
1 1 ~
250 KOl = | [ 2cal€)- o3¢ = mR( Ziy

< CIIP [zl el g2 (612 + ] o).
Gathering the above estimates, we find
10cAk]lzoe < ClF 2]z Izl g2 (2]l 2 + 1) (1F T2 I 5 + 0[] 77 + flzllp +1). (140)
Hence, the tangential term in (125) can be bounded by combining (139) with (140).
A.2.4. Estimation of ||F[zx]| L. Recalling that F'[z;] is given by (75), we infer that

(O — 2 = ) (i) — Bzl — m)
Ok lz) = [2(0) — 7 =P |

From the contour equation (72)-(74), and using the notations (82), we can write

2k (C) — Dz (€ —m) Z

where
N
N, £ Z (O¢zr(C 3¢Zk(C—77))/TR(|Zk,j(CaM)|)dM,
B N
Ny 2 =" /T (02 (¢ = 1) = Oc2i(C — = 1)) R(|Z 5(C, o)) dps,
j=1
N
Ny 23 a / (9c2k(C = m) = B =0 = ) (B(1Zag (€ 1)) = R(1Zis(C =m0 ) g
j=1
and
N
Ny = Zaj(aczk<c> ) /T R(1Zk (¢, m)l)dp
Nj & —Za]/ 0cZk(C — ) = 0Zk(C — = ) R(1Zk (¢, )] ) s
7=1
No 2 3005 [ 0cZialc =m0 (R(Zes(6.)) = R(ZesC = n.10))an
7j=1
and

N7 £ X(Q)0czk(C) — Me(C — m)Oczi(¢ — m).

Thus, we have

Z nl(24(0) — (€ =m)

|26(C) — z6(C —m)|?
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Since the estimation of the terms involving N; (i = 1,2, 3) is similar to (and easier than) that
of the terms involving N, ;3 (i = 1,2, 3), below we mainly focus on the terms containing N4-N7.
For N4, we have

B 0 (21(¢) — 2e(¢ —m))
|21 (0) — 2z (¢ =)

- Ny

— (¢ — 2 2 al
_ (o) i ’)7)3 ,E?é ) nld - ) > | B2 )
= Ny1 + Nyo,
where
z —2k(C—m) — N0z “(Ocz — 9z (C — -
Ny & o 0l (z6(€) = 21(C W‘)zk(g)c_l;ii)g)_g)c‘gk(C) czk(C —n)) Zaj/TR(yZm(g,u)])du,

j=1

’n‘(naCzk(C)) : (aCZk(C) - aCzk‘(C _ 77)) iaA / .

Na2 = |21 (¢) — z(C = )3

Noting that

12%/ (121G ) du\<cz/ e B

< C(|F 21| F + 62 + |12]| =),

we can bound Ny as follows:

[Naa| < ClIF el [F |9cz]12,

/ (121,5(¢, )| d#‘

< CIIF[ZkHI?iooIIZkIIfnp(HF[ZkHILoo +0[z] 7 + ||zl L~ ).

Using the fact |9¢2(¢)[* = Ak (t) = 102 ()| + 2[0c21(¢ — n)|?, we can establish the following
identity

Oczk(C) + (Oc2k(C) — 02k (€ —m)) = % (|3¢Zk(C)|2 —20¢21(C) - Ocz(C —m) + |92k (C — 77)|2>
= 510c24(C) — 0cn(C ). (141)

Then the term Ny9 can be estimated as follows

9 P 9
Nl < ‘!n\(n CZkﬁii)( )(—CZE? 77'43% ¢ —mn) Z“J/R st du(

) 10c2k(S) — Dczi(C — )|

< CIFlzrllli (1P 2kl + Ol2] ™ + |zl o o

< ClIF [zl 10c2k]I7,y (IF T2kl oo + 012l + |1zl o).
Now we move to the term involving N5 Direct computation leads to

‘Inl z(¢) — z(¢ — 1))
|22 (¢) — 21 (¢ — 1) ’3

B < o)F ) HLOOZ/ ds [ 10830(¢ = 1 = s0)l [R(1 (G, e

1
P 2 2= o, 70
< CH [Zk]HL‘X’ ;:1/0 ds/’]T laCzk(C K 377)’ (|Zk;7j(<uu)|a ‘ k7](C7/’[/)‘)dl’L
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< Ol F [eull7 22 (IF [en]lIFoe + 012] ™ + [|2]| o).

For the term involving Ng, using the fact that

R0 6. 0) = R Zs(C =) = =0 || SR 75(C s
_ - . Zy i (C = sn, ) - Oc Zy j(C — sm, )
i B S T e v e

together with (130), (132), we deduce that

N 1
|Ns| < Cn Z/O dS/T 10¢ Z1o 1o (C = 0, )] | R (1215 (C = s, 1)) |10¢ Zi 5(C — sm, )l
j=1

! 1 1
< Clnl||z / ds/ + ocZ —sn,p)|d
nllzllcn VAR M),Ha T ) e = s s

1
+Clnl||z / dS/ + d
] ||Cl Z | Zk;(C = sm, )M | Z (¢ — 3777#)0 :

< C|77|HZ||01(||ZI€||H2 + 1) (IF [l 15 + 0z + 1),

Hence, we have

‘77 )—Zk(C—n))-N‘
|21 (0) — ze(C —n)?

Finally, we deal with the term involving N7, which is decomposed as

Il (21(¢) — 26(¢C — 1)) - N7
121 (C) — 21 (C = )3
~Inl(z(Q) = z(¢ =)
=0l (MO (Bck(Q) = Bcr(C = m) + (Ww(€) = Ml = m)Aczr(C) )
_ ] (26 (¢) — 2(¢ — 1) — ndcz1(C))

|25 (0) — zu(¢C = )2
nln Ol E)— Bl
+ PG _Zk(c_n”g@gzk(o (0cz(¢) = Oz (¢ — 1)) Me(€)
Inl(21(¢) — ze(¢ — 1))
|2k (¢) — 2z1(C = )3
£ N7+ Nyg + Nrps.

< Cllalge (2l 2 + DI (L)l EE + 31277 + 1))

02k (€) — Bezi(C — 1) M (€)

-0z (O) (AR() = Me(C —m))

For N7q, it is obvious to see that
[Nn1| < ClF Tl 10 2k12,y 1M (O] < CIE ][ e 2k |2 Ik oo
For N7g, in view of (141), it yields
|N7a| < ClIFlai][lFec 10217,y 1Mk o

In addition, from (73)-(74) we have the following bound:

C ™
Il < qisslladen | 10NLOIAC
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For the estimation of NLj = NL;_j + NL;, we only treat the conjugate terms since the other
terms can be handled similarly. For NL;_;, using (130) and (132), we have

2
2 |2
<C(IFlzx)l1g + lzllzee) zell 2 + C Izl m + llzxllF2) " (I F LI5S + 1)
For NLj, we deduce that

/T |0cNL;zp,|d¢ gcg /T /T |02 Ze,5(C, 1) | R(| Z (¢, 10)]) | d

+C 3 [ [ 10205 P IR (206 Dldndd
i#k TN
<Cl|z]| g2 (6[2)* + |lzllz=) + CllzlZx (6[2) 7~ + 1).
Hence, we obtain that
Ml o <CIF i)l po |2 2 (12072 + 1) (1F [z 75 + 612) 7 + (|2 e + 1), (142)
and thus the terms N7y and N9 are under control. For the remaining term N73, it follows from

the Newton-Leibniz’s formula A;(¢) — A\e(¢ —n) =7 fol Oc (¢ — sm)ds that

Il (21(C) — 2£(¢ —m)) - N73 )
126(C) — 2z1(C — )P < C|[F[zk)llzo~ 2k ll o1 1| O¢ Akl oo -

In addition, ||O¢Ak|/z~ has already been estimated in the section A.2.3.
To conclude, gathering the estimates in the above subsections, we obtain the desired estimate

(80).

A.3. Proof of Proposition 3. From (81) we get

Oz (C,t) = By (D (G, ), 1) + Oy (Dr(C, 1), 1) - Dppie(C, ).

By using the contour equations of yi(u,t) and zx(¢,t) as in (70)-(72) (exactly arguing as the
computation in [32, p.28]), we have

N
Ordr (¢, 1) Zzaj/T (0ctr(Ct) — 0ci (¢ — . 1)) R(J21(C, ) — 25(C — m,t)|)dn
j=1

N
+ Z a; /IF (8C¢k(<a t) - anbJ(C =1, t))R(|Zk(C’ t) - Ej(g -1, t)|)d77 (143)
j=1

+ M (€) Oc (€, 1)
£ Hy+ Hy + H3.
From the equation (143) we have

1d
g7 160 = e+ 10u1%e) = [ (010) = Qandc + [ entcrrnac +2 [ SBontc) de2on(c)dc,

It follows that
| [0 = 00ndd] +| [ 600 2:01(0)¢] < CUIu(0) = Clze + 2 011

In addition, in view of (142), it is easy to see that

10 pkll e < C(IF [zl T + 0l2] ™ + 1zl oo + 1)l dkllor + CliAkllzoe [l dkllcn
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< Clideller (lllzz + 1) (1 F L] |5+ o[zl = + |1zl +1).

Since the estimation of H; in (143) is much easier than that of Hy in (143), we shall only
deal with the last two terms in (143). Differentiating two times on the term Hs, we find

O¢Hy = Ha + Hay + Has + Hoy + Hos,
where (recalling that Zj ; = Zi ;(¢,n,t) = 2z,(¢,t) — Z;(C — n, 1))

N
Hu 2> 0, /T (020(C,1) — 825 (C — 1)) R(1 Z 5 )b,
j=1

OcZr; -
|41

>

N
Hpn 223 a; /T (261(C. 1) — 0265(C — 0, D) B (| Z151) P gy,
j=1

e , R Zi N (0cZij - Zioi\2
Haa 230y [ @con(cot) = 0coyc — n.0) (R1Z15) - 240 ) (A2 2y,
j:l 2] 5]

R Znj - Z

N
Hyy 2 ; 0, — 0r i (C — R (|Zy.;
24 ;%/T( O (C,t) — Ocdi(C —m,t)) R (| Zk 5) Z

& ) 0¢ Z. 5|2
Hy 2> 0, /T (0c0n(G:1) = O3 (¢ — ) R (121D = 224
.]21 7]

For Hyi, we separately consider Hyi|j—j (containing only j = k term) and Hai|jx; (the sum-
mation over all j # k € {1,--- ,N}). By a symmetrization argument, we see that

ag

J 200 Hlyrac = % [ [ 0c(080x(0) = on(¢ = ) R ZishamaC

Tk 07
—%’“/T/T\a?mo—m(c—n)\?R'qzk,kDM

dnd(,
| Z k| ¢

which gives

| [ 0860(0)- Harly-scic| < Uzl + 1) (IFLall 2 + 1) e

On the other hand, for Hy| j+#k, We observe that

[ 08600 Harlyad¢ =3 s [ [ 5B0nlc) - on(R( 2y
J#k

=Y [ [ 086u(0) - Bonc —nR(Zehandg
J#k

Z 0cZ,
=——Za]//|8<¢ (OF R (121) 42T g
7]

_ Zk aZk,]
];aj//acm OBou(C (121 2

which yields

‘ /Tagqﬁk(C) : Hzl\js«éde‘ < C(0l2 7 + 1) |12l 2 | Bl 2

The term Hsoo can be bounded in a similar way, namely,

| [[0860(0) - Hndd] < COPEILE + a1 + 1) (el + 1) 6 e
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For Hag and Has, by applying Lemma 3 and (130), (132), we have

/3g¢k - (Has + Has dC‘

) R (|Z4))
gc; /0 || L1026 380u(c = smplmloc zul? (1802 ]+ 5 75400 s

< C(llzlte + 1) (IF =177 + 612727 + 1) [ drl7pe-

For Hyy, using the fact that H? «— C’l’%, we obtain that
N 1
| /T O20(C) - Haud| <Clocen] Ly > /T /T 102 6k(C)I[02 Zi 3 (S, m|Inl= | R'(1Zi51) dndC
j=1

<Clloxlrelzlz (IF()IFE + oz~ +1).

Next, we move to the estimation of the last term Hz = A, ({)0:¢x(¢). By Leibniz’s rule, we
have

/T 026(C)- 02 (M) i (C))dC = / 261(0) - Dedu(C) B2A(O)AC

+2 [ R0u(0)- 8onlc) 2N + [ 5B0uC) - 906 M(OC
£ Ha) + Hsy + Has.
Noticing that
1 1
s = 5 [ 00133 QPIM(OAC = 5 [ 8OO,
and recalling the estimate of ||O¢Ai|/z in (140), we have

| Hso| + |Hzs| < Cllowllzz | Flarllze 2l a2 (2] 2 + 1) (1F ] |75 + 0[] 717 + |lzllze +1).

In the sequel, we focus on the estimation of Hsy. By differentiating A\;(() given by (74), we
have

= (B 1),
where
N (9 z
ce-y C k /BC kg (€, ) R( Zy 5 (€, 1)])dn,
J
R N agzk Zr.j - OcZk.;
Oy 2 — /8 i(¢m,t) (\Zk,j(C,nat)\)de’

:1

and C3 and Cy are those non-conjugate terms (with Zj ; replaced by Zj ; in definitions of Cy
and C9). We only deal with those conjugate terms C7 and Cy since the other terms are much
easier. For C1, using the fact that 0c2;(() - 82zk(C) = 0, we have

0,
9c.Cr = 3((2 a; CZk /8 Zi(¢ —n,t) (’Zk,j(Can,t)\)dW> = C11 + Cr2 + Cy3,
Jj=

where
82 Zk

Cll é / a C 777 (‘Zk,](<7777t)’)dna
j
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8 z
7]

N
Ay
Ci2 =

8(2k

N
Ay
Ciz =
71

/ 02%;(C = 1, O/ R(1 24y (C,m, ) ).
The term Cp; can be treated as

N
[Cuillz <l NPl Yo | [ 0855(C = .0 R1Zis G )|
j=1

< Cllarlze1F e (1 2n]l|Foe + 0l2] ™ + |1z o).
For Ci9, using (130) and (132), we infer that
1C12]l 2 < ClIF (eIl oo |zl 12 (1|2 22 + 1) (1F [ 5 + 6l2] 7 + 1).

For C13, we integrate by parts to obtain that

agzk

HcaguchH 2 [ 022,c =~ 0 0R(Zus Cnnt))

) T 02 (C —
ZH CZk /acZJC VR (| 2 (C.m 1)) =22 &:ﬁc n)dn(

B 0¢Zk ) = 9cZk(C —m)) - 0FZR(C — 1) g - 0Zp(C—m)
a CH/ Ag(t) 1) | Z x| ‘ ‘ L
3<Zk ’ Zk,' ' 842(4. - 77)
+C Z H /a C 77’ R (|Zk7j|) : |ijj| d’l’]‘ L2
< CHZ||H2(HZ||H2 + 1) (IF [z 7 + I1F 2]l o) (1F [z | 15 + 2] + 1),

where in the third line we have used the fact that 0:Z,(¢ —n) - 8§§k(g —n)=0.
Next, for 9:C3, we have

N 2
8 Zk Zk -0 Zk ]
%Ce==3 0y 5 [ ocngcn Rz D O,
7]

N
8 Zk Zk7 ) 8 Zk’
S0k /aczm G R (12 ) ==
‘_1 7-]

N
(9 Zk Zk ;e (9 Zk N\ 2
Yo 52 [z cnnr (2 (P40 o
j=1 sJ

N 2
zk Zk Zkj O: 2k
o ZaJ C /8 Zk] G, )RI(‘ k‘J‘)( (|Z |) 3< kg T |Zk<| )dn
j=1 5J

£ Oy + Cog + O3 + Coy.

For the term Cys, by using the fact that (similarly as deriving (141))

O¢2k(C) - O Zy (€, m) = Ocz1(C) - (Oczr(C) — OcZr(C —m)) = %\34%(0 — Oczr(¢ =),
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we deduce that
[Casllee < CNPLalE | [ 106(6) = dcaalc = mE IR (1 2k I 10cZualat

+ Cl| Flei]l| o< |2l (072] 77 +1)
< C(IFlF + 1Pl o) Vel (Nl + 1) (IF ] 522 + 027 + 1).

The remaining terms Ca1, Ca2, and Coy can be estimated as above (in a much easier way), thus
we omit the details. Then we conclude that

10¢Call 2 + 02kl < C,
with C' > 0 depending on ||z|| 2, d[z] ™ and || F[z]||zo -

Therefore, collecting the above estimates, we obtain the desired result

d N N
5 (O e = ¢l + llonlie) ) <€D (= Clli + ole).
k=1

k=1

L2
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