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RESUME

Nous démontrons un résultat d’existence globale de solutions faibles pour I’équation
Surface-Quasi géostrophique généralisée dans le cas non-visqueux. Nous démontrons
aussi que ces solutions faibles existent globalement et sont réguliéres si la dissipation
est légérement sur-critique, ce qui de maniére équivalente correspondrait au cas
logarithmiquement sur-critique du fait que la vitesse soit singuliére. Enfin, nous
prouvons que ces solutions deviennent régulieres & partir d’un certain temps
dans le cas d’une dissipation sur-critique. L’idée principale de la preuve du
résultat d’existence de solutions faibles dans le cas non-visqueux repose sur
I'utilisation d’estimations de commutateurs bien choisis ainsi que d’'un découpage en
hautes/basses fréquences ou en espace proche/loin de zéro pour permettre le passage
a la limite ; tandis-que la preuve de I’existence de solutions globales réguliéres ainsi
que la preuve du résultat de l'existence d’un temps de régularisation dans le cas
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d’une diffusion sur-critique sont toutes deux basées sur 'utilisation de la technique
du module de continuité.
© 2019 Elsevier Masson SAS. All rights reserved.

1. Introduction
In this article, we study the following generalized Surface Quasi-Geostrophic equation

O +u-VO+vAP9=0, (t,z) e RT xR
(9SQG)s : S u = V+AP~2m(A), (1.1)
0(0,z) = bo(x), T € R27

where v > 0 and § € (0, 1]. Recall that A® is the usual fractional Laplacian operator defined as

B O(x) — 0(x —y)
AP0 = (-A)°%0 = Cy P~V~/ TR W
R2

where Cz > 0 is a positive constant. The operator m(A) that appears in the velocity is defined using the
Fourier transform via the following identity

1
(2m)?

m(A)f(z) = / eS¢ F(O)dC,

R2

where m satisfies the following conditions:

(A1) m(¢) = m(|¢]) is a radial nondecreasing function such that m € C*°(R?\ {0}) and m > 0 for all ¢ # 0.
(A2) m is in the Mikhlin-Hérmander class (see e.g. [40]), that is, there exists a constant by > 0 so that

[CFIOEm(Ol < bom([C]), Yk € {1,2,3,4,5},VC #0. (1.2)
(A3) There exists a constant « € (0,1) and a constant b; > 1 such that

[CIm/(IC) < am(IC]),  VIC| = b (1.3)

(A4) There exists a constant A € [0,1) and a constant by > 1 such that

nllc(i) <by,  forall ( € R\ {(0,0)} such that [¢| < 1. (14)

by! <

Moreover, instead of (A3), we also consider the following more restrictive assumption
(A5) There exists a constant « € (0,1) such that

[¢lm’(I¢]) < am(|¢]),  forall ¢ € R*\ {(0,0)}. (1.5)

If v > 0 and m(A) = A= (which obviously satisfies (A1)-(A5) with a = A = 1 — ), then the (¢SQG);
equation reduces to the so-called Surface Quasi-Geostrophic equation. This equation reads as follows
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i0(z,t) +u- VO 4+ vAPo =0,
(SQGR)s : { u=R* 0 = (-=0,,A710,0,,A710), (1.6)
0(0,x) = Op(x).

The (SQG)p equation is an important model in geophysical sciences that serves for instance in meteorology
and atmospheric sciences as well as to understand turbulence flows (see e.g. [34]). Besides, it turns out to
be an important mathematical equation because of its similarity with the 3D Euler equations and the 3D
Navier—Stokes equations (see [8]). In the dissipative case v > 0, due to the scaling of the equation, one may
consider 3 cases that are 8 € (0,1), 8 =1 and 8 € (1,2) which are respectively called, supercritical, critical
and subcritical.

The operator m(A) in the equation (¢SQG)g defined in (1.1) plays an important role. It would allow
us to consider a larger class of SQG equation with singular velocity. Indeed, by choosing an adequate m
we can allow the velocity to be y-order singular (i.e. the symbol is of order v € (0,1)) or v-order regular
(i.e. being of order —y € (—1,0)) or logarithmically y-order singular/regular (i.e. being of order v/—v up
to a logarithmic factor). This would make the study of the Cauchy problem (1.1) much more delicate than
the usual (SQG)s equation (1.6). Equation (¢SQG)s with general m(A) and in the case v > 0 and =1
was initiated by Dabkowski, Kiselev and Vicol [19] where the authors have studied a double logarithmically
(0-order) singular velocity. This is equivalent to say that the equation has slight supercriticality in the
velocity. In this paper, we shall basically follow this approach by considering a general family of multiplier
operator m(A) that gives rise to a logarithmically «y-order singular/regular velocity, and we shall focus on
the construction of global weak L' N L? solutions in the inviscid case and then study their global regularity
or eventual regularity in the viscous case, essentially critical and supercritical.

Let us first recall some well known results about the classical (SQG)s equation. After the first math-
ematical study initiated by Constantin, Majda and Tabak in [8], there is a huge mathematical literature
dealing with the (SQG)s equation (one may see the long reference list in [9,5]). In the inviscid case v =0,
L2-weak solutions were shown to exist globally in Resnick’s thesis [35], then Marchand [32] was able to
extend Resnick’s result to a more general class of weak solutions, namely, he proved the existence of global
weak LP-solutions with p > 4/3. While the uniqueness of Leray—Hopf solutions (i.e. L?-weak solutions) is
still a challenging open problem, Buckmaster, Shkoller and Vicol [3] have been able to make an important
step toward this problem by showing the nonuniqueness for a class of solutions having negative Sobolev reg-
ularity. In the dissipative case, that is v > 0 and 0 < 8 < 2, the equation has been studied by many authors.
While in the subcritical case (1 < 8 < 2), the global wellposedness is by now very well understood (see for
instance, Resnick [35], Constantin—-Wu [12], Dong-Li [20]), the global regularity in the critical case (8 = 1)
turned out to be more delicate to prove and has been successfully obtained slightly more than a decade
ago by Kiselev—Nazarov—Volberg [29] and Caffarelli-Vasseur [4]; both proofs used different techniques and
have appeared almost at the same time. The method used by Kiselev, Nazarov and Volberg is based on a
preservation of a well chosen modulus of continuity while the Caffarelli and Vasseur proof is based on the
De Giorgi iteration method. Two other proofs of the global regularity have been obtained independently
by Kiselev—Nazarov [28] using a duality approach and by Constantin—Vicol [11] using what they called the
nonlinear mazximum principle.

In contrast with the subcritical and the critical case, the global regularity issue in the supercritical
remains an outstanding open problem. However, some authors have been able to make a slight step toward
this challenging problem. The first results in the supercritical regime were local existence for regular enough
data and global existence for small initial data (see e.g. Chae—Lee [6], Dong-Li [21], Hmidi-Keraani [25],
Ju [26], Chen—Miao—Zhang [7], and Wu [42]). Then, some authors have been able to show that, despite of
the fact that the drift term is stronger than the dissipation (at least for small scales), there are still many
regularity criteria which ensure that some class of solutions might become regular after a short period of
time providing that some quantity is controlled. For instance, Constantin and Wu [14] were able to prove
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that if the velocity is C'~# then the solution becomes Hélder continuous for all ¢ > 0 (this result has been
proved to be sharp by Silvestre, Vicol and Zlato$ [39]). In a different paper, Constantin and Wu [13] proved
that if the Leray—Hopf solution is in the subcritical space C°, § > 1 — 3 on a time interval [t1,t] then the
solution becomes smooth on (t1,t2]. This last result has been extended by Silvestre [37] (and also [38]) to
any vector fields that are not necessarily divergence free. Dong and Pavlovié¢ [22] have been able to prove
the same result as [13] in a critical Besov space.

Another kind of results, called eventual reqularity, which means that the weak solution becomes smooth
after some time, have been established in the supercritical regime. More precisely, it was proved by Silvestre
[36] that, for § very close to 1, there exists a time so that the solution has some Holder continuity after
this time which together with [13] implies higher regularity and then smoothness. The eventual regularity
result of [36] has been improved by Dabkowski in [17] where he has been able to prove the same result for
the whole supercritical case 8 € (0,1) by applying the duality method originated in [28]. Later, Kiselev
[27] reproved this result in the supercritical case by using the modulus of continuity method by showing
the preservation of a well-chosen family of time-dependent moduli of continuity. Such an eventual reqularity
result is also obtained by Coti Zelati and Vicol [16]. Besides, they were able to show that the time of eventual
regularity (which is explicit) goes to 0 as the dissipation approaches the critical case. The authors in [16]
also proved that for all 6y € H?, the (SQG)s equation has a global classical solution when the dissipation
index § sufficiently close to 1 (depending on the norm of 6y).

If v >0, 8 € (0,1 and m(A) = Id (the identity operator), then the (¢SQG)s equation corresponds to
the modified dissipative (mSQG)s equation introduced by Constantin, Iyer and Wu in [10]. This modified
equation interpolates between an equation that arises in the study of the evolution of a 2D damped inviscid
fluid equation (8 = 0) and the classical SQG equation (8 = 1); The equation reads as follows

00 +u-VO+vAPH =0, (t,z) € RT x R
(mSQG)s : { u=VLAP~20, (L.7)
6(0,2) = bp(x), r € R2

When g € (0, 1] and v > 0 this equation scales as the critical SQG equation and global existence of global
smooth solutions starting from L? data is proved (in the same spirit as [4]).

For v = 0 and for m(A) = A® with o € (1 — 3,1), 8 € (0,1] (noting that m satisfies (Al)—(A5) with
a = ), then the (¢SQG)s defined in (1.1) reduces to the inviscid generalized SQG equation introduced by
Chae, Constantin, Cérdoba, Gancedo and Wu in [5], which reads as follows

O +u-VO=0, (t,z) € RT x R
u = V+EA*tE-29, (1.8)
0(0,2) = bp(x), r € R2

This equation has a singular velocity of order a+ 5 —1 € (0, 1), which makes the study much more delicate.
Despite this fact, the authors of [5] have been able to prove a local well-posedness result for initial data in
H* as well as a global existence theorem of weak solutions for 6y € L?(T?) with mean zero. This latter result
is an improvement of Resnick’s result [35]. To overcome the lack of regularity to close the estimates, the
authors have used a new commutator estimate in terms of the stream function v¥» = A®~26 which turned out
to be crucial. We also want to mention that, if one intends to construct Morrey—Campanato type solutions
for instance, then, having a singular velocity may help since it would give more decay to the convolution
kernel of the singular integral u (see e.g. [30]). So far, in the inviscid case or the supercritical dissipative
case (i.e. v > 0 and with dissipation ¥A%#, 0 < § < 8 on the left-hand side of (1.8)), the problem of the
global regularity versus finite time blow-up remains widely open.
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The active scalar equation with a general Fourier multiplier in the velocities has been first studied by
Chae, Constantin and Wu [9]. They considered u = V+A~2m(A)# which corresponds to equation (1.1)
in the case § = 0. This equation may be viewed as a generalized inviscid Euler vorticity equation. The
authors of [9] proved the global well-posedness of strong solution for the so-called LogLog-Euler equation
(see also [24]). In the same spirit as [9], [41], Dabkowski, Kiselev and Vicol [19] have studied the (¢SQG)z
equation (1.1) in the case § = 1, v > 0. They considered the case of a singular velocity having a double
logarithmically growth. They proved th e existence of a global unique strong solution by using the modulus
of continuity method. The second name author and Zheng [43] have been able to improve this global result
for the (¢SQG)s equation in the case S € (0,1] and v > 0 by showing that a logarithmically growth for the
singular velocity is enough for the well-posedness. We note that both proofs are for strong solutions with
smooth initial data and are based on the construction of suitable stationary modulus of continuity.

Our aim in this paper is to slightly go beyond the available existence results of weak solutions both
in the inviscid case as well as in the supercritical case. By studying equation (¢SQG)g with m satisfying
(A1)—(Ab), we will be able to improve several well-known theorems.

2. Main results and comments

The first result is the global existence of weak solutions for the inviscid (gSQG)s equation (1.1).

Theorem 2.1. Let v = 0, B € (0,1] and 6y € L' N L?(R?). Assume that m satisfies the assumptions
(A1)-(A4) with o € (0,1), A € [0,1). Then, the (9SQG)s equation (1.1) has a global weak solution which
verifies 0 € L*°([0,00); L' N L?(R?)).

Then, we consider the (¢SQG)s equation (1.1) with dissipation (without loss of generality, we may
assume v = 1). We obtain a global regularity result of weak solutions in the logarithmically supercritical
case as well as the eventual regularity of global weak solutions.

Theorem 2.2. Let v =1, B € (0,1] and 6y € L' N L?(R?).

(1) Assume that m satisfies (A1)-(A4) with o € (0,1), A € [0,1), then, if there exists p € [0,1] and by > 1
so that

byt < m(r) < bz(logr)", Vr > bs. (2.1)

Then, for all time t. > 0, the global weak solution € constructed in Theorem 2.1 satisfies 0 €
C([ts,0) x R?).

(2) Assume that m satisfies (A1)(A2)(A4)(A5) with o € (0,1), A € [0,1). Then for any t' > 0, there
exists T > 0 which depends only on t', ||0o]|L2(r2), o, B so that the global weak solution 6 constructed
in Theorem 2.1 satisfies that 6 € C([t' + Tk, 00) x R?). In particular, if 8 € (0,1), and for each fized
0o € L2(R?) and t' > 0, we have

. / _
(}tl_% T.(t', o, 8,6p) = 0. (2.2)
The novelty of the results obtained in this paper are highlighted in the following.

The first result of this article, that is Theorem 2.1, is a global existence theorem of weak solutions for
equation (gSQG)g driven by a family of (logarithmically) v-order singular/regular velocities, for example,

w=VTAP20 or uw=VIAYTI2In(1+ A0 with B (0,1, 0<o/ <a<1. (2.3)

Recalling that Constantin, Chae, Cérdoba, Gancedo and Wu in [5] obtained the existence of L? weak
solutions for equation (1.8) in the inviscid case and for u = V+A#~20 with 3 € (1,2), we here extend this
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result to a more general class of (logarithmically) singular/regular velocities including the logarithmically
supercritical cases.

The second result of this paper, which is the first point of Theorem 2.2, is a global regularity result
of weak solutions for the (¢SQG)s equation with 3 € (0,1] and under the mild growth condition (2.1),
which corresponds to a logarithmically supercritical case. This theorem generalizes the classical regularity
result of Caffarelli-Vasseur [4] and Kiselev—Nazarov [28] to an even more singular velocity than the Riesz
transform. This result is also comparable to the one obtained in [19] and [43] where global well-posedness for
(9SQG) s for the (double) logarithmically supercritical case is obtained for smooth solutions. However, both
results [19], [43] were dealing with strong solutions, and we here lower significatively the initial condition
by considering just Leray—Hopf type weak solutions.

The third and last result of this paper states that weak solutions established in Theorem 2.1 in the
supercritical cases eventually become regular. Besides, the time of eventual regularity is explicitly obtained.
Consequently, we are able to get that, for 8 € (0, 1), such a time goes to 0 as the supercritical index « goes
to the critical index 0. The last point is in the same spirit as the result of Coti Zelati and Vicol [16], which
shows the continuity of the solution map associated to the (¢SQG)s equation as oz — 0.

Remark 1. If v > 0, 3 € (0,1) and m(A) = A'=# then, as we said before, the (¢9SQG)s equation (1.1)
becomes the supercritical (SQG)s equation (1.6). Following the idea of the proof of (2.2), one may prove
that, given an initial data 6y € L>(R?), the eventual regularity time T, converges to 0 as  — 1, which
allows us to recover a result of Coti Zelati and Vicol in [16]. Indeed, in this case we have o =1 — 3 and 3
is close to 1. Then, by choosing o = %7 and C7 > 0 (the constant that appears in Remark 3), and following
the same steps as the proof of (5.77) (one would actually use [|6| Lo (j0,00)xr2) < [|f0]| L instead of (5.27)),
one may find the following convergence result

B
T—

(1—5)||90||Loo> —0, asf —1.

T - <4C’0m(1)

T GB\ B

Remark 2. In both the proofs of the global regularity result stated in Theorem 2.2 result as well as the
eventual regularity, the main task is to show that the moduli of continuity verify the criterion (5.35) (or
(5.84)) for all 0 < & < Ay where Ay = &y(0) is the starting point of . The main difference is that Ay
in the eventual regularity issue is not small in general, while Ag in the global regularity problem can be
chosen arbitrarily small, so that we need a slightly restrictive assumption, namely (A5) instead of (A3), in
the eventual regularity result. We think that after a more complicated and careful analysis one might still
prove the same eventual regularity result with the assumption (A3), but that will not be our aim here.

For the proof of Theorem 2.1, the idea is to first consider a regularized equation with an additional viscous
term and then construct a global solution by compactness arguments. The main problem is to show the
convergence of the nonlinear transport terms in the sense of distribution. By considering the stream function
¢ = AP~2m(A)6° and using the structure of the singular velocity, we can rewrite the nonlinear term (when
tested against a cut-off) as a controlled commutator, see (4.10). We need to localise the considered quantities
into low and high frequencies as (4.9), and since we work on the whole space R?, we also introduce several
cut-off functions to split the terms in (4.9) with respect to the space variable. In particular, we rewrite the
term involving high—high interactions as (4.18) which crucially contains a commutator. Then, we prove some
useful commutator estimates. These estimates allow us to manage to prove the locally strong convergence
of the high-frequency part of the (regularized) stream function Hoy¢ and some functions involving Spf°
or Hov¢ in the locally L?-topology, so that we can pass to the limit in each of those terms in the above
decomposition. In order to take advantage of our choice of multiplier and to handle the singular velocity,
where commutators and splitting will be two of the main ingredients.
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As for the proof of Theorem 2.2, it is based on the so-called modulus of continuity method as it is stated
in Kiselev’s paper [27] (originated from [29], see also [18]). We first show a Holder regularity criterion
(Lemma 5.2) in terms of the modulus of continuity w(&) given by (5.5), which is well suited to the study of
the (¢SQG)s equation. Besides, this modulus of continuity is an unbounded function contrarily to the one
introduced in [27] (where, it is chosen to be constant for £ large enough, namely for all £ > 4, w(§) = w(d)).
Then, we introduce a new family of time-dependent moduli of continuity w(§, &y(¢)) defined by (5.28)—(5.29)
and (5.32), which is obtained as a suitable modification of the stationary modulus of continuity (5.5). Since
we are dealing with weak solutions we need to use a time dependent modulus of continuity. Then, using
some tedious (however elementary) computations, we can prove that the (uniformly in €) bounded solution
6¢ would (uniformly in €) preserve such moduli of continuity w(§, o(t)) for all time ¢ so that &y(¢) > 0. This
implies that at some finite time the solution ¢ obeys the modulus of continuity w(,0+) = w(&) given by
(5.5). Combined with the regularity criteria of Lemmas 5.1 and 5.2, we get the desired eventual regularity
result. In this process, the time of eventual regularity has an explicit expression. This allows us to show the
formula (2.2) and conclude the global regularity result in the logarithmically supercritical case.

The outline of this paper is as follows. In the next section we give some preliminary results and some useful
lemmas that we shall use throughout the paper. The fourth section is devoted to the proof of Theorem 2.1.
In the fifth section, we prove Theorem 2.2. The last section, which is an appendix, deals with the proof of
a result used in the section 4.

3. Auxiliary lemmas and modulus of continuity

In this section, we recall some well-known definitions and results and we prove several auxiliary lemmas.
In particular, we collect some useful dealing with the modulus of continuity in Subsection 3.2.

3.1. Preliminary and auxiliary lemmas

The following lemma will be frequently used throughout the article.

Lemma 3.1. Assume that m(r) (r > 0) is a smooth non-decreasing positive function satisfying (1.3) for some
a € (0,1) and by > 0. Then for every p > «,

the function r — r?m(r=*) for all 0 < r < bl_1 is non-decreasing, (3.1)
and
the function || — |C|7Pm(|C]) for all |{] > by is non-increasing. (3.2)
In particular, if (1.5) is satisfied, then we have the following claim
the properties (3.1) and (3.2) hold for all T > 0 and |C| > 0, respectively. (3.3)
Proof of Lemma 3.1. From (1.3), we directly have that for all 0 < r < b;*,
(rPm(r=1)) = pré~tm(r=t) — 12! (1) 2 (p — @) Um(r 1) > 0,
which leads to (3.1). The fact (3.2) and (3.3) can be similarly proved. O

Now we recall the definition of the dyadic blocks (see e.g. [1] or [31]). Let ¥ € D(R?) be a non negative
function such that y(x) = 1 if |z| < 1/2 and 0 if |#| > 1. Let us define another function ¢ € D(R?) by
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@(x) = X(x/2) — x(x) which is therefore supported on a corona. Then, we define the Fourier multiplier S
and A; (j € Z) by

~

Sif(0) =X(27OF(C) and A;F(C) = 327 F(Q).

From these operators we deduce the Littlewood—Paley decomposition of a distribution f € &', that is, for
all N € Z, we have

F=Snf+> Ajf inS'(R.

j>N

We then define the low frequency and high frequency cutting operators as

Sif =F 1 (XQ27Q) = > Axf (3.4)

k<j—1

as well as the high frequency cutting operator as

Hif =(1d—S;)f = Arf. (3.5)

k>j

From this operator we define, for s € R and (p,q) € [1,0]? the inhomogeneous Besov spaces as the set of
f € S8'(R?) so that the following quantity is finite

11l 2y = S0 flle + [[{27 125 f Il e }senl] o

In particular, we have the equivalence of L?-based Sobolev space H*(R?) = Bj ,(R?).
The following lemma deals with the action of the Fourier multiplier m(A) into the dyadic blocs.

Lemma 3.2. Let m be a function satisfying (A1)(A2) (A3). Then, there exists a constant C > 0 depending
only on by, m(by) such that for every p € [1,00] and j € N, we have

lm(A) A fllLemey < CQjaHAijLP(R?)- (3.6)
Proof of Lemma 3.2. Note that from (3.2) and the nondecreasing property of m, we have for all || > 1/2,
m(¢) < max{m(by), by “m(b1)|¢[*} < 2%m(b1)[C]%,
thus thanks to the assumption (A2), for all ¢ € R? \ By /o we find
0" m(Q)] < bol¢|~*m(C) < 2bom(by)[¢]*7*, ¥k € {1,2,3,4},
so that we may apply [1, Lemma 2.2, p. 53] to immediately obtain (3.6). O

The purpose of the following lemma is to estimate the convolution kernels of some operators involving

m(A).

Lemma 3.3. Let 5 € (0,1] and m(¢) = m(|¢]) be a non-decreasing function satisfying the assumptions
(A1)-(A4).
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(1) Let Kg j(z) be the kernel of the operator ;A" ~2m(A) (j =1,2). Then for all x € R*\ {0},

(2)

Proof of Lemma 3.3. (1) For the proof of (3.7)—(3
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X . _1_ _
Kbg@ﬁ==ﬁiﬂb@ﬂ’ with  |Hg(x)| < Cola|™Pm(|jz|™"),
and
IVKgi (@) < Chla| > Pm(lz| ),

where the constant C) > 0 depends on by, b2 but depends neither on « nor .

Let Kp j(x) be the kernel of the operator 2 ’ (j = 1,2). Then for every x € R?\ {0},
Rogl@) = L), with |Hy)] < Co+ g,
] |z[>=Pm(|x]~1)
and

C

Kg,(z)| < Ch4+ ————————
|v 57](£L')‘ = CO + |x|6_5m(|x|—1)’

where C' > 0 is a constant depending on o and .

(3.10)

.8), one can refer to that of [19, Lemma 4.1], or, as well,

it may be seen in the proof of (3.9) (see below). The constant C{, does not depend on « nor 3, which will
be easy to see since these constants will be explicit in the proof.

(2) Let ¢ be a smooth radial function which is supported on [—1,1]? and which satisfies ¢(z) = 1 on

[—1/2,1/2]?. Let us set ¢r(z) = ¢(%) for R > 0, and Lj(x) be the kernel of the convolution operator ﬁf—fﬁ

then for some R > 0 to be chosen later, we write

where Cp > 0 is a fixed constant. Thus, we see that I?gl(z) = @zﬁ( )=

-8

2-8

m(¢ m(¢)

) - ) 2-8
= CO/elmC1¢R(C)|C|_)d<+Co|x|—5/ez|zC1 aé}l <(1 _¢R(O)|<| )dC
R2 B2

Tz |H/3( )With

~ 2—-p ) 2—3
Hps(x) :COR[ eilzlé iC1oR(C )|<|(C) dC+CO|$|_5R[ eilzlé Z'Claa ((1 _¢R(O)|7<T|L(O
. 2—p3
+ Cola] = / e'leler o7, ((1 — 6r(C)) 'ﬂ(o ) d¢

R2

=hp+ s+ I

To estimate I; g, we use the assumption (A4) and Lemma 3.1 to find that if R > by, then

(A)?
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¢35 ¢35 |¢37 )27
I C d C d C d C d
|11,8] < OB/ m(C) ¢ <Co / 1+ Co / n+ Co / ¢

m(¢) m(¢) m(¢)
<1 1<[¢|<by bi<|¢I<R
C
< Cyb 3-B-2q b / 3=Bdp 4 — 9 / 3-f-aq
S A A S (1 RS
[¢]<1 1<[¢<by bi1<[CI<R
C()Rs_ﬁ
< Cpbs (b3 + 12
< Coba(by +b7) + ()

while if R < by,

3—B
11,61 < Co / 3(@ d¢ < Cobs (b2 +13).

I€1<bs

For I, g, we apply (1.2) along with Lemma 3.1 to obtain

1

I 5] < -5 J .
|I2,5] < Cla / Klﬁﬁ dC+ZR / I
¢I>R/2 R/2<[C|<R

S 1 1 ||~
<C O —— —d <C .
ST am ) i@ Bam | = CRm®

[CI=R/2

For the last term, following what we did previously, we get

|z[~°
Lgl<C .
a5l < RA+Im(R)

Hence, by choosing R = |z|~! one get the desired estimate (3.9). The bound (3.10) can be obtained in the
same fashion and we omit the details. O

The next lemma will be very useful to control some commutator and differential operators acting on
product, which are crucial estimates used in the proof of Theorem 2.1.

Lemma 3.4. Let m be a function satisfying (A1)—(A4). Let s > max{a, A} be a real number.

(1) For all j =1,2 and all € > 0, we have

H[A< )’f]

where C' > 0 is a constant depending only on s, a, € and by, by, bs.
(2) Let us denote by Ms(A) the multiplier operator with the symbol Ms(|C]) which is given by

m(c) it ¢ > 1
M) =4 e Bhl=S 3.12
{9 {m(1)7 if1cl < 1. (3.12)

AS
<0 (Wl |75+ Wl ol | @10
L2%(R2) m( ) L2(R2)

Then, for every j = 1,2 and every € > 0, we get
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LD

with C > 0 a constant depending only on s,«, € and by, by, bs.

< Ol fllgs+a+e@2)llgll L2 2y,

L2(R2)

(8) We have the following product estimates that for every e > 0,

AS
ol ll—=—
L2(R2) = (Hm(A)f
AS
ol ll—=—
L2(R?) = (H m(A)f

with C > 0 some constant depending only on s, € and by, bs.

(f9)

i

gl zr1+e (r2) + ”f|L2(R2)||g||H5+1+5(R2)> ,
L2(R?)

and

(f9)

o

L2(R?)

Proof of Lemma 3.4. (1) We shall first prove (3.11). By using the Fourier transform, we have

([ ]o) © = [ (g gy ) F1¢ -matwn.

By a direct computation, we find that

<l
‘m@fj mm)"

< (s + 1+ bg) max {bgbi, 7’|TLCT|> ﬂ'ln(n)} ¢ =nl.

Indeed, by setting F(¢) = ﬂ(g, one observes that, by using the assumption (A2),

CS <s+1 /C CS
10¢, F(Q)] < (s+1)n|1(<) + ¢l m(rg)y ) < (S+1+b0)n|1(|g“)’ for k=1,2,
we see that
i 0
|[F'(¢) —F(r¢+ (1 —71)n)dr
0/6’7'
1
/| -VFE(r¢+ (1 —71)n)|dr
0

[ ¢+ (L=

< (s+1+bo)l¢ — 7 mEC+ (1 —m)m)

g1l Fr1+e(rey + |f||L2(]R2)|g||HS+1+‘(R2)> ,

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

If |7¢ + (1 — 7)n| < by, by considering the cases |7¢ 4+ (1 —7)7| < 1 and 1 < |7+ (1 — 7)n| < by separately,

we have

[r¢+ (1= 7)nl®
m(r¢+ (1 —7)n)

if |[7¢ + (1 —7)n| > by and |¢| > |n], we get |7¢ + (1 — 7)n| < [¢], thus (3.2) implies that

S max{bg, bgbi} = bzbi;
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[r¢+ (1=l _ [r¢ + (1 =7l e e
mrC+ (L—ny) [ Al em(r A0y © emQ)  m(Q)

while if |7¢ 4+ (1 — 7)n| > by and || > |{| it is not difficult to obtain the same inequality (with 1 instead
of ¢); then we conclude that

[+ (1= P L1 ol
e T < s ot | (319

Hence, by using (3.19) to control (3.18) one obtains the desired estimate (3.17).
Then, we observe that if || > by,

e (C—nl+ D CulIC =l + Inl®) (IC—??IS 77|S>
= Cs , 3.20
m(Q) ~ 1em@© = mie— D < m(e—a v = \me—m F mim) (3.20)
while if || < by,
L
() S b (3.21)

therefore, by using (3.16) and (3.17), we infer that

F (5% ]s )<<>\<ch[ (ot s et i) e = mllatlan. 329

Using Plancherel’s theorem and Young’s inequality for convolution, we obtain
AS
[l

Now, by using the assumption (A4) along with the nondecreasing property of m and then the Holder

‘s+1 .

m(¢) L)
+ OUCIA g1 gy e

s
— g
Lz(m) mA) M@y (3.23)

inequality, it follows that for all € > 0,

g -+
o= | mhiac [ i@

I¢I<1 I¢I=1

s+1 .
\ 2 o)

< by / [N QLA + by / Al
[¢I<1 Ic|>1 (3.24)

1/2
< Caballf e + b [ 161727%C) " lmesaseqer
[¢1>1
< Cebo|| fllmerase(re),

as well,

NEHFOM 21 gey < Cell fllzrz+e ). (3.25)

Hence, the estimates (3.23)—(3.25) allow us to obtain the inequality (3.11).
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(2) By taking the Fourier transform, we see that

7 (2. (|00 7] 9) ) © = metd [ (556 - B, fic - matian.

Using (3.12), (3.17) and the following inequality nll"(:) < Cs (bgb‘{ + % + rlnc(Efl;))» we find

S Sl
m(&% " m)

<|<>\ il < el (1+ - '4‘”'8))|<—n|

m(¢)  m(C—n

<01+ gy

where in the last estimate we used the inequalities M(|¢]|) < m(1 ) < by and M (|¢])LLs < b2. Hence,
.24) an

m(C)
as we did for (3.23), by collecting the above estimates with (3 d (3.25) one gets the desired estimate
(3.13).

(3) We only prove (3.14), and the proof of (3.15) will follow using essentially the same argument. By

using, once again, the Fourier transform and (3.20)—(3.21), we get

7 (i 09) ©] = |15 R/ F(¢ — gty

¢ ="
m(C —mn)

I

=G m(m)

FC—nll |d77+/\fC D122 | Idn+/\fc lI5(m)Idn

The Plancherel theorem and Young’s inequality give, for all € > 0, the following control

AS
Cs |l ||——=
L’A’(n@)S (<Hm(A)f
AS
= (an(mf

where in the second line we have used (3.24)—(3.25) applied to g instead of f. O

95 B
m(¢)

(f9) 19022 m2) + (1 £ 22

L2(R?)

Hm (A) +|f||L2||g|L1(]R<2)>

L' (R2)

gl zrr+ewe) + (1l 2 (re) ||9||Hs+1+e(]R2)> ,
L2(R?)

8.2. Modulus of continuity

In this subsection we give the definition of a modulus of continuity, and then collect some useful results
related to the modulus of continuity.

Definition 3.1. A function w : (0,00) — (0, 00) is called a modulus of continuity if w is continuous on (0, o),
nondecreasing, concave, and piecewise C? with one-sided derivatives defined at every point in (0, 00). We say
a function f : R? — R obeys the modulus of continuity w if |f(x) — f(y)| < w(]z —y|) for every x # y € R

First we recall the general criterion of the nonlocal maximum principle for the drift-diffusion equation
(for the proof see e.g. [27, Th 2.2] and [33, Prop 3.1]).

Proposition 3.1. Let §(x,t) € C(]0,00); H*(RY)), s > %—i— 1 be a smooth solution of the following whole-space
drift-diffusion equation
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00 +u-VO+vAPO —eAO =0, 6(0,z)=0y(x), = € RY, (3.26)

with v >0, € > 0. Assume that

(1) for every t > 0, w(&,t) is a modulus of continuity and satisfies that its inverse function w=1((2 +
€)[|0(-,t)|| L=, t) < 00 (with some g > 0);

(2) for every fived point &, w(&,t) is piecewise C in the time variable with one-sided derivatives defined
at each point, and that for all & near infinity, w(&,t) is continuous in t uniformly in &;

(3) w(0+,t) and Jew(0+,t) are continuous in t with values in RU{xoo}, and satisfy that for every t > 0,
either w(0+4,t) > 0 or Jew(0+,t) = 00 or Jgew (04, ) = —o0.

Let the initial data Op(x) obey w(,0), then for some T > 0, 6(x,T) obeys the modulus of continuity
w(&,T) provided that for all t €]0,T] and & € {& > 0:w(&,t) < 2[|0(-,1)||Le |, w(&, 1) satisfies

Oww (& ) > Q& 1) Oew(&,t) + vD(E,t) + 2e0eew(&, 1), (3.27)

where Q(&,t) and D(&,t) (we suppress the dependence on x,e in Q(E,t), D(£,t)) are respectively defined as
follows, for all x € R? and all unit vector e € ST in (3.30), we set

Q& t) = [(u(x + Ee,t) — u(z,t)) -e|, and (3.28)
D(&,t) = —(A°0(z,t) — APO(z + e, 1)), (3.29)

under the scenario that

O(z,t) — 0(x + e, t) = w(&,t), and

) (3.30)
0(y,1) — 0(2,8)] <w(ly —2],1), Vy,z R
In (3.27), at the points where Oyw(&,t) (or Oew(&,t)) does not exist, the smaller (or larger) value of the
one-sided derivative should be taken.

The following classical result is an estimate of the dissipative part in terms of the modulus of continuity
under the scenario (3.30) (e.g. [27]).

Lemma 3.5. We have the following estimate on D(£,t) defined by (3.29) under the scenario (3.30) that for
any € >0,

£

D(Et) <C, / w(€+2n,t) + wfﬁ:ti 2, t) — 2w(E, t) "

(=)

(3.31)

w(277 + 57 t) B W(277 N E, t) - 2(“)(57 t) d77

+C ,
771+B

ml’h\g

where C1 > 0 is a constant depending only on (.

Remark 3. Let 735 ’d(x) be the d-dimensional kernel of the semigroup operator e’hAB, then we have 795 ’d(x) =
KB PhA(h~ 5 2) and PMe(z) = F~L(e~1¢1")(x) satisfies that (see [2, Th 3.1])

Cp.d B.d Cs,a
<P < 3.32
1+ |x|dtB — (z) = 1+ |z|dth’ (3:32)
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with cg 4 and Cp 4 are positive constants depending only on §,d. Note that the constant C; in (3.31) and
the constant cg 1 are the same. Besides, according to the proof of Th 3.1 in [2], if 5 satisfies 0 < ¢y < <1
with some explicit constant ¢y € (0,1), then Cy will not depend on f.

Next we consider the estimation of (3.28) under the scenario (3.30).

Lemma 3.6. Let u = V-AP~2m(A)0, we have the following estimates on Q(&,t) under scenario (3.30).

(1) If m is a nondecreasing function satisfying the assumptions (A1)(A2)(A4)(A5), then for all € > 0,

7 -1
Q6.0) < ~Cagmle)D(E1) + Cat [ %dn O (e (&, ), (3.33)
3

with Cy = % with Cy a fized constant.
(2) If m is a nondecreasing function satisfying the assumptions (A1)—-(A4) and if we only consider § < 5,
then

OOUJ m -1
OE,1) < ~Cagm(€DIE ) + Cat. [ XUy 1 Cagt~Pim(e Mt 0 (3:34)
3

(3) We also have

5
Y m(n~")

with C' > 0 depending only on S.

Proof of Lemma 3.6. We first prove (3.33). For simplicity, we suppress the time variable in w(&,t), Q(&,t)
and D(&,t). Using Lemma 3.3, we find

_ vt o — U ot e
() — u(y) = | P.V. R/ L Hy () e = 9)dy ~ PV R/ L0 (o e = 1)y

IN

(L) + [12(8)],

where y* = (—ya,y1), Hp is a radial-valued scalar function satisfying (3.7), and

1 1
no=rv. | L, 1)o@~ )y — PV, / L H ()0 + e — )y, (3.36)
ly|<2¢ [y| <2
and
L(¢) = / EH (y)0(r — y)dy — / EH ()0(x + e — y)dy
2 _\ >2¢ I ly|>2¢ T
xr — 1 X e — 1
= / %Hﬁ(x—y)ﬂy)dy— / %Hﬁ(wﬂ%e—y)@(y)dy.

le—y|>2¢ |z+Ee—y|>2¢
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The term I5(€) is controlled as usually (see e.g. [19]), and it is bounded by

Cut [ Iy + Cugt i uto) (3.37)
13

where Cj is a fixed constant that does not depend on «, 3. To estimate I1(§), we observe that, thanks to

the zero-average property of %H 5(y) and the scenario (3.30), we have

1 1
1) - / & L H(3) 00 ) — 0(2))dy - / & W Ho) 0o + e — ) = 0o +€0))dy
1
-/ L Ho) (0 — 1) ~ 0o + 66— ) = w(©))d,
ly|<2¢

where the integrals have to be understood in the principle value sense if needed. Recalling that D(§) defined
by (3.29) can be rewritten as ([23, Thm 1] or [15, Prop 2.1])

D(§) = Cp P.V./ Wd%m‘/ Oz + &e |yz|/2)+5 0(x + &e) dy

R (3.38)
1
=OBR[W(&(x—y)—e<x+§e—y>—w(f))dy,
with Cjg = %(2 C%)7 we obtain that for some constant B > 0 to be chosen later,
y* 1
R(©) -+ Bem(e DO < [ (Lol - Cobem(e ) s ) (66 + 6o + 60— )~ o — )y
ly|<2¢
—1 —1
< / <C’6%—C&;B%) (w(§)+0(x+§e—y)—G(x—y))dy
lyl<2¢
—1
< [ - Com TS @ + 0t et) — 0+ )
lyl<2¢
where in the third line we used that
lylm(lyl ™) < (2Om((26)71) < 26m(¢7) for all 0 < |y| < 2. (3.39)
Thus by choosing B = %, we get
[1.(8)] < =Bém(¢~1)D(), (3.40)

which combined with (3.37) leads to the desired inequality (3.33).

In order to prove (3.34), we first observe that since only the case £ < % is considered, by using (3.1) we
see that we still have (3.39) and (3.40), thus collecting (3.40) and (3.37) yields (3.34).

The proof of (3.35) is classical, see e.g. [19], and we omit the details. O
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4. Proof of Theorem 2.1: Global existence of weak solution for the inviscid equation (1.1)

We consider the following approximated system (by adding a vanishing viscosity term) of the (¢SQG)g
equation (1.1) in the inviscid case (that is v = 0):

D0° +u - VO — eAO° =0, u=VEAT2m(A)(0°), 0F = ¢, * b, (4.1)

where ¢.(z) = e 9¢(e7'z), and ¢ € C2°(R?) is a radial test function satisfying [5, ¢ = 1.
For the initial data, we observe that since y € L' N L?(R?), by Young’s inequality we have

||9(€)||L10L2(]R2) < ||00||L1F1L2(]R2) and HGSHHa §575 ||90||L2, for every s > 0.
We have the following global well-posedness result for the approximated system (4.1).

Proposition 4.1. Let € > 0, 5 € (0,1], and m satisfying (A1)-(A4). Then, the Cauchy problem for the ap-
prozimated drift-diffusion equation (4.1) admits a unique solution 0¢(x,t) such that 0¢ € C ([0, 00); H*(R?))N
C>((0,0) x R?) where s > 2.

Since the local existence part has already been done in [43] (see Prop 3.1), we just need to prove the
global existence part, and this is done in the Appendix section.
Using the usual LP-estimate for transport-diffusion equation (see e.g. [15]), we have

||9€(t)||L1|’1L2(]R2) S ||90||L1QL2(R2) for all ¢ Z O, (42)

that is, 8¢ € L>=(R*; L' N L?(R?)) uniformly in e. Since L>(R*; L?(R?)) is the dual space of the separable
Banach space L'(R*;L%(R?)), we can extract a subsequence {#%};>o from these solutions {6}.s¢ so
that 6 converges xweakly to some function § in L>°(RT; L?(R?)) (as k — oo and ¢, — 0) and also
in D'(RT x R?). Actually, the weak convergence of 6 is not enough to conclude, since we only have
Ol + leH;O(V (u*0%)) = 0 in D'(RT x R?).

Therefore, it remains to show that the nonlinear term V - (u*0%) converges to V - (uf) in D'(RT x R?)
where u = VEAP~2m(A)0. Let ¢ € D(RT xR?) be a test function, and there exist two nonnegative numbers
R, T such that the support of ¢ is contained in (0,7) x Br(0). We will prove that as k — oo,

7/(96kuek) -Vo(r,t)dedt — 7/(9u) - V(x,t)dzdt. (4.3)

0 R2 0 R2

Let us set ¢ = A?~2m(A)#¢ which is the associated stream function, then, with this notation we infer
that

AP
m(A)

Recalling that Ho = Id — So (Sp is defined as (3.5)), and since 6 is a uniformly bounded sequence in the
space L>(0,T; L' N L?(R?)), we find that

ut = Ve, and 0 = Ye. (4.4)

Ho® € L=(0,T; H>~*"A(R?)) uniformly in e. (4.5)

As a matter of fact, by using the property of the support of the Fourier transform of Hoy¢ and (3.2), we
obtain
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ot (#)l|mr2=ems (r2y < Colll<P~ P8¢ )l 2 )
< Coll[¢I=m(Q)0(¢, D)l 2 )
< ColllCI=m(Q)0%(C, 1) | z2qas2<ici<enyy + ColllCI ™m0 (¢, )| sz, )
< Com(b)[16°(t)] 2 w2y + Coby *m(by)|0°(2) | 12 =2
< Com(b1)]|6o]| L2 (rz2)- (4.6)

We then claim that,
010 € L*>°(0,T; H°(R?)) uniformly in e. (4.7)

Indeed, by integrating by parts we infer that for any ¢ € D(R?), we have

+e /A@e(a:,t) o(z)dx

L/@tﬁé(x,t)dx)dx < /uE -V (x,t) p(x)dz

]RQ

< /(HEue(x,t)) -Vo(x)dx| + € /Ge(x,t) A¢(z)dz (4.8)
R2 2

< | [ (6u@) - Vota)da| + [olz2ee) |26l e
R2

Using (4.4) and by integrating by parts, we find the following decomposition
/Geu6 -Vodx
R2
:/96 (Sou® - V)pdx + /5’096 (Hou® - V)pdx + /7—[096 (Hou® - V)¢ da
R? R2 R2

= / 0 (Sou - V) dz — / Hot (VESo0° - V) dz + / Hob® (Hou® - V)¢ dz. (4.9)
R2 R2

R2

It follows from (4.2) and the continuous embedding L' N L2(R?) < L7375 (R?) < HAA~1(R?) valid for
Ae0,1- 8], 8 e (0,1] that

L/HE (Sou‘ - V)pda

2

(t) < 10Ol 21V AT 2m(A) Sob% (8) [ 22 | Vbl = z2)

< CollOoll 2 AP~ S00°(4)]] L2 || 172 (2

- {co||eo||2leL2(R2)||¢||H3(R2), for A € [0,1— ], 8 € (0,1],
[ Collfoll 2 gz |l e ey, for A€ [1-5,1),6 € (0,1].

For the second term, using Holder’s inequality, Plancherel’s theorem and (4.6), we find
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/ How (V500 - V) da| () < [How (&) 21V So0°() | 2 [V . )

< Col[Ho0 ()| 2116° (D)l 2 |91 5 r2)

< 00H90H%2(R2)||¢||H3(]R2)-

In order to estimate the third term in (4.9), we need the following lemma which gives a new expression of
the convection term in terms of the stream function via a controlled commutator.

Lemma 4.1. For every ¢ € D(R?), we have the following equality

€, € _ 1 € A27ﬁvl' €
R2 R2

Proof of Lemma 4.1. On one hand, by using to (4.4), we see that

R[96u5~v¢dm = / (0°VEye) - Vo da

R2

= —/zpfvl96-v¢dx
R2

On the other hand, we have

AP
6°uc - Vo dr = <—Aw) Vi Voda
/ ﬂi/ m(A)

32
- /¢e (2:&; (vlzpf.vgb)) dr = /M (%(WW)) de.
R2 R?

To conclude, it suffices to sum the two previous equalities to find the desired commutator (4.10). O

(4.12)

Then, thanks to Lemma 4.1, (3.11), (4.6) and the fact ﬁf(;\[; P = 0°, we get

2-BwL.
/ Hob Hous - Vo dz| (1) :% / Horp© <[AmTv),V¢] HoW) dz| (t)

<ClHop ()2 (IHov (W)l + [[0°) [ 22) [l 5 ®2)
<Cl00]|7 2 @2) 01| 5 (m2)-

Collecting (4.8) and the above estimates allows us to conclude that for all ¢ € [0, 7], we have

/ 00 (. 1)d(x)de| < Cll¢| ey, (4.13)

which gives (4.7).
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Then, using (4.7), one may further show that
OHorp© € L>(0,T; H5(R?)) uniformly in e. (4.14)

Indeed, for all ¢ € H?(R?), using (4.7) and the fact that m(¢) < Cy,[¢|® for all |¢| > 1/2, we find

/3t7-[0¢6(:17,t) ¢(z)dx| = /5‘t96(x,t) AP=2m (A Hoo(x)da

IN

10:0° (1) 1r-5 2 | A° > M) Ho V|| a2
< CIAPT T o8] garey < Clloll s (re)s

therefore, we find (4.14).
According to (4.5), (4.14), the Ascoli’s theorem and the weak convergence of 08¢, we infer that Hoy* up
to a subsequence (still denoted Hoy*) satisfies, as k — oo, that

Ho™® — Hop = A 72m(A)Ho0, in L0, T; Li,o(R?)), (4.15)

with Hoyp € L>(0,T; H*> 28 (R?)).

Next, we shall prove (4.3). For the right-hand side of (4.3), we use the decomposition (4.9). Since we
work on the whole space R?, and the strong convergence result (4.15) only holds on a compact domain, we
need to make a suitable splitting with respect to the space variable. Recalling that the support of the test
function ¢ lies in (0,7) x Bg, we shall define 3 other test functions namely 7, p and x as follows. We first
introduce n € D(R?) such that n = 1 on Bg and suppn C Bag; and then p € D(R?) such that p = 1 on
By and supp p C Byg, and finally xy € D(R?) which is such that y = 1 on Bgg. Using these notations, we

have
T T
//9“‘ (Sou* - V) dadt ://06"' n (VEAP2m(A) ((So0*) (1 — x))) - Vo dadt
0 R2 0 R2
T
—|—//X96’“ (VLAﬂfzm(A)((SOF)E‘C)x)) -V dadt
0 R2
=T7,(0°) + Z2(6%), (4.16)
and
T T
//Hodf’“ (VS0 'V)dedt://(Hoi/f’“)n(VLSo(Oek(l —x))) - Ve dzdt
0 R2 0 R2

+ / / n(How™) (VES0(0%y)) - Vip dadt

0 R2
=T5(0% ) + Ly (0%, ). (4.17)

We may rewrite the last term of the right-hand side of (4.9). Indeed, we have the following lemma.
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Lemma 4.2. We have the following equality

T T
2—8 1,
[ [t s ozt =5 [ [oowern (|27 ve (050 ) o
0 R2 0 R2
r AZ-PyL
—//How p( i HW)(lx))dedt
0 R2
r APyt
- / / (How™) n( T HW)(lp))dedt
0 R2

=I5 (") + Ze () + Zr(y*).

Proof of Lemma 4.2. From (4.11), we see that

A2 By7L
//7-[096’“ Hou* - Vodadt = //H(ﬂ/}e’“ P(T/\v)ﬂoll)ek) Ve dzdt

0 R2
— //(Howe’“)p (%(%W’“)X) - Vdadt

0 R2

- /T/(Howe’“)p (%(Howe’“)(l - x)) - Vedadt.

0 R2

On the other hand, from (4.12), we also get

T
AZBVL.
Hob* Hou* - Vo dzdt = Ho* <—(’H01/16‘ V<p)) dxdt
/) J o (8
A2 By7Ll.
//Hows < (V) ((Howe’“)xvga)> dadt

- // (AQTZBAV)L(HW&’“)“ - P)> ((Hop*) Vi) dadt.
0 R2

Summing the above two equalities yields the desired formula (4.18). O
Thus the left-hand side of (4.3) can be decomposed as
/ / (0%u) - Vdadt = Y L(0%) + > Ti(0%, %) + T, (4h%).
0 R2 i=1,2 i=3,4 i=5,6,7

Similarly the right-hand side of (4.3) has the following decomposition

(4.18)

(4.19)
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/ / ou-Vodedt = 3" T0)+ S T0,6) + 3 Ti(). (4.20)

0 R i=1,2 i=3,4 i=5,6,7

We first prove that Z;(6*) — Z;(0). We observe that

Z,(0%) - T1(0) = / / 0 (VEAP2m(A) (1 — X)(Sob* — So))) - Vip(x, t) dadt

0 R2

(4.21)
// (0 — 0)n (VAP 2m(A) ((1 — x)Sob)) - Vp(a, t) dadt
0 R2
=114 + Ith,.
Let us set hi* =n (9;AP72m(A)((1 — x)So0°*)) for j = 1,2, then we claim that as k — oo, we have the
following convergence (up to subsequence that is still denoted h3*)

h* strongly converges to h; = n(9;A”*m(A)((1 - x)So6)) in L>(0,T; L*(Bg)). (4.22)

Indeed, one first notices that Kz ; (j = 1,2) (which appeared in Lemma 3.3) is the kernel function of
9;AP~2m(A), then, thanks to (3.7)—(3.8) along with the support property, one finds that for all # € Bapg,

|0, A%~2m(A) (1 — x)So0) (z)] = /ng @ —y)((1 = x)S00) (y) dy

ly| >8R

) 1
< Cm(R™) / s 900 ()] dy

ly|>8R
m(R™1)
=C RS

1500 || L2(r2y < Cll0ollL2(r2),

and

IVO;AP2m(A) ((1 — x)Sob*) (z)| = / VEsj(z—y)((1 = x)S00%) (y) dy
<C me =917 ¢ g ) dy < Cl10
PR 1S00°* (y)| dy < C|6o|| 2 (2)
ly| >8R

thus, we obtain that

A5 (| oo 0,750 (R2)) < CollO5A7~2m(A) (1 = X)S00%) | Lo (0,732 (Bar))
+ C’o\|V8jAﬁ’2m(A) ((1 — X)Soaek) ||Loo(0’T;L2(B2R)) (423)
< O0ol L2 (r2)-

Then, in order to show the convergence of h;’“, we need to prove some uniform bound on 8th;-’°. Let ¢ € D(R?)
be a test function, thus
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/ath;k (x,t) p(x)dz| = /n (0;A°2m(A) (1 — X)S00:0%)) (2,t) ¢p(z)dx
2 R2
= | [ 0 ) S0((1 = )0, Pm(A) 00) ) (1.24)
RQ
< |00 || poe (0,715 R2) 190 (1 = X)O; A7 2 m(A) () || 115 (2
< Clloll2 2,

where in the last line we have used the following estimate (using (3.7)—(3.8))

150 ((1 = x); A%~ 2m(A) (né)) || s g2y < C / [Kp,5(x =)l Indl(y)dy
2R 12 (Bg )

m(|z| )

<CH [ T8

/ ndldy < C|lé 2 xe).
Bar

L3 (B§R)

Hence, using (4.23) and (4.24), we observe that the strong convergence (4.22) follows from Ascoli’s theorem
together with the weak convergence of §*. Now for Ifj“l in (4.21), using Holder’s inequality and (4.22), we
get

klij;o 1341 < Ckhj{)lo 10* 1| L2 (0, 71,2) 1R5" — Rjll 2 (jo,17,22(BR))
(4.25)
S CTH90HL2(R2) klggo ||h]’C — hj”LOC([O,T],L?(BR)) =0.

As for I7%, by (4.23), we know that

<c,

[l (VAP 2m(A) (1 = )S00)) || 120 a2 (o) <

hence, the weak convergence of # in L*([0,T] x R?) implies that limy o [I7%] = 0. By (4.21) and these
two convergence results, we obtain

We then focus on the convergence of Z5(6*) defined in (4.16). We have

2a(6) = Ta6)] < | [ [ 16 (05 2m(a) (xSo(6% - 9))) - Vipla 1) dad

0w (4.27)

T
+ //X(GE’“ —0) (VAP 2m(A) (x(Soh))) - Vp(x, t) dzdt| .

0 R2

Following what we did in (4.22), we claim that, as k — oo, we have the following convergence (up to a
subsequence)

VAP 2in(4) (x(S00%)) — VAP 2m(A) (\(So0)) in L= ([0, T}; 2(Br)). (128)
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Observe that, via (4.28) and following the same arguments as what we previously did for 17", I7%, we find
that the right-hand-side of (4.27) converges to 0 as k — oo, this leads to

kh%Holo 12(96") = 12(9) (429)

To estimate (4.28), we use Plancherel’s theorem together with the assumption (A3) and (3.2), we finally get
by using Bernstein’s inequality along with (4.2)

VA7 2m(A) (00D | o201

< Col|[ AP~ m(A)So(x(So0)) || Los (jo.17: 22 (R2)) + Col| AP~ m(A)Ho (xS0 )|| Lo (0,711 (R2))
< Col[AMP718 (x(S00%)) | L= (0,712 (®2)) + Col|Ho (xS08% ) || oo (0.7 113 (R2))

CO||X(SOQE]€)HL°°(O,T;L2) + CO”X”H% ||5'06€’C ||Loo(0’T;H3)7 fOI‘ /\ & [1 — ,8, 1), ﬁ & (O, 1],

CO||X(5095]“)HLOC(O T'L2*§’B) + COHX||H3||SOQG’€||L°°(O,T;H3)7 for A € [07 1- 6]7/8 € (07 1]7

gHXHH?’(]W) Heek ||Loo(O,T;L2(R2)) < C||90HL2(R2)- (4.30)

Then, since 9;0¢ € L>°(0,T; H°(R?)) uniformly in €, and for all ¢ € D(R?),
/VLAﬁfzm(A) (x(S00:0°))p d| = /atafkso (X (VAP 2m(A)¢)) dz|,
2 2

thus, we may estimate the right hand side of the previous inequality as follows,

/ 00 So (x (VAP 2m(A)¢)) dx

<1060 || L= (0,711 -5 (R2)) || S0 (X (VAP 2m(A) @) ) || 115 (2)
< O[S0 (x(VEAP2m(A)So9)) [l 2r2) + CllSo(X(VEAP"2m(A)Hod)) || 2 (re2)

- C|AMP1808| 2(rey + CIIATP 1Mo 8| 12 (o), for Ae[1—3,1),8€(0,1],
< C||A>\+B—1SO¢||Lﬁ(R2) + O AT ol L2 rey,  for A€ [0,1—p],8 € (0,1],
<CSodllL2(r2) + Clldll a2y < Ol 1 (r2)- (4.31)

Hence, these two estimates (4.30)—(4.31) and the use of Ascoli’s theorem along with the weak convergence
of 0+ allow us to conclude the proof of the claim (4.28).

Now we turn to the estimation of Z3(0% 1) and Z,(0%,¢) in (4.17). Noticing that for j = 1,2, we
have

9;50f(x) = (0;F 1 (X)) * f(x), with F7H(X) € S(R?),

therefore by using (4.5), (4.15) and following the same steps as we did for the passage to the limit of Z; (6¢*)
in (4.26), one finds that Z3(8,¢*) — Z5(0,1) as k — oo, that is,

//(Hows"') VS (0 (1 —x)) - Vo dzdt — //(How) nV+Se(0(1—x)) - Ve dadt. (4.32)



224 O. Lazar, L. Xue / J. Math. Pures Appl. 130 (2019) 200-250

Moreover, following the same ideas as the control of Zy(0%) (see (4.27)), one analogously finds that
Zy(0%%,9p) — Zyu(0,7) as k — oo, that is,

//n(?—lowe’“) (VESo(6X)) - Ve dzdt — //77(7'[01@ (V+50(0x)) - Ve dadt. (4.33)

0 R2 0 R2

Next we consider the convergence of Z;(1*), i = 5,6,7 in (4.18). We may write the difference as

T
2Bl
> (@) - 7)) = [ [~ mowlp | Ve (o) aoar

i=5,6,7 0 e m(A)

+ %O/TR[(How)p {%Nw] ((Hov™ — Ho)x) dadt

(Hov™ — Hotp)p NI (Ho™*)(1 = X)) | - Vo dadt
“m(A)

0 R2

T
2- Bl
~ [ oo (*og (toves = o)1 =) ) - Vot
0 R2

/ / (Hov™ — Hot)n ( A~ f V)L((How)(l—m)) Vi dadt

0 R2

- /T/(How)n <%((’Howek — Hop)(1 — p))> Ve dedt
0 R2

=J5F - J5k 4 Tk 4 T TSR TSk 4.34
1 2 3 4 5 6

For the term Ji*, by (3.11), (3.14), (4.6) and g = 212(;6 ¥ we have

AZ-PYL.
1 = o — Hatdplzaomy ey | [ 9] (o))

L2([0,T], L2 (R?))

AQﬁ

< Cl|(Hov™ — How)pll 20,1, (|<How Wleaoman + |y (Hov™ )

LQ([OxTLL?))
< Cl[(Hop™ — Ho)pllL2(o,1;2) (||7'lo¢€’“ 220,77, 2) + Ho8* ||L2([0,TLL2)) (14 lIxll=)
< CT|[(Hop™ — Hot)pll o (j0,17,22)

thus the local convergence (4.15) implies that
lim |J16k| < CT lim ||(H0w€k - H(ﬂﬂ)p”[lw([o"p]’]}) =0. (435)
k—o0 k—o0

For the term J3*, recalling that Ma_g(A) is the multiplier operator given by (3.12), and by using (3.13)
and (3.15), we obtain
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_ 1 T 1 AQ—ﬁvL. _— .
1 AZPV- o
<3 | wa s (o) Lo o [ ] (v )|

< C (Hot L2 (o,my,2) + 1Hobll L2 (0, 77,22)) loll s 1l Loe o.77, 1) | (Howo ™ — How)xl L2 ((o,7),12)
< CT|(Hot™ — Ho¥) X Lo (0,77, L2 (R2))>

then (4.15) implies that
lim |J26k| S CT lim ||(H0’¢€k - HOw)X||L°°([O,T],L2(R2)) =0. (436)
k—o00 k—o0

For the term J5*, we use (3.9) and (4.6) to infer that for all € Bp,

A2=P9; N
1 “
=¢ / |x7y|5*5m(|$,y|71)|7{0¢ (y)|dy
ly|=8R
1 o
=C¢ / WWW (y)ldy
ly| >8R
1/2
1
=¢ dy | 0w o)
y|>/8R (lylP=om(lyl=))"
< Cllfoll L2 (r2), (4.37)

thus, thanks to Holder’s inequality and (4.15) we get

A2PVL
m(A)

S C lim ||(’H()1Z)6’C - H0¢)p||L2([O,T]7L2(]R2)) =0.
k—o0

Jim 175 < Jim (Mot~ Ho)olso. oo | (o)1~ x)) - Vip
—00 k—o0

L2([0,7,22)  (4.38)

Then, we consider the term Ji*, and we first prove that the sequence g5* = p( ) ((7—[01/)6’“)(1 - X)))

for j = 1,2, is locally convergent. To obtain this convergence, we follow the same argument as in (4.37) and
by using (3.9)—(3.10), we get

2 ﬂa
195" |z (o, 13507 (2 SCH (Ho™)(1 = Xx)
g ([0, 1] (R?)) m(A) ( ) L ([0,T),L?(B4r))
VA2 ﬁ@
+ OH— (Hoyp™)(1 - x)
m(A) ( )Loo([o,T],LQ(Bm))

<C.

Besides, for any test function ¢ € D(R?), we see that, thanks to (3.9), we may write that for any | =
07 1a ) 57
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A2~ ﬂa
pé / B iz — y)V'(ép)dy
” m(A) ( ) L2(BgyR) il
Lz(BgR)
e ! IV (ép)()ld
= @ — PPz —y[ 1)~ P
L2(B§gr)
<C ! /|v 6p)(v)]d
< TR A i P Y
2P om0l ) || g,
< Cl|o]l a5 w2y,

and by using (4.14), we infer that

gy (, x)dz| = AT Lo+ (1-x)) | ¢pda
Jospwtyotwaa] = | [ 522 )

/ S
| (o0 o

- () o9,

IN

10 ()| 115 (m2)

< Cl|ol s w2y,
which ensures that, for j = 1,2,
Ohgt € L([0,T], H °(R?)), uniformly in €.

Hence, using to Ascoli’s theorem and the weak convergence of Ho1 to Hot (which is a consequence of the
weak convergence of 6 ), we obtain that the sequence g?“ (up to a subsequence, still denoted g;’“) satisfies

2—-8
o5t = 0y = p(S (o)1 =) ). in L0722 (Bi),

and it implies that

i [T < ClHo L2 po,71, 2 (r2)) lim Sup, 195 = 9ill L2 0.1 2By = O- (4.39)
The estimates of both J:* and Jg* are the same as Js* and Jg*, and we have
li =k ) = 0. 4.4
Tim (5] 4 |75) = 0 (1.40)

Hence (4.26), (4.27), (4.32), (4.33), (4.35)—(4.40) and the decompositions (4.19)—(4.20), (4.34) allow us
to get the desired convergence (4.3).

Therefore, we have proved (4.3) for all « € (0,1), 8 € (0,1], A € [0,1), and this ends the proof of
Theorem 2.1. O
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5. Proof of Theorem 2.2
Let € > 0, and 6° be a smooth solution to the following regularized equation

OO + uf - VO + vAPOc — eAD = 0, (t,z) € RT x R
(9SQG)p,c : § ut = VEAP=2m ()0, (5.1)
6°(0,x) = 05(z) * ¢, x € R?,

with 0y € L' N L%(R?), ¢.(x) = e 2¢(e'z) and ¢ a mollifier. Obviously, the global well-posedness of a
solution ¢ of equation (5.1) which is such that 8¢ € C([0,00); H*(R?)) N C*°([0,00) x R?) with s > 2
follows in a straightforward manner from Proposition 4.1. Indeed, the additional dissipation term A?6¢ has

a regularizing effect. Since 6y € L' N L?(R?), we also have, uniformly in e, the following LP-estimate, for all
T>0

10 o= (jo,77: .2 L2 ®2)) < (|00l L1nL2(r2), (5.2)

and the following energy estimate, uniformly in €,

T
10 sy + [ 1) g o < ol ¥ T 20 (5.3)
0

Thanks to Theorem 2.1, we know that there exists a global weak solution 6 to the (¢SQG)s equation (1.1).
Indeed, we have seen that we have enough compactness to pass to the limit as € goes to 0, hence, a fortiori
we can pass to the limit in (5.1), and both the L' N L? maximum principle (5.2) and the energy inequality
(5.3) obviously hold by replacing 6¢ by its weak limit 6.

In the sequel we divide the proof of Theorem 2.2 into 4 subsections. Note that we first prove the point
(2) of Theorem 2.2, that is, the eventual regularity result, this will be done in the subsections 5.2-5.3; and
then the proof of point (1) of Theorem 2.2 in the subsection 5.4. Before starting the proofs, we also give
some regularity criteria for the weak solution to be smooth.

5.1. Regularity criteria

We first have the following regularity criteria for the global weak solution of the equation (1.1).

Lemma 5.1. Let v = 1, 8 € (0,1], 6 € L>([0,00); L' N L?) N L2([0, 00); HA/2) be the global weak solution
to the (9SQG)p equation (1.1) with m satisfying (A1)-(A4). Suppose that, for all times Ty,T> such that
0< T <Ty < o0, we have

101l Loc (1, o)sc0 (m2)) < 005 for some o > a, (5.4)
then we have
0 € C™(R? x (T1, Ty)).
If m(A) = A*=7 (8 € (0,1]), the equation (1.1) becomes the classical (SQG)s equation (1.6) with either
critical or supercritical dissipation, and Lemma 5.1 is nothing but the well-known regularity criteria that

can be found for instance in [4,13,37]. If m(A) = A* (« € (0,1)) and oo+ 5 > 1, then (1.1) becomes the
generalized (SQG) equation which has been studied in [33], and Lemma 5.1 is a direct consequence of [33]
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(see Prop 5.1). For the (¢SQG)s equation (1.1) we are interested in, due to the key estimate (3.6), we may
for instance apply the Bony’s paradifferential method as it was done in [13] and [33] to conclude Lemma 5.1,
and we omit the details here.

In order to prove the eventual regularity, we have to show that the regularized solution 8¢ of equation
(5.1) verifies the regularity criteria (5.4) uniformly in e after a finite time. To this end, we shall present
an Holder regularity criterion in terms of a suitable modulus of continuity, which reduces the problem to
showing that the solution #¢ uniformly in € obeys this modulus of continuity at some time ¢, > 0. More
precisely, we have the following lemma.

Lemma 5.2. Letv =1, B € (0,1], and assume that m satisfies (A1)(A2) (A4)(A5) with o € (0,1), A € [0,1).
For all o € (o, min{a + 3,1}), we define the following modulus of continuity

K= 077€7, for 0 < £ <9,

w(e) = { w0 ¢= (5.5)
K}m +')/f6 de, for g > 5,

with 0 < v <k <1 and é > 0. Then, under some smallness condition on v and x, namely that

. [Ci(1l—-0o)a+B—-0) 1

0<Kk< mln{ 16C, 200 [ .
(1 (1—-Co)™  C1BC(1—Cy) '

O<’y<mm{2c2,0/<a7 5 K, 12C, ,

with C,, = %, and Cy, Cy the constants appearing in Lemmas 3.5 and 3.0, the following assertion holds
true:

if there exits Ty € [0,00) such that 8°(Ty) uniformly in € obeys w(§), (5.7)

then, the solution 6°(t) preserves this modulus of continuity w(€) for all time t € [Ty, 00), consequently,
6 € L>([Tp, 00); C?(R?)) uniformly in e.

Remark 4. If additionally we have

1 1
sup ||0°(t)|| oo (r2) < =w (—) 5.8
e 16t e m2) < 5 %, (5.8)

where b is the constant appearing in the condition (A3), then by replacing w(§) in (5.5) with the following
modulus of continuity

Kﬁ(s_afa, for 0 < f S (5,
W(€) = | Foii=ry + 7 f5 sy dn, for § <& < gk, (5.9)
w(g57)s for £ > -,

the same conclusion as Lemma 5.2 also holds for the function m under the assumptions (A1)—(A4). Indeed,

one can similarly check that w(£) defined by (5.9) is a modulus of continuity satisfying the condition (3)

of Proposition 3.1; then due to (5.8), we only need to check the inequality (5.12) for all 0 < & < i,
1

furthermore since we have (3.34) and w'(n) = 0 for all n > -, we observe that the justification is the same
as that of Lemma 5.3. Moreover, (5.24) can also be obtained in a similar manner, thus the preservation of

the modulus of continuity w(€) implies the desired o-Holder regularity, namely
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sup |0 o pay < ——<0"7. 5.10
te[To.00) ” ( )”C (R?) m(d*l) ( )

Proof of Lemma 5.2. We first check that w(€) defined in (5.5) is indeed a modulus of continuity. Let us show
that w is an increasing and concave function for all £ > 0. To do so, we observe that for every £ € (0, 4),
one has

SO = e >0 and W) = IS

0'172
0 §

and for all £ > 0,

W(6) =

2 (1 _ glm/(§1)> < - 7(1 B Oé) < 0’ (511)

T _ AV
Em(§1) &m(¢1) m(§~) &m(Et)
and for £ =9, then

KO vy

W'(6—) = m(-1)’ and W'(0+) = (-1}’

thus if v < ok, we infer that w(&) is increasing and concave for all £ > 0.
1
Besides, it is easy to see that w(0+) = 0 and that w'(0+) = lim xko———<6 7¢° ! = 400, hence, w
g=0+  m(6~1)
satisfies the condition (3) in Proposition 3.1.
Then, according to Proposition 3.1, it suffices to prove that for all ¢ > Ty and all £ € {€ > 0: w(&) <
2(10<(8)l| o=},

Q& W' (€) + D(E,t) <0, (5.12)

where Q(&,t), D(§,t) are respectively defined by (3.28) and (3.29) under the scenario (3.30) with w(-) in
place of w(-,t). Using Lemma 3.5 and Lemma 3.6, we obtain

D(Et) < 01/““2’7 +w§§.3_277>_2W(£)d7l+01/W(277+£)_wg_?;_g)_2w(£)dn,
0 : n
and
Q(f;t) < _02§m(§ ) f t + Oy 5/ 1+ﬁ d77+02£1_5m(§_1)w(§). (513)

In order to show (5.12), we shall divide the study into two cases.
Case 1: 0 < £ < 4.

We first focus on the contribution coming from the velocity, and we see that,

o= [0 0y~ [yt o
3 £

then we integrate by parts, and by using the following inequalities



230 O. Lazar, L. Xue / J. Math. Pures Appl. 130 (2019) 200-250

1
(wmym(n™)) = w'(mm@(n~") - Fw(n)m'(n‘l) < (mm(n~1), (5.14)
and
wlpm(™) Fm(6~H)m(n ) ym ™) [ 1
lim lim + lim dr
n—ro00 n n—ro00 n n—oo  pf 6/7’777,(7'_1)
. km(6~Hm(1) Y nl
< Jim SESSEES - T 5/ “dr =0, (5.15)
we infer that
w@mEe) 1 [
o < ) 2 ! dn.

Then, since w'(n) = nom(; o~ for n < § and W'(n) = ’ym for n > §, we find that

5
©mE) mn 1)
Q(f) < - gzﬁ + ,3507,:2571)/nl+ﬁ o +7/ﬂ 1+ dn,
£

)
w(@m(E) | kod*? 1 y
= BeB 3 pi+Bra—c dn + 5258
€
w@m(E™") | wod*7 1 (at+B—0)
STRF 7§ avhooo + o
w(@)m(e~t) 20K 1

ST 57 VYBarp_o)er

where in the last line we used v < ok. By using the nondecreasing property of 7 — rom(r=1) (o > a), we

get

=B (=) (€)' 250 m(E~ e ok2 S
£ (el (O =on TIE I < €

and
Em(e (€)= o) <

Then, (5.13) and the above estimates allow us to conclude that, for all k < ﬁ, we have

, o—p 2K 20K
Q& W' (&) < —CaorDI(E, t)—|—C’20/£5 m(5 1)5 (ﬁ 7ﬂ(a+ﬂ—0)>
1 4Cy0K? 1 o—3
=Pt S h ) rme



O. Lazar, L. Xue / J. Math. Pures Appl. 130 (2019) 200-250 231

Then, we consider the contribution from the diffusion term. By using that

1
w'(&) = —ko(1 - J)Wﬁg_Q,

we obtain
&/2
Ve W€+ 20) + wl€ —20) = 20(8) )

1+5

0

£€)2n?
<q [y,
0

o—2 &2
< —2C 3 1-5
S — 1%0(1 — O')m n d?]
0
S

< —2Ci0(1 — U)Kd"m((;*l)@ — )27

_Cio(l-0)k 1

o—p
= 5 rm(p 1)
Hence, we finally get
’ 1 o—B 402/i 01(1 — O')
Q(fat)w(g)—i_D(gat)SUIimf (ﬂ(a—l—ﬂ—o’)_ 4 > <07

and the last inequality is ensured by choosing x < min { G1f(1=o)(atf=o) _1 }

16C> ' 2C%0

Case 2: £ > 4.

Once again, we first focus on the contribution coming from the velocity (5.13). We integrate by parts,
and following what we did in Case 1, we find

Twmmmn™) . w@mE?) 1 [ (mmn)
/ nt+h < BEs * 8 / n? dn
¢ ¢ (5.16)
W(©OmEY) v [ 1 w©m(EY) | A
ST g Tp 5/ T B Tk

From (5.13) and (5.16), we see that

W (E)QE ) < —Catw! (E)m(E M) D(E, ) + O (€)EPw(&)m(e ™) (% + m + 1) :

but we know that w’(£) = ﬁ, thus w’(€)ém(€71) = v, and the last inequality becomes

W (©)QE,1) < —CoyD(&,t) + Cavé Pw(€) (% + m i 1) .

Then, we may assume that vy < g2 so that
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1 1
W (§)QE,t) < —§D(§,t) + CovEPw(§) (B + m + 1) :
On the other hand, we have
2¢ 2¢ 1
0 =0+ [ Gy =et0+ |
3 13

since £ — £~m(£71) is an non-decreasing function (see (3.3)), we get

2

3

1
§am(¢

2 -1 v

w(28) <w(§) + 5 m

2%—-1

In the following, we need

Lemma 5.3. For all C > 1, let v be sufficiently small, namely

_ (6—1)"‘
D— I{/,
7 C

then we have

’7 J—
< Cw(é), VE > 4.
mie) =
Proof of Lemma 5.3. Indeed, for £ € (0, %5), we infer, by (3.3), that m(6~1) < (%) m(§~
assuming (5.19), we get w(&) > w(d) = meTy 2 (C 2 'f) > m(§ ry; while for £ € [alé 00), W

¢ ¢
1
w(g)zv/nm(n )dn_fa /n1 «
) )

vV
A
3
/;T\Q
—
3

(1-1/C)¢
which gives the claim (5.20) and ends the proof of Lemma 5.3. O
Then, we come back to (5.18), and thanks to the previous lemma we obtain

20 —

w(26) < w(€) + L Tu(E) = (1 + CaO)w(€),

where we set C, = 2= € (0,1). Thus, by choosing C = HC“ > 1, we find

w(28) < (3/2 + Ca/2)w(§).

Since w(2n + &) — w(2n — &) < w(2), we infer that

% < w(§), and to do so, we shall use the following lemma.

(5.17)

(5.18)

(5.19)

(5.20)

1), and by
we find that

(5.21)
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D&t < —01/ (1/2 _n?if)w(f)dn - 01(12g Ca)wg(ﬁg).

£/2

We shall, once again, use Lemma 5.3 to get a nice estimate of the contribution coming from the nonlinear
part. Using (5.20), one finds

6.0/ (6) < ~5D(ED) + O (5 55+1) (5.22)
then, using that C' = 12'%6;0“ < C%n we obtain
(6.0 (6) + D0 < %5 (o~ PO ) <o
) ’ = fﬁ 2752004 4/3 5
C18Co(1—Cy)

where the last inequality holds by assuming v < 130, .

Therefore, for 0 € (o, min{a + 3,1}) and § > 0, the solution 6¢(¢) of the evolution equation (5.1) on the
time interval [Ty, o) preserves the modulus of continuity w() as long as 0 < v < k < 1 are fixed constants
satisfying

O<m<min{cl(1_a)(a+ﬂ_a) ! },

16C. "0
? 27 (5.23)

i 1 (1-Cy)* C18CL(1—-Cy)
0<y< —, s s
7S { 20, 2 12C5
where C,, = =1 € (0,1) for a € (0,1).
To end the proof of Lemma 5.2, we need to show the uniform C?-regularity of #¢, and to this purpose,
it suffices to prove the following claim

w(§)

g

the mapping & — for every £ > 0 is nonincreasing. (5.24)

Indeed, if £ € (0,0], then (5.24) follows easily from the definition of w; while if £ € (§,0), then we have
(%)’ = w, and thanks to (5.11) and the condition o > «, we infer that

(1-0—-(1=-a)y

(§w'(§) —ow()) = w'(§) + Ew"(§) — ow'(§) < em(eT) <0.
Besides, if 7 < ok, then we have
' (64) — ow(d) = —— — 75 _ (5.25)

m(5=1)  m(671)

thus we find that d%(wg(f)) < 0, which implies that (5.24) holds for all £ € (J, 00). Note that we used a new
condition on v which is v < ok, therefore, the conditions on the constants x and v of the preserved modulus
of continuity (5.23) becomes (5.6) as stated in Lemma 5.2.

Then, since the modulus of continuity w(&) associated to 6¢(¢), which is defined by (5.6), is preserved in

the time interval [T, 00), we obtain by using (5.24) that

< sup w(le = y) <k ! 07, (5.26)

_x;éyeR2 |x_y|o B m(d_l)

0¢(x,t) — 0°(y,t
tE[Tp,00) t€[To,00) xAYER2 |33 - y|



234 O. Lazar, L. Xue / J. Math. Pures Appl. 130 (2019) 200-250

which corresponds to the o-Holder regularity of 6¢(¢) uniformly in e. This allows us to conclude
Lemma 5.2. O

5.2. Eventual regularity of the weak solutions of the (¢9SQG)s equation (1.1).

As far as the regularized equation (5.1) is concerned, we have already seen that, uniformly with respect
to €, both the LP-estimate (5.2) and the energy estimate (5.3) are verified. Then, using (5.3) along with the
divergence-free property of u¢, one can show the following L* estimate, that is, for all ¢’ > 0,

. C
101 Loo ([t 4+-00) xR2) < 71/8 1//35 100l L2 ®2), (5.27)

where Cj3 > 0 is a constant independent of e. The argument used to prove (5.27) is the De Giorgi iteration
method, which does, luckily, not depend on the nature of the velocity u® since only the uniform energy
estimate and the divergence-free property of u¢ are used. Hence, the proof of (5.27) is quite similar to those
in [4], [14] for instance, and we therefore omit the details.

Now according to Lemma 5.1 and Lemma 5.2, in order to prove the eventual regularity of the global weak
solution 6, it suffices to show that the smooth solution ¢ of the approximate equation (5.1) is, uniformly
in €, o-Holderian for some time ¢’ + T,. To this end, we shall prove that the solution of the approximate
equation (5.1) obeys (uniformly in €) the following moduli of continuity w(§, &o):

for all £y > ¢,

(1—0)k 1 oK .
m(5-1) + f nm(n—1) dn — (E()—l)(fo—(s)-l-—ém((;_l)f, if0< &<y,
W€, %) = { mipn —l—'yfég 0 = o= e S if 6 < & <&, (5.28)
m(z?*l) +,‘Yf§ nm(;*l)dn7 if & > &o,

and for all £ < 4,

CG2B6708 + 0T, H0<E< g,
w(&, &) = m g, if g <& <9, (5.29)
€ .
ﬁ""}/j‘é mdn, 1ff>5,

where ¢ € (a,min{a + §,1}), k,7,0 > 0 are constants that will be chosen later and & = &(¢) is a
time-dependent function given by (5.32). Motivated by [27], the basic idea to construct such moduli w(&, &)
consists in taking a tangent line at the point £ = & to w(€) (given by (5.5)) and replacing w(§) with this
tangent line in the interval 0 < £ < &;. However, since the one-sided derivatives of w(§) at the point & = ¢
do not coincide, we make a crucial modification in the case £y > J, that is, the tangent line mentioned above
in the interval § < £ < & is once again taken, but for 0 < £ < § it is replaced by a straight line crossing
w(d+, &) with the larger slope w’(d—) = SmsTy

Tt is not difficult to check that w(&, &) is an increasing concave function in &, for every & > 0 and &, > 0.
Furthermore, we may easily see that, for all £, > 0, we have w(0+, &) > 0, and thus the condition (3) in
Proposition 3.1 holds. For £y = Ag > § where Ay is a constant that will be chosen later, one observes that

Ao
w(O—l—,Ao):(l—U)Kﬁ +7/nm(17 dn — i —~ (Ao —0)
5

n1) Aom(Ay ™)
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—a)y Ag -6~
> ((1 —U)Ii—'Y) m(;_l) + <1 o >,y AS‘SrL(A(;l)7

(5.30)

and by assuming that v < (1 — o)k and using (5.27), one gets that the solution ¢(¢') obeys the modulus of
continuity w(&, Ag) provided that

(1—-a)y Af - 203
a  Agm(Agh) TP

100 L2 (R2)- (5.31)

The following key lemma shows that the breakdown of such moduli of continuity after ¢ cannot happen.

Lemma 5.4. Suppose that 0¢(t') obeys the modulus of continuity w(§, Ag) given by (5.28). For p > 0, let
&0 = &o(t) be a time-dependent function defined by

d _
Th=—r& ", &(0)= Ao (5.32)

Then, for some sufficiently small positive constants &, k, v and p (verifying (5.31) and (5.74) below), the
solution 0°(x,t +t') to the regularized generalized (9SQG) s, equation (5.1), uniformly in €, preserves the
modulus of continuity w(§,&o(t)) for every &(t) > 0.

Using this lemma, we shall show the desired eventual Holder regularity of global weak solution to (1.1).
Indeed, using (5.32), we have that & (t) = (Ag - pﬁt)%, thus at the time ¢; defined by

t = A3 /(Bp) (5.33)

we have £y(t1) = 0 and consequently 6¢(x,t; + t') obeys the modulus of continuity w(&,0+) = w(¢), with
w(§) being the modulus of continuity defined by (5.5). Hence, the property (5.7) is satisfied at the time
Ty = t1 +t' and thus, Lemma 5.2 implies that the modulus of continuity w(§) given by (5.5) is (uniformly
in €) preserved by the evolution of #¢(¢) in the time interval ¢ > ¢; + ' (note that x,~ here satisfies (5.6)).
Therefore, from (5.26) we get

1
sup [0 (0) | ey < Kb, (5.34)
tE[t1+t/ ,400) C7(R2) m(d—1)

where 0 > 0 is a fixed constant satisfying (5.31), which combined with Lemma 5.1 concludes the eventual
regularity result.
Now it remains to prove Lemma 5.4.
Proof of Lemma 5.4. According to Proposition 3.1 and since we have (via (5.31))
w(Ag, &) > w(0+, Ag) > 2[|0| Lo ([t 4-00) xR2)>
we observe that it suffices to prove that for all ¢ > 0 so that y(¢) > 0 and 0 < £ < Ay,

_a&)w(g, gO)gé(t) + Q(ga t)agW(ﬁ, 50) + D(é-?t) + Eaﬁéw(ga 50) < Oa (535)

where w(¢, &) is given by (5.28)—(5.29), and
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Nl

D(Et) < Cy / w(€+2n,&) + W(qflﬂfn ,§0) — 2w(§, 50) dn
(5.36)
/ w(2n + &, &) —w(2n — & &) — 2w({, &))d
ni+p 77’
%
and,
s -1
Q(6.1) < ~Cagm(e DI 0+ Cag [ LI iy oo ol &) (530
3

Note that in (5.35), if Og,w(&,&o) or Jew(€,&o) does not exist, the larger value of the one-sided derivative
will be taken.
Depending on the values of £ and &, we shall divide the study into 5 cases to prove (5.35).

Case 1: §y > 6, 0 < £ < 4.
In that case, (5.28) implies that

o
1 1 OK

1
w(, &) = (1 —U)“m +76/Wd77—7m(50 —0)+ mfa

hence,
1 1
afow(gago) < ’YW? and 850)(5,60) = UH&m(éfl)’ (538)
and
1 YA 1
w(&, &) > w(0+,8) = (1 - U)Hm + 76/ nm(n‘l)dn - véom(&}l) (6o —9)
o
1 1 1 1
1— 0
> (1= )i + g 5/ Ve 60—
1—-0 n J ! o —0%) — ! —9),
( ) (6_1) Oéfom(ﬁa )(O ) ’yg (fo )(50 )
= M, . (5.39)
We also have
(E60) = w04 €0) < w(6.80) = (0. &) = R (5.40)
Therefore, by (5.32) and (5.38) we obtain
1
—0g,w(é, 0(t) < 5.41
cow(&5 €0)60(t) S PV ——5 e e (5.41)

Using (5.28), (5.14)—(5.15) and (3.3), by integrating by parts, one gets that, for all v < ok,
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T w(n, &)m(n~! £,6)m T Dyw(n, €)m(n~

/W?? O1+5 )dnS w( Oﬂgﬂ +/ nwﬂﬂ%ﬁ )dﬁ

£ 3

) &o 0o

~w(& &)m(Eh) oK m(n~t) v m(n~t) v 1
T2 +55m<51>! P dn+5§om(§o_1)6/ PR 5/ i

(& &)m(E) 1 7

0 oK Y v

- ﬂgﬁ + B(glfa g/noﬁ»ﬁ d77 + ﬁféia !na+ﬁ dn + B2§g (542)

§lma—8_gl-a-8 N glma—B_gl-a—p - .
L . +B§1 Sl +w, ifa+p8<1,

7(“}(57 SO)m(f_l)

655 + ﬁ51 = IOg 3 551 = IOg + B2€[37 ifa+rp=1,
Gn&la[iélaﬁ n/61(1351045 .
Bol—o atph—1 + chl)_a ath—1 + ﬁ2§ﬁ7 lfOé+6> 17
1 son 2 if a+p <1,
w(éa&))m(fi ) Y : —
ST‘F /35101?g56 ﬂflalog 260 ifat+tpg=1,
551 O‘iJrﬂ 1+ﬂ255’ 1f0£+6>1
Then, applying (5.37), (5.38), (5.40) and (5.42), we obtain, by choosing 7, x such that v < ok and k < 2020_,
the following inequality
w(& &)EPm(E)
Q(§,1)0ew(€, &) < — CaokD(E,t) + 2Co0k Bom(a-T) +
3Cs02k? _¢67° :
B(1=a=B) Sm(-T) fat+pf<l1,
+ Cz(ﬁgl—'iaﬁlogg ﬁé(&%aflog%{}*’%)ﬁﬂl)» ifat+pg=1,
52 a—p3 & ok .
C(ﬂélacﬁ'ﬁ 1+ﬁz—£g)m, fa+p>1,
< pen+ QCW» (04, &) | 2050%2 g1
T2 &h pm(6-1) ot
3 Mf;géﬂ 575, if a4 8 <1,
20°+C” ﬂc;;f'*é(l @), ifa+p=1,
52 o €1+/3 Coo2k .
a+/3 atB—1062—« %5513)572(5 1)5 7 ifa+p>1,
- l D(et) + 2050k w(0+,&)  Ca0?k?Ba g 1 (5.43)
T2 B 3 pm(6-1) &P '
where in the case o + 8 = 1 we also used that & (log 5) < Cy and %‘) < (!, and
ﬁ, if a+ ﬁ < ].,
Bap={%2+C, ifat+p=1, (5.44)

For the contribution from the diffusion term, using the concavity of the function w(n, &) —w(0+, &), we
obtain that
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[ 204 w(0+,
D(€7t> S _2CIW(O+360)/ n1+6 d77 S _71%’ (545)
¢
and thanks to (5.39), we get
2C1 Mg, s
D(£, 1) < — 2 2%, 5.46
€0 < -0 (5.46)

If § > N6 with N € N which is chosen such that £ (¢5 — 6%) > %f{j‘ > H%fg‘ which means that

1—-(1/N)* > 12+—aa, that is, N > (i—a> a, thus we may choose

1+« a
N = 1. A4

(122)7|+ (5.47)

Thus for such an N, we have in the case §y > NJ that

K 2 1 K 1—«a ol
M, > (1-— + -1 — 2> (1- + . 5.48
oz 0+ (s ) ey 20 e e O
Hence, inequality (5.46) becomes
2C1(1 — o)k 1 Ci(1—a)y 1

D(&,t) < — - — 5.49
€1 5o B miEe e (549

Therefore, for £§g > N&, we choose k such that xk < 45;7 so that inequality (5.45) gives

2050k w(0+,£0) Cq w(o-i—,fo) 1
G- 80) o ZLWTTS0) o _Cp .

and by collecting (5.41), (5.43) and (5.49), we deduce that

Cy0KBqy s C’l(l—a)> K < (1 —CY)> v

L.H.S. of (5.35) < B +(p— <0,
%) < E 25 Jm@ e T\"T T ) (g her

where the last inequality is verified as long as p, k, 7 satisfy

Ci(1 - a) . Ci Ci(l-o)

p < TR K < min 1Cho’ 2C307Ba 5 |’ v < OK. (5.51)

Conversely, if {; < N§ with N satisfying (5.47), using the following fact that

1 1 N 4 1
e S M) S me ) S T—am@ )’ (5.52)

and using (5.50) once again, we obtain that the positive contribution is, thanks to (5.41) and (5.43), given
by

K ( 4p CQUZKBa’ﬁ)

) 3
_afow(é-agO)gO(t) + Q(f,t)ﬁg&)(é—,fo) S _ZD(fvt) + m(d‘l)fﬁ 1 _ O[E B
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For the negative contribution coming from the dissipation term, via (5.39), (5.46) and (5.52), we easily get

that for every v < W&

2C; 1 1 1
D) < =255 (0= iy =1
Ci(l—-o0)k 1 (5.53)

201 Ay 1
=75 ((1 R cv) meDE =" § me e

Hence for £y < N6, we finally have that

K p(l1—0) C202%kBaps Ci(1—0)
H.S. 5.35) < — —
L.H.S. of (5.35) S (1) < 5 3 13 <0,

where the last inequality is verified if

Ci(1—-o0) 1 . [(1=0)(1-a)
8C307Ba g’ 4020} ;o< mln{ 3 K,O0K ¢ . (5.54)

p < H<min{

~1
44’
Case 2: {5 > 6§, § < € < &.

In that case, we have

&o
1 1 1 1
e ——dn —
w(&fO) ’%m(a—l) +75/ nm(n_l) g fym(g(;l) +7§0m(€61)

hence, we infer that,
1 Y ay§ 2y
0 &) =7y———, d 0w + —— < —=, 5.55
T M verery By Rvrs M

and (recalling My, s defined in (5.39))

o
1 1 1
w (&, &) > w(d,80) > K onlo-T) +76/ de - VW(&) —9)
K bl o _ goy _ 1 _5 (5.56)
2 Tagmgn 0 ) Tamgn @
oK
Moo Sty
and we also have that
0 oK 2K
W(g,fo) - w(0+a§0) S w(€07£0) - W(O+,£0) S m(fo_l) + m(é’*l) S m(go_l) (557)
Therefore, thanks to (5.32) and (5.55), we get
2y (5.58)

g6 06 (1) < (,50 @) S P

‘We moreover obtain that
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7w<n,fo>m<n1> o < G EImED) | 737700(71,50)7”(771) i

¢ nl+hs n=< 5e? o
o -

w(§ Go)m(¢ ) v m(n~") v

= . d
per i Béom(&5h) ! v +§/ el
€0
w(&&)mEh) v 1 v
d

S ﬂéﬂ - Bgcl)ia £/ 770(-"-5 n + 5255

w(&, &)m(E) W""ﬁ, fa+p<1
< ﬂT +4 5ep log ¢ + 2ike if o+ =1 (5.59)

BBTa e + mey  HatB>1

Thus, by combining (5.37) with (5.59), and using dew(€, &) = ’leg—l) and Em(E7Y) < &mi(&yt), we
obtain the following control ’

Cg'\/Q Cavy? .
20wl . | Vo R periet
_ ’ 2y 27 i -
Q€ 1)0ew(€,80) < — CayD(§,t) + 50 + ngm(c)&)l g 5o 5 B%;m(&o X ifa+p=1
27 27 .
Bt B—L)ePmET) + B mE ) ifat+p5>1,
then, using (5.57) and the fact that log < Cp we observe that if we set
gt 5, fa+p<l,
Bag=1{Co+3, if a+B=1, (5.60)
%ﬁ—l’ if o + ﬂ > 1,
then we get that if 7 is chosen such that v < ﬁ, we find
Q(&vt)afw(é.véb)
C. .
1 2057w (0+,&) | 4C <10‘5+ )ﬁsﬁQZ me dfatf<l
yw »S0 2Ry C .
— D)+ 22 + (C+ )2—7 fa+pB=1
&) pEs BEBm(Et) 01 B) beg (EC i B
a1t ﬂ) Frmen Toth>1
1 2C>yw(0 C2B, 1
~pe gy 4 2920000 &) | CoBosry (5.61)

BEs B émgt)

For the contribution from the diffusion term, we still have (5.45) and (5.46). Now, as we did in Case 1
above, we split the study into £, > NJ and &y < N<5 where N has been defined in (5.47). If {; > N0, then,
by using (5.49) and by choosing 7 such that v < 4C , we find that

ar Y —= Cl(l — Oé)
L.H.S. of (5.35) < W(&)_l) <2p,8 + O3By gk — f) <0,

where the last inequality holds true as long as
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Cl(l — a) Cl(l — a) . 1 Cl
- - I —— e E— . . 2
p < 85 K< 4023(!7[3, ~ < min 402,402,0,% (5.62)

Otherwise, if £g < NJ, and we have, using (5.52) and choosing 7 such that v < 40712, that the positive

contribution treated by (5.58) and (5.61) can further be bounded as

4 1
(1—a)Bgim(6-1)

_afow(€7 fo)fé(t) + Q<§? t)aﬁw(£7€0) < _%D(év t) + (QBP + CQFa,ﬁ ’i) .

For the negative contribution from the diffusion term, by arguing as (5.53) we obtain that for v choosen

such that v < WK, one has
2C4 4y 1 4~ 1
D < ——((1-— — < -2 .
0 <=3 (1= 125 mone < O e

Hence for & < N¢ with N given by (5.47), we deduce

Far 47 !
LHS. of (5:39) £ T 558 me1)

(2Pﬁ + CzEa,g K — C1) <0,

where the last inequality holds true if

Ch Cy
—_ S ———
2C3Bq.3

(1-o)(l1—a) 1 }

< mi 2
, ’y_mln{ S /<;,4C,2,402 (5.63)

Case 3: §y > 0, { < &£ < Ap.

In this case,

3
1 1
w(&, o) Zﬁm +76/Wd77-

We see that dg,w(€, &) = 0, Jew(&, &o)

= '7§m(1§fl)’ and following the same arguments as we did to obtain
(5.16), we find, using (5.20) and w(¢, &) =

w(§) (with w(§) defined in (5.5)) that

[wm&)min™) . wE&mEY) v 20w(E &)m(EY)
/ WS T e S T g
3

where C = % and C, = 20“04_—1 € (0,1). Thus, thanks to (5.37), if one chooses v so that v < ﬁ, then,
one gets

30267 w(ga €0)
B? &

1
Q(Ev t)8§w(€v §0> S _§D(£7 t) +
As far as the contribution from the diffusion term is concerned, since

w(2n+&,&) —w(2n — &, &) < w2, &) < 2w(§, o),

then, by following the same idea as (5.21), we obtain
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D(Qﬁ,t) S _Cl

(1-Co)w(& &) [ 1 CL(1 — Cu) w(€, &)
2 !WMS_ 25 &

Hence,

e, )26u(6, ) + DE.0) < “E5) ( 30 GlZC) o,

per BT
provided that the constants x,y are chosen so that

1 (1—Cy)~ 1-C,
0<k<l, 0<7<min{—( Ca)?; C18Ca( C)}. (5.64)

205’ 2 ’ 12Cy

Case 4: 0 < & < 6,0 < & <¢&.

In this case,

W& €)= (1 — 0678 +on— e,

m(5—) (6-1)
and thus
Oeyw(&,&0) = (1 — a)n#cs—”g”* (1 - 5) and  Oew(&, &) = ML(;—QH
o m(6=1)" % &) ’ m(6-1)" %07
and
1 1
w(&, &) > w(0+,8) > (1 - U)Hmfsfgfgv and w(&, &) < w(6,8) < Hmyafﬁ (5.65)
We have
) 1 o C ,
056 &0)o(0) < po(1 = o) sa oG (1 < BOTEEE), (5.66)
A straightforward use of (3.3) gives both
5 [0
mle) < (") and mi&h) < () m7),
and hence, one finds
o —1 o—«
Em(EH0w(&, &) < o’/@% < 055?77(1 < oK, (5.67)
which also leads to
—Cotm(§1)D(&,1)0cw(€, &) < —CaokD(&,t). (5.68)

By integrating by parts, and using (5.14)—(5.15), (3.3) along with formula (5.29), we see that,
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7w(n,£o)m(n1) < @EEImE™ +73nw(77,£o)m(771) .

J P 7= BEP BP
&o ) 0o
w(&, &)m(E) orgy ! m(n~1) oK m(n~t) v
ST e +ﬁ5"m(5*1)/ 7 U By |yt ”7/ s 4
3 &o )
&o B
w(& &)m(E™Y)  ored! 1 oK 1 v oo
<5 T e / e ﬁav—a/ g 1+ a0
£ &o

oK oK Y :
Bi—a—pe T Bars—og e fat <l

+ ﬂlog%+m+ﬁ, ifa+8=1,

pE
oK oK Y :
Blat+ph—1)EPR + ﬁ(a-‘rﬁ—ﬂ)ﬁg + B265 if a +B > 1.

(JJ(&, fO)m(gil)
pEs

IN

By using (5.37) together with the fact that {o0:w(§,&) < Zw(€,&o), the previous inequality allows to

conclude that, by choosing x and -y such that k£ < ﬁ and v < ok, one has the following inequality

2020-l€ w(§7 gO)

QE,1)0ew(&, &) < — CaokD(E,t) + 3 £ +
Gor (=l + arhs + 5) Godew(€. ), fatB <1,
0625 (Co+ b + §) oew(E o), ifatf=1 (569

%50;6 a-ﬂ,—é—l + a—‘,—é—o‘ + %) goafw(§a§0)7 lf o + /6 > 1a

3C20kK g6 w(E, &)
Bl-o) & 7

1
where we have used E% log %“ < Cp and have set

ﬁ+r§_g, ifa+p<1,
Koo =14 Co+ 1%, ifa+p=1, (5.70)
%671’ 1f04+5>1

For the contribution from the diffusion term, by following the same idea as the proof of (5.45) and using
(5.65), we get

1 —204(1 — ¢
i dn s s ﬂs?w( o) (5.71)

D(&,t) < —2C1w(0+, &)

w\m\g

Then, thanks to (5.66), (5.69), (5.71) along with (5.35), one finds that

‘ W(€7 50) 3020-"{/](04,[3,0
where the last inequality is ensured by setting
01(1—0’) . 01(1—0')2 1
< — < < ok. 5.73
P 260 S\ 6Cw0Ka 0 2050 [0 1= (5.73)
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Case 5: 0 < & < 6, € > &.

In this case, we may follow what we did in Case 1 and Case 2 in the proof of Lemma 5.2, and we omit
the details. However, it is worth saying that the conditions on k, vy, in that case, are given by (5.6).

Finally, we have proved that (5.35) is verified for all £ > 0 and ¢ > 0 for the moduli of continuity w(&, &)
defined by (5.28)—(5.29) and &, = &y(t) given by (5.32). Recall that p, k,7 are constants satisfying all the
conditions coming from each cases, namely (5.6), (5.51), (5.54), (5.62), (5.63), (5.64), (5.73). This ends the
proof of Lemma 5.4. O

Remark 5. By suppressing the dependence on Cy, by, bs (which are fixed constants), and recalling that
Cy = % (the constant appearing in Lemma 3.6), we find that the conditions on p, x and +y can be written

as
p< % min {—Cl(};a), 701(51;0)} ;
Clﬁ(l—o)2 . .
k< 2R min{l —a—-p,a+p -0}, ifat+p8<1,
p< 20D min { (11— 0%}, ifa+p8=1, (5.74)
k< GB(1-0)(a+B-1), ifa+p3>1,
v < &min{ok, (1 - Ca)%, (1 —0)(1 — @)k, C1(1 — Cu) %},

where C > 0 is fixed constant that depends neither on «,c,3, nor Cj (the constant appearing in

Lemma 3.5) and the other constants are defined by C, = % > inf,e(0,1) 2aa_1 = ¢y > 0, and

e T log xz < o0.

5.8. Proof of (2.2): remark on the time of the eventual regularity

The aim of this subsection is to show that for any fixed initial data 6y € L2, t' > 0 and 8 € (0,1), the
time of eventual regularity ¢, = A /(8p) tends to 0 as o — 0.
Without loss of generality we may assume Ay < 1. Recalling that (5.31) is verified if

(1-a)y
am(l)

o <o 2C
(45 = 6%) > 7575 0ol 2,

therefore we may choose

_ [ 4Csm(1) S Csm(1) :
AO_(WO“%'”) ) 5—(WQIIHOIIL2 : (5.75)

Since at the end we are going to consider the limit as &« — 0, we may assume that

1= pB1
a < mm{T, 5 Z} for all 8 € (0,1),
and since ¢ € (a,min{a + $,1}), we may set 0 = min{i, 2}, thus since C, = =1 ~ (In2)? and

CY, = SUDP,e[1, 400 —= logz ~ 1 for « close to 0, we see that (5.74) reduces to

& 0<ﬁ<gmin{ﬂ(1—ﬂ),ﬂ2}, O<’y<gmin{ﬂ(lfﬁ),52}, (5.76)

<
0<r=7p C C

with C > 0 and C7 > 0 some constant depending only on 3. Hence, by choosing p, k, 7y satisfying the above
conditions, and via (5.75), we obtain that for all 3 € (0,1) for all fixed time ¢’ > 0 and data 6y € L*(R?),
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S

tq

1 ( 4Cﬁm(1) —0, asa—0. (5.77)

B
~ Bp MWBO‘HQOHL?) = C(B)(C(B,t")alfo]|2)

This ends the proof of the remark (2.2) on the time of eventual regularity. O
5.4. Global regularity of weak solution for (¢SQG)s equation (1.1) at the logarithmically supercritical case

The aim of this subsection is to prove the first point of Theorem 2.2, that is the global regularity of the
weak solution for a logarithmically slightly supercritical case. Unlike the second point of Theorem 2.2, we
now assume that the multiplier m verifies (A1l)—(A4).

We use the same method as the proof of the eventual regularity as above. However, in this case, the
moduli of continuity w(&,&p) are constructed from w(&) defined by (5.9) instead of (5.5). Hence, the moduli
of continuity w(&, &) used here are slightly different from those given by (5.28)—(5.29). It is defined as
follows,

w(€, &) given by (5.28),  if 0< €& < 5=, & >4,
w(€,80) = qw(& &) given by (5.29),  if 0 <€ < 5,6 <6, (5.78)
W(ﬁ,&)), if § 2 ﬁv

where & = &y(t) is defined by (5.32) which has an explicit expression namely &y(t) = (Ag — pﬁt)%f. Clearly,
w(&, &) given by (5.78) are moduli of continuity satisfying the condition (3) of Proposition 3.1.

Without loss of generality, we may assume that £,(0) = Ao is small enough, more precisely we shall
assume that Ap < min{ ﬁ, %} where by > 1 is the constant appearing in (A3) and b3 > 1 the constant
verifying (2.1), that is 1/b3 < m(r) < bs(logr)* for all r > bs. Then, using (2.1) we have

Ag
1

1 1
UJ(O+,A0) = (1 - U)Km(é_l) +76/ 77m(77_1)d77 - ’YAom(Aal) (AO - 6)

gl / gl
> — d
b/ nlogr=1)r " m(1)
1
§ 1 ’y
B
> dn — 5.79
b3 / nlogm)# = m(1) 7%
%0
1—p L= .
- 7b3(£{—u) ((log %) — (log A%)) ) — %, if pe0,1),
% (loglog%—loglog%o) —%, if p=1.
Then, by using (5.27), we know that, for all ¢, > 0,
) £\ —1/8
10N o g ey ey < Co (5 ) Wollzeeey, (5.80)
thus in order for the inequality w(0+, Ag) > 2/[0°(%)||L= to be verified, we can let
£\ —1/8
w(0+, Ag) > 205(5) 1001l 2 ). (5.81)
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Hence, if p € [0,1), we need

1

TN\ by(1—p) to\~1/8 Y ﬁ
(o) 52 e 5) e+ )|

and using the inequality (a + b)ﬁ < C#(al%u + bﬁ) for a,b > 0, one observes that it suffices to choose
0 so that

_>
lO
gs_

3Csbs(1—p) (t.\ 7 bs(1 — )\
5= aresp (-0 (2RI (1) ol + 2UZI) T, (5.82)

whereas if p = 1, it suffices to set ¢ as

1 1 by t.\—1/8 ~y
loglog = = loglog — + — ( 3C4( = 0 —
oglog = = log ogA0+ 5 ( 6(2) | 0L2+m(1))7

that is,

Cpbs 4, \_
5:A§xp(3#(?> ool 2+ 57ty ) (5.83)

Next, we will prove that such moduli of continuity w(&,&q(¢)) are preserved by the regular solution
6°(z,t + %). By choosing § as (5.82)—(5.83) and using what we did before, we get that 6¢(z, &) obeys the
modulus of continuity w(&, Ag). Then according to Proposition 3.1, and by using (5.80)—(5.81) and the fact
w(Ap, &) > w(0+, Ap) for all £ > 0, we see that it suffices to verify that

7650("}(57 fo)f(l)(t) + Q(ﬁv t)a£W(§, 50) + D(fa t) + E&fg&)(f, 50) < Oa (584)

for all ¢ so that &(¢) > 0 and all 0 < £ < Ap. Since we also have (3.34) for the estimation of (,¢) and
since O0pw(n,&) = 0 for all n > i, we see that the proof of (5.84) is the same as that of (5.35) in the
subsection 5.2. The conditions on p, x,y can also be chosen as (5.74), and by setting o = min{a + ﬁ s
we may choose the coefficients p, k,~y as

p=famin {15, 52

nzgclﬂ(zlca) min{l —a—B,a+ 3 —0o}, ifat+p <1,

o clﬁz(é o) mln{c,,(lfa)z} ifa+p=1, (5.85)
/Q:zc—cl,ﬂ(l—a')Q(Oé-i-ﬂ—l), ifa+p8>1,

3= 2 min {or, (1 — Ca)n, (1 0)(1 = a)w, Ca(1 — Ca)B}

where C, = 2&_1 , Ol = Supze[1,+m)(ﬁ logz), C' > 0 is some absolute constant and C; = C1(f) is the
constant appearlng in Lemma 3.5.

Then after some finite time ¢t; = ‘2—5 so that & (t1) = 0, from the continuous property of 6¢(x,t) and
w(&,&(t)), we find that 6°(z, % + ¢1) obeys the modulus of continuity w(¢,04) = w(&) given by (5.9).
Thanks to (5.80) and (5.81), the condition (5.8) is immediately satisfied, then Lemma 5.2 and Remark 4
imply that the approximate solution §¢ (uniformly in €) obeys the modulus of continuity w(€) given by (5.9)
on the time interval [% + t1,00), and thanks to (5.10) we get
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1 K
sup — [[0°(#)ll¢ro ma) S R—memgg 67 < —=m 0 5.86

t€[t1+tx/2,00) Co®) m(6—1) m(1) (5.86)
where ¢ is given by (5.82)—(5.83), p, k, 7y are fixed constants that appear in (5.85) and 0 < Ag < min{i, i}

8
4 < L e Ap < (ﬂpt*/él)l/ﬂ, thus for each

Then, in order to let t; < %*, we also need that Ag satisfies ir

a € (0,1) and S € (0,1], we can set Ay to be

Ap = min { (B,ot* ) vl } ) (5.87)

4 ' 2by b

so that the uniform-in-e Holder estimate (5.86) holds true with such an Ay in the formula of ¢ defined
by (5.82)—(5.83). By using Lemma 5.1, we can further show that 6¢ € C°°([t,,o0) x R?) uniformly in e,
which by passing ¢ — 0 implies that the global weak solution 6 of the (9SQG)s equation (1.1) satisfies
0 € C°°([t.,00) x R?). This ends the proof of Theorem 2.2. O
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Appendix A

Proof of the global part of Proposition 4.1. Assume that 7™ is the maximal time of existence for the solu-

tion 6¢ to the equation (5.1) in C([0,T*), H*(R?)) N C>°(]0,T*) x R?) with s > 2. Then, according to the

classical regularity criteria (see [43]), it suffices to prove that the norm |[VO[| Loc (jo,7+), L0 (r2)) is bounded.
In the sequel, we shall find some stationary modulus of continuity

wa(€) = X272 Pw(XE), A€ (0,00) (A1)

where

(A.2)

Cfe—gr i 0<e<y,
w(g)_{(s—(s%, it £,

with some 0 < d < 1 chosen later, so that it is preserved by the evolution of equation (5.1). Clearly, wy is a
modulus of continuity, moreover, it satisfies wy(0+) = 0, w) (0+) = A and w}(0+) = —oc.
We first notice that by choosing \ as

AOgle s OV
A= S — — = 1 A3
max{<5/2—<6/2>3/2> R (4.3)

we have that 6f obeys this wy for A sufficiently large. Indeed, to prove this claim, it suffices to observe

that min{2||0§|| Lo, [|VO§|| L&} < wa(§). Therefore, by setting a; = %, and by using the concavity
of wy(€), we see that it suffices to show that
wa(ar) = 27 Puw(hay) > 2|0 L (A.4)

Therefore, in order to prove (A.4), we only need to let A large enough so that
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5 _ Y2—a—p 6 €
wa(a )>w,\<2)\) = w<§> > 21|65 | o, (A.5)
that is, Aay > g and w(g) > Q)I\‘féllf? , hence, we can choose A as (A.3) and this proves the claim.
Then according to Proposition 3.1, it remains to check that for all ¢ € (0,7%) and 0 < £ € {wy(§) <
2[0(@)[ o<}  {wa(§) < 2[|05]| L}, we have

QA (§wA(E) +ewl (§) <0, (A.6)

where Q,(€) is given by (3.35), namely

¢ o
wr(mm(n") wr(mm(n")

By making a change of variables and using the fact m(n=!) < A*m((An)~1), for all > 0, one finds that

AE
O (6) < C/\/ %dn + C/\2£/ W)dn = A\Q(\).

0

Note that, using (A.3) and (A.5), we have wx(5) > 2||0§|| L=, thus it suffices to prove that

e J
X (Qu + ) (M) <0, forall € € (0, 2A)

Hence, our aim is to show that, the modulus of continuity w defined by (A.2) verifies

QW' (&) +ew”(€) <0, forall £e€(0,6/2), (A7)
with Q(§) = (fE %(")dn + £ foo %dn) and C > 0 a constant depending only on S.

Since n%m(n~!) < §*m(6~1) < m(1), ¥n € (0,0), we have fof w(n)zlﬁ(n’l)dn < )_g2-a—B 4nd

2(1—

glaf e+ B <,

[ wmir ) /
w(n)m(n~ .
/ mw / 2+ 9 (”%5’ fat+h=1,
3 3 a’ﬁglglaﬁ if a+ 8> 1.
Moreover,

[ wim(n) [ (1) 0
/Tdngw 1+ﬁ B —20 « .
é §

Obviously, w'(§) < w’(0) = 1, so we get

Q)W (€) < Cppd? 7 H,

where Co g = C720 if o+ B < 1, Coy=Cm(l) if a+ B =1, Capy=C2U ifa+ 8> 1.

Since w”(§) = 7%5*% < 0, then by choosing § > 0 small enough, we find

QW (&) + ew(€) < Cppd® 7P — 6%5_% <53 (caﬁ55/2—a—5 - %e) <0, forall £€(0,6/2).
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Hence, the solution ¢ to equation (5.1) obeys such a modulus of continuity wy with A given by (A.3) for

all t € [0,T*), which implies that sup ||VO(¢,-)||z < A, hence, Proposition 4.1 is proved. 0O
tE[O,T*)
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