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Abstract
This paper is concerned with the global well-posedness issue of the two-
dimensional (2D) incompressible inhomogeneous Navier–Stokes equations
with fractional dissipation and rough density. By establishing the Lqt (L

p
x)-

maximal regularity estimate for the generalized Stokes system and using the
Lagrangian approach, we prove the global existence and uniqueness of regular
solutions for the 2D fractional inhomogeneous Navier–Stokes equations with
large velocity field, provided that the initial density is sufficiently close to the
constant 1 in L2 ∩L∞ and in the norm of some multiplier spaces. Moreover, we
also consider the associated density patch problem, and show the global per-
sistence of C1,γ-regularity of the density patch boundary when the piecewise
jump of density is small enough.
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1. Introduction

We consider the two-dimensional (2D) incompressible fractional inhomogeneous Navier–
Stokes (abbr. fINS) equations:

∂tρ+ div(ρu) = 0,
ρ(∂tu+ u ·∇u)+ νΛ2αu+∇π = 0,
divu= 0,
(ρ,u)|t=0(x) = (ρ0(x),u0(x)),

(1.1)

where x ∈ R2, ν > 0 is the kinematic viscosity coefficient, the scalar ρ is the density, u=
(u1,u2) represents the velocity field, and π stands for the pressure of the fluid. The fractional
Laplacian operator Λ2α := (−∆)α for α ∈ (0,1) is a nonlocal operator that is defined by the
Fourier transform via

Λ̂2αf(ξ) = |ξ|2α̂f(ξ),

where f̂ is the Fourier transform of f. From the viewpoint of the stochastic process, the frac-
tional Laplacian Λ2α is an infinitesimal generator of the symmetric 2α-stable Lévy process
(e.g. see [1]). When ρ≡ 1 and ν= 1, (1.1) reduces to the 2D incompressible fractional (homo-
geneous) Navier–Stokes equations{

∂tu+ u ·∇u+Λ2αu+∇π = 0,
divu= 0, u|t=0(x) = u0(x),

(1.2)

where x ∈ R2, α ∈ (0,1). The system (1.2) was first proposed by Frisch et al [23] and later
was used in modelling a fluid motion with internal friction interaction [42]. Recently many
purely analytic results have dedicated to the mathematical research of (1.2); for example one
can see [10, 34, 55, 56] and references therein. Compared with (1.2), the density-dependent
system (1.1) can describe the dynamics of flows with variable densities.

In the past decades, there have been a lot of works on the fractionally dissipative systems
arising from many physical applications. The fractional Laplacian operators describe various
phenomena in hydrodynamics [4, 31, 32], fractional quantum mechanics [35], anomalous dif-
fusion in semiconductor growth [53], physics and chemistry [43, 50].We alsomention a related
fractionally dissipative model, known as the Euler-alignment system,

∂tρ+ div(ρu) = 0,
ρ(∂tu+ u ·∇u)+D(u,ρ)+∇p(ρ) = 0,
D(u,ρ) = ρ

(
uΛ2αρ−Λ2α(uρ)

)
= cα ρ

´
Rd

u(x)−u(y)
|x−y|d+2α ρ(y)dy,

(ρ,u)|t=0(x) = (ρ0(x),u0(x)),

(1.3)

where x ∈ Rd, d⩾ 1,α ∈ (0,1), cα > 0, ρ is the density, u is the velocity field, and p(ρ) = κργ ,
κ> 0, γ ⩾ 1 is the pressure. The Euler-alignment system (1.3) is the hydrodynamic limit model
[30] of the Cucker–Smale kinetic model which describes the flocking phenomenon of animal
groups, and one can see [6, 9, 13] for the recent mathematical studies. The model (1.3) can be
viewed as a compressible Euler system with fractional dissipation, and thus one may formally
view system (1.1) as an intermediate model between fractional Navier–Stokes (1.2) and the
Euler-alignment system (1.3).
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When α= 1 and ν= 1, the fINS system (1.1) corresponds to the classical incompressible
inhomogeneous Navier–Stokes (abbr. INS) system:

∂tρ+ div(ρu) = 0,
ρ(∂tu+ u ·∇u)−∆u+∇π = 0,
divu= 0,
(ρ,u)|t=0 = (ρ0,u0),

(1.4)

where x ∈ Rd, d= 2,3. The INS system (1.4) originates in describing the dynamics of geophys-
ical flows which are incompressible and also have variable densities [41].When ρ≡ 1, the sys-
tem (1.4) becomes exactly the classical incompressible Navier–Stokes equations. System (1.4)
has been extensively investigated in recent decades. When the density is bounded and (ρ0,u0)
has finite energy, the global existence of weak solutions with finite energy for INS system (1.4)
was obtained in [41, 49]. If the density is bounded and smooth enough (at least continuous with
some fractional derivatives in Lebesgue spaces), the global existence and uniqueness results
can be obtained for the INS system (1.4) in dimension two with large initial data, and in dimen-
sion three under a smallness condition of the velocity (e.g. see [8, 14, 33]). The case of the
rough density admitting piecewise constant densities is of much interest, and can be used in
modelling a mixture of two fluids. Danchin and Mucha [18] developed a novel Lagrangian
approach to address the uniqueness in the rough density case, and proved the global exist-
ence and uniqueness of regular solutions to the INS system (1.4) in the critical Besov spaces
setting, under a smallness condition on the initial velocity and the jumps of initial density.
Huang, Paicu and Zhang [28] in the 2D case removed the smallness condition on the initial
velocity in [18] and got the global well-posedness of solutions by assuming that the jumps of
initial density is sufficiently small (depending on the size of the velocity). Danchin and Mucha
[19] proved the local-in-time existence and uniqueness result of the INS system without the
smallness condition on the jumps of initial density, and they also established the global result
in dimension two (and in 3D case with additional smallness on velocity) if the density is close
to a positive constant. Paicu et al [48] moreover showed the global well-posedness of solu-
tions to the INS system (1.4) in dimension two with initial density only being bounded from
above and below by some positive constants. For bounded initial densities admitting vacuum
states, Danchin andMucha [20] obtained the global existence and uniqueness result for the INS
system (1.4) in either a periodic torus Td or a bounded domain Ω⊂ Rd with smooth bound-
ary. Note that all the above articles dealing with the rough density case essentially apply the
Lagrangian method to show the uniqueness, and one can also see Constantin et al [11, 12] for
such a method applied to the related hydrodynamic models.

Another interesting and closely related result on the discontinuous density for the INS sys-
tem (1.4) is the study of the so-called density patch problem, which was first raised by Lions
[41] regarding the density patch ρ0 = 1Ω0 with Ω0 ⊂ Rd a smooth simple-connected domain.
Since the density solves the transport equation, it formally yields ρ(t,x) = ρ0(X

−1
t (x)) with

X−1
t the inverse of Xt and Xt(·) the particle-trajectory satisfying

d
dt
Xt(x) = u(t,Xt(x)), Xt(x)|t=0 = x. (1.5)

Thus one has that ρ(t,x) = 1Ω(t)(x) with Ω(t) := Xt(Ω0). The density patch problem asks
whether or not the initial smoothness of the density patch boundary persists globally in time.
The aforementioned works [18, 19, 28, 48] ensure the global well-posedness of patch solu-
tion for INS system (1.4) associated with the density patch initial data in various situations,
and showed the global persistence of either C1- or C1,γ-regularity of the evolutionary patch
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boundary. One can also refer to [7, 21, 24, 38–40] concerning the global persistence of higher
boundary regularity of the density patch.

When ν= 0, the system (1.1) becomes the density-dependent incompressible Euler
equations, for which the classical incompressible Euler system is a special case. If the initial
data has enough regularity (at least the initial velocity is Lipschitz continuous and the gradient
of initial density is continuous and bounded), the local existence and uniqueness results for
the density-dependent Euler equations can be obtained in many kinds of functional spaces,
and one can refer to [3, 15, 16] and references therein.

As for the fINS equations (1.1) with ν > 0, the existing articles [22, 52] only deal with the
hyper-dissipative case with α⩾ 5

4 in dimension three, and the global well-posedness results
have been established in this case.

Our main goal in this paper is to show the global-in-time existence and uniqueness result of
2D fINS equations (1.1) with large initial velocity field and rough initial density which admits
jump discontinuities. We restrict to the case 1

2 < α < 1, which is reasonable from the maximal
regularity of the fractional Laplacian operator Λ2α and the need for the velocity to be at least
Lipschitz continuous.

We also remark that it seems very hard to generalize the global results of [20,
48] to the 2D fINS equations (1.1) with 1

2 < α < 1 and the density being merely
bounded. One reason is the intrinsic difference between the α= 1 case and the α< 1
case4: noting that the 2D fINS equations (1.1) are scale-invariant under the following
transformation

ρ(x, t) 7→ ρ(λx,λ2αt), u(x, t) 7→ λ2α−1u(λx,λ2αt), π(x, t) 7→ λ4α−2π(λx,λ2αt),

for every λ> 0, and in combination with the classical L2-energy estimate, one can view the
α= 1 case as the energy critical case and the α< 1 case as the energy supercritical case; thus
the time-weighted energy estimates used in [20, 48] work for the critical α= 1 case, but will
not directly extend to the supercritical α< 1 case.

Inspired by [28, 45–47], here we compare the solution of the 2D fINS equations (1.1) with
the large solution of the 2D system (1.2) and study the stability issue. We assume ν= 1 for
brevity. More precisely, let ū(x, t) = (ū1, ū2)(x, t) be a 2D vector field solving the 2D fractional
Navier–Stokes equations (1.2) with initial data u0, and define

a := ρ− 1, w := u− ū, p := π− π̄. (1.6)

We investigate the following perturbed system
∂ta+ u ·∇a= 0,
∂tw+ u ·∇w+Λ2αw+∇p= F,
divw= 0,
(a,w)|t=0 = (ρ0 − 1,0),

(1.7)

where

F :=−a∂tw− a∂tū− a(u ·∇w)− a(ū ·∇ū)− ρ(w ·∇ū). (1.8)

Our main result reads as follows.

4 This is analogous to the difference of the 2DNavier–Stokes equations (1.2) betweenα= 1 case andα< 1 case; how-
ever, the system (1.2) has additional uniform bounded quantity, that is, the vorticity ω = curlu is uniformly bounded,
which makes the L2-energy supercritical α< 1 case be globally well-posed.
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Theorem 1.1. Let 12 < α < 1, p> 2
2α−1 and u0 ∈ H

1 ∩ Ḃα
p,2(R2), ρ0 − 1 ∈ L2 ∩L∞(R2). There

exists a generic constant c0 ∈ (0,1) depending only on α and p such that if

‖ρ0 − 1‖L2∩L∞ ⩽ c0 exp
{
− c−1

0 ‖u0‖2H1∩Ḃα
p,2

}
, (1.9)

then the 2D fINS system (1.1) has a global-in-time strong solution (ρ,u,∇π) satisfying the
estimates

‖ρ− 1‖L∞(R+;L2∩L∞(R2)) ⩽ ‖ρ0 − 1‖L2∩L∞(R2), and (1.10)

∥u∥L∞(R+;L2∩Ḃαp,2)
+ ∥
(
∂tu,Λ

2αu,∇π
)
∥L2(R+;Lp) + ∥u∥L2(R+;Ḣα) ⩽ C

(
1+ ∥u0∥

4α−1
2α−1

H1∩Ḃαp,2

)
, (1.11)

with C> 0 a constant depending only on α and p.
If we additionally assume that u0 ∈ Ḃα+s

p,2 (R2) with s ∈ (0,1) and ρ0 − 1 ∈

M(Ḃsp,2)∩M(Ḃ
2
p+1−2α
p,1 ) satisfying that for a sufficiently small generic constant c∗ > 0

(depending only on α,p,s),

‖ρ0 − 1‖
M(Ḃsp,2)∩M

(
Ḃ

2
p+1−2α

p,1

) ⩽ c∗ exp

{
−c−1

∗

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)}
, (1.12)

then the above constructed solution is unique, and u also satisfies that

∥u∥L∞(R+;Ḃα+s
p,2 )

+ ∥u∥L2(R+;Ḃ2α
p,1∩Ḃ

2α+s
p,2 )

+ ∥u∥L1(R+;Ẇ1,∞) ⩽ C

(
1+ ∥u0∥Ḃα+s

p,2
+ ∥u0∥

8(4α−1)

(2α−1)2

H1∩Ḃαp,2

)
,

(1.13)

with C> 0 a constant depending only on α,p and s.

In the above,M(Ḃsp,r) denotes the multiplier space (see definition 2.2 below).

Remark 1.2. We apply the Lagrangian method in the uniqueness part of theorem 1.1. Owing
to the nonlocal effect of fractional Laplacian operator Λ2α, it seems that we need a little bit
more regularity of u than the obtained regularity in the existence part. More precisely, in view
of (6.51) below, one has to control ‖u‖L2T(Ḃ2α

p,1)
(from which ‖v‖L2T(Ḃ2α

p,1)
is bounded), which is

essentially stronger than the quantity ‖u‖L2T(Ẇ2α,p) in (1.11). So we additionally assume u0
is slightly more regular and ρ0 − 1 is small enough in the norm of some multiplier spaces,
and we build the refined estimate (1.13). It should be emphasized that, thanks to lemma 2.5
below, the multiplier spaces M(Ḃsp,r) for small s contain the elements with piecewise jump
discontinuity.

Next, we consider the density patch problem of the 2D fINS equations (1.1). As a direct
consequence of theorem 1.1, we can show the global well-posedness result and the global
persistence of C1,γ-patch boundaries, as long as the density jump across the C1,γ-interface is
small enough.

Proposition 1.3. Let 1
2 < α < 1, p> 2

2α−1 , u0 ∈ H
1 ∩ Ḃα+s

p,2 (R2) with 0< s< 1
p . Assume that

Ω0 is a bounded simply-connected C1,γ-domain of R2 with 0< γ ⩽ 2α− 1+ s− 2
p and ρ0 =

(1+σ)1Ω0 + 1Ωc
0
where σ ∈ R satisfies

|σ|⩽ c ′ exp

(
− 1
c ′

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

))
, (1.14)
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with a generic small constant c ′ > 0 depending only on α,p,s and Ω0, then the 2D fINS
system (1.1) has a unique global solution (ρ,u) on R2 ×R+ satisfying the estimates (1.11)
and (1.13). The density ρ has the following expression

ρ(t) = (1+σ)1Ω(t) + 1Ω(t)c with Ω(t) = Xt(Ω0), (1.15)

and the associated patch boundary ∂Ω(t) ∈ C1,γ(R2) for every t ∈ R+.

Proof of proposition 1.3. Thanks to lemma 2.5 and the smallness condition (1.14), ρ0 − 1=

σ1Ω0 belongs to L
2 ∩L∞ ∩M(Ḃsp,2)∩M(Ḃ

2
p+1−2α
p,1 ) and it also fulfills (1.9) and (1.12), so

theorem 1.1 guarantees that there is a unique global-in-time regular solution (ρ,u) to the
2D fINS system (1.1). The estimates (1.11), (1.13) and the continuous embedding Ḃ2α+s

p,2 ∩
Ḣα(R2) ↪→ Ċ1,γ(R2) with 0< γ ⩽ 2α− 1+ s− 2/p imply that u ∈ L1(R+;Ẇ1,∞(R2))∩
L1([0,T];C1,γ(R2)) for any T > 0. By the Cauchy–Lipschitz theory, there exists a unique
particle-trajectory Xt(·) : R2 → R2 for every t ∈ R+ which solves (1.5) and is a measure-
preserving bi-Lipschitzian homeomorphism with inverse X−1

t . Besides, owing to [2, prop.
3.10], it is easy to see that

‖∇X±1
t ‖Ċγ ⩽

ˆ t

0
‖∇X±1

τ ‖Ċγ‖∇u(τ)‖L∞dτ +
ˆ t

0
‖∇X±1

τ ‖1+γ
L∞ ‖∇u(τ)‖Ċγdτ,

and thus

‖∇X±1
t ‖L∞T (Ċγ) ⩽ ‖∇X±1

t ‖1+γ
L∞T (L∞)‖∇u‖L1T(Ċγ)e

‖∇u‖L1T(L∞) <∞.

The method of characteristics gives that ρ(x, t) = ρ0(X
−1
t (x)), which leads to (1.15). Since the

initial boundary ∂Ω0 ∈ C1,γ and X±1
t ∈ L∞T (C1,γ), we conclude that the evolutionary patch

boundary ∂Ω(t) ∈ L∞T (C1,γ) with 0< γ ⩽ 2α− 1+ s− 2/p and T > 0 any given, as desired.

Let us sketch the proof of theorem 1.1. By applying the technique of vector-valued
Calderón–Zygmund operators in Lemarié–Rieusset [36, chapter 7], we first establish the
Lqt (L

p
x) maximal regularity estimates for the generalized Stokes system with fractional dis-

sipation in the whole space Rd, which may be of independent interest. Next, by performing
the L2-energy estimate and the L2t (L

p) maximal regularity estimate for the fractional Navier–
Stokes equations (1.2) and the perturbed system (1.7), we build the a priori estimates for the
2D fINS equations (1.1). Then by an approximation process and the compactness argument,
we show the existence part of theorem 1.1.

As for the uniqueness part, due to the hyperbolic property of the density equation (1.1)1
and the low-regularity assumption of the density, we have to adopt the Lagrangian approach
from [18, 19]. Due to the nonlocal effect of fractional Laplacian operator Λ2α, the process is
more complicated than that in the INS equations (1.4). We rewrite the system of the difference
of two velocities in Lagrangian coordinates as the twisted fractional Stokes system (6.18),
and by making full use of the particle-trajectory technique and the finite-difference charac-
terization of homogeneous Besov spaces, we establish the crucial L2t (L

2
x)-maximal regularity

estimate (6.23) for the system (6.18) on a short time interval (one can see remark 6.3 below for
some additional comments). Then, by carefully estimating the right-hand terms of (6.23), we
can show the uniqueness for small time. Moreover, an iteration argument implies the unique-
ness on the whole R+. Note that the uniqueness part needs the stronger regularity of solutions
(as explained in remark 1.2), which is obtained in proposition 4.4 by using the technique of
multiplier spaces. To the best of our knowledge, this seems to be the first result where the
Lagrangian method is used to tackle the uniqueness issue for a fractionally dissipative system.
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The rest of this paper is organized as follows. In section 2, we introduce the definitions
of some functional spaces and their related estimates, and also gather several useful auxiliary
lemmas. Section 3 focuses on the establishment of proposition 3.1 concerning the Lqt (L

p
x)-

maximal regularity estimate for the generalized Stokes system. Sections 4–6 are devoted to
the proof of theorem 1.1, corresponding to the proof of the a priori estimates, existence, and
uniqueness, respectively.

2. Preliminaries

In this section we compile some notations, definitions of some function spaces and auxiliary
lemmas used in the paper.

The following notations will be used throughout the paper.

• The notation a≲ b means a⩽ Cb, where the constant C may be different from line to
line. We sometimes use C= C(λ1,λ2 . . . ,λn) to indicate the dependence on the coefficients
λ1,λ2, . . . ,λn.

• For every p,q ∈ [1,∞], k ∈ N, s ∈ R, the function spaces Lp(Rd), Wk,p(Rd), Ẇk,p(Rd),
Ẇs,p(Rd) denote the Lebesgue space, the Sobolev space, the homogeneous Sobolev space
and the fractional-order Sobolev space, respectively (e.g. see [2]).

• Denote byS(Rd) the space of Schwartz functions, andS ′(Rd) its dual, the space of tempered
distributions (e.g. see [27]).

• We abbreviate Lq(0,T;X) as LqT(X), with X= X(Rd) a spatial function space. We write
‖( f1, . . . , fn)‖X for ‖ f1‖X+ · · ·‖ fn‖X for n ∈ Z+.

• For two matrices A= (aij)d×d and B= (bij)d×d, denote by A : B the quantity
∑

1⩽i,j⩽d aijbji,
and denote by AT the transpose matrix of A.

2.1. Functional spaces and related estimates

We first recall some basic knowledge of the Littlewood–Paley theory. One can choose two
nonnegative radial functions χ,ϕ ∈ S(Rd) (see [2]) supported respectively in the ball {ξ ∈
Rd : |ξ|⩽ 4

3} and the annulus {ξ ∈ Rd : 3
4 ⩽ |ξ|⩽ 8

3} such that

χ(ξ)+
∑
j⩾0

ϕ(2−jξ) = 1, for ξ ∈ Rd; and
∑
j∈Z

ϕ(2−jξ) = 1, for ξ ∈ Rd \ {0}.

The homogeneous dyadic operators ∆̇j and the homogeneous low-frequency cut-off operators
Ṡj are defined for all j ∈ Z by

∆̇ju= ϕ(2−jD)u= 2jdh(2 j·) ∗ u, Ṡju= χ(2−jD)u= 2jdh̃(2 j·) ∗ u,

with h= F−1ϕ, h̃= F−1χ and F−1 the Fourier inverse transform.
Next, we introduce the definitions of the homogeneous Besov space and the related Chemin-

Lerner’s mixed spacetime space.

Definition 2.1. (1) Let s ∈ R, 1⩽ p,r⩽∞. Let S ′(Rd) be the space of tempered distri-
butions and P(Rd) be the set of all polynomials. The homogeneous Besov space Ḃsp,r =
Ḃsp,r(Rd) is defined as the following quotient space
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Ḃsp,r(Rd) =
{
u ∈ S ′(Rd)/P(Rd) : ‖u‖Ḃsp,r(Rd) :=

∥∥{2js‖∆̇ju‖rLp(Rd)

}
j∈Z

∥∥
ℓr
<∞

}
,

where S ′(Rd) \P(Rd) is the quotient space.
(2) Let s ∈ R, 1⩽ p,q,r⩽∞, and T ∈ (0,∞]. The Chemin–Lerner’s mixed spacetime homo-

geneous Besov space L̃q(0,T; Ḃsp,r(Rd)), abbreviated as L̃qT(Ḃ
s
p,r), is defined as the set of all

tempered distributions u such that

‖u‖L̃qT(Ḃsp,r) :=
∥∥{2js‖∆̇ju‖LqT(Lp)

}
j∈Z

∥∥
ℓr
<∞.

The following product estimate in the homogeneous Besov spaces is useful.

Lemma 2.1 ([2], Corollary 2.54). Let s> 0, (p,r) ∈ [1,∞]2. Then there exists a constant C=
C(s,d)> 0 such that

‖uv‖Ḃsp,r(Rd) ⩽ C
(
‖u‖Ḃsp,r(Rd)‖v‖L∞(Rd) + ‖v‖Ḃsp,r(Rd)‖u‖L∞(Rd)

)
. (2.1)

We have the characterization of homogeneous Besov spaces in terms of the fractional heat
semigroup e−tΛ2α

.

Lemma 2.2 ([44], Proposition 2.1). Let s> 0, (p,r) ∈ [1,∞]2. Then, for any ϕ ∈ Ḃ−s
p,r(Rd),

there exists a constant C= C(s,p,r,d)⩾ 1 such that

C−1‖ϕ‖Ḃ−s
p,r (Rd) ⩽

∥∥t s
2α ‖e−tΛ2α

ϕ‖Lp(Rd)

∥∥
Lr(R+; dtt )

⩽ C‖ϕ‖Ḃ−s
p,r (Rd).

We also use the following finite-difference characterization of homogeneous Besov spaces.

Lemma 2.3 ([2], Theorem 2.36). Let s ∈ (0,1) and (p,r) ∈ [1,∞]2. Then there exists a con-
stant C= C(s,p,r,d)⩾ 1 such that

C−1‖ f‖Ḃsp,r(Rd) ⩽
∥∥∥∥‖u(y+ ·)− u(·)‖Lp

|y|s

∥∥∥∥
Lr(Rd; dy

|y|d
)

⩽ C‖ f‖Ḃsp,r(Rd). (2.2)

The maximal regularity estimate in the framework of Besov spaces for the fractional heat
equation is useful in the sequel.

Lemma 2.4 ([54], Theorem 3.2). Let s ∈ R, (p,r) ∈ [1,∞]2, α ∈ (0,1) and 1⩽ ρ1 ⩽ ρ⩽∞.

Assume that f0 ∈ Ḃsp,r(Rd), g ∈ L̃ρ1
T (Ḃ

s−2α+ 2α
ρ1

p,r (Rd)) and f solves the fractional heat equation

∂tf+Λ2αf= g, f|t=0 = f0.

Then there exists a constant C= C(d,α)> 0 such that for every T ∈ (0,∞],

‖ f‖
L̃ρT

(
Ḃ
s+ 2α

ρ
p,r

) ⩽ C

‖ f0‖Ḃsp,r + ‖g‖
L̃
ρ1
T

(
Ḃ
s−2α+ 2α

ρ1
p,r

)
 . (2.3)

The (pointwise) multiplier space of a homogeneous Besov space is defined as follows.

Definition 2.2. Let 1⩽ p,r⩽∞, σ ∈ R. The multiplier space M(Ḃσ
p,r(Rd)) of Ḃσ

p,r(Rd),
abbreviated as M(Ḃσ

p,r), is the set of tempered distributions f such that fφ ∈ Ḃσ
p,r(Rd) for any

φ ∈ Ḃσ
p,r(Rd), with the norm
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‖ f‖M(Ḃσ
p,r)

:= sup
‖ϕ‖Ḃσp,r(Rd)⩽1

‖ fφ‖Ḃσ
p,r(Rd).

The following lemma states that patches can be elements of the multiplier space M(Ḃσ
p,r).

Lemma 2.5 ([18], Lemma A.7). Let Ω be the half-space Rd
+ or a bounded domain of Rd with

C1-boundary. Assume that s ∈ R and p,r ∈ [1,∞] are such that −1+ 1
p < s< 1

p . Then the

characteristic function 1Ω(x) of Ω belongs to the multiplier spaceM(Ḃsp,r(Rd)).

We have the following regularity propagation estimates for a composite function involving
the particle-trajectory map.

Lemma 2.6. Let T ∈ (0,∞], (q,r) ∈ [1,∞]2, and u ∈ L1(0,T;Lip(Rd)) be an incompressible
vector field. Let Xt : Rd → Rd be the particle-trajectory map defined by (1.5) with its inverse
X−1
t . The following statements hold.

(1) If f ∈ Lq(0,T; Ḃσ
p,r(Rd)), σ ∈ (−1,1), then f ◦X±1

t ∈ Lq(0,T; Ḃσ
p,r(Rd)) with

‖ f ◦X±1
t ‖LqT(Ḃσ

p,r)
⩽ C‖ f‖LqT(Ḃσ

p,r)
eC
´ T
0 ‖∇u‖L∞dt. (2.4)

(2) Assume a0 ∈M(Ḃσ
p,r(Rd)), σ ∈ (−1,1), and a(t,x) is a smooth solution to the free trans-

port equation ∂ta+ u ·∇a= 0 associated with a|t=0 = a0. Then a ∈ L∞(0,T;M(Ḃσ
p,r))

with

‖a‖L∞T (M(Ḃσ
p,r))

⩽ C‖a0‖M(Ḃσ
p,r)
eC
´ T
0 ‖∇u‖L∞dt. (2.5)

Proof of lemma 2.6. If q=∞, r= 1 and p ∈ (2,4), both inequalities (2.4) and (2.5)
have appeared in [28, section 5]. Here we sketch the proof of the slightly generalized
cases.

(1) Lemma 2.7 of [2] yields

‖∆̇j((∆̇kf) ◦X±1
t )‖Lp ⩽ Cck2

−kσ‖ f‖Ḃσ
p,r
min{2j−k,2k−j}eC

´ t
0 ‖∇u‖L∞dτ ,

where ‖ck‖ℓr(Z) = 1. Together with the condition σ ∈ (−1,1) we deduce that

‖∆̇j(f ◦X±1
t )‖Lp ⩽

(∑
k<j

+
∑
k⩾j

)
‖∆̇j((∆̇kf) ◦X±1

t )‖Lp

⩽ C
(∑

k<j

2k−jck2
−kσ +

∑
k⩾j

2j−kck2
−kσ
)
‖ f‖Ḃσ

p,r
eC
´ T
0 ‖∇u‖L∞dt

⩽ Ccj2
−jσ‖ f‖Ḃσ

p,r
eC
´ T
0 ‖∇u‖L∞dt.

Taking the `r-norm over j ∈ Z and then taking the Lq-norm on [0,T] leads to (2.4), as
desired.

(2) Note that a(t,x) = a0 ◦X−1
t (x). By virtue of the definition of themultiplier spaceM(Ḃσ

p,r),
the measure-preserving property of X±1

t and (2.4), the inequality (2.5) can be easily
deduced (e.g. see [28, proposition 5.1]).
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2.2. Auxiliary lemmas

We list some useful results related to the fractional Laplacian Λα.

Lemma 2.7 ([27], Theorem 7.6.1). Let 1< r<∞ and 1< p1, p2, q1, q2 ⩽∞ satisfy 1
r =

1
p1
+

1
p2
= 1

q1
+ 1

q2
.Given s> 0, then there exists a constant C= C(d,s,r,p1,p2,q1,q2)> 0 such that

for every f,g ∈ S(Rd),

‖Λs( fg)‖Lr(Rd) ⩽ C
(
‖Λsf‖Lp1 (Rd)‖g‖Lp2 (Rd) + ‖ f‖Lq1 (Rd)‖Λsg‖Lq2 (Rd)

)
. (2.6)

Lemma 2.8 ([44], Lemmas 2.1, 2.2). Let K(x) be the kernel function of the fractional heat
semigroup e−Λ2α

, α ∈ (0,1), that is,

K(x) = F−1(e−|ξ|2α) =
1

(2π)d

ˆ
Rd

eix·ξe−|ξ|2αdξ . (2.7)

Then there exists a positive constant C= C(d,α) such that

|K(x)|⩽ C(1+ |x|)−d−2α, ∀x ∈ Rd; (2.8)

and for every β > 0, there exists a positive constant C= C(d,α,β) such that

|ΛβK(x)|+ |Λβ−1∇K(x)|⩽ C(1+ |x|)−d−β , ∀x ∈ Rd. (2.9)

Lemma 2.9. Let α ∈ (0,1), then for every f ∈ S(Rd) and i ∈ {1, . . . ,d}, we have

∂xiΛ
2α−2f(x) = cα p.v.

ˆ
Rd

xi − yi
|x− y|d+2α

(
f(x)− f(y)

)
dy, (2.10)

with cα =
(d+2α−2)Γ( d2−1+α)

πd/222−2αΓ(1−α)
.

Proof of lemma 2.9. Recalling that (e.g. see [51, section 5.1])

Λ2α−2f(x) = c̄α

ˆ
Rd

1
|y|d+2α−2

f(x− y)dy,

with c̄α =
Γ( d2−1+α)

πd/222−2αΓ(1−α)
, from the integration by parts, we get

∂xiΛ
2α−2f(x) = c̄α lim

ϵ→0

ˆ
|y|⩾ϵ

1
|y|d+2α−2

∂xi f(x− y)dy

= c̄α lim
ϵ→0

ˆ
|y|⩾ϵ

1
|y|d+2α−2

∂yi
(
f(x)− f(x− y)

)
dy

= cα lim
ϵ→0

ˆ
|y−x|⩾ϵ

xi− yi
|x− y|d+2α

(
f(x)− f(y)

)
dy+ lim

ϵ→0
Rϵ,

where Rϵ := c̄α
´
|y|=ϵ

1
|y|d+2α−2

(
− yi

|y|
)(
f(x)− f(x− y)

)
dy satisfies that

lim
ϵ→0

|Rϵ|⩽ ‖∇f‖L∞ lim
ϵ→0

1
εd+2α−2

ˆ
|y|=ϵ

|y|dy⩽ C‖∇f‖L∞ lim
ϵ→0

ε2−2α = 0.

In the proof of proposition 3.1 we use the following boundedness result about Calderón–
Zygmund operators for vector-valued singular integrals, which can be found in [36,
chapter 7].
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Lemma 2.10 (Calderón–Zygmund operators). Let 1< p,p1,p2 <∞. Let X, X1, X2 be three
locally compact σ-compact metric spaces, with regular Borel measures µ, µ1, µ2 on those
spaces, respectively. Define E= Lp1(X1,µ1) and F= Lp2(X2,µ2). Let L(x,y;x1,x2) be a con-
tinuous function defined on (X×X−∆)×X1 ×X2 (with ∆ the diagonal set of X×X), then
we define L(x,y) as the operator from E= Lp1(X1,µ1) to F= Lp2(X2,µ2) given by the integral

L(x,y)f(x2) =
ˆ
X1

L(x,y;x1,x2)f(x1)dµ1(x1).

Whenever x /∈ supp f, we define T f(x) as

T f(x,x2) =
ˆ
X

ˆ
X1

L(x,y;x1,x2)f(y,x1)dµ(y)dµ1(x1)

=

ˆ
X
L(x,y)f(y,x2)dµ(y).

Suppose that the spaceX is equipped with a quasi-distance d satisfying the quasi-triangular
inequality d(x,y)⩽ Cd

(
d(x,z)+ d(z,y)

)
with Cd > 0 a generic constant; and there exists pos-

itive numbers n and Cµ such that µ(B(x,r))⩽ Cµrn for every x ∈ X and r> 0. Assume that T
is bounded from Lp(X,µ;E) to Lp(X,µ;F) such thatˆ

Rk

‖T f(x)‖pFdx⩽ C
ˆ
Rk

‖ f(x)‖pEdx.

Assume that L(x,y) is continuous from X×X−∆ to L(E,F) and satisfies that for some ε> 0:

‖L(x,y)‖op(E 7→F) ⩽ C
1

d(x,y)n
;

d(z,y)⩽ 1
2
d(x,y) =⇒‖L(x,y)−L(x,z)‖op(E 7→F) ⩽ C

d(z,y)ϵ

d(x,y)n+ϵ
;

d(x,z)⩽ 1
2
d(x,y) =⇒‖L(x,y)−L(z,y)‖op(E 7→F) ⩽ C

d(x,z)ϵ

d(x,y)n+ϵ
.

Then the operator T is bounded from Lq(X;E) to Lq(X;F) for any 1< q<∞.

The following multiplier theorem can be found in theorem 3, section 4.3.2 of [51].

Lemma 2.11. Assume that m : Rd \ {0} −→ C is of class Ck with an integer k⩾ [ d2 ] + 1 ([ d2 ]

is the integer part of d2 ), and it satisfies that |∂
β
ξ m(ξ)|⩽ C|ξ|−|β| for every ξ 6= 0 and |β|⩽ k.

Then for any f ∈ Lp(Rd) with 1< p<∞, there is a constant C such that

‖m(D)f‖Lp(Rd) ⩽ C‖ f‖Lp(Rd).

3. The Lqt (Lp)-maximal regularity estimate for the generalized Stokes system

We mainly focus on showing the following result in this section.

Proposition 3.1. Let α ∈ (0,1), 1< p, q<∞, u0 ∈ Ḃ
2α(1− 1

q )
p,q (Rd), f ∈ Lq(0,T;Lp(Rd)), R ∈

Ẇ1,q(0,T;Lp(Rd)) with divR ∈ Lq(0,T;Ẇ2α−1,p(Rd)). Then the generalized Stokes system ∂tu+Λ2αu+∇π = f,
divu= divR,
u|t=0(x) = u0(x),

(3.1)
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has a unique solution (u,∇π). Moreover, there exists a generic positive constant C=
C(d,α,p,q) such that for any T ∈ (0,∞],

‖u‖
L∞(0,T;Ḃ2α(1−1/q)

p,q (Rd))
+ ‖(Λ2αu,∂tu,∇π)‖Lq(0,T;Lp(Rd))

⩽ C
(
‖u0‖Ḃ2α(1−1/q)

p,q (Rd)
+ ‖( f,∂tR)‖Lq(0,T;Lp(Rd)) + ‖divR‖Lq(0,T;Ẇ2α−1,p(Rd))

)
.

(3.2)

Remark 3.2. When α= 1 one can refer to [19] for the Lqt (L
p)-maximal regularity estimate for

the usual Stokes system; and one can see [26, 29] concerning more general domains including
exterior domains. For α ∈ (0,1), the Lpt (L

p) maximal regularity estimate for the fractional
Stokes system (3.1) with R= 0 was also investigated by Giga et al [25, 26] using the abstract
semigroup argument and by Cao et al [5] using the Fourier multiplier method.

The proof of proposition 3.1 relies on the following result, whose proof is placed below in
this section.

Lemma 3.3. Set

A2αf(x, t) :=
ˆ t

0
e−(t−s)Λ2α

Λ2αf(·,s)ds. (3.3)

Then, for any T ∈ (0,∞] and 1< p, q<∞, the operator A2α is continuously bounded from
Lq(0,T;Lp(Rd)) to Lq(0,T;Lp(Rd)), and there exists a constant C> 0 such that

‖A2α f‖Lq(0,T;Lp(Rd)) ⩽ C‖ f‖Lq(0,T;Lp(Rd)).

Proof of proposition 3.1. The existence and uniqueness of solutions to the system (3.1) are
standard, and can be proved as those of the usual inhomogeneous Stokes system. Next we are
devoted to proving the regularity estimate (3.2).

Taking the divergence of equation (3.1)1 leads to

∆π =−∂t divu−Λ2α divu+ div f =−div∂tR− divΛ2αR+ div f,

thus denoting by P :=∇∆−1 div, we see that

∇π =−P∂tR−PΛ2αR+Pf. (3.4)

Rewriting the equation (3.1)1 as

∂tu+Λ2αu= P∂tR+PΛ2αR+(Id−P)f =: f, u|t=0 = u0, (3.5)

we see that Duhamel’s formula yields

u(x, t) = e−tΛ2α

u0(x)+
ˆ t

0
e−(t−τ)Λ2α

f(x, τ)dτ, (3.6)

where the semigroup operator e−tΛ
2α

is given by (3.12) below.
Applying the operator Λ2α to the above formula and recalling (3.3) gives

Λ2αu(x, t) = e−tΛ
2α

Λ2αu0(x)+A2αf(x, t). (3.7)

Then by virtue of lemmas 2.2 and 3.3, one finds that

‖Λ2αu‖Lq(0,T;Lp(Rd)) ⩽ ‖e−tΛ2α

Λ2αu0‖Lq(R+;Lp(Rd)) + ‖A2αf‖Lq(0,T;Lp(Rd))

⩽ C‖u0‖Ḃ2α(1−1/q)
p,q

+C‖ f‖Lq(0,T;Lp)
⩽ C‖u0‖Ḃ2α(1−1/q)

p,q
+C‖(∂tR, f)‖Lq(0,T;Lp) +C‖divR‖Lq(0,T;Ẇ2α−1,p), (3.8)
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where in the last line the Lp (1< p<∞) boundedness property of the singular integral oper-
ators is also used. Thanks to (3.4), and using the Calderón–Zygmund theorem again, we get

‖∇π‖Lq(0,T;Lp(Rd)) ⩽ C‖
(
P∂tR,PΛ2αR,Pf

)
‖Lq(0,T;Lp)

⩽ C‖(∂tR, f)‖Lq(0,T;Lp) +C‖divR‖Lq(0,T;Ẇ2α−1,p).
(3.9)

We use the equation (3.1)1 and gather the above estimates to infer that

‖∂tu‖Lq(0,T;Lp(Rd)) ⩽ C‖(Λ2αu,∇π , f)‖Lq(0,T;Lp(Rd))

⩽ C‖(∂tR, f)‖Lq(0,T;Lp) +C‖divR‖Lq(0,T;Ẇ2α−1,p).
(3.10)

Noticing that ‖e−tΛ2α
u0‖Ḃ2α(1−1/q)

p,q (Rd)
⩽ C‖u0‖Ḃ2α(1−1/q)

p,q (Rd)
(following from (2.8)) and

‖A2αf(·, t)‖Ḃ−2α/q
p,q (Rd)

⩽ C
∥∥‖e−τ ′Λ2α

A2αf‖Lp(Rd)

∥∥
Lq
τ′ (R+)

⩽ C
∥∥∥ˆ t

0
e−(t+τ ′−τ)Λ2α

Λ2αf(x, τ)dτ
∥∥∥
Lq
τ′ (R+;Lp)

⩽ C
∥∥∥ˆ t+τ ′

0
e−(t+τ ′−τ)Λ2α

Λ2αf(x, τ)1[0,t](τ)dτ
∥∥∥
Lq
τ′ (R+;Lp)

⩽ C‖f(x, τ)1[0,t](τ)‖Lqτ (R+;Lp) ⩽ C‖f‖Lq(0,t;Lp),

it yields from (3.7) that

‖u‖
L∞(0,T;Ḃ2α(1−1/q)

p,q )
⩽ C‖Λ2αu‖

L∞(0,T;Ḃ−2α/q
p,q )

⩽ C‖e−tΛ2α

Λ2αu0‖L∞(0,T;Ḃ−2α/q
p,q )

+C‖A2αf‖L∞(0,T;Ḃ−2α/q
p,q )

⩽ C‖u0‖Ḃ2α(1−1/q)
p,q

+C‖f‖Lq(0,T;Lp)
⩽ C‖u0‖Ḃ2α(1−1/q)

p,q
+C‖(∂tR, f)‖Lq(0,T;Lp) +C‖divR‖Lq(0,T;Ẇ2α−1,p). (3.11)

Therefore, collecting estimates (3.8)–(3.11) we conclude that (3.2) holds, as desired.

It remains to prove lemma 3.3.

Proof of lemma 3.3. The idea is analogous to that of [36, theorem 7.3] given by Lemarié-
Rieusset. For every ϕ ∈ Lp(Rd), set

e−tΛ2α

ϕ(x) = F−1(e−t|ξ|2α)(x) ∗ϕ(x) = Kt(x) ∗ϕ(x), (3.12)

where Kt(x) = t−
d
2αK( x

t1/2α ). Noting that Λ2αKt(x) = t−
d
2α−1(Λ2αK)( x

t1/2α ), we let Ω(x, t) :=

t−
d
2α (Λ2αK)( x

t1/2α ), and then it follows that
1
tΩ(x, t) = F−1(|ξ|2αe−t|ξ|2α) and

A2αf(x, t) =
ˆ t

0

ˆ
Rd

1
t− s

Ω(x− y, t− s)f(y,s)dyds. (3.13)

Without loss of generality, we only need to prove the case of T=∞ because the other case
can be reduced to this case by zero extension in time t. Moreover, we denote by f̃(x, t), Ω̃(x, t),
A2α̃f(x, t) the zero extensions of f(x, t), Ω(x, t), A2αf(x, t) to negative values of t, respectively.
This is harmless since A2αf(x, t) depends only on the values of f on (0, t)×Rd.
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Nowwe compute the Fourier transform of 1
t Ω̃(x, t)with respect to spacetime variable (x, t):

the Fourier transform in x for every t> 0 leads to
´
Rd e−ix·ξ 1

t Ω̃(x, t)dx= |ξ|2αe−t|ξ|2α , and then
the Fourier transform in t gives

m(ξ,τ) =
ˆ ∞

0
e−i tτ |ξ|2αe−|ξ|2αtdt=

|ξ|2α

iτ + |ξ|2α
.

Since |m(ξ,τ)|⩽ 1, we immediately get that A2α is bounded on L2(R×Rd).
Next, we consider A2α as a Calderón–Zygmund operator on Rd×R endowed with the

Lebesgue measure µ on Rd+1 and with the quasi-distance ρ((x, t),(y,s)) = (|x− y|4α + |t−
s|2) 1

4α . We also have that for any (x, t) ∈ Rd×R and r> 0,

µ(B((x, t),r)) =
ˆ
ρ((y,s),(x,t))⩽r

dyds⩽ C0r
d+2α.

Define

L((x, t),(y,s)) =
1{s<t}(s)

t− s
Ω̃(x− y, t− s) =

1{s<t}(s)

(t− s)
d
2α+1

(Λ2αK)

(
x− y

(t− s)1/2α

)
.

We claim that L((x, t),(y,s)) satisfies the assumptions in lemma 2.10. Indeed, by making use
of estimate (2.9), if |x− y|2α ⩽ |t− s|, one has

|L((x, t),(y,s))|⩽ ‖Λ2αK‖L∞
|t− s| d

2α+1
⩽ C

|t− s| d
2α+1

;

while if |x− y|2α ⩾ |t− s|, one has

|L((x, t),(y,s))|⩽ ‖|z|d+2αΛ2αK‖L∞
|x− y|d+2α

⩽ C
|x− y|d+2α

;

thus, we get

|L((x, t),(y,s))|⩽ C

d((x, t),(y,s))d+2α . (3.14)

In a similar manner, we can also obtain∣∣∣ ∂
∂t
L((x, t),(y,s))

∣∣∣= ∣∣∣ ∂
∂s
L((x, t),(y,s))

∣∣∣⩽ C

ρ((x, t),(y,s))d+4α ,

and for every j = 1,2, . . . ,d,∣∣∣ ∂
∂xj

L((x, t),(y,s))
∣∣∣= ∣∣∣ ∂

∂yj
L((x, t),(y,s))

∣∣∣⩽ C

ρ((x, t),(y,s))d+2α+1 .

Gathering the above estimates with Taylor’s formula, we have that for every j ∈ {1,2, . . . ,d}
and for any sufficiently small (h,θ),

|L((x+ h, t+ θ),(y,s))− L((x, t),(y,s))|⩽ C|h|
ρ((x, t),(y,s))d+2α+1 +

C|θ|
ρ((x, t),(y,s))d+4α

⩽ C
ρ((x, t),(x+ h, t+ θ))

ρ((x, t),(y,s))d+2α+1 +C
ρ((x, t),(x+ h, t+ θ))2α

ρ((x, t),(y,s))d+4α

⩽ C
ρ((x, t),(x+ h, t+ θ))

ρ((x, t),(y,s))d+2α+1 , (3.15)
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and similarly,

|L((x, t),(y+ h,s+ θ))−L((x, t),(y,s))|⩽ C
ρ((y+ h,s+ θ),(y,s))

ρ((x, t),(y,s))d+2α+1 . (3.16)

Therefore, together with (3.14)–(3.16) and the L2-boundedness of A2α, we can apply lemma
2.10 to infer that for every 1< p<∞,

‖A2α̃f‖Lp(R×Rd) ⩽ C‖̃f‖Lp(R×Rd). (3.17)

Next we regard A2α as a vector-valued Calderón–Zygmund operator on the real line R:

A2α̃f(·, t) =
ˆ
R
L(t,s)̃f(·,s)ds,

where L(t,s) for every {(t,s) ∈ R2 : t 6= s} is given by the integral

L(t,s)̃f(x) = Λ2αe−(t−s)Λ2α

f̃(x,s) =
ˆ
Rd

1{s<t}(s)

t− s
Ω̃(x− y, t− s)̃f(y,s)dy.

In view of (3.17), we have that A2α is continuously bounded from Lp(R;Lp(Rd)) to
Lp(R;Lp(Rd)). For every 0< s< t, note that the Fourier multipliers of L and ∂tL satisfy that
for every 0⩽ k⩽ [ d2 ] + 1 and ξ 6= 0,

sup
|β|=k

∣∣∂β
ξ

(
|ξ|2αe−(t−s)|ξ|2α)∣∣⩽ C|ξ|−k

t− s
, and sup

|β|=k

∣∣∂β
ξ

(
|ξ|4αe−(t−s)|ξ|2α)∣∣⩽ C|ξ|−k

(t− s)2
.

Thus lemma 2.11 guarantees that

‖L‖op(Lp 7→Lp) ≤
C
t− s

, and ‖∂tL‖op(Lp 7→Lp) = ‖∂sL‖op(Lp 7→Lp) ⩽
C

(t− s)2
.

Hence, the assumptions in lemma 2.10 are all fulfilled, so that A2α is continuously bounded
from Lq(R;Lp(Rd)) to Lq(R;Lp(Rd)) for any 1< q,p<∞, which completes the proof of pro-
position 3.3 for T=∞.

4. A priori estimates

In this section, we shall derive the a priori bounds for the vector fields ū, w and u.

4.1. A priori estimates for ū solving the 2D fractional Navier–Stokes system

Proposition 4.1. Let α ∈ (1/2,1), u0 ∈ H1 ∩ Ḃα
p,2(R2) with p> 2

2α−1 . Then the smooth solu-
tion (ū,∇π̄) of the 2D fractional Navier–Stokes equations (1.2) satisfies the following:

‖ū‖2L∞t (H1) + ‖Λαū‖2L2t (H1) ⩽ C‖u0‖2H1 , (4.1)

‖ū‖L∞t (Ḃα
p,2)

+ ‖(∂τ ū,Λ2αū,∇π̄)‖L2t (Lp) ⩽ C‖u0‖Ḃα
p,2
+C‖u0‖

4α−1
2α−1

H1 . (4.2)

Proof of proposition 4.1. The L2-energy estimate gives that for every t ∈ (0,∞],

‖ū‖2L∞t (L2) + ‖Λαū‖2L2t (L2) ⩽ ‖u0‖2L2 . (4.3)
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Let ω̄ := curl ū= ∂x1 ū
2 − ∂x2 ū

1 be the vorticity of fluid, then it satisfies ∂tω̄+ ū ·∇ω̄+Λ2αω̄ = 0,
div ū= 0,
ω̄|t=0 = ω0 = curlu0.

(4.4)

The energy estimate of system (4.4) also leads to

‖∇ū‖2L∞t (L2) + ‖Λα∇ū‖2L2t (L2) ⩽ C
(
‖ω̄‖2L∞t (L2) + ‖Λαω̄‖2L2t (L2)

)
⩽ C‖∇u0‖2L2 , (4.5)

which combined with (4.3) yields the desired estimate (4.1).
Next, applying proposition 3.1 with q= 2 to system (1.2), we find that for δ1 > 0 small

enough,

‖ū‖L∞t (Ḃα
p,2)

+ ‖(∂τ ū,Λ2αū,∇π̄)‖L2t (Lp) ⩽ C‖u0‖Ḃα
p,2
+C‖ū ·∇ū‖L2t (Lp)

⩽ C‖u0‖Ḃα
p,2
+C

∥∥‖ū‖
L
p(p+δ1)

δ1

‖∇ū‖Lp+δ1

∥∥
L2t

⩽ C‖u0‖Ḃα
p,2
+C

∥∥‖ū‖H1‖∇ū‖θ1L2‖Λ
2αū‖1−θ1

Lp
∥∥
L2t

⩽ C‖u0‖Ḃα
p,2
+C‖ū‖L∞t (H1)‖∇ū‖θ1L2t (L2)‖Λ

2αū‖1−θ1
L2t (Lp)

⩽ C‖u0‖Ḃα
p,2
+C‖u0‖1/θ1H1 ‖Λαū‖αL2t (L2)‖Λ

1+αū‖1−α
L2t (L2)

+ 1
2‖Λ

2αū‖L2t (Lp)

⩽ C‖u0‖Ḃα
p,2
+C‖u0‖

1
θ1

+1

H1 + 1
2‖Λ

2αū‖L2t (Lp), (4.6)

where θ1 =
(2α−1)p2+(2α−1)δ1p−2δ1

(p+δ1)(2αp−2) ∈ (0,1) (due to p> 2
2α−1 ). Noting that limδ1→0+

1
θ1

=
2αp−2
(2α−1)p , we can choose a suitably small δ1 > 0 so that 1

θ1
= 2α

2α−1 , and plug it into (4.6) yields
estimate (4.2), as desired.

4.2. A priori estimates for w solving the perturbed system (1.7)

Proposition 4.2. Let 1
2 < α < 1, p> 2

2α−1 , u0 ∈ H
1 ∩ Ḃα

p,2(R2), and ρ0 − 1 ∈ L2 ∩L∞(R2).
Assume that ‖ρ0 − 1‖L∞ is small enough so that (1.9) is satisfied. Then the smooth solution
(a,w,p) = (ρ− 1,u− ū,π− π̄) of the system (1.7) satisfies the following estimates:

E2(w) := ‖w‖L∞t (L2) + ‖Λαw‖L2t (L2) ⩽ C‖a0‖L2∩L∞eC‖u0‖
2
H1 , (4.7)

and

Ep(w) := ‖w‖L∞t (Ḃα
p,2)

+ ‖(∂τw,Λ2αw,∇p)‖L2t (Lp) ⩽ C‖a0‖L2∩L∞e
C‖u0‖2

H1∩Ḃαp,2 , (4.8)

where C> 0 depending only on α and p.

Proof of proposition 4.2. It follows easily from the equation (1.7)1 that

‖a‖L∞t (L2∩L∞) = ‖ρ− 1‖L∞t (L2∩L∞) ⩽ ‖ρ0 − 1‖L2∩L∞ . (4.9)

By taking the inner product of equation (1.7)2 with w and using the condition divu= 0, we
have

1
2
d
dt
‖w‖2L2 + ‖Λαw‖2L2 =−1

2
d
dt
‖
√
aw‖2L2 −

ˆ
R2

a∂tū ·wdx

−
ˆ
R2

a(ū ·∇ū) ·wdx−
ˆ
R2

ρ(w ·∇ū) ·wdx,
(4.10)

3881



Nonlinearity 36 (2023) 3866 Y Li et al

where we also have used thatˆ
R2

(
− a∂tw− a(u ·∇w)

)
·wdx= − 1

2

ˆ
R2

a∂t|w|2 dx−
1
2

ˆ
R2

au ·∇|w|2 dx

= − 1
2
d
dt

ˆ
R2

a|w|2 dx+ 1
2

ˆ
R2

(∂ta+ div(au))|w|2 dx

= − 1
2
d
dt

ˆ
R2

a|w|2 dx. (4.11)

By virtue of the inequality ‖∇ū‖
L

2
α
⩽ C‖Λαū‖2α−1

L2 ‖Λ1+αū‖2−2α
L2 ⩽ C‖Λαū‖H1 , and using

the Gagliardo–Nirenberg inequality, we obtain that∣∣∣ˆ
R2

a(ū ·∇ū)wdx
∣∣∣⩽ C‖a‖L∞‖ū‖

L
2

1−α
‖∇ū‖

L
2
α
‖w‖L2

⩽ C‖a0‖L∞‖Λαū‖L2‖Λαū‖H1‖w‖L2
⩽ C‖Λαū‖2L2‖w‖

2
L2 +C‖a0‖2L∞‖Λαū‖2H1 ,

(4.12)

and ∣∣∣ˆ
R2

ρ(w ·∇ū) ·wdx
∣∣∣⩽ C‖ρ‖L∞‖w‖

L
2

1−α
‖∇ū‖

L
2
α
‖w‖L2

⩽ C‖ρ0‖L∞‖Λαw‖L2‖Λαū‖H1‖w‖L2
⩽ C‖ρ0‖2L∞‖Λαū‖2H1‖w‖2L2 + 1

4‖Λ
αw‖2L2 .

(4.13)

Applying the Leray projection operator P := Id−∇∆−1 div to system (1.2) gives that

‖∂tū‖L2 ⩽ ‖Λ2αū‖L2 + ‖P(ū ·∇ū)‖L2 ⩽ ‖Λ2αū‖L2 + ‖ū ·∇ū‖L2 ,

which together with Hölder’s inequality and (4.12), (4.13) leads to that∣∣∣ˆ
R2

a∂tū ·wdx
∣∣∣⩽ ‖∂tū‖L2‖aw‖L2

⩽ ‖a‖
L

2
α
‖Λ2αū‖L2‖w‖

L
2

1−α
+ ‖a‖L∞‖ū ·∇ū‖L2‖w‖L2

⩽ C‖a0‖L2∩L∞‖Λαū‖H1‖Λαw‖L2 +C‖a0‖L∞‖Λαū‖L2‖Λαū‖H1‖w‖L2
⩽ C‖Λαū‖2L2‖w‖

2
L2 +C‖a0‖2L2∩L∞‖Λαū‖2H1 + 1

4‖Λ
αw‖2L2 . (4.14)

Plugging (4.12) and (4.14) into (4.10), and integrating in time, we obtain that

‖w(t)‖2L2 +
ˆ t

0
‖Λαw‖2L2dτ

⩽−‖
√
aw(t)‖2L2 +C‖a0‖2L∞

ˆ t

0
‖Λαū‖2L2dτ +C‖a0‖2L2∩L∞

ˆ t

0
‖Λαū‖2H1dτ

+C(‖ρ0‖2L∞ + 1)
ˆ t

0
‖Λαū‖2H1‖w‖2L2dτ

⩽ C‖a0‖2L2∩L∞‖u0‖2H1 +C
(
‖ρ0‖2L∞ + 1

)ˆ t

0
‖Λαū‖2H1‖w‖2L2dτ. (4.15)

Utilizing Gronwall’s inequality together with (4.1) implies (4.7), as desired.
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Next let us estimate the Lp-type norm of w. Applying proposition 3.1 to equation (1.7)2
with w|t=0 = 0 yields that

Ep(w)⩽ C1

6∑
i=1

‖Fi‖L2t (Lp), (4.16)

where

F1 :=−a∂tw, F2 :=−a∂tū, F3 :=−ρ(ū ·∇w),
F4 :=−ρ(w ·∇w), F5 :=−a(ū ·∇ū), F6 :=−ρ(w ·∇ū).

Let ‖a0‖L∞ ⩽ 1
2C1

, then it is immediate that

‖F1‖L2t (Lp) ⩽ ‖a‖L∞‖∂τw‖L2t (Lp) ⩽
1

2C1
‖∂τw‖L2t (Lp). (4.17)

In view of (4.2), we obtain

‖F2‖L2t (Lp) = ‖a∂τ ū‖L2t (Lp) ⩽ ‖a0‖L∞‖∂τ ū‖L2t (Lp) ⩽ C
(
1+ ‖u0‖

4α−1
2α−1

H1∩Ḃα
p,2

)
. (4.18)

Making use of Hölder’s inequality and interpolation inequality, we get that for some small
δ2 > 0 to be chosen later,

‖F3‖L2t (Lp) ⩽ ‖ρ‖L∞t (L∞)‖ū‖
L∞t (L

p(p+δ2)
δ2 )

‖∇w‖L2t (Lp+δ2 )

⩽ C‖ρ0‖L∞‖ū‖L∞t (H1)

(ˆ t

0
‖Λαw‖2θ2L2 ‖Λ2αw‖2(1−θ2)

Lp dτ

) 1
2

⩽ C‖ρ0‖L∞‖u0‖H1‖Λαw‖θ2
L2t (L2)

‖Λ2αw‖1−θ2
L2t (Lp)

⩽ C‖ρ0‖1/θ2L∞ ‖u0‖1/θ2H1 ‖Λαw‖L2t L2 +
1

4C1
‖Λ2αw‖L2t (Lp), (4.19)

where θ2 =
2α−1−( 2

p−
2

p+δ2
)

α+1−2/p ∈ (0,1), thus from lim
δ2→0+

1
θ2

= α+1−2/p
2α−1 , we can choose δ2 > 0 so

that 1
θ2

= α+1
2α−1 and

‖F3‖L2t (Lp) ⩽ C‖ρ0‖
α+1
2α−1

L∞ ‖u0‖
α+1
2α−1

H1 ‖Λαw‖L2t L2 +
1

4C1
‖Λ2αw‖L2t (Lp)

⩽ C‖ρ0‖
α+1
2α−1

L∞ ‖u0‖
α+1
2α−1

H1 ‖a0‖L2∩L∞eC‖u0‖
2
H1 + 1

4C1
‖Λ2αw‖L2t (Lp)

⩽ C‖a0‖L2∩L∞eC‖u0‖
2
H1 + 1

4C1
‖Λ2αw‖L2t (Lp), (4.20)

where in the above we have used (4.7) and the fact ‖ρ0‖⩽ 1+ ‖a0‖L∞ ⩽ 2. Similarly, by using
the interpolation inequality, Young’s inequality and estimate (4.7) again, it follows that

‖F4‖L2t (Lp) ⩽ ‖ρ‖L∞t (L∞)‖w‖L∞t (L∞)‖∇w‖L2t (Lp)
⩽ C‖ρ0‖L∞‖w‖θ3L∞t (L2)‖w‖

1−θ3
L∞t (Ḃα

p,2)
‖Λαw‖θ4

L2t (L2)
‖Λ2αw‖1−θ4

L2t (Lp)

⩽ C‖ρ0‖L∞
(
‖w‖L∞t (L2) + ‖Λαw‖L2t (L2)

)θ3+θ4(Ep(w))2−(θ3+θ4)

⩽ C‖ρ0‖
2

θ3+θ4
L∞

(
‖w‖L∞t (L2) + ‖Λαw‖L2t (L2)

)2
+ 1

2C1

(
Ep(w)

)2
⩽ C‖a0‖2L2∩L∞e

C‖u0‖2
H1 + 1

2C1

(
Ep(w)

)2
, (4.21)
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where θ3 =
α−2/p

1+α−2/p ∈ (0,1), θ4 = 2α−1
1+α−2/p ∈ (0,1). By arguing as (4.6), we have

‖F5‖L2t (Lp) ⩽ ‖a‖L∞t (L∞)‖ū ·∇ū‖L2t (Lp)

⩽ C‖a‖L∞t (L∞)‖ū‖L∞t (H1)‖∇ū‖
2α−1
2α

L2t (L2)
‖Λ2αū‖

1
2α

L2t (Lp)

⩽ C‖a0‖L∞‖u0‖H1

(
‖u0‖H1∩Ḃα

p,2
+ ‖u0‖

4α−1
2α−1

H1

)
. (4.22)

The term F6 can be estimated in the same manner as F3 and F4:

‖F6‖L2t (Lp) ⩽ ‖ρ0‖L∞‖w‖L∞t (L∞)‖∇ū‖L2t (Lp)
⩽ C‖ρ0‖L∞‖w‖θ3L∞t (L2)‖w‖

1−θ3
L∞t (Ḃα

p,2)

(
‖∇ū‖L2t (L2) + ‖Λ2αū‖L2t (Lp)

)
⩽ C‖ρ0‖

1
θ3
L∞

(
‖u0‖H1∩Ḃα

p,2
+ ‖u0‖

4α−1
2α−1

H1

) 1+α−2/p
α−2/p ‖w‖L∞t (L2) +

1
4C1

‖w‖L∞t (Ḃα
p,2)

⩽ C‖a0‖L2∩L∞e
C‖u0‖2

H1∩Ḃαp,2 + 1
4C1

‖w‖L∞t (Ḃα
p,2)

. (4.23)

Collecting the above estimates on Fi, i = 1, . . .,6, we deduce that

Ep(w)⩽ C2‖a0‖L2∩L∞e
C2‖u0‖2

H1∩Ḃαp,2 +
(
Ep(w)

)2
. (4.24)

By choosing c0 in (1.9) so small that c0 ⩽ (4C2)
−1, we conclude the estimate (4.8) by an

elementary computation.

4.3. A priori estimates for u solving the 2D fINS system (1.1)

Based on the above estimates for ū and w, we directly have the following bounds for u.

Proposition 4.3. Let 1
2 < α < 1, p> 2

2α−1 and u0 ∈ H1 ∩ Ḃα
p,2(R2). Let ρ0 − 1 ∈ L2 ∩

L∞(R2) be satisfying the condition (1.9) with c0 = c0(α,p)> 0 a sufficiently small constant.
Then there exists a constant C= C(α,p)> 0 such that

∥u∥L∞(R+;L2∩Ḃαp,2)
+ ∥(Λ2αu,∂tu,∇π)∥L2(R+;Lp) + ∥u∥L2(R+;Ḣα) ⩽ C

(
1+ ∥u0∥

4α−1
2α−1

H1∩Ḃαp,2

)
, (4.25)

and for any T> 0,

‖∇u‖L1T(L∞) ⩽ C
(
1+ ‖u0‖

4α−1
2α−1

H1∩Ḃα
p,2

)√
T. (4.26)

Proof of proposition 4.3. The proof of (4.25) is obvious. As for the proof of (4.26), we use
the Sobolev embedding to deduce

‖∇u‖L1T(L∞) ⩽ C
√
T‖u‖L2T(Ḣα∩Ẇ2α,p) ⩽ C

(
1+ ‖u0‖

4α−1
2α−1

H1∩Ḃα
p,2

)√
T, (4.27)

as required.

Under the additional stronger assumptions on (ρ0,u0), we can show some more refined a
priori estimates, which are of use in the uniqueness part.
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Proposition 4.4. Let s ∈ (0,1), u0 ∈ H1 ∩ Ḃα+s
p,2 (R2), ρ0 − 1 ∈ L2 ∩L∞ ∩M(Ḃsp,2)∩

M(Ḃ
2
p+1−2α
p,1 )(R2)). There exists a constant c∗ > 0 depending only on α,p and s so that,

if the condition (1.12) with this c∗ is satisfied, then we have

‖∇u‖L1(R+;L∞) ⩽ C
(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)
, (4.28)

and

‖u‖L∞(R+;Ḃα+s
p,2 ) + ‖(Λ2αu,∂tu,∇π)‖L2(R+;Ḃsp,2)

+ ‖u‖L2(R+;Ḃ2α
p,1)

⩽ C

(
1+ ‖u0‖Ḃα+s

p,2
+ ‖u0‖

8(4α−1)

(2α−1)2

H1∩Ḃα
p,2

)
.

(4.29)

Proof of proposition 4.4. We note that the proof of (4.29) below uses the smallness of ‖ρ−
1‖L∞T (M(Ḃsp,2))

, which according to (2.5) is needed to get the uniform estimate of ‖u‖L1(R+;Ẇ1,∞)

(estimate (4.26) in proposition 4.3 is insufficient for T=∞). Thus, the proof of proposition
4.4 is divided into two parts.

(1) First we prove (4.28). Applying the Leray operator P := Id−∇∆−1 div to the
equation (1.7)2 yields

∂tw+Λ2αw= PF−P(u ·∇w), w|t=0 = w0, (4.30)

with

F :=−a∂tw− a∂tū− a(u ·∇w)− a(ū ·∇ū)− ρ(w ·∇ū),

and then it follows from lemma 2.4 that

‖w‖
L̃∞t

(
Ḃ

2
p+1−2α

p,1

)+ ‖w‖
L1t

(
Ḃ

2
p+1

p,1

) ⩽ C

‖PF‖
L1t

(
Ḃ

2
p+1−2α

p,1

)+ ‖P(u ·∇w)‖
L1t

(
Ḃ

2
p+1−2α

p,1

)


⩽ C

‖F‖
L1t

(
Ḃ

2
p+1−2α

p,1

)+ ‖(u ·∇w)‖
L1t

(
Ḃ

2
p+1−2α

p,1

)
 .

(4.31)

Noting that ∇p=∇∆−1 div(F− u ·∇w), we use the equation (4.30) to get

‖(∂τw,∇p)‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ C

‖F‖
L1t

(
Ḃ

2
p+1−2α

p,1

)+ ‖u ·∇w‖
L1t

(
Ḃ

2
p+1−2α

p,1

)
 . (4.32)

By virtue of definition 2.2 concerning the multiplier space, we find

‖F‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ C‖a‖
L∞t

(
M
(
Ḃ

2
p+1−2α

p,1

))∥∥(∂τw,∂τ ū, ū ·∇ū,u ·∇w,w ·∇ū)
∥∥
L1t

(
Ḃ

2
p+1−2α

p,1

)
+C‖w ·∇ū‖

L1t

(
Ḃ

2
p+1−2α

p,1

). (4.33)
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Utilizing the divergence-free condition of u and the interpolation inequality gives that

‖u ·∇w‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ ‖u⊗w‖
L1t

(
Ḃ

2
p+2−2α

p,1

)

⩽ C
ˆ t

0

(
‖u‖L∞‖w‖

Ḃ
2
p+2−2α

p,1

+ ‖u‖
Ḃ

2
p+2−2α

p,1

‖w‖L∞
)
dτ

⩽ C
(
‖u‖L2t (L∞) + ‖u‖

L2t
(
Ḃ2/p+2−2α
p,1

))(‖w‖L2t (L∞) + ‖w‖
L2t
(
Ḃ2/p+2−2α
p,1

)) .

The interpolation inequality and Sobolev/Besov embedding ensure that

‖u‖L∞ ⩽ C‖u‖
2α−2/p

1+α−2/p

L
2

1−α
‖u‖

1−α
1+α−2/p

Ẇ2α,p ⩽ C
(
‖u‖Ḣα + ‖u‖Ẇ2α,p

)
,

‖u‖
Ḃ

2
p+2−2α

p,1

⩽ C‖u‖
2(2α−1)−2/p

1+α−2/p

Ḃ2/p+α−1
p,∞

‖u‖
3(1−α)

1+α−2/p

Ḃ2α
p,∞

⩽ C
(
‖u‖Ḣα + ‖u‖Ẇ2α,p

)
,

thus we arrive at

‖u ·∇w‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ C‖u‖L2t (Ḣα∩Ẇ2α,p)‖w‖L2t (Ḣα∩Ẇ2α,p). (4.34)

Repeating the above procedure analogously for w ·∇ū and ū ·∇ū yields

‖w ·∇ū‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ C‖ū‖L2t (Ḣα∩Ẇ2α,p)‖w‖L2t (Ḣα∩Ẇ2α,p), (4.35)

‖ū ·∇ū‖
L1t

(
Ḃ

2
p+1−2α

p,1

) ⩽ C‖ū‖2L2t (Ḣα∩Ẇ2α,p)
. (4.36)

For the estimate of ū solving the equation (1.2), note that by interpolation and Besov embed-
ding,

‖u0‖
Ḃ

2
p+1−2α

p,1

⩽ C‖u0‖
3α−1−2/p
1+α−2/p

Ḃ2/p−1
p,∞

‖u0‖
2−2α

1+α−2/p

Ḃα
p,∞

⩽ C‖u0‖L2∩Ḃα
p,2
.

Similarly to the proof of (4.31) and (4.32), we obtain

‖ū‖
L̃∞t

(
Ḃ

2
p+1−2α

p,1

)+ ‖ū‖
L1t

(
Ḃ

2
p+1

p,1

)+ ‖(∂τ ū,∇π̄)‖
L1t

(
Ḃ

2
p+1−2α

p,1

)

⩽ C

‖u0‖
Ḃ

2
p+1−2α

p,1

+ ‖ū ·∇ū‖
L1t

(
Ḃ

2
p+1−2α

p,1

)
⩽ C

(
‖u0‖L2∩Ḃα

p,2
+ ‖ū‖2L2t (Ḣα∩Ẇ2α,p)

)
. (4.37)

Gathering (4.31)–(4.37) together leads to the estimate

‖w‖
L̃∞t

(
Ḃ

2
p+1−2α

p,1

)+ ‖w‖
L1t

(
Ḃ

2
p+1

p,1

)+ ‖(∂τw,∇p)‖
L1t

(
Ḃ

2
p+1−2α

p,1

)

⩽ C‖a‖
L∞t

(
M
(
Ḃ

2
p+1−2α

p,1

))
‖∂τw‖

L1t

(
Ḃ

2
p+1−2α

p,1

)+ ‖u0‖L2∩Ḃα
p,2
+ ‖(ū,w)‖2L2t (Ḣα∩Ẇ2α,p)


+C‖(ū,w)‖L2t (Ḣα∩Ẇ2α,p)‖w‖L2t (Ḣα∩Ẇ2α,p). (4.38)
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Observe that owing to lemma 2.6 and inequality (4.37),

‖a‖
L∞t

(
M
(
Ḃ

2
p+1−2α

p,1

))

⩽ C‖a0‖
M
(
Ḃ

2
p+1−2α

p,1

)eC´ t0 ‖∇u‖L∞dτ

⩽ C‖a0‖
M
(
Ḃ

2
p+1−2α

p,1

)eC‖w‖L1t (Ḃ2/p+1
p,1 )

+C‖ū‖
L1t (Ḃ2/p+1

p,1 )

⩽ C‖a0‖
M
(
Ḃ

2
p+1−2α

p,1

)eC‖w‖L1t (Ḃ2/p+1
p,1 ) exp

{
C
(
‖u0‖L2∩Ḃα

p,2
+ ‖ū‖2L2t (Ḣα∩Ẇ2α,p)

)}
.

(4.39)

Recalling that propositions 4.1 and 4.2 guarantee that

‖ū‖L2t (Ḣα∩Ẇ2α,p) ⩽ C

(
1+ ‖u0‖

4α−1
2α−1

H1∩Ḃα
p,2

)
, ‖w‖L2t (Ḣα∩Ẇ2α,p) ⩽ C‖a0‖L2∩L∞e

C‖u0‖2
H1∩Ḃαp,2 ,

we insert the above estimates and (4.39) into (4.38) to get

∥w∥
L̃∞t

(
Ḃ

2
p+1−2α

p,1

)+ ∥w∥
L1t

(
Ḃ

2
p+1

p,1

)+ ∥(∂τw,∇p)∥
L1t

(
Ḃ

2
p+1−2α

p,1

)

⩽ C∥a0∥
M
(
Ḃ

2
p+1−2α

p,1

)eC
(
1+‖u0‖2

H1∩Ḃαp,2
+‖u0‖

8α−2
2α−1

H1

)
· e
C‖w‖

L1t

(
Ḃ
2/p+1
p,1

)∥∂τw∥
L1t

(
Ḃ

2
p+1−2α

p,1

)+ 1


+C∥a0∥L2∩L∞e

C‖u0‖2
H1∩Ḃαp,2 , (4.40)

where C> 0 is a constant depending only on α and p.
According to proposition 4.2 and the continuous embedding Ẇ2α,p ∩ Ḣα ↪→ Ḃ2/p+1

p,1 and

Ḃ0
2,∞ ∩ Ḃα

p,∞ ↪→ Ḃ2/p+1−2α
p,1 , we know that w ∈ L̃∞T (Ḃ2/p+1−2α

p,1 )∩L1T
(
Ḃ2/p+1
p,1

)
for any T > 0.

Since w ∈ L̃∞T (Ḃ2/p+1−2α
p,1 ), by a high-low frequency decomposition argument, one easily

deduces that w ∈ C([0,T]; Ḃ2/p+1−2α
p,1 ). Let T∗ > 0 be the maximal existence time such that

w ∈ C([0,T∗); Ḃ2/p+1−2α
p,1 )∩L1([0,T∗); Ḃ2/p+1

p,1 ). Denote by T
′
as

T ′ := sup

{
t< T∗ : ‖w‖

L̃∞t (Ḃ
2
p+1−2α

p,1 )
+ ‖w‖

L1t (Ḃ
2
p+1

p,1 )
⩽ 1

}
. (4.41)

We claim T ′ =∞. Indeed, by choosing a0 small enough so that

CeC‖a0‖
M
(
Ḃ

2
p+1−2α

p,1

) exp
{
C(1+ ‖u0‖2H1∩Ḃα

p,2
+ ‖u0‖

8α−2
2α−1

H1 )
}
⩽ 1

4 , (4.42)

and

C‖a0‖L2∩L∞e
C‖u0‖2

H1∩Ḃαp,2 ⩽ 1
4 , (4.43)
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we infer from (4.40) that

‖w‖
L̃∞
T ′

(
Ḃ

2
p+1−2α

p,1

)+ ‖w‖
L1
T ′

(
Ḃ

2
p+1

p,1

)+
1
2
‖∂tw‖

L1
T ′

(
Ḃ

2
p+1−2α

p,1

)+ ‖∇p‖
L1
T ′

(
Ḃ

2
p+1−2α

p,1

) ⩽ 1
2
.

(4.44)

If T ′ <∞, then the above shows that the solution can be continued past T
′
, which contradicts

with the maximality of T
′
defined by (4.41). Hence we conclude that T ′ = T∗ =∞.

By combining the estimates (4.37) and (4.44), we get the desired estimate (4.28):

‖∇u‖L1(R+;L∞) ⩽ C‖(ū,w)‖
L1(R+;Ḃ

2
p+1

p,1 )
⩽ C

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)
.

(2) Next we show (4.29). Applying the fractional Laplacian operator Λs to equation (1.1)2
yields that

∂tΛ
su+Λ2α+su+∇Λsπ =−Λs

(
a∂tu

)
−Λs

(
ρu ·∇u) =: Fs,

with a= ρ− 1 and divu= 0. By using the Leray operator P := Id−∇∆−1 div, we get

∂t(Λ
su)+Λ2α(Λsu) = PFs, (Λsu)|t=0 = Λsu0.

Similarly as deriving (4.31) and (4.32), we obtain that for every T ∈ (0,∞],

‖Λsu‖L̃∞T (Ḃα
p,2)

+ ‖Λsu‖L2T(Ḃ2α
p,2)

+ ‖(∇π,∂tu)‖L2T(Ḃsp,2) ⩽ C
(
‖Λsu0‖Ḃα

p,2
+ ‖PFs‖L2T(Ḃ0

p,2)

)
⩽ C

(
‖u0‖Ḃα+s

p,2
+ ‖Fs‖L2T(Ḃ0

p,2)

)
.

(4.45)

By using definition 2.2, we infer that

‖Fs‖L2T(Ḃ0
p,2)

⩽ ‖a∂tu‖L2T(Ḃsp,2) + ‖(1+ a)(u ·∇u)‖L2T(Ḃsp,2)
⩽ C‖a‖L∞T (M(Ḃsp,2))

‖∂tu‖L2T(Ḃsp,2) +C(1+ ‖a‖L∞T (M(Ḃsp,2))
)‖u ·∇u‖L2T(Ḃsp,2). (4.46)

Utilizing the interpolation inequality and (4.25) leads to

‖u ·∇u‖L2T(Ḃsp,2) ⩽ C‖u‖L∞T (L∞)‖u‖L2T(Ḃ1+s
p,2 )

⩽ C‖u‖L∞T (L2∩Ḃα
p,2)

‖u‖θ5
L2T(Ḣ

α)
‖u‖1−θ5

L2T(Ḃ
2α+s
p.2 )

⩽ Cε‖u‖1/θ5L∞T (L2∩Ḃα
p,2)

‖u‖L2T(Ḣα) + ε‖u‖L2T(Ḃ2α+s
p.2 )

⩽ Cε

(
1+ ‖u0‖

8(4α−1)

(2α−1)2

H1∩Ḃα
p,2

)
+ ε‖u‖L2T(Ḃ2α+s

p.2 ), (4.47)

where θ5 = 2α−1
α+1+s−2/p and ε> 0 is a constant chosen later. By virtue of (2.5) and (4.28), we

get

‖a‖L∞T (M(Ḃsp,2))
⩽ ‖a0‖M(Ḃsp,2)

e
C‖∇u‖L1T(L∞) ⩽ C‖a0‖M(Ḃsp,2)

exp

{
C

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)}
.

(4.48)

Collecting the estimates (4.45)–(4.48) and using the interpolation inequality Ḃ2α+s
p,2 ∩ Ḣα ↪→

Ḃ2α
p,1 together with (4.25), we see that for every T ∈ (0,∞],
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‖u‖L̃∞T (Ḃα+s
p,2 ) + ‖u‖L2T(Ḃ2α+s

p,2 ) + ‖(∇π,∂tu)‖L2T(Ḃsp,2) + ‖u‖L2T(Ḃ2α
p,1)

⩽ C‖u0‖Ḃα+s
p,2

+Cε

(
1+ ‖u0‖

8(4α−1)

(2α−1)2

H1∩Ḃα
p,2

)
+C‖a0‖M(Ḃsp,2)

exp

{
C

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)}
‖∂tu‖L2T(Ḃsp,2)

+Cε

(
1+ ‖a0‖M(Ḃsp,2)

exp

{
C

(
1+ ‖u0‖

8α−2
2α−1

H1∩Ḃα
p,2

)})
‖u‖L2T(Ḃ2α+s

p,2 ),

so that by letting c∗ > 0 in (1.12) small enough and then ε> 0 small enough, we conclude the
desired estimate (4.29).

5. Proof of theorem 1.1: the existence part

In subsection 5.1, as a first step we show the global well-posedness of strong solution to the
2D fINS system (1.1) with the additional regularity assumption ∇ρ0 ∈ L

2
α (R2), and then in

subsection 5.2 by the compactness argument we prove the global existence of solution to the
2D fINS system (1.1) with rough density.

5.1. Global well-posedness result for the 2D fINS system with regular density

Our main result in this subsection is the following proposition.

Proposition 5.1. Let 1
2 < α < 1, p> 2

2α−1 and u0 ∈ H
1 ∩ Ḃα

p,2(R2), ρ0 − 1 ∈ L2 ∩L∞(R2) be

with the smallness condition (1.9). In addition, assume ∇ρ0 ∈ L
2
α (R2). Then there exists a

unique global-in-time solution (ρ,u,∇π) to the 2D fINS system (1.1) which satisfies the estim-
ates (1.10) and (1.11). In addition, it holds that for any T> 0,

‖∇ρ‖
L∞T (L

2
α )

⩽ ‖∇ρ0‖L 2
α
exp

{
C

(
1+ ‖u0‖

4α−1
2α−1

H1∩Ḃα
p,2

)√
T

}
. (5.1)

Proof of proposition 5.1. Since u0 ∈ H1 ∩ Ḃα
p,2(R2)with α ∈ ( 12 ,1) and p>

2
2α−1 , according

to proposition 4.1 and the standard compactness theory, there exists a unique global-in-time
strong solution ū ∈ C(R+;H1 ∩ Ḃα

p,2)∩L2(R+;H1+α) to the 2D fractional Navier–Stokes sys-
tem (1.2) which satisfies estimates (4.1) and (4.2).

Now, it suffices to treat the global existence issue of the perturbed system (1.7). This is
more-or-less a standard process. We here only give a sketch of the proof, and for the details
one can see the arXiv version [37].

We first consider (wn+1,an+1) (n ∈ N) as the solutions to the following approximate per-
turbed system 

∂tan+1 + un ·∇an+1 = 0,

∂twn+1 + un ·∇wn+1 +Λ2αwn+1 +∇pn+1 =
5∑
i=1

F n
i,

divwn+1 = 0,
(an+1,wn+1)|t=0 = (a0,0),

(5.2)

where un = wn+ ū and

F n
1 =−an∂twn+1, F n

2 =−an(∂tū), Fn3 =−an(un−1 ·∇wn+1),

Fn4 =−an
(
ū ·∇ū

)
, Fn5 =−(1+ an)

(
wn+1 ·∇ū

)
.

(5.3)
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We also set u−1(t,x)≡ 0, w0(t,x)≡ 0, a0(t,x)≡ a0(x), u0(t,x)≡ u0(x). It can admit a unique
solution of system (5.2) by proposition 3.1 and the Banach fixed point theorem.

Then we derive the uniform-in-n estimates for approximate solutions by induction. Indeed,
by arguing as proposition 4.2, under the smallness condition (1.9), we prove that, for any
n ∈ Z+ and k⩽ n, there hold that for any t> 0,

E2(w
k) := ‖wk‖L∞t (L2) + ‖Λαwk‖L2t (L2) ⩽ C‖a0‖L2∩L∞eC‖u0‖

2
H1 , (5.4)

and

Ep(w
k) := ∥wk∥L∞t (Ḃαp,2)

+ ∥(∂τw
k,Λ2αwk,∇pk)∥L2t (Lp) ⩽ C̃∥a0∥L2∩L∞ exp

{
C̃∥u0∥2H1∩Ḃαp,2

}
, (5.5)

with C, C̃> 0 depending only on α,p. In addition, since ∇a0 =∇ρ0 ∈ L
2
α , one can easily

show that for every n ∈ N,

‖∇an+1‖
L∞t (L

2
α )

⩽ ‖∇a0‖L 2
α
exp

{ˆ t

0
‖∇un‖L∞dτ

}
⩽ ‖∇a0‖L 2

α
eC(u0)

√
t. (5.6)

Based on the uniform-in-n estimates (5.4)–(5.6), we can show that {(an,wn)}n∈N is a
Cauchy sequence in the L2-energy space on a small interval [0, t∗] with t∗ > 0. Thus, there
exists a limit function (a,w) such that

(an,wn)→ (a,w) in L∞(0, t∗;L
2(R2))×

(
L∞(0, t∗;L

2(R2))∩L2(0, t∗; Ḣα(R2))
)
.

By virtue of (5.4), (5.5) and interpolation, we can pass to the limit n→∞ in the system (1.7)
to deduce that (a,w) solves the perturbed system (1.7) in the distributional sense. By Fatou’s
lemma, we see that (a,w) satisfies E2(w)+Ep(w)<∞ on [0, t∗] and a ∈ L∞(0, t∗,W1, 2

α ).
Since a ∈ L∞(0,T;L∞ ∩W1, 2

α ) and w is regular enough, we can show the uniqueness in
the standard L2-topology in the Eulerian framework.

Finally, let T∗ > 0 be the maximal existence time of the above constructed strong solu-
tion (a,w) solving (1.7), then under the smallness condition (1.9), we can use a bootstrapping
argument to show T∗ =∞. Combined with the estimates of ū, the proof of proposition 5.1 is
complete.

5.2. Global existence of solution for the 2D fINS system with rough density

Owing to the low regularity of a0 = ρ0 − 1 (now we do not assume ∇a0 ∈ L
2
α any more),

we cannot prove the convergence of the approximate sequences in the L2-topology as in the
previous subsection. Thus we shall use the compactness arguments instead. For completeness,
we outline the proof as follows.

For every ε> 0, let χϵ(·) = ε−2χ( ·ϵ ) and χ ∈ C∞
c (R2) be a standard mollifier. Let ρϵ0 = χϵ ∗

ρ0, then it satisfies ∇ρϵ0 ∈ L
2
α (R2). According to proposition 5.1, the perturbed system (1.1)

with initial data (ρϵ0,u0) admits a unique global-in-time strong solution (ρϵ, uϵ) satisfying the
uniform-in-ε bounds (1.10) and (1.11). Thus we are allowed to pick a subsequence εk (εk → 0
as k→∞) such that

ρϵk − 1⇀∗ ρ− 1 in L∞(R+;L
2 ∩L∞(R2)), (5.7)

and

uϵk − ū⇀∗ u− ū in L∞(R+;L
2 ∩ Ḃα

p.2(R2))∩L2(R+;Ẇ
2α,p(R2)),

∂tu
ϵk − ∂tū⇀∂tu− ∂tū in L2(R+;L

p(R2)).
(5.8)
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In addition, utilizing the diagonal argument together with the Rellich-type theorems applied
for the compact (space-time) subsets of R2 ×R+, we conclude

uϵk → u a.e. in R+ ×R2. (5.9)

In view of

ρϵk∂tu
ϵk + ρϵk(uϵk ·∇uϵk) = ∂t(ρ

ϵkuϵk)+ div(ρϵkuϵk ⊗ uϵk),

the above convergence is sufficient to pass to the limit in (1.1) in the distributional sense and
hence (ρ,u) is indeed a distributional solution to the system (1.1). By Fatou’s lemma, the
solution (ρ,u) is also regular enough and satisfies estimates (1.10) and (1.11). Therefore, the
existence part of theorem 1.1 is proved.

6. Proof of theorem 1.1: the uniqueness part

This section is devoted to proving the uniqueness of constructed solutions in theorem 1.1.
Because of the hyperbolic nature of the coupled system (1.1) and the low-regularity of

density, the Eulerian framework used in the uniqueness proof of proposition 5.1 seems not
effective, and we shall employ the Lagrangian approach as in [18, 19, 48] to tackle with
the uniqueness issue. Inspired by [19], we intend to show the uniqueness by establishing
the L∞T (Ḣα)∩L2T(Ḣ2α)-estimates of the difference δv of two velocity fields in Lagrangian
coordinates (it seems almost impossible to prove the uniqueness in the usual L∞T (L2)∩L2T(Ḣα)
framework due to the fact that one cannot control the term ∇δv on the right-hand side). We
write the system of δv as the twisted fractional Stokes system (6.18) and we derive the crucial
L2T(L

2) maximal regularity estimate (6.23) on a small time interval. Meanwhile, some right-
hand terms in (6.23) arising from the nonlocal dissipation seem hard to be controlled using
the (natural) quantity ‖vi‖L2T(Ẇ2α,p), instead we have to adopt ‖vi‖L2T(Ḃ2α

p,1)
as the bound, which

in turn need the stronger regularity ui ∈ L2T(Ḃ2α
p,1) obtained in proposition 4.4.

In order to derive the 2D fINS system (1.1) in the Lagrangian coordinates, we firstly intro-
duce some basic results. The particle trajectory Xt(·) associated with the velocity u is defined
by the ordinary differential equation

dXt(y)
dt

= u(t,Xt(y)), Xt(y)|t=0 = y, (6.1)

that is,

Xt(y) = y+
ˆ t

0
u(τ,Xτ (y))dτ, y ∈ R2, (6.2)

which maps the Lagrangian coordinate y to the Eulerian coordinate x= Xt(y). According
to (4.28), we know that u ∈ L1(R+;W1,∞(R2)), and equation (6.1) admits a unique solution
Xt(·) : R2 → R2 for every t ∈ [0,∞) which is a measure-preserving bi-Lipschitzian homeo-
morphism satisfyingX±1

t ∈ L∞(R+;W1,∞(R2)). Note that the inversemappingX−1
t (·) : R2 →

R2 solves that

X−1
t (x) = x−

ˆ t

0
u(τ,Xτ ◦X−1

t (x))dτ. (6.3)

By letting 0< T1 < 1 be small enough, we can assume
ˆ T1

0
‖∇xu‖L∞dt⩽ 1

2
. (6.4)
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Denote by

η(t,y) := ρ(t,Xt(y)), v(t,y) := u(t,Xt(y)), Π(t,y) := π(t,Xt(y)). (6.5)

In the above notation, system (1.1) can be expressed as follows
∂tη = 0,
η∂tv+Λ2α

v v+∇vΠ= 0,
divv v= 0,
(η,v)|t=0(y) = (ρ0(y),u0(y)),

(6.6)

where Λ2α
v v(t,y) := Λ2αu(t,x) = (Λ2αu)(t,Xt(y)), ∇vΠ(t,y) :=∇xπ(t,x) = (∇xπ)(t,Xt(y)),

divv v(t,y) := divx u(t,x) = (divx u)(t,Xt(y)). We set

A(t,y) := (DyXt)
−1(y) =

(
DxX

−1
t

)
◦Xt(y), with (DyXt)ij := ∂yjX

i
t, (6.7)

and set AT the transpose matrix of A, then by the chain rule, some elementary calculation gives
that (e.g. see [18, appendix] or [19, equation (35)])

∇vΠ = AT∇yΠ, divv v= divy(Av) = AT :∇v. (6.8)

Since Xt(·) is a measure-preserving mapping, according to lemma 2.9, we find that

(Λ2αu)(t,Xt(y)) =− ∇·
Λ2−2α

∇u(t,Xt(y))

=−cα
ˆ
R2

(Xt(y)− z) · (∇u(t,Xt(y))−∇u(t,z)))
|Xt(y)− z|2+2α

dz

=−cα p.v.
ˆ
R2

(Xt(y)−Xt(z̃)) · (∇u(t,Xt(y))−∇u(t,Xt(z̃))
|Xt(y)−Xt(z̃)|2+2α

dz̃

=−cα p.v.
ˆ
R2

(Xt(y)−Xt(z)) ·
(
AT(t,y)∇v(t,y)−AT(t,z)∇v(t,z)

)
|Xt(y)−Xt(z)|2+2α

dz

=: Λ2α
v v(t,y), (6.9)

where cα = α4αΓ(α)
2πΓ(1−α) and Γ(s) is the Gamma function.

Now let (ρi,ui,πi), i = 1,2 be two solutions of the 2D fINS system (1.1) with the same
initial data (ρ0,u0). Define

ηi(t,y) := ρi (t,Xi,t(y)), vi(t,y) := ui(t,Xi,t(y)), Πi(t,y) := πi(t,Xi,t(y)), (6.10)

where Xi,t(y) is the particle trajectory generated by velocity ui:

Xi,t(y) = y+
ˆ t

0
ui(τ,Xi,τ (y))dτ = y+

ˆ t

0
vi(τ,y)dτ, i= 1,2. (6.11)

Thanks to propositions 4.3 and 4.4, we have the following estimates for the solutions in
Lagrangian coordinates.
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Proposition 6.1. Let 12 < α < 1, p> 2
2α−1 , u0 ∈ H

1 ∩ Ḃα+s
p,2 (R2), s ∈ (0,1), and ρ0 − 1 ∈ L2 ∩

L∞ ∩M(Ḃsp,2)∩M(Ḃ
2
p+1−2α
p,1 ) satisfying conditions (1.9) and (1.12). Then for i = 1,2 we

have

‖vi‖L∞(R+;L2∩Ḃα
p,2)

+ ‖(∂tvi,∇Πi)‖L2(R+;Lp) + ‖Λαvi‖L2(R+;L2) ⩽ C, (6.12)

and there exists a constant T1 ∈ (0,1] small enough such thatˆ T1

0
‖∇ui(t)‖L∞dt⩽ 1

2
, and

ˆ T1

0
‖∇vi(t)‖L∞dt⩽ 1

2
, (6.13)

and

‖vi‖L2(0,T1;Ḃ2α
p,1)

⩽ C. (6.14)

Proof of proposition 6.1. From (4.28) and lemma 2.6, we immediately obtain the estimates
of ‖vi‖L∞(R+;Ḃα

p,2)
and ‖Λαvi‖L2(R+;L2) as in (6.12). By virtue of (6.11), we get that

‖∇Xi,t‖L∞(R+;L∞) ⩽ e
‖∇ui‖L1(R+;L∞) ⩽ C.

Then proposition 4.3 and a direct calculation yield

‖∂tvi‖L2(R+;Lp) ⩽ ‖∂tui‖L2(R+;Lp) + ‖∇ui‖L2(R+;Lp)‖ui‖L∞(R+;L∞) ⩽ C,

‖∇Πi‖L2(R+;Lp) ⩽ ‖∇πi‖L2(R+;Lp)‖∇Xi,t‖L∞(R+;L∞) ⩽ C,

‖∇vi‖L1(R+;L∞) ⩽ ‖∇ui‖L1(R+;L∞)‖∇Xi,t‖L∞(R+;L∞) ⩽ C. (6.15)

By letting T1 > 0 be small enough, the estimate (6.13) follows from (4.28) and (6.15).
Next, we prove the estimate (6.14) from (4.29). Noticing that Next, we prove the estimat

∇vi(t,y) = (∇XT
i,t(y))∇u(t,Xi,t(y)) = (∇XT

i,t(y)− Id)∇ui(t,Xi,t(y))+∇ui(t,Xi,t(y)),

and ∇Xi,t(y) = Id+
´ t
0∇vi(τ,y)dτ , by virtue of (2.1) and proposition 4.3, we find that

‖∇vi‖L2T1 (Ḃ
2α−1
p,1 ) ⩽ ‖(∇XT

i,t− Id)∇ui ◦Xi,t‖L2T1 (Ḃ
2α−1
p,1 ) + ‖∇ui ◦Xi,t‖L2T1 (Ḃ

2α−1
p,1 )

⩽ C‖∇Xi,t− Id‖L∞T1 (Ḃ
2α−1
p,1 )‖∇ui ◦Xi,t‖L2T1 (L∞)

+C
(
‖∇Xi,t− Id‖L∞T1 (L∞) + 1

)
‖∇ui ◦Xi,t‖L2T1 (Ḃ

2α−1
p,1 )

⩽ C
√
T1‖∇ui‖L2T1 (L∞)‖∇vi‖L2T1 (Ḃ

2α−1
p,1 )

+C
(
‖∇vi ‖L1T1 (L∞) + 1

)
‖∇ui ◦Xi,t‖L2T1 (Ḃ

2α−1
p,1 ).

Letting T1 > 0 small enough, and utilizing lemma 2.6 and (4.29), we obtain

‖∇vi‖L2T1 (Ḃ
2α−1
p,1 ) ⩽ C‖∇ui ◦Xi,t‖L2T1 (Ḃ

2α−1
p,1 ) ⩽ C‖∇ui‖L2T1 (Ḃ

2α−1
p,1 ) ⩽ C,

which immediately leads to (6.14).

In view of (6.10), the system (6.6) holds with (ηi,vi,Πi) in place of (η,v,Π) and with the
same initial data (ρ0,u0). The equation (6.6)1 gives that

ηi(t,y)≡ ρ0(y), for i= 1,2. (6.16)

Set

δv := v1 − v2, δΠ := Π1 −Π2, δA := A1 −A2, (6.17)
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with Ai(t,y) := (∇yXi,t)−1(y). Then, we arrive at ∂tδv+Λ2α
v1 δv+∇δΠ = (1− ρ0)∂tδv+ δf1 + δf2,

divδv= divδg,
δv|t=0 = 0,

(6.18)

where

Λ2α
v1 δv(t,y) :=−cα p.v.

ˆ
R2

(X1,t(y)−X1,t(z)) · (AT
1 (t,y)∇δv(t,y)−AT

1 (t,z)∇δv(t,z))
|X1,t(y)−X1,t(z)|2+2α dz, (6.19)

δf1 := (∇−∇v1)Π1 − (∇−∇v2)Π2 = (Id−AT
1 )∇δΠ − (δAT)∇Π2, (6.20)

δf2 := cα p.v.
ˆ
R2

(
(X1,t(y)−X1,t(z)) ·

(
AT
1 (t,y)∇v2(t,y)−AT

1 (t,z)∇v2(t,z)
)

|X1,t(y)−X1,t(z)|2+2α

−
(X2,t(y)−X2,t(z)) ·

(
AT
2 (t,y)∇v2(t,y)−AT

2 (t,z)∇v2(t,z)
)

|X2,t(y)−X2,t(z)|2+2α

)
dz,

(6.21)

and

δg := (Id−A1)v1 − (Id−A2)v2 = (Id−A1)δv− δAv2. (6.22)

Concerning the twisted fractional Stokes system (6.18), we have the following L2T1(L
2)max-

imal regularity result on a short time interval.

Proposition 6.2. Let (δv, δΠ) be the solution to the system (6.18). There exists a sufficiently
small constant T1 > 0 depending on α,p,s and ‖u0‖H1∩Ḃα+s

p,2
such that

δE(T1) := ‖δv‖L∞T1 (Ḣα) + ‖(∂tδv,Λ2αδv,∇δΠ)‖L2T1 (L2)
⩽ C‖divδg‖L2T1 (Ḣ2α−1) +C‖(δf1, δf2,∂tδg)‖L2T1 (L2),

(6.23)

where C depends only on α and the upper bounds in propositions 4.4 and 6.1.

Remark 6.3. Following the ideas of [19, 48], it is convenient to write the system (6.18) as{
∂tδv+Λ2αδv+∇δΠ = δh1 + δF,
divδv= divδg, δv|t=0 = 0,

(6.24)

where

δh1 := cα p.v.
ˆ
R2

(
X1,t(y)−X1,t(z)

|X1,t(y)−X1,t(z)|2+2α
− y− z

|y− z|2+2α

)
· (∇δv(t,y)−∇δv(t,z)

)
dz,

and δF denotes the remaining terms. According to proposition 3.1, one can easily build the
following estimate that for T1 > 0 sufficiently small,

δE(T1)⩽ C‖divδg‖L2T1 (Ḣ2α−1) +C‖δh1‖L2T1 (L2) +C‖(δF,∂tδg)‖L2T1 (L2).

However, by letting T1 > 0 small enough and using lemma 2.3, one has the following estimate

‖δh1‖L2T1 (L2) ⩽ ε
∥∥∥ˆ

R2

|∇δv(t,y)−∇δv(t,z)|
|y− z|1+2α

dz
∥∥∥
L2T1

(L2y)

⩽ ε

ˆ
R2

‖∇δv(t,y)−∇δv(t,y+ z)‖L2y
|z|1+2α

dz⩽ ε‖∇δv‖L2T1 (Ḃ
2α−1
2,1 )
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with ε> 0 sufficiently small, but it seems difficult to control ‖δh1‖L2T1 (L2) with the upper bound
ε‖∇δv‖L2T1 (Ḣ2α). Hence, we instead treat the system (6.18) directly to derive the key estim-

ate (6.23), so the proof is more complicated than that in the 2D INS system (1.4).

Proof of proposition 6.2. Taking the inner product of (6.18)1 with Λ2α
v1 δv(t,y), we findˆ

R2

∂tδv(t,y)Λ
2α
v1 δv(t,y)dy+

ˆ
R2

|Λ2α
v1 δv(t,y)|

2dy

=

ˆ
R2

(
−∇δΠ +(1− ρ0)∂tδv+ δf1 + δf2

)
Λ2α
v1 δv(t,y)dy

⩽ ε‖Λ2α
v1 δv‖

2
L2 +

3
4ε

(
‖∇δΠ‖2L2 + ‖a0‖2L∞‖∂tδv‖2L2 + ‖(δf1, δf2)‖2L2

)
, (6.25)

where ε> 0 is a small constant chosen later. Denoting by P :=∇∆−1 div, we see that

∇δΠ =−P∂tδv−PΛ2α
v1 δv+P(−a0 ∂tδv)+P(δf1)+P(δf2),

which leads to that

∥∇δΠ∥2L2 ⩽
(
∥P∂tδv∥L2 + ∥PΛ2α

v1 δv∥L2 + ∥P(a0∂tδv)∥L2 + ∥P(δf1, δf2)∥L2
)2

⩽4
(
∥∂tδg∥2L2 + ∥P(Λ2α

v1 δv)∥
2
L2 + ∥a0∥2L∞∥∂tδv∥2L2 + ∥(δf1, δf2)∥2L2

)
.

(6.26)

Utilizing the equations (6.18)1 and (6.26) gives

‖∂tδv‖2L2 +
1
4
‖∇δΠ‖2L2

⩽ ‖Λ2α
v1 δv‖

2
L2 + ‖a0‖2L∞‖∂tδv‖2L2 +

5
4
‖∇δΠ‖2L2 + ‖(δf1, δf2)‖2L2

⩽ ‖Λ2α
v1 δv‖

2
L2 + 5‖∂tδg‖2L2 + 5‖P(Λ2α

v1 δv)‖
2
L2 + 6‖a0‖2L∞‖∂tδv‖2L2 + 6‖(δf1, δf2)‖2L2 ,

then by assuming ‖a0‖L∞ ⩽ 1
4 without loss of generality, we infer that

‖∂tδv‖2L2 +
‖∇δΠ‖2L2

2
⩽ 2‖Λ2α

v1 δv‖
2
L2 + 10‖∂tδg‖2L2 + 10‖P(Λ2α

v1 δv)‖
2
L2 + 12‖(δf1, δf2)‖2L2 .

(6.27)

Letting ε1 > 0 be a small constant chosen later, we insert (6.26) into (6.25) and then combine
it with ε1× (6.27) to obtain
ˆ
R2

∂tδvΛ
2α
v1 δv(t,y)dy+

(
1− (ε+ 2ε1)

)
‖Λ2α

v1 δv‖
2
L2 +

(
ε1 −

15‖a0‖2L∞
4ε

)
‖∂tδv‖2L2 +

ε1
2
‖δΠ‖2L2

⩽
(3
ε
+ 10ε1

)(
‖∂tδg‖2L2 + ‖P(Λ2α

v1 δv)‖
2
L2
)
+
(15
4ε

+ 12ε1
)
‖(δf1, δf2)‖2L2 .

Hence by setting ε= ε1 =
1
4 , and assuming ‖a0‖L∞ ⩽ 1

9 without loss of generality, it leads toˆ
R2

∂tδv(t,y)Λ
2α
v1 δv(t,y)dy+

1
4
‖Λ2α

v1 δv(t)‖
2
L2 +

1
16

‖∂tδv(t)‖2L2 +
1
8
‖∇δΠ(t)‖2L2

⩽ 15‖∂tδg(t)‖2L2 + 15‖P(Λ2α
v1 δv)(t)‖

2
L2 + 18‖(δf1, δf2)(t)‖2L2 .

(6.28)
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Integrating in the time variable shows that for every t ∈ [0,T1],ˆ t

0

ˆ
R2

∂τδvΛ
2α
v1 δv(τ,y)dydτ +

1
4
‖Λ2α

v1 δv‖
2
L2t (L2)

+
1
16

‖∂τδv‖2L2t (L2) +
1
8
‖∇δΠ‖2L2t (L2)

⩽ 15‖∂tδg‖2L2t (L2) + 15‖P(Λ2α
v1 δv)‖

2
L2t (L2)

+ 18‖(δf1, δf2)‖2L2t (L2).
(6.29)

Next, observing that by (6.9), (6.7) and the change of variables

‖Λ2α
v1 δv(t,y)‖

2
L2y

= c2α

ˆ
R2

∣∣∣ˆ
R2

(X1,t(y)−X1,t(z)) ·
(
AT
1 (t,y)∇δv(t,y)−AT

1 (t,z)∇δv(t,z)
)

|X1,t(y)−X1,t(z)|2+2α
dz
∣∣∣2dy

= c2α

ˆ
R2

∣∣∣ˆ
R2

(x− z) ·
(
∇
(
δv(t,X−1

1,t (x))
)
−∇

(
δv(t,X−1

1,t (z))
))

|x− z|2+2α
dz
∣∣∣2dx

= ‖Λ2α−2∇·∇
(
δv(t,X−1

1,t (x))
)
‖2L2x = ‖Λ2α

(
δv(t,X−1

1,t (x))
)
‖2L2x , (6.30)

we get

‖Λ2α
v1 δv(t,y)‖

2
L2y
⩾ ‖Λ2α−1∇x

(
δv(t,X−1

1,t (x))
)
‖2L2x

= ‖Λ2α−1
(
∇X−1

1,t (x)(∇δv)(t,X−1
1,t (x))

)
‖2L2x

⩾ 1
2
‖∇δv(t,X−1

1,t (x))‖
2
Ḣ2α−1
x

−‖(Id−∇X−1
1,t )∇δv(t,X−1

1,t (x))‖
2
Ḣ2α−1
x

=: N1 +N2, (6.31)

where in the third line we have used the simple inequality (a− b)2 ⩾ 1
2a

2 − b2 for a,b> 0.
Notice that (owing to lemma 2.3)

N1 ⩾
1

2C1

ˆ
R2

ˆ
R2

|∇δv(t,X−1
1,t (x))−∇δv(t,X−1

1,t (z))|2

|x− z|4α
dxdz

=
1

2C1

ˆ
R2

ˆ
R2

|∇δv(t,y)−∇δv(t,z)|2

|X1,t(y)−X1,t(z)|4α
dydz.

(6.32)

Making use of (6.2) and the mean value theorem yields that for i = 1,2,

|Xi,t(y)−Xi,t(z)|⩽ |y− z|+
ˆ t

0

∣∣ui(τ,Xi,τ (y))− ui(τ,Xi,τ (z))
∣∣dτ

⩽ |y− z|+
ˆ t

0
‖∇ui‖L∞

∣∣Xi,τ (y)−Xi,τ (z)
∣∣dτ,

and

|y− z|⩽
∣∣Xi,t(y)−Xi,t(z)

∣∣+ˆ t

0

∣∣vi(τ,y)− vi(τ,z)
∣∣dτ

⩽
∣∣Xi,t(y)−Xi,t(z)

∣∣+ˆ t

0
‖∇vi‖L∞ |y− z|dτ.

Thus Gronwall’s inequality guarantees that

|y− z|e−
´ t
0 ||∇vi‖L∞dτ ⩽ |Xi,t(y)−Xi,t(z)|⩽ |y− z|e

´ t
0 ||∇ui‖L∞dτ .
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Hence, by taking T1 > 0 small enough, we have that for any t⩽ T1,

3
4
⩽ |y− z|

|Xi,t(y)−Xi,t(z)|
⩽ 4

3
, ∀y 6= z ∈ R2, (6.33)

or equivalently,

3
4
⩽

|X−1
i,t (y)−X−1

i,t (z)|
|y− z|

⩽ 4
3
, ∀y 6= z ∈ R2. (6.34)

Thus, it follows from (6.32) and (6.33) that

N1 ⩾
1

2(4/3)4αC1

ˆ
R2

ˆ
R2

|∇δv(t,y)−∇δv(t,z)|2

|y− z|4α
dydz

⩾ 1
8C1

‖Λ2α−1∇δv‖2L2 ⩾
1

8C1
‖Λ2αδv‖2L2 ,

and then for every t ∈ [0,T1], we can lower bound

‖N1‖L1([0,t]) ⩾
1

8C1
‖Λ2αδv‖2L2t (L2). (6.35)

For the term N2 given by (6.31), noticing that ∇X−1
1,t (x) = AT

1 (t,y) = AT
1 (t,X

−1
1,t (x))

(from (6.7)), we can apply lemmas 2.6 and 2.7 to find that

‖N2‖L1([0,T1]) ⩽ C‖∇δv(t,X−1
1,t (x))‖

2
L2T1

(Ḣ2α−1)
‖Id−A1(t,X

−1
1,t (x))‖

2
L∞T1

(L∞)

+C‖∇δv(t,X−1
1,t (x))‖

2

L2T1
(L

2p
p−2 )

‖Id−A1(t,X
−1
1,t (x))‖

2
L∞T1

(Ẇ2α−1,p)

⩽ C‖∇δv‖2L2T1 (Ḣ2α−1)
‖Id−A1‖2L∞T1 (L∞) +C‖∇δv‖2

L2T1
(L

2p
p−2 )

‖Id−A1‖2L∞T1 (Ḃ
2α−1
p,1 )

,

(6.36)

where in the last line we also have used the embedding Ḃ2α−1
p,1 ↪→ Ẇ2α−1,p. Recalling that under

the condition (6.13),

Ai(t,y) = (DXi,t(y))
−1 = (Id+Bi(t,y))

−1 = Id+
∞∑
k=1

(−Bi(t,y))k, i= 1,2, (6.37)

with Bi(t,y) := DXi,t(y)− Id=
´ t
0Dvi(τ,y)dτ , it is easy to see that

∥∥Id−Ai
∥∥
L∞T1

(L∞)
⩽

∞∑
k=1

∥∥Bi∥∥kL∞T1 (L∞)
⩽

∞∑
k=1

‖∇vi‖kL1T1 (L∞) ⩽ 2‖∇vi‖L1T1 (L∞) ⩽ 2CT
1
2
1 . (6.38)

For the term ‖Id−Ai‖L∞T (Ḃ2α−1
p,1 ), due to 2α− 1− 2

p > 0, the nonhomogeneous space

B2α−1
p,1 (R2) ↪→ L∞(R2) is a Banach algebra, thus choosing T1 > 0 small enough, proposition

6.1 yields that for i = 1,2,
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∥∥Id−Ai
∥∥
L∞T1

(Ḃ2α−1
p,1 )

⩽
∞∑
k=1

‖Bi(t,y)‖kL∞T1 (B
2α−1
p,1 )

⩽
∞∑
k=1

(
CT

1
2
1 ‖∇vi‖L2T1 (B

2α−1
p,1 )

)k
⩽

∞∑
k=1

(
CT

1
2
1 ‖vi‖L2T1 (Ḃ2α

p,1∩Ḣα)

)k
⩽ C

√
T1‖vi‖L2T1 (Ḃ2α

p,1∩Ḣα) ⩽ C
√
T1. (6.39)

Using the Sobolev embedding Ḣα ∩ Ḣ2α(R2) ↪→ Ẇ1, 2p
p−2 (R2) (due to p> 2

2α−1 ), we also get

∥∥∇δv
∥∥
L2T1

(L
2p
p−2 )

⩽ C‖δv‖
(2α−1)p−2

αp

L2T1
(Ḣα)

‖δv‖
(1−α)p+2

αp

L2T1
(Ḣ2α)

⩽ C‖δv‖L2T1 (Ḣα∩Ḣ2α). (6.40)

Collecting estimates (6.36) and (6.38)–(6.40) yields

‖N2‖L1([0,T1]) ⩽ CT1‖δv‖2L2T1 (Ḣ2α)
+CT1‖δv‖2L2T1 (Ḣα)

. (6.41)

We then consider the first term on the left-hand side of (6.28). In light of (6.19) and (6.30),
we see that
ˆ
R2

∂tδv(t,y)Λ
2α
v1 δv(t,y)dy

= cα

ˆ
R2

ˆ
R2

∂tδv(t,y)
(X1,t(y)−X1,t(z)) · (AT

1 (t,y)∇δv(t,y)−AT
1 (t,z)∇δv(t,z))

|X1,t(y)−X1,t(z)|2+2α
dzdy

=

ˆ
R2

∂tδv
(
t,X−1

1,t (x))Λ
2α
x

(
δv(t,X−1

1,t (x))
)
dx

=

ˆ
R2

∂t
(
δv(t,X−1

1,t (x))
)
Λ2α
x

(
δv(t,X−1

1,t (x))
)
dx

−
ˆ
R2

∂tX
−1
1,t (x) ·∇δv(t,X−1

1,t (x))Λ
2α
x

(
δv(t,X−1

1,t (x))
)
dx

=: Ψ1 +Ψ2.

For Ψ1, notice that

Ψ1 =
1
2
d
dt
‖
(
δv(t,X−1

1,t (x))
)
‖2Ḣα

x

=
1
2
d
dt

ˆ
R2

ˆ
R2

|δv(t,X−1
1,t (x))− δv(t,X−1

1,t (z))|2

|x− z|2+2α
dxdz

=
1
2
d
dt

ˆ
R2

ˆ
R2

|δv(t,y)− δv(t, z̃)|2

|X1,t(y)−X1,t(z̃)|2+2α
dydz̃.

Thus, by letting T1 > 0 be small enough so that (6.33) holds, we integrate in the time variable
and then use (6.33) to deduce that for every t ∈ [0,T1],
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ˆ t

0
Ψ1dτ ⩾ 1

2 · (4/3)2+2α
‖δv(t, ·)‖2Ḣα ⩾ 1

8
‖δv(t, ·)‖2Ḣα . (6.42)

Noting that (from (6.3))

∂tX
−1
i,t (x) =−ui(t,x)−

ˆ t

0
∇ui
(
τ,Xi,τ ◦X−1

i,t (x)
)
∇Xi,τ ◦X−1

t (x)dτ ∂tX
−1
i,t (x),

and

∂tX
−1
i,t (x) =−

(
Id+
ˆ t

0
∇ui
(
τ,Xi,τ ◦X−1

i,t (x)
)
∇Xi,τ ◦X−1

t (x)dτ

)−1

ui(t,x),

we apply (6.13) and the estimate ‖∇Xi,t‖L∞ ⩽ e
‖∇ui‖L1t (L∞) ⩽√

e to deduce that for every t ∈
[0,T1],

‖∂tX−1
i,t ‖Lp ⩽

(
1−
ˆ t

0
‖∇ui(τ)‖L∞dτ‖∇Xi,τ‖L∞t (L∞)

)−1
‖ui(t)‖Lp ⩽ C.

Using the above inequality, (6.30) and interpolation inequality (6.40), the term Ψ2 can be
estimated asˆ t

0
|Ψ2|dτ ⩽

ˆ t

0
‖∂τX−1

1,τ (x)‖Lpx‖∇δv(τ,X−1
1,τ (x))‖

L
2p
p−2
x

‖δv(τ,X−1
1,τ (x))‖Ḣ 2α

x
dτ

⩽ C‖∂τX−1
1,τ‖L∞t (Lp)‖∇δv‖

L2t (L
2p
p−2 )

‖δv(τ,X−1
1,τ (x))‖L2t (Ḣ2α)

⩽ C‖δv‖
2(2α−1)p−4

αp

L2t (Ḣα)
‖δv‖

2(1−α)p+4
αp

L2t (Ḣ2α)
+

1
16

‖Λ2α
v1 δv(τ,y)‖

2
L2t (L2)

⩽ C‖δv‖2L2t (Ḣα)
+

‖δv‖2
L2t (Ḣ2α)

128C1
+

1
16

‖Λ2α
v1 δv‖

2
L2t (L2)

⩽ Ct‖δv‖2L∞t (Ḣα)
+

1
128C1

‖δv‖2L2t (Ḣ2α)
+

1
16

‖Λ2α
v1 δv‖

2
L2t (L2)

. (6.43)

Integrating in the time interval [0, t] yields that for every t ∈ [0,T1],

ˆ t

0

ˆ
R2

∂τ δvΛ
2α
v1 δvdydτ ⩾

∥δv(t)∥2
Ḣα

8
−Ct∥δv∥2L∞t (Ḣα) −

∥δv∥2
L2t (Ḣ2α)

128C1
−

∥Λ2α
v1 δv∥

2
L2t (L2)

16
. (6.44)

Now we consider ‖P(Λ2α
v1 δv)‖L2 (recall that P :=∇∆−1 div). By arguing as in the proof

of (6.30), and using (6.8), (6.19) and the change of variables, we find that

∥P(Λ2α
v1 δv)∥

2
L2

⩽ ∥div(Λ2α
v1 δv)∥

2
Ḣ−1

≲
ˆ
R2

∣∣∣ˆ
R2

div(Λ2α
v1 δv)(y)

|x− y| dy
∣∣∣2dx

≲
ˆ
R2

∣∣∣ˆ
R2

1
|x− y| divy

(ˆ
R2

(X1,t(y)−X1,t(z))·(AT
1 (t,y)∇δv(t,y)−AT

1 (t,z)∇δv(t,z))
|X1,t(y)−X1,t(z)|2+2α dz

)
dy
∣∣∣2dx

≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ

((
DX−1

1,t (ỹ)
)−1
ˆ
R2

(ỹ−z̃)·
(
∇[δv(t,X−1

1,t (ỹ))]−∇[δv(t,X−1
1,t (̃z))]

)
|̃y−z̃|2+2α dz̃

)
dỹ
∣∣∣2dx̃
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≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ
((
DX−1

1,t (ỹ)
)−1

Λ2α(δv(t,X−1
1,t (ỹ))

))
dỹ
∣∣∣2dx̃

≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ
(
Λ2α(δv(t,X−1

1,t (ỹ))
))

dỹ
∣∣∣2dx̃

+

ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ
((

Id−
(
DX−1

1,t (ỹ)
)−1)

Λ2α(δv(t,X−1
1,t (ỹ))

))
dỹ
∣∣∣2dx̃

=: Υ1 +Υ2.

For Υ1, by using the relation (6.18)2 and the change of variables again, it follows that

Υ1 ≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

(
Λ2α div

(
δv(t,X−1

1,t (·))
)
(ỹ)
)
dỹ
∣∣∣2dx̃

≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

(
Λ2α

(
∇X−1

1,t (·) :∇δv(t,X−1
1,t (·))

)
(ỹ)
)
dỹ
∣∣∣2dx̃

≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

(
Λ2α

(
divδv(t,X−1

1,t (·))
)
(ỹ)
)
dỹ
∣∣∣2dx̃

+

ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

(
Λ2α

(
(Id−∇X−1

1,t (·)) :∇δv(t,X−1
1,t (·))

)
(ỹ)
)
dỹ
∣∣∣2dx̃

≲
ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ
(
∇Λ2α−2

(
divδg(t,X−1

1,t (·))
)
(ỹ)
)
dỹ
∣∣∣2dx̃

+

ˆ
R2

∣∣∣ˆ
R2

1
|X−1

1,t (x̃)−X−1
1,t (ỹ)|

divỹ
(
∇Λ2α−2

(
(Id−∇X−1

1,t (·)) :∇δv(t,X−1
1,t (·))

)
(ỹ)
)
dỹ
∣∣∣2dx̃

≲
ˆ
R2

∣∣∣ˆ
R2

1
|x−y| divy

(
A1(t,y)

([
∇Λ2α−2

(
divδg(t,X−1

1,t )
)]

◦X1,t(y)
))

dy
∣∣∣2dx

+

ˆ
R2

∣∣∣ˆ
R2

1
|x−y| divy

(
A1(t,y)

([
∇Λ2α−2

(
(Id−∇X−1

1,t ) :∇δv(t,X−1
1,t )
)]

◦X1,t(y)
))

dy
∣∣∣2dx̃

≲
∥∥∥Λ−1 div

(
A1(t, ·)

[
∇Λ2α−2

(
divδg(t,X−1

1,t )
)]

◦X1,t(·)
)∥∥∥2

L2

+
∥∥∥Λ−1 div

(
A1(t, ·)

[
∇Λ2α−2

(
(Id−∇X−1

1,t ) :∇δv(t,X−1
1,t )
)]

◦X1,t(·)
)∥∥∥2

L2

⩽ C‖A1(t,y)‖2L∞y ‖∇Λ2α−2
(
divδg(t,X−1

1,t (·))
)
(x)‖2L2x

+C‖A1(t,y)‖2L∞y ‖∇Λ2α−2
(
(Id−∇X−1

1,t (·)) :∇δv(t,X−1
1,t (·))

)
(x)‖2L2x .

Similarly to the proof of (6.36), by applying lemma 2.6, proposition 6.1 and letting T1 > 0 be
small enough, we infer that

‖Υ1‖L1T1 ≲ ‖divδg(t,X−1
1,t (·))‖

2
L2T1

(Ḣ2α−1)
+ ‖
(
Id−A1(t,X

−1
1,t (x))

)
:∇δv(t,X−1

1,t (x))‖
2
L2T1

(Ḣ2α−1)

⩽ C‖divδg‖2L2T1 (Ḣ2α−1)
+C‖Id−A1‖2L∞T1 (L∞)‖∇δv‖2L2T1 (Ḣ2α−1)

+C‖Id−A1‖2L∞T1 (Ḃ
2α−1
p,1 )

‖∇δv‖2
L2T1

(L
2p
p−2 )

⩽ C‖divδg‖2L2T1 (Ḣ2α−1)
+CT1‖δv‖2L2T1 (Ḣ2α)

+CT1‖δv‖2L2T1 (Ḣα)
. (6.45)

For Υ2, observing that (DX
−1
1,t (ỹ))

−1 = DX1,t(y) = (DX1,t) ◦X−1
1,t (ỹ), and by letting T1 > 0

small enough (so that (6.34) and the last inequality in (6.46) hold true), we obtain that for every
t ∈ [0,T1],
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‖Υ2‖L1t ≲
∥∥∥ˆ

R2

1
|x̃− ỹ|

divỹ
((

Id− (DX1,τ ) ◦X−1
1,τ (ỹ)

)[
Λ2α(δv(τ,X−1

1,τ ))
]
◦X1,τ (ỹ)

)
dỹ
∥∥∥2
L2t (L

2
x̃)

≲
∥∥∥Λ−1 div

((
Id− (DX1,τ ) ◦X−1

1,τ (·)
)[
Λ2α(δv(τ,X−1

1,τ ))
]
◦X1,τ (·)

)∥∥∥2
L2t (L

2
x̃)

≲ ‖Id−DX1,τ‖2L∞t (L∞)

∥∥Λ2α
(
δv(τ,X−1

1,τ (·))
)∥∥2

L2t (L2)

⩽ C‖∇v1‖2L1t (L∞)‖Λ
2α
v1 δv(τ,x)‖

2
L2t (L2x)

⩽ CT1‖Λ2α
v1 δv(τ,x)‖

2
L2t (L2)

⩽ 1
16

‖Λ2α
v1 δv(τ,x)‖

2
L2t (L2)

, (6.46)

where in the last line we have used (6.30).
Gathering (6.29) and (6.30), (6.35), (6.41), (6.44)–(6.46), we conclude that for every t ∈

[0,T1],

‖δv(t)‖2
Ḣα

8
+

1
128C1

‖Λ2αδv‖2L2t (L2) +
1
16

‖∂τδv‖2L2t (L2) +
1
8
‖∇δΠ‖2L2t (L2)

⩽ CT1
(
‖δv‖2L∞T1 (Ḣα)

+ ‖δv‖2L2T1 (Ḣ2α)

)
+C‖divδg‖2L2T1 (Ḣ2α−1)

+C‖(δf1, δf2,∂tg)‖2L2T1 (L2)
.

Hence, by taking the supremum over [0,T1] and then by letting T1 > 0 be small enough, we
conclude the desired estimate (6.23).

Now in order to get the uniqueness result in theorem 1.1, we need to check the terms in the
right-hand side of (6.23). For the term ‖δf1‖L2T1 (L2) with δf1 = (Id−AT

1 )∇δΠ − (δAT)∇Π2,

recalling (6.37) and (6.38) and noting that

δA(t,y) =
∞∑
k=1

(
(−B1(t,y))

k− (−B2(t,y))
k
)

=

( ∞∑
k=1

k−1∑
j=0

(−1)kB j
1B

k−1−j
2

)ˆ t

0
Dδv(τ,y)dτ,

(6.47)

withBi(t,y) =
´ t
0Dvi(τ,y)dτ , by letting T1 > 0 be small enough, it can be controlled as follows

‖δf1‖L2T1 (L2) ⩽ ‖Id−A1‖L∞T1 (L∞)‖∇δΠ‖L2T1 (L2) + ‖δA‖
L∞T1

(
L

2p
p−2

)‖∇Π2‖L2T1 (Lp)

⩽ CT
1
2
1 ‖∇δΠ‖L2T1 (L2) +CT

1
2
1 ‖∇δv‖

L2T1

(
L

2p
p−2

)
⩽ CT

1
2
1 ‖∇δΠ‖L2T1 (L2) +CT

1
2
1 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα),

(6.48)

where in the last line we also have used (6.40).
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Next, let us treat the term δf2 given by (6.21). Observe that

δf2 = cα

ˆ
R2

(
X1,t(y)−X1,t(z)

)
·
(
AT
1 (t,y)−AT

2 (t,y)− (AT
1 (t,z)−AT

2 (t,z))
)
∇v2(t,y)

|X1,t(y)−X1,t(z)|2+2α
dz

+ cα

ˆ
R2

(
X1,t(y)−X1,t(z)

)
·
(
AT
1 (t,z)−AT

2 (t,z)
)(
∇v2(t,y)−∇v2(t,z)

)
|X1,t(y)−X1,t(z)|2+2α

dz

+ cα

ˆ
R2

[
X1,t(y)−X1,t(z)

|X1,t(y)−X1,t(z)|2+2α − X2,t(y)−X2,t(z)
|X2,t(y)−X2,t(z)|2+α

]
·
(
AT
2 (t,y)−AT

2 (t,z)
)
∇v2(t,y)dz

+ cα

ˆ
R2

[
X1,t(y)−X1,t(z)

|X1,t(y)−X1,t(z)|2+2α − X2,t(y)−X2,t(z)
|X2,t(y)−X2,t(z)|2+α

]
·AT

2 (t,z)(∇v2(t,y)−∇v2(t,z))dz

:= δf12 + δf22 + δf32 + δf42 .

For δf12, by changing variables and using lemma 2.6, we get

‖δf12‖2L2y = c2α

ˆ
R2

∣∣∣ˆ
R2

(
X1,t(y)−X1,t(z)

)
·
(
δAT(t,y)− δAT(t,z))

)
|X1,t(y)−X1,t(z)|2+2α

dz∇v2(t,y)
∣∣∣2dy

= c2α

ˆ
R2

∣∣∣ˆ
R2

(
x− z̃

)
·
(
δAT(t,X−1

1,t (x))− δAT(t,X−1
1,t (z̃))

)
|x− z̃|2+2α

dz̃∇v2(t,X−1
1,t (x))

∣∣∣2dx
= C
ˆ
R2

∣∣∣[Λ2α−2∇· (δAT(t,X−1
1,t (x)))

]
∇v2(t,X−1

1,t (x))
∣∣∣2dx

⩽ C‖δA(t,X−1
1,t (x))‖

2
Ḣ2α−1‖∇v2(t,X−1

1,t (x))‖
2
L∞

⩽ C‖δA(t,y)‖2
Ḣ2α−1
y

‖∇v2(t)‖2L∞ .

In view of (6.47) and lemma 2.7, and using estimates (6.38)–(6.40), we have

∥∥δA∥∥
L∞T1

(Ḣ2α−1)
⩽ C

∥∥∇δv
∥∥
L1T1

(Ḣ2α−1)

∞∑
k=1

k−1∑
j=0

∥∥B j
1B

k−1−j
2

∥∥
L∞T1

(L∞)

+C
∥∥∇δv

∥∥
L1T1

(L
2p
p−2 )

∞∑
k=1

k−1∑
j=0

∥∥B j
1B

k−1−j
2

∥∥
L∞T1

(W2α−1,p)

⩽ CT
1
2 ‖δv‖L2T1 (Ḣ2α)

∞∑
k=1

k
(
T

1
2
1 ‖(∇v1,∇v2)‖L2T1 (L∞)

)k
+CT

1
2
1 ‖∇δv‖

L2T1
(L

2p
p−2 )

∞∑
k=1

k
(
CT

1
2
1 ‖(v1,v2)‖L2T1 (Ḃ2α

p,1∩Ḣα)

)k
⩽ CT

1
2 ‖δv‖L2T1 (Ḣ2α) +T1‖δv‖L∞T1 (Ḣα), (6.49)

where T1 > 0 is small enough so that CT
1
2 ‖(v1,v2)‖L2T1 (Ḃ2α

p,1∩Ḣα) ⩽ 1
2 . Thus, combining the

above two estimates yields that

‖δf12‖L2T1 (L2) ⩽ ‖δA‖L∞T1 (Ḣ2α−1)‖∇v2‖L2T1 (L∞) ⩽ CT
1
2
1 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα). (6.50)

Let us check the estimation of term δf42 . Defining

h(t,y,z,θ) := θ
(
X1,t(y)−X1,t(z)

)
+(1− θ)

(
X2,t(y)−X2,t(z)

)
,
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and using the fundamental theorem of calculus, we find that

X1,t(y)−X1,t(z)
|X1,t(y)−X1,t(z)|2+2α

− X2,t(y)−X2,t(z)
|X2,t(y)−X2,t(z)|2+2α

=

ˆ 1

0

d
dθ

h(t,x,y,θ)
|h(t,x,y,θ)|2+2α

dθ

=−(1+ 2α)
ˆ 1

0

1
|h(x,y, t,θ)|2+2α

dθ ·
(
X1,t(y)−X2,t(y)−

(
X1,t(z)−X2,t(z)

))
=−(1+ 2α)

ˆ 1

0

1
|h(x,y, t,θ)|2+2α

dθ ·
ˆ t

0

(
δv(τ,y)− δv(τ,z)

)
dτ.

This gives that

δf 42 = − cα(1+ 2α)
ˆ 1

0

ˆ t

0

ˆ
R2

(
δv(τ,y)− δv(τ,z)

)
·AT

2 (t,z)(∇v2(t,y)−∇v2(t,z))
|h(t,x,y,θ)|2+2α

dzdτdθ

= − cα(1+ 2α)
ˆ 1

0

ˆ 1

0

ˆ t

0

ˆ
R2

(y− z) ·∇δv(τ, θ̃y+(1− θ̃)z)
|h(t,x,y,θ)|2+2α

·

·AT
2 (t,z)(∇v2(t,y)−∇v2(t,z))dzdτdθdθ̃.

Note that

|h(t,y,z,θ)− (y− z)|⩽
(
θ‖∇v1‖L1t (L∞) +(1− θ)‖∇v2‖L1t (L∞)

)
|y− z|

⩽ T
1
2 ‖(∇v1,∇v2)‖L2t (L∞)|y− z|,

so by choosing T1 > 0 small enough, we get h(t,y,z,θ)≈ |y− z| for every y 6= z and t⩽ T1.
Then taking advantage of Minkowski’s inequality, lemma 2.3 and the estimates (6.14), (6.40),
we infer that

∥δf 42 ∥L2T1 (L2)

≲
∥∥∥ˆ 1

0

ˆ t

0

ˆ
R2

|∇δv(τ, θ̃y+(1− θ̃)z)||∇v2(t,y)−∇v2(t,z)|
|y− z|1+2α |A2(t,z)|dzdτdθ̃

∥∥∥
L2T1

(L2y)

≲
∥∥∥ˆ 1

0

ˆ t

0

ˆ
R2

|∇δv(τ,y+(1− θ̃)z)||∇v2(t,y)−∇v2(t,y+ z)|
|z|1+2α dzdτdθ̃

∥∥∥
L2T1

(L2y)
∥A2∥L∞T1 (L∞)

≲
∥∥∥ˆ 1

0

ˆ t

0

ˆ
R2

∥∥∇δv(τ,y+(1− θ̃)z) |∇v2(t,y)−∇v2(t,y+ z)|
∥∥
L2y

|z|1+2α dzdτdθ̃
∥∥∥
L2T1

≲ T
1
2
1

∥∥∥ˆ
R2

∥∇v2(t,y)−∇v2(t,y+ z)∥Lpy
|z|1+2α dz

∥∥∥
L2T1

∥∇δv∥
L2T1

(
L

2p
p−2

)
⩽ CT

1
2
1 ∥∇v2∥L2T1 (Ḃ

2α−1
p,1 )

∥∇δv∥
L2T1

(
L

2p
p−2

)
⩽ CT

1
2
1 ∥δv∥L2T1 (Ḣ2α) +CT1∥δv∥L∞T1 (Ḣα). (6.51)
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The terms δf22 and δf32 can be estimated similarly as above: due to (6.33) and (6.48), we have
the following bounds

‖δf22‖L2T1 (L2) ⩽ C
∥∥∥ˆ

R2

|δAT(t,y+ z)| |∇v2(t,y)−∇v2(t,y+ z)|
|z|1+2α

dz
∥∥∥
L2T1

(L2y)

⩽ C
∥∥∥ˆ

R2

‖∇v2(t,y)−∇v2(t,y+ z)‖Lpy
|z|1+2α

dz
∥∥∥
L2T1

‖δA‖
L∞T1

(L
2p
p−2 )

⩽ CT
1
2
1 ‖∇v2‖L2T1 (Ḃ

2α−1
p,1 )‖∇δv‖

L2T1
(L

2p
p−2 )

⩽ CT
1
2
1 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα), (6.52)

and

‖δf32‖L2T1 (L2)

⩽ C
∥∥∥ˆ 1

0

ˆ t

0

ˆ
R2

|∇δv(τ,y+(1− θ̃)z)| |A2(t,y)−A2(t,y+ z)|
|z|1+2α

|∇v2(t,y)|dzdτdθ̃
∥∥∥
L2T1

(L2)

⩽ CT
1
2
1 ‖∇δv‖

L2T1
(L

2p
p−2 )

∥∥∥ˆ
R2

‖(Id−A2(t,y))− (Id−A2(t,y+ z))‖Lpy
|z|1+2α

dz
∥∥∥
L∞T1

‖∇v2‖L2T1 (L∞)

⩽ CT
1
2
1 ‖∇δv‖

L2T1
(L

2p
p−2 )

‖Id−A2‖L∞T1 (Ḃ
2α−1
p,1 )‖∇v2‖L2T1 (L∞)

⩽ C
(
T

1
2
1 ‖δv‖L2T1 (Ḣ2α) +T1‖δv‖L∞T1 (Ḣα)

)
‖Id−A2‖L∞T1 (Ḃ

2α−1
p,1 ).

By (2.1) and the embedding B2α−1
p,1 (R2) ↪→ L∞(R2), similarly to the proof of (6.39), we see

that for i = 1,2,

‖Id−Ai‖L∞T (Ḃ2α−1
p,1 ) ⩽

∞∑
k=1

(
CT

1
2
1 ‖∇vi‖L2T1 (B

2α−1
p,1 )

)k
⩽

∞∑
k=1

(
CT

1
2
1 ‖vi‖L2T1 (Ḃ2α

p,1∩Ḣα)

)k
⩽ CT

1
2 ,

so this implies

‖δf32‖L2T1 (L2) ⩽ CT
1
2
1 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα). (6.53)

Collecting the above estimates on f12 – f
4
2 yields that for T1 > 0 small enough,

‖δf2‖L2T1 (L2) ⩽ CT
1
2
1 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα). (6.54)

Next we consider the estimation related to δg given by (6.22). The algebraic relation (6.8)
gives

divδg= (Id−AT
1 ) :∇δv− (δAT) :∇v2,
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thus by using lemma 2.7, along with (6.38)–(6.40) and (6.48)–(6.49), we deduce that

∥divδg∥L2T1 (Ḣ2α−1) ⩽ ∥(Id−AT1 ) :∇δv∥L2T1 (Ḣ2α−1) + ∥δAT :∇v2∥L2T1 (Ḣ2α−1)

⩽ C∥Id−A1∥L∞T1 (Ẇ2α−1,p)∥∇δv∥
L2T1

(
L

2p
p−2

)+C∥Id−A1∥L∞T1 (L∞)∥δv∥L2T1 (Ḣ2α)

+C∥δA∥L∞T1 (Ḣ2α−1)∥∇v2∥L2T1 (L∞) +C∥δA∥
L∞T1

(
L

2p
p−2

)∥∇v2∥L2T1 (Ẇ2α−1,p)

⩽ CT1/21 ∥δv∥L2T1 (Ḣ2α) +T1∥δv∥L∞T1 (Ḣα). (6.55)

We split ∂tδg into the following four terms:

∂tδg= ∂t[(Id−A1)δv− (δA)v2]

=−(∂tA1)δv+(Id−A1)∂tδv− (∂tδA)v2 − (δA)∂tv2.

Noting that for i = 1,2 (from (6.37))

∂tAi(t,y) =
∞∑
k=1

(−1)kk
(
Bi(t,y)

)k−1
Dvi(t,y), Bi(t,y) =

ˆ t

0
Dvi(τ,y)dτ, (6.56)

and

‖δv(t,y)‖L2y = ‖δv(t,y)− δv(0,y)‖L2y ⩽
ˆ t

0
‖∂τδv(τ,y)‖L2ydτ ⩽ t

1
2 ‖∂τδv‖L2t (L2), (6.57)

so by choosing T1 > 0 small enough, we find that

‖∂tA1 δv‖L2T1 (L2) ⩽ ‖∂tA1‖L2T1 (L∞)‖δv‖L∞T1 (L2)

⩽ CT1/21 ‖∇v1‖L2T1 (L∞)‖∂tδv‖L2T1 (L2) ⩽ CT1/21 ‖∂tδv‖L2T1 (L2). (6.58)

Thanks to (6.38) and (6.47), we immediately get

‖(Id−A1)∂tδv‖L2T1 (L2) ⩽ ‖Id−A1‖L∞T1 (L∞)‖∂tδv‖L2T1 (L2) ⩽ CT1/21 ‖∂tδv‖L2T1 (L2), (6.59)

and

‖(δA)∂tv2‖L2T1 (L2) ⩽ ‖δA‖
L∞T1

(L
2p
p−2 )

‖∂tv2‖L2T1 (Lp)

⩽ CT1/21 ‖∇δv‖
L2T

(
L

2p
p−2

) ⩽ CT1/21 ‖δv‖L2T1 (Ḣ2α) +CT1‖δv‖L∞T1 (Ḣα).
(6.60)

In view of the following formula (from (6.56))

∂tδA(t,y) = −Dδv(t,y) +
∞∑
k=2

(−1)kkBk−1
2 Dδv(t,y)

+
∞∑
k=2

k−2∑
j=0

(−1)kkBj−1
1 Bk−1−j

2

(ˆ t

0
Dδv(τ,y)dτ

)
Dv1(t,y).

Using the Gagliardo–Nirenberg inequality ‖∇δv‖L2 ⩽ C‖δv‖2−
1
α

Ḣα ‖δv‖
1
α−1

Ḣ2α , we infer that

‖(∂tδA)v2‖L2T1 (L2) ⩽ ‖∂tδA‖L2T1 (L2)‖v2‖L
∞
T1

(L∞)

⩽ C‖v2‖L∞T1 (L∞)

(
‖∇δv‖L2T1 (L2) + ‖∇δv‖L1T1 (L2)‖∇v1‖L2T1 (L∞)

)
⩽ CT

1− 1
2α

1

(
‖δv‖L∞T1 (Ḣα) + ‖δv‖L2T1 (Ḣ2α)

)
. (6.61)
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Noticing that T1 ⩽ 1 and α ∈ ( 12 ,1), we collect estimates (6.58)–(6.61) to obtain

‖∂tδg‖L2T1 (L2) ⩽ CT
1
2
1 ‖∂tδv‖L2T1 (L2) +CT

1− 1
2α

1

(
‖δv‖L2T1 (Ḣ2α) + ‖δv‖L∞T1 (Ḣα)

)
. (6.62)

Therefore, plugging inequalities (6.48), (6.54), (6.55), and (6.62) into (6.23), we find that
for T1 ∈ (0,1] small enough,

δE(T1)⩽ CT
1
2
1 ‖(∂tδv,∇δΠ)‖L2T1 (L2) +CT

1− 1
2α

1

(
‖δv‖L2T1 (Ḣ2α) + ‖δv‖L∞T1 (Ḣα)

)
⩽ CT

1− 1
2α

1 δE(T1).

By letting T1 > 0 be a even smaller constant (if necessary) so that CT
1− 1

2α
1 ⩽ 1

2 , we conclude

that δE(t)≡ 0 on [0,T1]. The Sobolev inequality Ḣα(R2) ↪→ L
2

1−α (R2) or estimate (6.57)
further implies that δv≡ 0 for a.e. (y, t) ∈ R2 × [0,T1]. By using (6.11) and coming back to
the Eulerian coordinates, we also get X1,t(y)≡ X2,t(y) and u1(t,x)≡ u2(t,x) for a.e. (x, t) ∈
R2 × [0,T1].

Repeating the above procedure and arguing as the corresponding part in [47], we can further
prove u1 = u2 onR2 × [T1,2T1],R2 × [2T1,3T1], . . . , where T1 > 0 is a small constant depend-
ing only on α,p,s, and the norms of (ui,πi) in propositions 4.3 and 4.4. Hence the uniqueness
part of theorem 1.1 is proved, which completes the proof of theorem 1.1.
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