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ABSTRACT. We study the temperature front problem for the
3D viscous Boussinesq equation. We prove that the Ck¥ (k > 1,
0 <y < 1) and W?* regularity of a temperature front is locally
preserved along the evolution as well as globally preserved under
a smallness condition in a critical space. In particular, beside
giving another proof of the main result in [28], we also extend
it to a more general class of regular patches.

1. INTRODUCTION

In this paper, we study the 3D incompressible Boussinesq system with viscous
dissipation. It is a well-known evolution equation which models the natural con-
vection phenomena in geophysical flows ([44,47]) and reads as follows, for any
(t,x) € Ry x R? where d > 2:

0tV + v - Vv — VAV + Vp = Oey,
divv =0,

0i0+v-VO =0,

(0,V)]—9(x) = (60, v0)(x),

(1.1)

where eg = (0,...,0,1)! and v > 0 is the viscosity coefficient (without loss of
generality, we assume that v = 1 for simplicity). The unknowns are the scalar
temperature 0, the velocity field v = (v!,...,v%)!, and the scalar pressure p.
The Boussinesq system may be viewed as a generalization of very important
models from incompressible fluid mechanics ([17,43]). Indeed, when 6 = 0,
the Boussinesq system is nothing but the incompressible Navier-Stokes equation.
The force models the so-called vortex-stretching phenomena which is observed

1005
Indiana University Mathematics Journal (©), Vol. 73, No. 3 (2024)



1006 OMAR LAZAR, YATAO LI ¢ LIUTANG XUE

in either 2D or 3D. In the 2D inviscid case, the Boussinesq equation is analogous
to the 3D axisymmetric Euler equations with swirl [45].

In the last decades, the Boussinesq system has been widely studied and many
results have been obtained. Regarding the 2D viscous Boussinesq system (1.1), the
global regularity issue for smooth solutions has been first mentioned in a paper by
Moffatt [46] and was rigorously proved by Chae [9] and also by Hou, Li [32].
We can also mention a work by Abidi and Hmidi [1] who proved the global well-
posedness of strong solution with rough initial data.

Concerning weak solutions, several results have been proved. In particular,
Hmidi and Keraani [29] studied the Cauchy problem for the 2D Boussinesq sys-
tem (1.1) associated with data in the energy space (6, Vo) € L? X L2. The unique-
ness of such a weak solutions has been proved by Danchin and Paicu in [20]. The
regularity issue in Sobolev spaces (based on L2) has been also studied in a work by
Hu, Kukavica, and Ziane [33].

Some authors have also considered the case where the Boussinesq system has
some anisotropic term or some partial dissipation. These cases are physically rele-
vant to consider when one wants to take into account large scale atmospheric and
oceanic flows (for more, see [2,7,30, 306, 38]).

Regarding the Boussinesq equation (1.1) in higher dimension (i.e., d = 3),
Danchin and Paicu [21] studied the Cauchy problem associated with sufficiently
regular initial data (in scale-invariant Lorentz and Besov spaces), and proved that
the system is globally well posed under the smallness on the critical quantity
lvollpas + v 100l pas.

The latter result may be viewed as a generalization of the classical result by
Fujita and Kato on the incompressible 3D Navier-Stokes equations [25,34]. Later
on, the same authors [20] were able to not only weakened the above Besov space
assumption but also the smallness condition by considering Lorentz spaces.

As far as the inviscid Boussinesq system (i.e., v = 0 in (1.1)) is concerned, it
is worth recalling that, unlike the incompressible 2D Euler equations, the global
regularity issue for the 2D Boussinesq system is still an outstanding open problem.
One expects global regularity according to numerical simulations presented in [24]
at least when the domain is periodic; however, in [42] the author proposed a
potential scenario of finite-time blowup using a numerical approach if the domain
is bounded and smooth (see also [18]). The latter work [42] has opened the
door to the introduction of several new 1D and 2D modified Boussinesq models
[8,15,16,35] and different physical scenarios in 3D [51].

One of the main goals of this paper is to study the Boussinesq temperature
patch problem. This problem deals with the propagation of discontinuity of the
temperature along a free interface which makes the study physically relevant [44].
More precisely, we study the evolution of a initial temperature which is defined
as the characteristic function of a bounded domain Dy c R4, which is further
assumed to be simply connected throughout this paper. The patch structure is
preserved along the evolution so that 0(x, t) = 1p)(x) where D(t) = (Do),
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and where the particle trajectory ¢ (x) is given by

(1.2) a‘*"afé") = vt (x),  Pex) | = x.

This special type of patch solution and the study of the propagation of their
boundary regularity along the evolution have been initiated some decades ago
for the 2D incompressible Euler equations with initial vorticity wo = 1p,. The
global propagation of the C*¥ regularity (where (k, y) € Z, x (0, 1)) of the initial
patch in the case of the 2D incompressible Euler equations goes back to a work of
Chemin [13] using the para-differential calculus. Another approach—using geo-
metric cancellations in some singular integral operators—has allowed Bertozzi and
Constantin [4] to give a new proof of the persistence of the regularity of the patch.
Some years after, Gamblin and Saint-Raymond [26] studied the 3D case. They
were able to prove the local well-posedness for any initial patch with C1Y regu-
larity. We refer also to a work of Danchin [19] for a similar regularity persistence
result in higher dimension.

As we have recalled, the main question usually raised when studying patch-
type solutions is whether the initial regularity of the patch is preserved along the
evolution or not. The temperature patch problem of Boussinesq system (1.1) was
initiated in a work of Danchin and Zhang [22]. By using para-differential cal-
culus, they were able to prove that for sufficiently regular data 0y € B;{ 71(R2),
q € (1,2), with temperature patch initial data 1p,, the evolved temperature patch
is globally well posed and its C1¥ regularity is preserved for all time, while in
higher dimension for 6, € Bg,l N L43(R4), d > 3, which also contains 1p,, the
same global C1¥ regularity persistence result is obtained under a smallness assump-
tion on ||vgllga~ + v 1|0l zas. More recently, Gancedo and Garcia-Judrez [27]
in the 2D case gave a different proof of the global C1"¥ propagation of temperature
patch, and furthermore they obtained the W2* and C?Y regularity persistence of
the patch boundary. They were able to use some hidden cancellations in the time-
dependent Calderén-Zygmund operators and in the tangential derivative along
the patch boundary. Recently, in [10], Chae, Miao, and Xue were able to prove
that the C*Y (with k > 1 and y € (0,1)) regularity of the temperature patch is
preserved along the evolution of the 2D Boussinesq system (1.1).

Regarding the 3D case, the best known results deal with temperature patch
with regularity W2> and C%Y. Indeed, these cases have been studied indepen-
dently by Danchin and Zhang [22] and Gancedo and Garcia-Judrez [28] in a
recent work. They considered the initial patch of non-constant values (e.g., 0y =
0o1p, with 6y defined on D) which is usually called the temperature front initial
data [44]. They proved that the C1¥, W2* and C?¥ regularity is preserved along
the evolution if the critical quantity [|vollgi2 + |00l is small enough. They also
proved that the temperature front preserved its regularity locally in time (without
any smallness assumption).
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Our goal in this paper is not only to improve the regularity of temperature
fronts but also to give an alternative proof to the one in [28]. Roughly speak-
ing, our generalization may be stated as follows: assume that 0Dy € C kY where
(k,y) € Z, x (0,1); then, D (t) € C*Y for any t € [0, T] (T = o if a smallness
condition is assumed in some critical space). More precisely, we are going to prove
the following theorem.

Theorvem 1.1. Let vy € HY2(R3) be a divergence-free vector field, and assume
that 0y € L' N LS (R3), s > 3. Then, there exists a positive time T, which depends on
Vo, 00 and s, such that the Boussinesq system (1.1) has a unique solution (v, 0,Vp)
on [0, T which satisfies, for any q € (3,0), that

v e C([0,T], HY2(R3)) n L2([0, T], H3'2 A L®)
(1.3) n L1([0, T, B4,
0 € L*([0,T],L! N LS (R3)).

Let T* be the maximal time of existence of such a solution; then, T* = oo provided
there exists a constant Cy > 0 such that

(1.4) lvolls=®3) + I BollLi(r3) < Cx.
Moreover, if one starts initially with the temperature front
(1.5) 0o (x) = 07 (x)1p, (x) + 03 (x)1pg (x),

where Dy C R> is a bounded simply connected domain, then one has the following
regularity persistence results for all t < T*:

(1) IfdDy € CY(R), y € (0,1), 0f € L®(Dy), 05 € L' n L*(D§), and
vy € H n WL3(R3), then we have

0(x,t) = 0F (W (X)) 1pe) (x) + 05 (Wi () 1p(p)e (x),
and
0D(t) = w¢(8Dy) € L™([0, T1,C"Y(R?)).

(2) If additionally, Dy € W>*(R3), 0f € CH (D), 65 € CH n LI(D_S)
where Yy, 1y € (0,1), and vg € WHP(R3), p € (3, ). Then,

v e L®([0,T],W"?) A LY ([0,T],W?>>)) withl<y < p2f3

and

oD (t) € L*([0,T], W&*(R3)).
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(3) If additionally, 9Dy € C*Y(R3), k = 2, y € (0,1), 0 € Ck=2¥(Dy),
05 € Ck-2Y N\ LY(D§) and vy € H' nWkP(R3) where p € (3, ). Then,
we have

aD(t) € L=([0, T1, CkY (R3)).

Remark 1.2 (Boundary regularity persistence in other function spaces).
Since the velocity field v is already Lipschitz continuous (see (4.6)), the flow map
Y defined by (1.2) is regular enough, and it is straightforward to see that the C¥
(0 < y < 1) and the W' regularity of temperature front boundary is preserved
on [0, T*). It is also an interesting question to ask whether or not the temperature
front boundary can preserve its regularity in other function spaces like the Sobolev
space Wk with k > 3. It is worth noting that we can analogously prove the
regularity persistence result of temperature fronts in W*" with k > 3 and 3 <
¥ < co. Indeed, it suffices, for instance, to follow the same idea as Remark 1.2
in [10] (where the 2D case is treated). However, the endpoint case ¥ = oo is
more tricky. This is mainly due to that the fact that Calderén-Zygmund singular
integral operators are not bounded in L.

Our main theorem clearly covers the cases C1Y, W2 as well as C?¥ which
have been obtained in [28]. Besides allowing more general temperature front
initial data (1.5) than [28], we are proving the persistence of a bigger class of
regular temperature patch.

The existence and uniqueness part of Theorem 1.1 is mainly based on « pri-
ori estimates for the velocity v in H'/2. The estimate in H'/? will be useful to
prove higher regularity results (see, e.g., Lemma 3.1), and in particular the persis-
tence results in Theorem 1.1. Note that the uniqueness issue is not that standard.
This is mainly due to the fact that the velocity field v may not be in L} (Lip).

In order to avoid this difficulty, to prove the uniqueness we rather work in the

. . . - S 14+
Chemin-Lerner’s space-time homogeneous Besov space, that is, LIT(Bq,of /q) to-

gether with the use of Lemma 3.2 (which may be viewed as a slight modification
of the uniqueness result in [20]). It is worth mentioning that the global existence
is already proved by Danchin and Paicu [20].

The existence and uniqueness result in critical spaces being proved, the re-
maining part of Theorem 1.1 deals with the regularity persistence results of tem-
perature front. The main goal is to measure the regularity of an initial temperature
front 0Dy evolving according to the Boussinesq system. The geometric quantity
one has to study is therefore 0D (t) = @ (0Dg) where g stands for the particular
trajectory which is given by the ODE (1.2). The latter quantity is strongly related
to the striated regularity of the system W (t) = {Wi(t)}1<i<s (see Lemma 2.3),
where W (t) is the system of evolved tangential divergence-free vector fields sat-
istying (2.2). We want to emphasize that, compared to [28], we introduce a new
quantity (it may be called Alinhac’s good unknown, and such a technique was first
introduced by Hmidi ez a/ [30, 31] for the study of Boussinesq system)

[:=Q-(R_120,-R_1,10,0),
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which satisfies the equation
Ol +v - VI -AT=Q Vv + ([R_12,v - V]0,-[R_11,v - V]0,0)!

with R j 1= 0jA 2, A = (=A%, j=1,2,and Q = V A v the vorticity field.
Such a good unknown T’ plays a central role in the proof of the persistence of the
regularity in the class C1¥, W2> and in several striated estimates for the velocity
v in the sequel.

To show the C!"Y and W2 persistence of regularity of the patch, according
to Lemma 2.13, it suffices to show that the velocity field v belongs to Li(chy)
and L1 (W%®), respectively. Via the Biot-Savart law, we may decompose Vv into
the sum of controlled terms as follows:

(1.6) Vv=(-A)"'VVAQ=A2VVAT+V23A 40+ A2V ® es.
e

under control

By exploiting the commutator estimate and making use of the smoothing effect,
the quantity I' indeed can be well controlled. Since 6 belongs to L' N\L*® uniformly
in time, one can directly prove that V2 9;A740 and A=2V 0 belong to L}.(CY) for
all y € (0,1), which then ensures the wanted L} (C") estimate of v. Then, in
order to control the quantity || Vv [FARTASTR: suffices to prove that V3 3A40
and V2A~20e; belong to LT (L®™).

It is worth mentioning that the situation is quite analogous with that in
the vorticity patch problem of 2D Euler equations (where one needs to control
LE(L®) of Vv = VV*(=A)"'1p()); we here adopt the method of striated es-
timates initiated by Chemin [12, 13] and its generalization to 3D Euler by [26].
Although V3 93A74 is a fourth-order Riesz transform, by using Lemmas 4.1 and
4.3, we can conclude that V3 93A740 and moreover V2v belong to L1 ([0, T1,L>)
as desired.

To prove the persistence of the C>¥ regularity of the patch, instead of using the
complicated contour dynamics method as in [28], we essentially consider the reg-
ularity of a series of evolved tangential vector fields W (t) = {Wi(t)}1<i<s for the
temperature front. According to Lemma 2.3, it suffices to show W € LT (C!Y).
In estimating the C¥ norm of V'W, we mainly need to treat the striated term
owVv := W - V2v in LlT(Cy). By using (1.6), we treat the I' term and 0 term
separately, and together with striated estimates in Lemma 2.10 and the commu-
tator estimate in Lemma 2.12, we can give the striated estimate ||0w V| Lh(CY)-
Then, Gronwall’s inequality ensures the desired control in L}-(C'") of W.

To get the regularity persistence in C*Y, with k > 3, according to Lemma 2.3,
we only need to show the striated regularity 3, "W € L (C?). To do so, we use
the induction method. Moreover, the function spaces Bi%‘, (see Definition 2.6)

and the high-order striated estimates established in Lemma 2.8 will be essential
throughout the proof of the main theorem.
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Suppose we already have controlled the quantities W, Vv and T in some well-
chosen striated spaces iBiew with € € {1,...,k — 2} (see (5.3) below). We thus
aim at showing the corresponding estimates by replacing € with € + 1.

To get control of the C~1¥ (i.e., Bg/o_o})) norm of 6€VV2W, one needs to es-

timate the quantity 8@ 'V2v in LL(C~1Y) and other (low-order) striated esti-

mates. In view of (1.6) once again, we tackle with the term in I and the term
in 0 separately. More precisely, by making use of the smoothing estimate of
transport-diffusion equation and the induction assumptions, the L}-(C~1¥) norm

of 3471'V2A"2V AT can be controlled in terms of T itself and W in some Bi%‘,
norms. Then, by using Lemma 2.4 which deals with the striated regularity of 0,
we can also control the L1-(C~1Y) norms of 8%);;1 V3 93A740 and 6%1 VZIA~20.

Collecting all these estimates and applying the Gronwall inequality, we get the
wanted estimates at the rank £ + 1, so that the induction process guarantees the
desired estimate (5.2), which implies the LT (CY) regularity of 8%7 w.

The paper is organized as follows. In Section 2, we introduce the notion of
admissible conormal system adapted to the temperature patch and the definition

of special type of Besov spaces fB;’;f,’W which are known in the literature as stri-
ated Besov spaces. In the latter section, we also include a series of useful results
on estimates in the striated setting, and we also present some auxiliary lemmas.
Then, in Section 3 we give a detailed proof of the existence and uniqueness part
in Theorem 1.1. The sections 4 and 5 are dedicated to the proof of the regularity
persistence results stated in Theorem 1.1; in particular, we prove that the regu-
larity of the patch in the space C1Y, W%, C>Y is preserved along the evolution
of the temperature front in Section 4. We present in Section 5 the persistence in
the C*Y regularity for any k > 3. Finally, we present a detailed proof of some
technical lemmas in Appendix A: namely, Lemmas 2.11 and 3.1.

2. PRELIMINARIES AND AUXILIARY LEMMAS

2.1. The admissible conormal vector system. To obtain the (higher order)
regularity persistence of patches, we need to introduce the striated (i.e., conormal)
vector fields.

Let us first present the definition of an admissible system (see [26]).

Definition 2.1. A system W = (WL, W?2,...,WN) of N continuous vector
fields is said to be admissible if the function

2

Wit (N(N -1)

-1/4
DWH A W"|2> < oo,

U<v
where the wedge product X A'Y is defined as

XAY = (X2Y3 - X3Y2,X3Y1 — X1Y3, X1 Y, — XoY)f
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for any two vector fields X = (X1, X3, X3)! and Y = (Y7, Y2, Y3)t.

Now, let Dy C R? be a bounded simply connected domain with 9Dy € Ck¥
with k = 1, 0 < y < 1. Then, there exists a function F € C*¥ such that F = 0
on 0Dg and VF|sp, # 0. The following result deals with the existence of an
admissible system of divergence-free tangential vector fields of 0Dy.

Proposition 2.2. For any two-dimensional compact C*Y -submanifold 9Dy of
R3, we can find an admissible system consisting of five divergence-free and C*k=1-¥ -
vector frelds tangent to 0D.

Proof. The proof follows an idea from Gamblin and Saint-Raymond (see
[26]); we include it for the sake of completeness. By continuity, there exists some
& > 0 such that VF # 0 on 3¢ = {x € R3 : dist(x,0Dg) < €}. Let x € C® be a
bump function so that x = 1 on R? \ 3¢ and x = 0 on Z¢ /. Set

Wy = (0, —9;F, 8:F)t,
W¢ = (05F,0,-0;F)t,
(2.1) Wg = (=0,F,9,F,0),
Wi = (35(xx3),0, -3 (xx3))*,
Wg = (=02(xx1), d1(xx1), 0)L.

Clearly, {Wol, . WO5 } is composed of Ck-Ly divergence-free vector fields that
are all tangent to X. Moreover, this system is admissible because of the fact that

IWg AW =10onR3\ S and |We AWZ |2+ |Wg AW 12+ |WE AW |2 = |VF]2 >
0 > 0on3,. O

Consider an initial temperature patch 6y which is non-constant and satisfies
(1.5). Since the patch boundary 0Dy is a two-dimensional compact submanifold
of Ck¥ (R3) regularity, where k = 1 and y € (0, 1), thanks to Proposition 2.2, we
can find an admissible system W, = wa,..., WOS } such that

diVWOi =0and Woi e CK 1Y (R3) are tangent to 0Dg, i=1,...,5.
As in the vorticity patch problem for the Euler equation (see, e.g., [12, 13,
26]), we consider the evolution of the vectors W (t) = {Wl(t),..., W>(t)} where
Wi(t) is a solution of

(2.2) Wi+ v - VWi=WL. Vv =0yiv, Wi ,_,(x)=Wi(x),
t=0 0

foralli=1,...,5 and all initial data W{ verifying (2.1). Since div W' satisfies the
transport equation

o (divw®) + v - V(divWh) =0, divW!|,_, =divW¢ =0,
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we see that Wi(t,x) is still divergence free. According to Lemma 1.4 of [45], we
also have

(2.3) Wit x) = Quewo) (Wi (X)), i=1,...,5

where ; : R — R3 is the particle-trajectory map (which is a solution to the ODE
(1.2)) with inverse @ !.

The following result is fundamental as it shows the deep relationship between
the (higher-order) boundary regularity of 0D (t) with the striated regularity of the
system W (t) = {Wi(t)}1<i<s.

Lemma2.3. LetT > 0,k > 2, andy € (0,1). Let ¢ (+) : R> — R defined by
(1.2) be the measure-preserving bi-Lipschitz particle-trajectory map on [0, T]. Then,
the temperature patch boundary 0D (t) = W (0Dy) preserves its C*Y (R3) regularity
on the time interval [0, T, provided that

(2.4) 34, WeL*([0,T],CY(R%) forall0<¥ <k-1.

Proof- To prove this lemma, we follow the same approach as [26, 39]. More
precisely, we notice that since Dy is a simply-connected domain with its boundary
0Dy € CkY(R3), according to the finite covering theorem, there exists a finite

number of charts {Vg, @gli<p<m covering the two-dimensional compact C ky.
submanifold 0Dy with

(pﬁ:Ug'—>V5C[R3,
(51,82) — @p(s1,82) = (Pp, PF, PR (51,52) € Vg,

where Ug is an open set of R?, Vg is an open set of R? near a neighborhood of
0Dy, pg e CkY, B =1,...,m.
To show that 0D (t) = @ (0Dy) € C*, it suffices to prove

oK1 0% (Y (p(s1,52))) € LY (CY(Up)), forall 0 < ky +ky < k.

Define the tangential vector fields Y;(@g(s1,52)) 1= 05, @p(s1,52) for i = 1,2;
then, Y; € Ck‘l'Y(Vg), and by the chain rule we get that

Os; (Wi (@p(s1,52))) = 05,p(s1,52) - Vi (@p(si,s2))
= Yi(pg(s1,52)) - Vi (@p(s1,$2))
= (Oy, @) (@p(s1,52)), i=1,2.

By induction we see that

k1 0k (e (pp(s1,52) = (BY 3% we) (@p(s1,52)).
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Then, using the fact that g € C*, it suffices to prove that

(2.5) @ 2w (1) € LE(CY(Vp)), forall 0 <k +k; < k.
Since Wy = {Wé}lsiss is an admissible system (see Definition 2.1), for
(51, 52) € Ug, without loss of generality we assume that for i; = i, € {1,...,5},

Wo' A Wo*l(@p(s1,52)) > 0.
Then, that W € CK~1Y guarantees there exists an open set Vg C Vj such that

(2.6) @p(s1,52) € Vg, inf [WE A WEI(x) > 0.
XEVR

This means {Woil, W&Z} can be seen as the base of the tangent vector fields of 0Dy

on Vg. Hence, Y1, Y, on Vg can be expressed as a linear combination of Wy' and
i,
Wi

2.7) Yi= unWo' + uaWe', Yo = unWg' + ua Wy,
where the coefficients are determined by

YL WED W12 = (Y, Wt (W W)
(W5 A W22
for j,k = 1,2 and (k, k) € {(1,2), (2, 1)},

Hjk

where (-, -) denotes the inner product of R3. Then, the fact W{, Y; € Ck=1¥ (V)
together with (2.6), allows us to find that the coefficients p;; € Ck=1Y (Vp), for
all k = 2 and i, j = 1,2. This property combined with (2.7) imply that in order

to show (2.5), it suffices to prove that for i # j € {1,...,5} one has
2.8) ok ok e LR(CY(Vp)), VO <k +ky <k
Wy Wy

On the other hand, by using the identity (2.3) and its equivalent form, that
is, Wi(t,p(x)) = 5W0f,kllt(x) one finds, via a direct computation, that for all
i,je{l,...,5},

By g Wi (x) = By (WL, (X))
=0y Wi (x) - (VWH(t, g (x))
= @wiWH (L, ye(x)).
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By induction, we see that for all k;, ks € N,

3yt a W () = (B, AW (8, Wi (X)),
0

Hence, in order to show (2.8), since ¢y € LY (W1>) C LY (CY), one only needs
to prove that

a’;vﬁ,. a{‘;i(wi,wf)(t, Yr(x)) € L(CY(Vg)), VO<k +ky<k-—1,
but the latter is a direct consequence of

2.9 o (WLWI)(t, ) € LE(CY(RY), VO<ki+ky<k-1.

Since obviously (2.4) implies (2.9), the proof of Lemma 2.3 is done. O

The lemma below deals with the striated estimate of the initial temperature
front.

Lemma 2.4. Let k > 2, and 0 < y < 1. Assume first that Dy C R> is
a bounded simply connected domain with boundary 0D, € CkY(R3), and Sfur-
ther that 6y(x) = 07 (x)1p,(x) + 05 (x)1pg (x) satisfies 0F € Ck2Y(Dy) and

05 € L' n Ck-2Y(D§). Let Wy = {Wi}i<i<s be defined as in (2.1). Then, for all
Le{l,2,...,k — 1} we have

(2.10) 94,00 € CTWV(R%) = BL < (R),

where C~1Y (R3) is composed of tempered distributions f verifying the following prop-
erty: there exists g € CY(R3) so that f is the derivative of g in the sense of distri-
bution. Besides, if 0Dy € C1Y, and 6y(x) = 07 (x)1p,(x) + Qik(x)ng(x) with
05 € CM(Dy) and 05 € L' N C*2(DS), 0 < py, iy < 1, we have

(2.11) ow,00 € C"VH(R3),  with g = min{uy, ua}.

Proof- We start with the proof of (2.10). We follow an idea of E Sueur
[50]. More precisely, by using Rychkov’s extension theorem ([49]), there exist

two functions éf([l@) e Ck2Y(R3), i = 1,2, such that 0} |p, = 0 (x) and
égk Ipe = 05 (x). Hence, 6y = éf‘ - 1p, + égk - 1pg. Therefore, it is sufficient to
show that forall 1 < ¥ < k — 1, one has

oy, (05 - 1p,), 83, (05 - 1pe) € C™1Y(R3).

Since the divergence-free vector fields Wi e Wy (1 <j<5)are tangential to the
patch boundary 0Dy, the operator a%’% commutes with the characteristic functions



1016 OMAR LAZAR, YATAO LI ¢ LIUTANG XUE

1p, and 1p;. Moreover, recall that the characteristic functions 1p, and 1p¢ are
pointwise multipliers in the Hélder space C™1Y (R3) (see, e.g., Theorems 1 and 2
in the book of Runst and Sickel [48]).

Therefore, one only needs to show 6%}4,0 él* € CLY(R%), i = 1,2. Using the
product estimate (2.16) as many times as needed, we deduce that for i = 1,2 and

forall <k -1,

(2.12) 184, 05 llc-1y < [ Wollze 1V 345,107 Nl c-1v

S IV 707 - + V2 94,705 ll -1

SIVOFlic-y + -+ + 1VE0F e

S ||9;k||c1771,y < o,

where the constants above depend only on [ Wollwi~ and | Wollye-1.+, which is
the desired result.
The proof of (2.11) is analogous. Indeed, by using Rychkov’s extension theo-

rem, we have 0y = 05 1p, + éileg with 0% € CH(R3), i = 1,2. Since we have
the control given by (2.16) and we have W, € L*(R?), one immediately gets that

10w, Oollc-1 = 110w, OF [l -1 + 107w, 05 [l -1
S Wollzs [1(0F, 05) [lcn < o. O

2.2. Besov spaces. Let x and @ € C°(R%) be two nonnegative radial func-
tions which are supported, respectively, in the ball {§ e R : |E] < %} and the
annulus {& € RY : % < & < %}. We assume that they satisfy the following

identities:

X&)+ > p27E =1 VEeRY
j=0

and

> @27E =1, VE=O.

jez
We define the frequency localization operator A; and the low-frequency cut-off
operator S; as follows:
Ajf == @Q27ID)f = 272h(2)-) % f, jeEN,
(2.13) Aoif :=X(D)f = h() * £,
Sif:=xQ27ID)f =214h(27-) x f, jEN,

where f € S'(RY), h = F ', h = Flx, and F! is the inverse Fourier
transform. We also use the homogenous frequency localization operator Aj given
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by
Aif = @DV =2 [ @Iyf(x- vy, jez

Forall f,g € S'(R%), note that we now have the Bony decomposition fg =
Trg + Tyf +R(f,9), with

Trg:= ). Sq-1fDq9,
qeN

q=-1

Now we present the definitions of Besov spaces.

Definition 2.5. Let s € R, p,v € [1,0] and T > 0. Denote by S’ (R4) the
space of tempered distributions, and denote by S (R%) \ P(R4) the quotient space
of tempered distributions up to polynomials. We define the nonhomogeneous
Besov space Bf,‘y([Rd) (or By, in short) to be the set of all f € §'(R4) satisfying

185, = 129080 f 1ras-illyr < oo,

and we define the homogeneous Besov space Bi,‘y(ﬂ%d) (or B;,,T) to be the set of
all f e S"(RY) \ P(RY) satisfying

1 lgg, = 2% Ag fllir baezllyr < .

Define the space-time Chemin-Lerner’s space i‘%(B;,,T) as the set of all f € §"(RY)
such that

||f||1‘;(3;'r) = ||{2q5HAquL‘;_(Lv)}qul”yr < 00,

and the homogeneous version i’%(B,f,’T) can be similarly given.

We also introduce the definitions of striated Besov spaces.

Definition 2.6. Let W = {Wi}1<i<n be a family of regular vector fields
Wi:RY — R4, Poralls € R, p,r € [1,00], £ € N, we denote by B;’ﬁ,w the set
ofall f € By, , such that

I
A
@14 flge = 10l
A=0
J A A
=> > 10w, - - - Oy flBs, < oo,
A=0A;+---+An=A
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and we denote by f?;é;w the set of f € B, , such that
14
— A
”f”f;;’,ﬂr,w 1= )g‘o 1(Tw.v)"fllBs,

¢
=> > (T, )™+ (T )™ fllgs,

A=0A;+-- +Ay=A
< 0,

In particular, when p = oo, we shall use the following short notation:

st st 55t pst
Byw =Birw Blw =Bl rw

~

B%f = Bf,éﬁ,w’ :B%f = iéf,éﬁ,w,
where we used the notation dyif = Wi - Vf (i =1,...,N) and
Ay f = {oph - 0N AL+ -+ Ay = A}

We shall use the following basic properties of TB;’?W.
Lemma 2.7, Lets,§ € R, 0,0 €N, r,7 € [1,], and p € [1,00]. The space
B;‘f;,w satisfies that

B;’f,"w C B;’f,’w fors > s,

B;ﬁ},’w C B;’ﬁ,‘w for £ = ﬁ,
B W C B, forr <7,
Fllgp, + 1F e

= |0 )+ .
anﬂi;ﬁfwly I anﬂi;,’;,w IfllBs,

_ a—€+l
Hf”B;e;Wl/v I W

We shall also need to use some product and commutator estimates in B;’ﬁ,w,
which are stated below (for the proof, see, e.g., Lemma 2.4 of [10]).

Lemma 2.8. Letk e N, 0 € (0,1), and let W = (Wi} <i<n be a family of
regular divergence-free vector fields on R4 satisfying that

||W||B1+(r,k—1 < 00,
o0, W

Let m(D) be a zero-order pseudo-differential operator defined as a Fourier multiplier
with symbol m(§) € C © (R4 \ {0}). Assume that v is a smooth divergence-free
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vector field of RY and f : R — R is a smooth Sfunction. Then, for all € € (0,1)
and all p,v € [1, 0], there exists a constant C > O depending only on d, k, € and
W okl such that the following estimates hold:

v-V e,
vV fllgex

k k
< Cmm{uzo v o ||vf||jg;’fy,{<{vu,g0 1Vllgen, 19 lLgoes ],

(2.15) M (D) f 5 cxc
< Cllf g esy + CA+ IWlg) (Fllgrex + 1A-1m(D)f o),

and
|[[m(D),v - V]f||B;;{<w < C(IIVUIIB% + ||v||Lm)||f||1;;f;lfw-

The following result deals with the relation between the norms of iB;’f;’W and
f%;'ﬁ’w (see, e.g., Lemmas 5.1, 5.2 of [10]).

Lemma 2.9. Under the assumptions of Lemma 2.8, we have that there exists a
constant C > O depending only on d, k, s, and ||W||,Bl+%/rv,k—l such that, for any € < k,

||vf||@;,‘ﬂr’w = C”f||f;;+rlwpfv’ fors > -1,
C_lllf”B;',Zr,w < ||f||7§;,’enW < CHfHZ?i;,’;,w fors € (-1,1),
C71||f||3%,4{ < ||f||2—;% < C||f||3%,

”f”?;';ﬁw < C”fnﬂf,’,’;,w + C||f||Blwlf ”W”B;';ﬁ,w fors = 1,

||/W||@S,(7 < CH/W”BSJ y fOrS > _1
pr W pr W

Note that for the particular case k = 0, 1, the dependence of W in the con-
stant C in the Lemma 2.8 can be computed explicitly (see, e.g., Lemma 2.5 of
[10]).

Lemma 2.10. Let v be a smooth divergence-free vector field of R%; moreover,
let f: RY — R be a smooth function. Let m(D) be a zero-order pseudo-differential
operator defined as a Fourier multiplier with symbol m(§) € C® (RE\ {0}). Then,
the following statements hold true where C is a positive constant which depends only
ond and &:

(1) Forany € € (0,1) and (p,7) € [1, ]2, we have

(2.16) 1V -V £llgys < Cminf{lvligys 19 Fllz, 1Vl 19 Fllgys b
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(2) Foranye € (=1,1) and (p,7) € [1, 012, we have
(2.17) lowm (D) fligye <ClIIWllwis | fllgye + Cllow fllgys.,

and
lm(D),v - V1fllge < Cllviiwie I1f 1555

If the divergence-free vector fields Wi in ‘W only belongs to C Y(R4) with
0 < y < 1, then we have the following estimate (2.18), whose proof is placed in
Appendix A.

Lemma 2.11. Let the assumptions of Lemma 2.10 be satisfied. Then, for all
(p,7) €[1,0]%, 0 < &,y < 1, there exists a nonnegative constant C = C(&,y,d)
such that

(2.18) 10wm (D) fllg;s < ClIiWlley ILfllioy=c + Cllow fllge.-

2.3. Useful lemmas. We shall now state a useful commutator estimate (see
Lemma 0.1 in [11]).

Lemma 2.12. Let m(D) be a zero-order pseudo-differential operator defined as a
Fourier multiplier with symbol m(&) e C®(RA\ {0}). Letp € [2,0], ¥ € [1, 0],
R_1 1= m(D)A Y with A = (=A)V2. Assume v is a smooth divergence-free vector
field of R, and 0 is a smooth scalar function. Then, we have that for every s € (0, 1),

I[R-1,v - V16llgs, < CUVVIL (10llgsy, + 101122) + [V lz2 [101112),

with C > 0 a constant depending on s, p, and d.

Some basic facts on the particle-trajectory map are collected below (see, e.g.,
Proposition 3.10 in [3]).

Lemma 2.13. Assume v (x,t) is a divergence-free velocity field belonging ro

LY ([0, T, Wh=(R4)). Let Wi (x) be the particle-trajectory generated by velocity v
which solves that

(2.19) awatt(X) =v(Pe(x),t), WYr(x) ] = X,

that is,
t

We(x) =x+ | vl o, dr.
Then, the system (2.19) has a unique solution P (-) : R — RY o1 [0, T] which is
a volume-preserving bi-Lipschitzian homeomorphism and satisfies that V¢ and its
inverse V(,U{1 belong ro L* ([0, T] X R%) with IIV(,l/tillle(Rd) < e IVV()= dT
In addition, the following statements hold true:
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(1) Ifv € LY([0,T1,CH (R%)), then wi' € L= ([0, T1,CYY (RY)) with
(2.20) 19z ller 5 e RITv=dr (1 4 jot 190(0)ler dr ).
(2) Ifv € LN([0, T1,W>>(R4)), then ' € L*([0, T],W>*(R4)) with

t
+1 t -
1927 e < @3B 172l dr jo 1920 (7)1~ dT.

We have the following estimates for the transport and transport-diffusion
equations (one can see [3] for the proof of (2.21)—(2.23) and see [10] for the
proof of (2.24)).

Lemma 2.14. Assume (p,v,p) € [1,0]% and =1 < s < 1. Let u be a
smooth divergence-free vector field and ¢ be a smooth function solving the following
transport/transport-diffusion equation:

dp+u-Vo—vap=rf, Pl _o(x)=po(x), xeRL

The following statements hold:

(1) If'v > 0, then there exists a constant C which depends on d and s such that
foranyt >0,

(2.21) VP bl ey < CA+ V0P (Ibollng, + 1 1130m5,)

t
+ [ 19Ul 1, dT).
0

(2) Ifv = 0, then there exists a constant C which depends on d and s such that
forany t > 0,

(2.22) Ibllz s, < C (ol + 1 s,

t
+ [ Ivu I 1, ar),
and
t
(2.23) bl g,y < CeClo VT aT (i ho s+ 1| Fllyms,)-

(3) If'v > 0, then there exists a constant C which depends on d and s such that
foranyt > 0,

(2.24) v'? sup 2297°|| Ag i 1o 10
qeN

t
< C vV sup 1ol + jo 192l 1 blgs, . 47 + 1 £l3um))-
qeN
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We shall need to use the following smoothing estimates of nonhomogeneous
heat equation (see, e.g., [3] for the proof).

Lemma 2.15. LetT > 0,s € Rand 1 < p1,p,v < . Assume vy € B, (R4)
and f € L5 (B2 7*'PY). Then, the nonhomogeneous heat equation

v —Av=Ff, v|_y=1o

. . .oz - 2 = - .
has a unique solution v in L5 (Bpy Py A LT (B}, ), and there exists a constant

C = C(d) > 0 such that for all p € [p1, ],

(2.25) ||U||1§(B;}2/p) < C(llvollgs, + ”f”ﬂ;l (3;71/24-2/01))-

In particular, ifvo € H and f € L% (H*™"), we have

(2.206) IVl sy < NVollgs + IF 2 sy, ¥V p € [2,00].

Finally, we recall a product estimate used in the uniqueness part which may
be found in [20].

Lemma 2.16. Let () qez be a sequence of nonnegative functions over [0, T],
and let 51, S, p satisfy

2
(2.27) 1<p < oo, %+1>51, %>52, and51+52>dmax{0,;—l}.

Assume that for all @' = q and t € [0, T]. Then, we have

0 <oy (t) —xg(t) < % <s1 + 5 +Nmin{0, 1- %}) @ - q).

Then, for all v € [1, 0], there exists a constant C depending only on si, $2, N, and
p such that, for all functions b and solenoidal vector field a over R4, the following
estimate holds for all t € [0,T]:

t
sup | 246+~ 1=NIP =) AL div(ab) ||y dT
qez /0

< ClIbllgy g, sup 1297 % IAqallerll -
" qez t
3. EXISTENCE AND UNIQUENESS RESULT OF
3D BOUSSINESQ SYSTEM (1.1) WITH vg € H/?

The proof is split into three classical steps.



3D Boussinesq Temperature Front Problem 1023

Step 1: Local existence of the solution. First, we prove the a priori estimates.
From the transport equation (1.1), we have that for all s € (3, ], the L' N L*
norm are preserved along the evolution, that is,

3.1) N0 ILrnrs < 0ol prars, VE=0.

Now we focus on the estimates for the velocity v. The basic L?-energy estimate
for the second equation in (1.1) gives

1d

St IR +1vvl < | [ vP0ax| < vl 10l < vl 160z,

which implies that [|v |z z2) < llvollzz + Tll0ollz2 and
62 ol + 190l < 401+ T ool + 00l

Set v = e"®vy + w where e stands for the heat semigroup; then, one has
(3.3) dw — Aw = —P((w + evy) - V(w + e®vp)) + P(0e3),

forw|,_, = 0, where P = Id ~VA~! div is the Leray projection operator. By mul-
tiplying both sides of equation (3.3) by Aw and integrating in the space variable,
one finds (as in [28] or (A.6) below)

1d

2dt

< ‘ J Aw - P((w + et - V(w +emv0))dx' + ' J Aw P(Oe3) dx
R R

NwllFe + |[wl[Fse

< lwllgs2(l(w + e®vp) - V(w + e 2vo) 12 + 101l 7-112)

< wlgse ([w]Z + llevol [ + 10112),

which, together with the use of interpolation and the Cauchy-Schwarz inequality,
allows us to find

d
Sl + 1wl < Cilwl e e + Cillevolli + Call ol Lo,

where C1, C; > 0. Therefore, as long as

T
1
(3.4) c j le vt + Call60|1FT <
0 G

we may use the continuity method to get that

2 2 1
(3.5) wllzg ey + lwlliz ey < 2G;°



1024 OMAR LAZAR, YATAO LI ¢ LIUTANG XUE

Then, the classical estimate for the heat operator e'2vy in (2.26) allows us to write
(3.6) 0125 ey + 012 oy = - + 21fwol
. LY (H/2) L3(H32) = C 0l|g/2-

By noticing that llefAvg ||L4T(H1) < llvollg12 (which is a consequence of (2.26)), we
see there exists a positive real number M, which depends on vy, such that

4 4 1 _ —
lle 2 vg Iz ey = [vgllEnre < cicy  Where vg = F (g 00(8)).-
1

Therefore, one finds

4
Cille'*vollzs 1y + CallollLs T

< 8Ci[le"vf[75 ) + 8Cille™ (o — i)y ) + CallOol T2 T

< 8—C1 + 8C1M2||€tA(vO - v8)||§4T(H1/2) + C2||90||i3/2T
1
= 8—C1 + (8C1M2Hv0||?.'[1/2 + CZHQOHiS/z)T.

Hence, as long as

T< ; —
3¢, G Mol + ClIoo]E)

we have the local existence of a solution (v, 0) which satisfies the estimate (3.6).
We now state the following result on the regularity estimates of v whose proof
is in Appendix A.
Lemma 3.1. Assume that (v, 0) is a smooth solution to the 3D Boussinesq system
(1.1) on [0, T] satisfying (3.1) with s > 3. Assume one has

(3.7) ||U||ioT0(H1/2) + ||’U||i2T(H3/2) < CoE(T),

where E(T) := [[volli + (1002110 + 1100]l11np) T + 1.
Then, there exists a positive constant C such that
(3.8) vl =) < CE(T)*?,
and for all q > 3,

2
(39) HUHL%"(B;};SM) + ||v||ilT(BH3/q) < CE(T) .

q,%°
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The a priori estimates (3.1), (3.6) and Lemma 3.1, are enough to show the ex-
istence (e.g., by using a standard approximation process). First, solve the Cauchy
problem (1.1) with frequency localized initial data (0o,n, Vo,n) := (Sn6o, Snvo),
n € N, where Sy is defined by (2.13). It is clear that (0yn,Von) belongs to
H*(R3) for all s. Then, it follows from [21] that we obtain a local (unique)
smooth solution (0, vy, Vpy) to the system (1.1) associated with (0on, Von).
Moreover, the a priori estimates below ensure that (0, v5,) satisfies (1.3) on [0, T']
uniformly in n. Hence, by using the Rellich compactness theorem, for instance
(see [37]), one can pass to the limitn — oo (up to a subsequence) to show there ex-
ist functions (0, v, Vp) satistying (1.3) which are solutions to the 3D Boussinesq
system (1.1) in the sense of distribution.

Step 2: Local uniqueness. Let (01,v1, Vp1) and (02, V2, Vp2) be two solu-
tions of the 3D Boussinesq system (1.1) with the same initial data and satisfying
(1.3). We shall use the following uniqueness result.

Lemma 3.2. Assume that for some p € [1,0) and i = 1,2, we have
(3.10) 0; € LY (B s®'P), v e LY Bp'P) n LL(BLI'P).

There exists a constant ¢ > O depending on p such that if there is an v € (1, ] such
that

(3.11) Hvl”ZIT(B;,fS,/’”) + HUZHL;(B;’IJZ/VHW) =,

then (01,v1,Vp1) = (02,02, Vp2) on R? x [0, T].

Proof. When v = o0, Lemma 3.2 is nothing but Theorem 3 in [20]. It suffices
to prove the lemma for the remaining values of ¥, namely, v € (1, o). In this case,
we may still extend the uniqueness result of Danchin and Paicu [20]. Indeed, we
may use the following useful estimate:

t
(3.12) sup [ 247283/P=m=ea(M A, div(6v ® vy) || 1p AT
qez )0

~2/r+3/p-n)- '
< C||U2||ily(B;’1;z/r+3/p)ZL;[;HZI( [r+3/p—n) gq(T)”Aq5v”U’||L{/’

and the interpolation inequality

sup ||2q(—2/r+3/p—rl)—€q(T) ||Aq5v ”U’HLV'
qez t

< C( sup 2q(—2+3/n7n)feq('r)||Aq5v||U,
Tel0,t],qez

t
sup | 296/PM S YA SV, dT),
qez J0
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where 6V = v — 13,0 < n < -1+ 3min{2/p,1}, v = r/(r — 1) is the dual
index of ¥ and

Eq(t) = C Z 2Q1(1+3/I!7)H Z AqlJrkleLtl(U’).
a,<q |k|<No

In order to get the inequality (3.12), it suffices to apply Lemma 2.16 with s; =
—1+42/v +3/p,s2 =-2/r +3/p—n,s1+5 =—-1+6/p — n and such that
they satisfy (2.27).

Using (3.12) and following the same strategy as the proof of Theorem 3 in
[20], we can show the uniqueness result under the smallness condition (3.11). O

Now, with Lemma 3.2 proved, we see that (1.3) implies the condition (3.10).
Then, by letting ¥ = 2 and using the absolute continuity of the Lebesgue inte-
gral, we see there exists a small time 77 > 0 depending only on ”vi”i;(B},ﬁ/”)
and HviHEZT(B;/O’i) such that (3.11) is satisfied for ¥ = 2 and p € (3,6). There-
fore, Lemma 3.2 gives the uniqueness on R? x [0, T} ]. Repeating this process on

[T1,2T:], [2T1,3T11, ..., and so on, and after a finite time, we can conclude the
uniqueness on the whole set R? x [0, T].

Step 3: The global existence of solution under the smallness condition
(1.4).  Using a result of Danchin and Paicu [21] (see Theorem 1.4), we know
that under the smallness condition (1.4), there exists an absolute constant Cy > 0
such that for any T > 0,

(3.13) lvlizg @s=) < CUlvollzs + 100llL) < Cocx.

Taking the inner product of both sides of the first equation in (1.1) with Av,
we get

1d
EE”UHI%I”Z + ||U||?q3/2 < ||U||H3/2 v - VU||H—1/2 + ||U||H3/2 ||9||H—1/2-

Then, note that, by using classical paradifferential calculus together with the fact
that L3 (R3) — By X" (R3) for v > 3, we have that

lv - VUllg-12 < ClITy Vg + CIIR(V, V) | g2
< Cllvligz, Ivllgse < Cllvlise vl gse.

Therefore, by using (3.13) one gets

1d
S ag VIl + [vllFse < ClvllEse 1vlme + 10l 10l

1
< vz <2CCOC* + Z) + C)|60]|73/2.
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By choosing cx > 0 in (1.4) so that 2CCocx < %, we obtain that

2 2 2 2
IVl iy + 1Lz sy < 1vollze + CT|6o]|Ls--

By using the blowup criterion from Step 1, we easily conclude the global
existence result.

4. PROPAGATION OF THE CYY, W2® (C2Y¥ REGULARITY OF
THE TEMPERATURE FRONTS

The goal of this section is to prove the persistence of the regularity of the temper-
ature front for the 3D Boussinesq equation (1.1). We shall respectively show that
the C1'Y, W>* and C?Y of the temperature front is preserved along the evolution.
Before going any further, let us introduce a new quantity I (in the spirit of the so-
called Alinhac’s good unknown (see also [30,31] where this idea was first applied
to the Boussinesq system).

Let Q = (Q',Q?,03) = V AV be the vorticity of the fluid, where the notation
A stands for the wedge operation, that is,

Q=VAv = (0,v3-03v%0v! —o1v3,0v2 -0
Applying the operator VA to the equation (1.1) gives the vorticity equation:

4.1) Q+v-VQ-AQ=Q-Vv + (0,0,-0,0,0)".
Note that
aQ+v-VQ-AQ-A2(5,0,-0,0,0)) =Q - Vv,

where A = (-=A)1/2,
Letusset R_1,j = 0;A™%, j=1,2,and

(4.2) R_y:=(R_12,-R_11,0)".

Then, R_10 = A2V A (Be3) = A2(0,0, —0,0,0)%, and the vector-valued quan-
tity R 0 satisfies

atR_IQ +v - VR_19 =—[R_1,v - V]Q,
with
(4.3) [R_1,v-V]0:=([R_12,v VIO, ~[R_11,v-V]0,0)".

By introducing a new unknown I = (I'!,T2,T?) defined as
Ir.=Q-=R_;0,
we see that T verifies

(4.4) o0r+v-VI-AIl'=Q-Vv +[R_1,v - V]6.
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4.1. Propagation of the C'"Y regularity of the temperature fronts. We
start by proving the regularity of the velocity v. More precisely, we are going to
prove that if 6p € L' N L*(R?) and vo € H! n WP (R3), p > 2, then for all
¥ = 1, one has
(4.5) IVlleg awiey + VI grises-smny + IVl gy g2y < CeCET)

where E(T) has been defined in (3.7). We comment that such a regularity estimate
(4.5) also plays an important role in the propagation of W>* and higher Ck¥
regularity of the temperature fronts.
Assume that the above control holds; then, for the temperature front data

0o (x) = 07 (x)1p, (x) + 05 (x)1pg(x) € L' n L*(R?)
and vg € H' n W13 (R3), by using (2.20) together with the fact that
(4.6) vell(B2,) c Ly (BSY) c LL(C™Y), ye(0,1),
we would get that ¢! (x) € L*(0, T; C"Y (R3)), which clearly implies

0Dy € CYY —= 9D(t) = W (0Dy) € L*(0, T;C"Y).

Let us now prove (4.5). Assume vy € H!; we first prove the control in H! of

the velocity v. To do so, we multiply the vorticity equation (4.1) with Q, then
integrate with respect to the space variable, and find that

1d

S IONE + 90l < 1910 19Vl 121 + 19052 10122

1
< C(Ivvlle 1211z + ll6ollz) + 11V Q.
which, together with the use of Gronwall’s inequality and (3.7), gives

T
19175 12y + IVAIE2 12y = C(IQ0llF: + [|00l17T)eC b 1ozt

< CeCEM,
Combining this control with (3.2) and interpolation, we get, for all p € [2, ],
2 2 2
(47) ||U||L°T°(H1) + ||VU||L%(H1) + ||’U||L¥(H1+2/P) < CeCE(T)-

Now, we deal with the estimates in LIT(BZOJ) of Q where y € (0, %). Using
the smoothing estimate (2.21) with u = 0 and the embedding

1 1/2+y y-1
H - B2,1 - Boo,l
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forall y € (0, %), one obtains from equation (4.1) that for all y € (0, %),

(48) ”Q”LIT(Bg/c,l)
T

<+ 1) (lvoll + |

10+ 90,0 Vv, V0) |2 dt)
0 0,1

T T

<c+1)(lvollm + |

v @ Q| g dt +J
0

VOl at).

Then, by using the fact that HVQHBZJZ < 101~ < Cll@gllr» and

lveQlp <llveQle+ V(e Q)
S vl 120 + IVUlis 1 + TVl IVl 2

<|vollf + ][,
we get from (4.8) and (4.7) that, for all y € [0, %),

(49) HQ”LIT(BZM)
< L+ 1) (ol + 190117y + 101173 12y + 160]12+T)

< CeCEM),
Furthermore, we have that for all y € [0, %),
(4100 Wl gy S 181Vl as) + 1@ ) = CeFO.

Now, assume that vo € H! n W7 with p > 2. We want to control the L?
norm of T. Multiplying both sides of the equation (4.4) by |T|P 2T and integrating
in the space variable and then doing an integration by parts, we find

1d

p _ 2 1 1p-2
s aelTlEe + @ =1 | 19TR Irr2ax

<(p-1) ‘ JW(Q ®V): (Vl")ll"l”‘zdx' +[|[[R_1,v - V16|, [ITIF
<(p- 1)(LR3 VT2 |r|r’-2dx)”2(JR3 (O [u? TJP~2 dx

IRy u - V101 [Tl
< (p = DITIIL Q1 [[vl[Es + [T TR -1, v - V16|,

1/2

1
+=(p- 1)J |VT|?|TP~2dx.
2 R
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Then, since Q =T+ R_;0 and R_10 = (R_1,0,—R_1,10,0)%, we find that

1d

(411 Sl < (0 = DRIl (vl + 1Tl (R, v - V16l

< [T/, 2(p = DJv|[}~ + 1)
+2(p - DIIR-10][7 [[V]If~ + I[R-1,v - V10|[7,.

We then use the Hardy-Littlewood-Sobolev inequality which allows us to get that,
forall p > 2,

(4.12) IR_100lr < IAT 0Ny < 101l pspiw S 100l 3010045
Therefore, using Lemma 2.12, we obtain that

(4.13) [I[R-1,v - VIOl = [[[R-1,v - V10|12
S 1QUe U101l g2 + 101L2) + vl 116122
S (ITNze + 1R -10llzp) L= 101> + [[V 12 (O]l L2
< (IClLe + 100l g3prw+3) 100l 121
+ (lvollzz + TllOollz2) 1100l 2.

Using (4.12) and (4.13) in (4.11), one finds
d
MOl = 1+ 1101z + [lv Olz) (LD + 1100l F109)
+ C(1+ 12| (o, 001721100 7.
Hence, Grénwall’s inequality and the control of v in L2L* given by (3.8) imply

(4.14) IT ey < C(1+ T2 +|[v][73 1))

x exp {Cl[v[[f2 o) + C(1 + T}
< CeCE(T)3

where C > 0 depends on p and on the norms of (vg, 0y). Note we have used that
ITollze < [1Qollr + 1R-100llr < Cllvollwir + CllOollspip+3 < C.

Moreover, we get the control in L? of Q from (4.14) and (4.12), that is,

3
Qg @ry < ITlpwr) + IR-10llz@r) < Ce“ED,
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By taking advantage of the high/low frequency decomposition, one finds that for
all p > 2,

(4.15) lviicewiey < IA Ve wiey + 1A = A_D ULz wie)
< Cllvllg a2 + ClIQlLgar)
< CeCEM?,

Recalling the equation verified by T (see (4.4)), and using the smoothing effect
given by (2.24) and Lemma 2.12, one obtains that, forall p > 2 and v > 1,

(4.16) sup 2 AT 17 1)
jeN
T

< Mollzp + | 190l 1Tl dE

+ ||[’R_1,v . V]9||L1T(Lv) +1Q - VUHUT(UJ)
S 1QollLe + [IR-100l e

+ ||U||L°T°(W1yv)(”Q||L1T(Loo) + HQHLIT(LI“LM))

+ TNQl L) 101y =) + Tl (v, O) L5 12
< CeCETM?

where in the last inequality we have used (4.9), (4.15), and the fact that
IR-10lpy,,, =< ClOlLinL~-
Then, using (4.14) and (4.16), we find that forany p > 2 and v > 1,

(4.17) 1Tl gy g2y < CTH IAT g wry + sup 2% ATl g 0
jeN
< CeCEM?,

Finally, using (4.17) and the continuous embedding B%)oo - Bi,l fory € (0,1),
we may get a more refined estimate than (4.9)—(4.10) for all y € [0,1). More
precisely, we have
(4.18) ||U ”FT(BQE&EZ’%S/M)

= ||A—1U||L1T(Loe) + C”Q”PT(BOT.‘?;(,“'Z'”V})
iz * CIRA0l e 0
<CA+T)*+ClTlgy gy + CIONLL (1AL
< CeCEM)?,

< Tlvllcga + CIT

Hence, using (4.7), (4.15), (4.17), and (4.18), we find (4.5) holds, as desired.
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4.2. Persistence of the W>* regularity of the temperature fronts. To show
the control of the L (W%*) norm of the temperature front, by using Lemma 2.13,
it suffices to control the velocity v in the space L' (0, T; W%). In view of the Biot-
Savart law and the relation Q = T + R_10 with R_10 = A2V A (8e3), we see
that

(4.19) Vv =(-A)"IVV AQ
= VA2V AT+ VA4V AV A (Oe3)
= VA2V AT +A4V23;0 + (A2V0) ® e3,

where in the last line we have used the formula VA V A f = V(divf) — Af,
therefore we find that

(4.20) Vv = VZA 2V AT + V2 33A 40 + (V2A20) ® es.

Since vo € H! n WP for some p > 3, we find that, thanks to (4.5) and using

the embedding B,z,{oro . Bio,l forall» € [1,2p/(p + 3)), we have

CE(T)
HFHL;‘(B;J) pS ||r||i§_(3ieyl) s IIFIIiy(Ber/y;) < Ce M y
which readily gives
22 CE(T)
(4.21) IV2A~Y ATl S Tl ) < CeFT,

forallv € [1,2p/(p +3)) and p > 3.

Now, we are going to show that V33;A740 and V?A~20 ® e3 belong to
L*(R? % [0,T]) for all T < T* and for all initial temperature front (1.5). It
suffices to focus on the control of V3 934740, since the control of the other term
is similar.

We apply some striated estimates pioneered in some works of J.-Y. Chemin
(12, 13] and further developed by P. Gamblin and X. Saint-Raymond [26]. We
start by recalling a fundamental expression formula of 0; 0k applied to an admis-
sible system of vector fields (see [26]).

Lemma 4.1. Let0 <y < 1 and let W = {Wi}i<i<n be an admissible system of
CY -vector fields. Then, there exist functions ajx € CY (R?) and bf,lc e CY(R3) such
that for all g € S'(R?),

24.22; 3j0kg = Alajrg) + Y. % 0a(biiWig),
423 o

where l|lajklli~ < 1 and

Ibfiler < NP (IEWT e 3 IWiler)”

1<i<N

where the constant C depends only on'y.
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Remark 4.2. Note that aj and bf,l< in Lemma 4.1 are constructed via a

partition of unity from local expressions of the form

PlL(W™, Wn)
[Wm x wnj4”’

(W™ W) (W™ x W),
[Wwm x Wn|2

i
ajk = ) bj,k =

where Pf},z (W™, W™) are homogeneous polynomials of (W™, W") of degree 7 and
W™ x W™ does not vanish.

The following result (see Corollary 3.6 of [26]) will be useful to deal with the
second term in (4.22).

Lemma 4.3. Under the assumptions of Lemma 4.1, we have that
19
IA™2(9 0kg — Alajrg))llcr < CN3<||[W]71||L°° Z ||Wi||CY> lallcy,
1<i<N

where

lgllcy, == llgllee + [[[WI |« D UWiler lIglle + 10wgllc-1y).
1<i<N

Now, let W(t) = {Wi(t)}1<i<s5 be a family of divergence-free vector fields
which verifies (2.2). According to (4.6) and Lemma 2.13, we know that for all
T <T* v elLl0,T;CH(R3)), Vy € (0,1), and the particle trajectory ;!
belongs to L* (0, T} CLY (R3)) and satisfies that

T
T
Ity (i) < CeClo 1V dT(l + J IV iier dT) < CeoPICEM,
0

Note that the latter is obtained by using (4.5) and (4.10). Therefore, because of
the formula (2.3), we have that Wi € L® (0, T; C¥ (R3)) where
(4.24) ||Wi||L°T°(CY) < C|IW¢ - Vil on lwi g e

< Cecxp{CE(T)}_

Moreover, from [26] (see Corollary 4.3) and (4.10), one has the following control:

(4.25) W ()17 Yo < e e |[Pwo1 1,
< Ceexp{CE(T)}_

Then, we consider the control of 0; 0k 0a 03A~40 in L™, for all j, k,A =
1,2,3. According to (4.22), we infer that

O3AT20 = —anz0+ D Om A (by3 W)
m,n,A
= —a;\,39 + 11,



1034 OMAR LAZAR, YATAO LI ¢ LIUTANG XUE

and
0j k0 03A™10 = —ajx(0a O3AT20) + > g ag/\’z(bf”,ﬁw&(a)\ 33A720))
Li,o
=10 + 1.
First, note that 0y 0 satisfies that
(4.26) 0 owO+v-Vowo =0, 0owO|,_y=0w,00:

then the estimates (2.23), (4.10) and Lemma 2.4 imply that for g = min{u;, 42},

(4.27) lowO () llc-1e < ||aw()90||C-1~uecf(f IVV(T) e dT < CoexptCET
For the term I}, by making use of Lemma 4.3, and (4.24), (4.25), (4.27), we get
(4.28) I llLe =) < CliliLg cn)

. 19
<C(IWOT ey X IWillzen) 1015,
1<i<5
< Ceexp{CE(T)}'
Therefore, we obtain
(4.29) 10A 33A 20l ~) + I LllLz e s eXPICEMI,

The control of I3 is analogous to the proof of (4.28). Indeed, by using (4.29)
together with the following estimate (which is an easy consequence of (2.18) and

(4.26)),
10w (05 kA2l ¢ o1

S M Willzzen 101z 2nr=) + 10w OllLz (c-1m)
< eexp{CE(T)}

we find that

(VEY DT

. 19
5C(||[W(t)]_l||L°T°(L°°) Z ||Wl||L°T°(Cu)> ||3A33A_29||L0T°(Cgo)
1<i<5

< Ceexp{CE(T)} .

Collecting all the above estimates allows us to conclude that
192 05074015 (1) = IR,

Finally, the latter control and (4.21) give that, forall ¥ € [1,2p/(p +3)) and
p>3

(4.30) IV20 || r (1) < e@PICEDI,
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Then, using Lemma 2.13, we conclude that the particle trajectory @ belongs to
L= ([0, T],W?>) and that the W>* regularity is preserved, that is,

0Dy € W>® —= 0D(t) = @ (0Dg) € L*([0, T], W>>).

4.3. Propagation of the C*Y regularity of the temperature fronts. The
goal of this subsection is to prove that the C*Y regularity of the temperature front
is preserved along the evolution.

By using Lemma 2.3, we see that it suffices to prove that (2.4) holds for k = 2,
y € (0,1). In fact, in the sequel we shall prove an even stronger result, namely,
that

W e L®(0, T; C1Y (R3)),

where the admissible conormal vector system W = {Wi}; ;5 verifies (2.2).
Applying the operator V2 to equation (2.2) gives that

(4.31) (VW) +v - V(VZW) = 0w V20 + 2V W - Vv + V2 W - Vv
—- Vv VW -2Vv - VW,

where W = {Wiliiics and W - V = {W! .V} ;<5 are both vector valued.
Thanks to (2.22), we find that forall t € [0, T,

(4.32) IV2W ()l gy
S IV Woll gy + Jot IV (@l VW () gy dT
+ [ 1oweRe s ar
+ Lt (VW - Vv,V - VW)llgysdr

t
+ [ 1W V0,9 W)y dr.
0 50,00

Recalling that Wy = {W&}lsisg given by (2.1) satisfies Wy € C1Y = Bgofs{, we im-
mediately see that || V2 W, gl S Wl gl < 0o, Applying the product estimate
(2.16) and (4.24), (4.30) to the last two terms of (4.32), we get

t
(VW - V20, V32U - VW)l py1 dT
B
. v
S IVl s IV W 2,

< V20l o) Wl (er) < CeoPICEDY,
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and

t
J [(VZW - VU, Vv - VEW) |l gy dT
0
t
< | 19V 192 W)l d.

To control the term ||0w VZv IIL%( ) in (4.32), we use the identity (4.20) to find

BY
(4.33) 10w V2Vl grty < 10w (VAT2V A D i,

+ 10w (V3 33A 40l 1

LBLa)
+ ||aW(v2A_20)”L%(Bg/o;},)
=K;+K; + K3.

To control K, we use (2.17) together with the fact that VA_; is a bounded oper-
ator on L*, and we find

t
(4.34) K s jo W (T)llgy, IVT () L5y 2 dT + 10w Tl g
t
< JO W@ e I @)y, AT + 1w Tl -

It remains to control K; and K3. To do so, it suffices to observe that
¢
Ky + K3 s Jo ||1’V(T)||B;Q’1 ||9(T)”BZ;DL dt + ”aWQHLg(BZO,‘DL)
S ||W||L§(C1,y) 160l + ”anHLg(Bi’cfoi)'

Note that Lemma 2.4 now implies that dw, 09 € C~1Y, and therefore, following
the same approach as the proof of (4.27), one obtains

t
(4.35) 1owO ()l gy-1 < ||5W090||Bgc—ogecj° VUl dT < oexp{CE(D)}

Finally, by collecting all the above estimates (4.32), (4.35), one finds that

S IWlizas) + 1V WO s + 10wVl g

< oCE((TY | 10w VTl 1 gyt

t
+ jo W ()l (T gy, + V0l + 1) dT
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We now study the control of the term IIBWVFIIL% (B1-1) In (4.34). Since we

have [0w, 0t + v - V] = 0, it follows from equation (4.4) that

ooyl +v -vVowl —Aowl
= —[A, 0wl + 0w (Q - Vv) + 0w ([R_1,v - V]0)
=:F1,1 +F1‘2+F1‘3.

Thanks to the smoothing estimate (2.21), we obtain that the following holds, for
ally’ € (0,1 -3/p):

(4.37) 1OWE(E) g+ NBWTl 3 g ) + Wy g,

-ca +t)(||5woro||

B
t
+ | 19V 1T @l dr ).
By using the identity I = Qp — R_; 6y and the embedding
;o ;o , 3
L? =By, =By "Bl vo<y <1- >
we find

(4.38) ||3W0r0||By’1—1
S 110w, Vuollrr + 10w, R-160]l1r
s 10w, vollwre + IV Wollze llvollwie + IWollzs 100l Le < oco.

By using the product estimate (2.16), we get that

(4.39) ”FUHL%(B;’Q’J”)
, v
< [AW - VIl o + 219 W - V2T

BT

t
< | AW VT e+ IV ) 1 1920 () ) dT

t
< | W Tl dr.

For the term F 5, we easily get that

(4.40) 1Fi2llyy gy S IWlizas) 192 Vol

! B;’;il)
t

Seexp{CE(mJ 1)l VU (DIl dT
0 0,1 o,1

< ecxp{CE(T)}”vaiz(By, -
t\Po,1
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Then, by making use of (4.19), (4.17) together with the (continuous) embedding

L}B}.) ~ L}(BL)) ~ L}(BL,) forally (o, 1- %) ,

we find
! _2 !
4D IVl < IAYY AT
2 —4 ) ) )
V20N 0l g+ VA0
-1
< ”r”L%(U”ﬂBZO’,l) + IA™ Oll2e) + 1101l

LB
5 ||r||i%(3},m) + ||9||L§(L3n/(n+3)) + ||9||L§(Loo)

< eCEM?,

This inequality applied to (4.40) gives that

, exp{CE(T)}
(4.42) 1Pl i, < @ .

Recalling [R_1, v - V]0 given by (4.3), and using Lemma 2.12 and (4.15), we get
that for every y" € (0,1 - 3/p),

(4.43)
||F1’3||LE(B§°’;1)
S I Wlgeas |[VIR-1,v - V10||
S IWliz ) [[[R-1,v - V10|

LiBLH

Ltl (Br}f/,l+3/p)

S Wil s VUl gy 101 + vy a 101p @)

?(Lszg/Mﬂ/nﬂ)
< eexp{CE(T)}
~ )

where in the last line we have used the estimate ||0]| < C||0]|;2 1) <
) L5L*)

L (B!
¢||6o||;~- Hence, applying (4.38), (4.39) and (4.42), (4.43) to (4.37), we infer
that

(4.44) 1OWT ()1 + 1WT o )+ I19WTI,

L2(BY ) BL

t
< (14 0)(eoPICHD o [T lpm JOwT () s d
0 0,1

t
# | W@y 1Ty T,
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Noticing that 0wV f = Vowf — VW - Vf, and using the product estimate
(2.16), we may control the term ”awerL;(Bé’(oi) in (4.36) as follows:

(4.45) 10w VTl g2
< 0wl gy + IVW - VTl g
S HOWTly gy, + IV Wl gyt I 9T g r)
< ||awr||Lé(ng,’;l) + eexp{CE(T)}’

where in the last step we have used (4.24) and the following estimate (in view of
(4.17) and ,
B2 (R%) = BV (R%)

forally’ € (0,1 -3/p)):

(4.46) IVT g zm) = Ty gy eny S WElgy g3, €5

Hence, by using the embedding Bg/o-f—oi - B?,:,:Jfl forall y’ € (0,y), we collect the
above estimates (4.306), (4.44), and (4.45) to get that
||W(t)||3y+1 + lowI ()l B + |I5WF||L2 B

+HOWT Ny e, Loy Uil g,

By b
t

< ePICEDL 4 (16) [ (WD)l + 10w (D))
0 0,00 0,1

X (Il gy + IVl + 1) dT,

for all y’ € (0,min{y,1 — 3/p}). This, together with the use of Gronwall’s
inequality and (4.10), (4.46), gives that

(447) IW g grzt) + 1OWTl g gorory + 19WT 3

2
+ [[owT|l b+ 0wVl gy,

LY BY+
< eexp{E(T) exp{CT +C(1+ T)HV'UHLI ) + (1 + T)||F|| 1(BY +1)}

< eexp{CE(T)s}_

Thus, we have proved the persistence of the C 2y regularity of the temperature
front.

Next, for the use of the induction process in Section 5, we moreover include
some striated estimates of the velocity v. By following the same approach as the
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estimates (4.33), (4.35) and using (2.17), (4.41), (4.47), we obtain that for all
y' € (0,min{y,1-3/p}),

(4.48) ||3WV2v||Lz By -1

S 1w (V2AT2V A D -,

T 110w (V2 35A740, VA 20)| . v
7By )
S IW g, (19Tl gy + 1015 000)

110w IT N gty + 18w 0l i

1/2
< ||W||L$(Bg;;)<||r|| 2y + T2 160ll1nzs)

, , »exp{CE(T)}
10Tl g + 10w, Golly e

< eexp{CE(T)3},
and
(4.49) ||6wVv||Lz By’ )
S 1810wVl 3 m) + IV@WTV)l 5

S Wiz 190 iz oy + 19 Wligas) 1901 g

+ 10y 2Vl g
< eexp{CE(T)3}_

Using the notation (2.14), together with the estimates (4.5), (4.14), (4.41),
and (4.46)—(4.49), we see that forall y € (0,1) and y’ € (0, min{y,1 - 3/p}),

(4.50) WLz gyepoy + V20l sy + 19V g

+ ||r|| By -1y + ||r|| Z;y ,1) + ”r”LlT(B%//vH'I)
= ||W||L%O(Bg/o+oi) + ”(vzv,awvzv)”LlT(Bgo"ol)
10TV, 0wVl e+ 1T, 3D)
+ (T, owD) | + (T, owD) I

< eexp{CE(T)3}_

LesL "
L3(BY ) LLBY

As we shall see later, this is the first step in the induction process of Section 5.

5. PROPAGATION OF THE C*Y REGULARITY OF
TEMPERATURE FRONT WITH k > 3

In this section, we shall prove that the C*Y regularity of the temperature front
0D(t) is preserved for all [0, T] where T < T* and forall k = 3 and y € (0,1).
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By using Lemma 2.3, it suffices to prove that
(5.1) (a{MW)(t,-)ELw(O,T;CY([RS)), v¥ee{0l,...,k-1},
where W = {Wi(t)}1<i<s is a family of divergence-free tangential vector fields
W(t) which satisfies equation (2.2).

We start by proving the following statement. Forall k = 3, y € (0,1) and
y' € (0,min{y,1—3/p}), one has

(5.2) Wl g, + 190y i
+||Vv|| o +||r||Lm e
+ 1Tl iy + Ty gyrsnacr) < Hoy (T),

where Hy_1(T) < oo is an upper bound depending on T and k — 1. Assume for a
while that (5.2) is proved; then, it is not difficult to see that

k-1

L
Z ||3WW||L°T°(B;¥O,DQ)
£=0

< ||W||Lm(By+lk o+ ||aWIW||LT(BM)
< ||W||Lm(3y+lkz + CIIWll s g2,y 1052 Wl

S eeXP{CE )} ||W||Lm($y+wl/‘,/k—z
T (B,

L3 (B

)
< ePICEMI (T < o,

which would imply the desired estimate (5.1).
Thus, let us prove (5.2). To do so, we shall use an induction method. Assume
that foreach € € {1,2,...,k — 2}, the following estimate holds:

(5.3) W« gyt T IIVUIIL1 #%0,)

+ 19Vl gy 1Tl g

+ 1Tl 3 g, + T < Hy(T).

L%_(Q;)W/A’/-H,é’)
Then, we want to prove that this inequality is also true at the rank £ + 1, that is,

(5.4) Wil gty + 19Vl e

+ va”LZT(Z;%/,\,,’eH) + ”r”LoTo(B%l/"l—l,hl)

T gy + NI, gyrnes) < Heoy (T).
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The case £ = 1 in (5.3) corresponds to (4.50). We also notice that under
the condition (5.3), we have IIWIILOO(BwVﬂ) < Hy(T), so that Lemma 2.8 (with
T (Bs,

0 =y) and Lemma 2.9 can be applied by replacing k with €.
Now, our main goal is to prove (5.4) under the assumption that (5.3) holds.

We first get a control of a%}MVzW in L?(Bg/o,_oi . Note that 8%)4, can be any

65}1 cee 85,55 with €1 + -+ +¥5 = €, and W = {Wi} ;<5 is vector-valued. In
view of equation (4.31) and the fact that [0w, 0; + v - V] = 0, we see that

3t (34, VW) + v - V(3Y, VW)
=3IV + 204, (VW - V2u) + Y, (VPW - V)

5
— 34, (Vv - v W) =284, (Vv - VW) = D Fy

i=1

Applying the estimate (2.22) to the above transport equation, we get
¢
(55) ||awV2W||Ltm(Bgcjog)

t
< 1185, V Woll gy + JO IV (D)l 185, V2W (T) 5y dT

5 ot
+ 3 | Wl
| '

For the initial data, since Wy = {W{}1<i<s belongs to CK~1¥ (R3), then, following
the same idea as the proof of (2.12), we get that

2
188, V2 Woll gy S IWoll geiy S [ Wollcrny < oo,

where the hidden constant C depends on | Wyl ¢-1,+. Using Lemmas 2.8 and 2.9,
we find that, for i = 2,4,

t
1Feill gy S L (103 (VW - V20) [l gyt + 185, (V20 - VW)l py-1) dT

t

= j VW - V20l gyre + V20 - VW 1) dT
0 o, W oo, W
t

2
< | 19 Wiyge 1920l dr

t
< [ WO g 170 @ ar,
0 o, W o, W

and analogously, for i = 3,5,

t
. 2
IFeillypray 5 | 192 Wilgyye 190 dT
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t
< [ WOl 190D e dr.
0 o, W o, W
It remains to get a control of the term Fy ;. Since we have (4.20), we see that

(5.6) 103 V20l gty < 134 VA2V ATy
+ 11851V 9347460y gy

®)
+ ||8$1V2A‘29||L%(Bgc;g)-

For the last two terms in (5.6), by applying the estimate (2.15) with m(D) =
V3 93A~% or m(D) = V2A~2, one gets

(5.7) 10372 85A 4011 1 gty + 105 V2A 2011 1
< IV 0507400y e, + IV2AT20I

L (gi’—wl‘,/hl)

S JO (1+ IIW(T)IIBw)(IIQ(T)IIBme +[10(T) [I12) dT

+ || QHL%(ZRZOTVH) .

Recalling that [0w, 0y + v - V] = 0, we sce that, forall j € {0,1,...,¢+1}, 8%9
satisfies that

090 +v-vd},0=0 3,0|,_,=0,0.

Hence, Lemma 2.4 and (2.23), (4.10) allow us to get that

) v o
”8%479”]_;"(33’0';) Se“ UHL%(L >||a%'V090”BZJol Seexp{CE(T)},
forall j € {0,1,...,¢ + 1}, and then
£+1
(5.8) 101 o (gyseony < 2. 13 0ll gy < e®ICET,
Jj=0

Hence, by applying (5.8) into (5.7), one obtains
t
”(a€+lv3 83/\ 49 a€+1V2A—29)||L;(Bg/Q’—M1}) < <1 + J() ||/1/V(T)||$1M57 dT),

where the constant depends on Hy(T). For the first term of the righthand side in
(5.6), it suffices to use Lemma 2.8 to find that
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{+1 2 A -2
(5.9) 185 VA2V ATy g

< [|[VZA~3(V ADI, L

s jo L+ IW Ol IV gy DT ) AT 4 IVT Ly gy

and by noticing that

-1 '
5.10) (9,017 = 3 oy (19,0910 1) = 3 oy (VW - 9ol ),
Jj=0 j=0

we find, by using Lemma 2.9, that
||V1"||BZ°314,/1?+1 = HVFHBZJV + ||a€$1v1"||35/;o}7
< Tl + 104 ' Tllgy, . + [1[V, 45 17| gy

1
l
< ||r||Bym + S IVW - v a3, T

-1,j
B}"VVJ
J 0

J )
S Il gty +J§ IV W g 133 Tl

<
ST gt + IW g 1Tl

which combined with (5.9) and (4.14) gives, up to a constant which depends only
on Hy(T),

L+1o2 A -2
(5.11) 184 V2AT2Y ATl

t
= jo L+ W) (Il + D AT + Iy .

Collecting all the above estimates (5.5)—(5.11) allows us to write that, up to a
constant which depends on Hy(T), we have

(5.12) 134y VEWIl o gty + 108 V20l g
S ATy gty + jo (Tlgye + IVl gye + DIWl gy dT + 1.

Now, we focus on the term 34 'T. By using equation (4.4) with respect to T
and the identity [0w, 0t + v - V] = 0, we obtain that

2 (4T + v - V(YT — AT
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—[A 4 + a4 (- vu) + a4 (IR 1, v - V10)

z J{’+1,i-
i=1

Thanks to the smoothing estimate (2.21), for all y” € (0, min{y,1 — 3/p}), we
have

(5.13) 1355 Tl gy o1y + 103 Tl g+ 1037 Tl )
3

< 1+ 0 (105 Toll o + X WFenilypy
i=1

+ [ 10l 1Tl ar).

As for the initial data, we use the relation Iy = Q¢ — R_; 0, together with (5.10)
and Lemmas 2.8, 2.9, we obtain that for any y’ € (0, min{y,1 - 3/p}),

(5.14) 105 Toll yrr = 103! V0ol s + 1031 R 100l s

s 1V a4 voll B 1+Z||VW0 v ahy vl o~

Wo
+ ||W0 . VR_lg()”g%v—l,é’
0

¢
s 104 vollwe + > IV Wl ) 1V 2%, T
j=0
+ ||W0||Bo,l' IVR 160l 5y 10
Wo Wo

11,
By »
Wo

£+1
S 3 133, vollwr + 1 Wollgae (1+ 11 Woll 1)
i=0 0 0

X (1100l gy-10 + 1160l 12)
Wo

¢

S Nvollyesze + 2 183, 00llc-1y + 160l < o,
Jj=0

where the constant in each step depends on IIWollgyn ¢ (which is controlled by

0, W

Woll ck-1y) and where in the last line we have used the estimate

{+1

> 133, vollwie = CUWollyea) Vollyy -
j=0
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Then, by noticing that

(5.15)  Jpe1q = —[A,dw1d%,T — owlA, 84, 1T
—[A, w134, T — aw([A,0w]1d8,'T) — 33, ([A, 34,1 )T)

{2 .
— 378, (14, 0w18%,7T)
j=0

1 [ )
Z L, AW - vl T) - > 8, 2vw - v23,7T),
j=0 j=0

and by Lemmas 2.8 and 2.9 again, we get that
(516) ||J€+1,1||By’—1

. o
ZIIAW vawfrnﬂy 11+Z||VW V2o W Tllgy -

~

Z (1AW ll g1 1V 35,7T oJ+Z||vwn o 19205 Tl gyr-1.-0)

'\'§II

?
s > IIWIIBym I e + > Z Wl s IIanFIIBym i
=0

J= j=01i=0
S W gyt Tl gy,

where in the last line we have used the estimate

0 j
.
S Y W llgy 133 Tl gy
j=0i=0

J
Z Wil 1:(II3WJF|| ye IIBWJFII - Wl i)

e HM%

s > 1w iy (Tl gy v + Tl ot Wl gy ne-i)
i=0

S Wil gre Tl gy 10 (1 + IIWIIB%H,O)
+ IIWIIB%-I(IIFII%M + 1Tl gre IIWII%H,e)
S ITlLgyone W gy e,
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where the constant depends on | W] .,
follows from (5.16) that

Ly B which is controlled by Hy(T). It

t
(517) ”‘IeJrl'l”L}(Bigifl) < JO HW(T)”B%’,HJ ||r(T)||$%/A’/+1,(? dT.

Regarding the term Jy,1,, using the fact that B?,/O:l is a Banach algebra, together
with Hélder’s inequality, we see that

(5.18) 1Je+121l BT

t
< ||W||L;0<LM>J 185, (@ - V)l dr

< I Wilge o) Z ZJ 1850 - % Vvl ar

j=01i=0

tJ ot .
<3 2| 1@y 124 ey dr
j=0i=0 : :

Ve . Ve .
s (z 103l m,) (X183 Vullz gy )
; X |
< 1VYIEs
< C(H(T)).
Note that
V(IR 1,v - V1) = [VR_1,v - V]0 - Vv - VR 0,

where R_; is given by (4.2) (which is a sum of pseudo-differential operators of
order -1) and that

[VR,I,’U - v]e = ([VR—I,LU ) v]el_[vg{*l,l!v ) v]eyo)t
Therefore, one obtains
IJe+15ll; BT S Wllee e HVBW([R LU - V]Q)H

< 184, ([VR_1,v - V10)||

LBY T

LIBYTH

+ 103 (VU - VROl
+ [V, 04, 1(LVR 1, v - V1O)]| ,

(5.19) := Gy + G + Gs.

BY !
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Using Lemma 2.8, (4.10), (5.8), and the inductive assumption (5.3), one finds
that

(5.20) ||G1||L B S <|[[VR-1,v - V10|, By
s (Ivull )t ||v||Lg(Loo))||9||L?(B%;—1,ﬂ)
s (Ivull, ity t ”v||L;(L°°))||9||LZ’°(3ZJ{&€)
< C(He(T)),

and

(5.21) ”GZHL%(Bi’Q’,fl) <|Vv- VR719||L%(B%1,1?)
S ||VU||L 1B ||V’R—19||Lm(3y -1t
S||VU||L;(BZ;I (1+||W|| 1#1))

X (10l 1) + ||9||L¢<Lz))
< C(H(T)).

Since we have (5.10) and Lemma 2.8, we deduce that

||G3||L%(Béy°”l—l) L}(B){,\’,_l’j)

0-1 ,
s S IvW-val, IR v - V10|
j=0

£-1
S 2 NVWI o g0 1V oY% R, v - V16, L)
Jj=0
SIVW e i) Z||va” R, v - V10l )
S NYWl e e (||v<[:R,1,v V10| gy,
-2 .
+ 209,83 IR v - VIOl sy )-
j=0

Then, via (5.10) and the estimates (5.20)—(5.21), we get that, up to a constant
which depends only on Hy(T), one has
||G3||L1(By’—l

||[VR 1, U - V]QH gy 1{’1 +||VU VR_ 19||L (B)W//"/—l,{’—l)

—240-2—
+ Z z 8y (VW - V3, T (R v - VIO gy,
j=0 i=0
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s+ Y VWV TR v - VIO gy
0<j+i<l-2

STHIVW e, (VAR v - VIO,

)

L (,By -1,0- 2)
2 VT IR v - VIO ).

0<j+i<l-2
By repeating the above process we find that

(5.22) G5l gy -1y = C(Hp(T)).

BY

Hence, collecting the above estimates (5.13), (5.14), (5.17)-(5.18), (5.20)—(5.21),
and (5.22), we conclude that

(5.23) ||r(t)||$y’—1,é’+1 + ”r”LZ(By”ﬂ“ + 1Tl L} gy’ﬂ,é’ﬂ)
= 103 Tll o1 + 1Tl e 1e+||af’“r||Lz(Byr

1
+ 11T gy +||a‘”+ Tllyy gy sty + Tl gy ene

<s1+ Jo (Vv ()= + IIF(T)HBVM)
X (WD)

,Bi/c’;&,e + [|IT(T) ”’B%"fl’e“ )dT,

where the hidden constant depends on Hy(T). Then, since

B%//v+1‘€+1 c Bi;‘?:/ls

by putting (5.23) into (5.12), we obtain, for all y’ € (0, min{y,1 - 3/p}), that

(5.24) 1Tl By + 1Tl 25y 0 1Ty oy Yol

+ ||a€;1v2v||u(3£:;1) - IIaWVZW(t)IIB%:;I

t
S 1+ | 90
0 o, W
< W) e + 1T L) T,
oo, W W

+ ||F(T)||$§’/+1,e +1)

where the constant depends on Hy(T). Following the same step as the proof of
(5.15), (5.10) and using Lemmas 2.8, 2.9, we find that

LE (B )

-1
y|[vz,a€V]W||L§o(Bsyo,-;) < > IVwW. va# iy
j=
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+ Z VW - v2a, T w

LE (B
j=0
Z IV Wil o 1) v 3, ' Wi,
j=0
Z VWl gy 19285 Wl )
pS ||W||L°°(BY+M 1 ||W|| 1{’ 1
< C(Hy(T)),

and

¢
o~
109,031Vl gy < 2 INTW Vawjvv”u(aaifw‘&")
j=0

t
< [ WOy 190 g a
0 W o0, W

Thus, by using Lemma 2.7 together with the frequency decomposition (high/low),
we see that

(5.25) Wl sy
= 10% Wil p gz + W o groser,
S UVZY Wilpe i) + 1821 33y Wil gyt + Ho(T)
S 185 V2 Wil oty + 10V2 33 I WL
+ I Wilzg o) 105 Wil gy, ) + Ho(T)
S 3% VWl o gt + 1

where the constant depends on Hy(T) in the last inequality. Moreover, we have

(5.26) Ivvll 135 ' VUl gy, + IV

LB~ LH 8%,
< 183 V2l gy + 10V, 857 190y g
+ 1A a"“wnm%g) + Hy(T)

< 103 V2l g,

t
[ IW Oy 190D dT+1,
0 w o, W
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where again the constant depends on Hy(T). Therefore, by (5.24) and (5.25),
(5.26), one finds that

IECE) g ot + W Oy + Il g,

+ HFHL%(B{,",H’[H) + HVUHL}(BZO’%X,‘)
t
<C+ CJ (HVU(T)”BN’ + ||r(T)||By'+1,é’ +1)
0 0o, W W
X (WD)l grere + IT(T) gy AT,
W i

where C > 0 depends on Hy(T). Then, Gronwall’s inequality and the induction
assumption (5.3) allow us to get that

(5.27) Il vy + Wl s, 4 I

+ ||r||L1 (BY, ) +[IVv]

L%(B’,}\//"],(Hl)
Ly 825

< Cexp{C(T + IIVUIIL1 #t) + IIFIILIT(B,{A'/HJ))}
< Cexp{CHy(T)}

< Hp1(T).

Now, it remains to control the term ||[Vv ]| . By using low/high fre-

Lz By é’+1
quency decomposmon, we gCt

(5.28) o4 v

L3BY))
<A a%lvanZ @) + ”vayﬂvv”L2 BL
S 108y Vvl g + 109,05 1V
4 ”a€+lv2v“

LZ B}’ 1)

Thanks to (5.10) and Lemma 2.8, we deduce that

0
0+1 l-j
(5.29)  [|[V,d%; ]Vv||LZT(B§;1) < g IVW - Va), VVll 5 gy

ZIIWIILM 1y 1933Vl e,

< ||W||LM(BL NAZY e
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By following the same line as the proof of (5.6), it follows from (5.27) that

{+1o2 ,
(5:30) 193" VAVl gy

2
< ||V v”LZT(’B%A/,_I'é)H)

SUVEATEY AT gty + 1197 030740, VEAT2O) 3 v
S @+ IWH e YVTN g sy + 1O 5 v + 1)

S (U4 Wl e )T garen) + 101 gy + 1),

Collecting all the estimates from (5.28) to (5.30), and using (5.3), (5.8), and
(5.27), we find that

(5:31) Vvl gy
=14 vl , o VUL, e
w L3 (BL,) L3 (BY")
= IW e gty + DUV ey + 1Tl ey + 1)

< exp{CHy(T)}
< Hyp1(T).
Therefore, (5.31) and (5.27) give the inequality (5.4), as desired. The induction

method finally implies the wanted estimates (5.2) and (5.1), and hence the proof
is complete.

APPENDIX A.
In this section we give the proof of Lemmas 2.11 and 3.1.

Proof of Lemma 2.11. Bony’s decomposition gives that

10w mD) sz, < 1T m(D) Fllsgs + [ Tomrs - Wilsss
+ [IROW-, Vim(D) f) Il -

Thanks to the spectrum support property of the dyadic blocks together with the
fact that VA_;m(D) is a bounded operator on L? with 1 < p < o, we have that
forallg = -1,

"N A (Tymmyr - W)l

<279 N [|AG(AW - S V(D) f) e
JeN, lj-ql<4

<279 S 2 We

JEN, lj-ql<4
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< (lavmD) fllr + > 1A Vm(D) flly)
0<j'<j

< e
S cqgllWiley ||f||B;],; ye
Moreover, using the divergence-free property of W, one has that

27 AG(R(W -, Vim(D) ) Il r
<27 % ||Agdiv(A;WA;m(D) f)llw
j=max{g—3,2}
+ 2748 z 1{—156155}”Aq(AJ’W . Aij(D)f)HLp
-1<j<1
s > 290 AW | [|A jm (D) f I v
Jj=max{q—3,2}
+ Z l—12q<5} 18 Wi 1A;Vm(D) f |
-1<j<1
< > 240=2=IY W[y 1A FllLr
j=max{q—4,1}

+ > liicassy I Wiles 14 £l

-1<j=<2

S cgllWlley ||f||B;]j;-y,
where {c4}4>-1 is such that [lc4llgr = 1. Hence, we immediately get that

A1) NTemwip - Wilsgs + IROV-, YmD) Pligze < CIWler 1 lpreor.

Note that there exists a bump function ¢ € CZ(R?) supported on an annulus
and

g:= Fl(me) € S(RY)

so that

(Tw.v)m(D)f = > Sj1W-VAmD)f
jeN
=~ > [m(D)$(27/D),S;-1W-IVA;f + m(D)(Tw.v)f,
jeN

where m(D)p(2-7D) = 2/4g(27 )%, and
[m(D)(277D),S;-1 W-1VA; £ (x)
= JRdg(y)(Sj_1W(x +279y)S; W (X)) - VA f(x + 277 y) dy.
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Then, we have that for all ¢ > -1,
27U Ay (Tw.v)m(D) fllirr

<279 N ||A;(Im(D)G27D), S W - V1A )|
JEN, [j—ql<4

+ 27| Aym (D) (Tw.v) f Il e

27 27NVSi Wi IVA;flie + cqllm(D) (Tw.v) fllgse
JEN,lj-ql<4

29 S (S U W) 14fll

jeN,lj—ql<4 -—-1<j'<j-1

+cq . 1A mD)div(Si WA )lite + cql (Tw.v) fll g5
0<j<3

S cqUIWler 1f e + 1(Tw.v) fllg;5)-

Following the same approach as the proof of (A.1) to estimate || (Id —TW-v)fHB;fy,
we see that the above inequality gives

(A.2) 1(Tyw.v)m (D) £ 1z
S IWlier I lger + 19w Fllggs. + 1(0d = Tyw.9) f 15y
< I Wler I fll g + 10wl

which together with (A.1) gives the desired estimate (2.18). O

Proof of Lemma 3.1. For the proof of (3.8), we follow the same approach as
Chemin and Gallagher [14] in their study of the 2D Navier-Stokes equation with
an external force. More precisely, we first establish the following control from
(3.7), that is, for all p € [2, ],

2 i A 2
(A.3) Wlze gz = sz<1+4/0>||Ajv||L;(LZ) < E(T)%.
J

By noticing that the equation verified by v may be viewed as a nonhomogeneous
heat equation, that is,

(A.4) otV — AV = —Pdiviv ® v) + P(0e3), v(0,x) = vo(x),

and using the smoothing effect estimate of the heat flow (2.25) (with s = 1,

p1=2,p=7=2), weget

. . 2
(s5) S Al g
J

T
< llwolfis + [ P - 7, 00500t
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Then, an easy computation gives that

(A.6) IP(v - Vv, 0)(®)llg-12 SV - VUl + (10132

< ||V’U||iz + 10|l 132

S vlligu lvllgse + 100132,
from which it follows that
T 2 2 2 2
L PV - Vv, 0)(O[f-12dt S |[VI[1z ) VI ) + 1002 T
Hence, using this control in (A.5) and (3.7) leads to the desired estimate (A.3).

Now, we split the solution v of equation (A.4) into v = h + w, where h and
w verify

(A.7) hy — Ah = P(0e3), h(0,x) = vo(x),
and
(A.8) wy — Aw = —Pdiviv ® v), w(0,x) =0.

Duhamel’s formula gives

t

h(t) = e'®vy + J e T=DAP(Q(T)es) dT,
0

and therefore, we have
A T
1l 2y < et vollizesns) + jo 1€t PO(T) 12 g ) AT

Since ”fHB;lz ~ [le!® fllr2(r+;L~) (see, e.g., [3] or [37]) and HVZ(R3) - B;,’lz([l@),
we get '

T
(A9) Irllz2 =) < lvollge + L) HPQ(T)”B;,‘Z dt
S llvollgz + 100l iars T S E(T),
where in the last inequality we have used that, for all s € (3, ], one has

PO 5, < 10Dz = 10 Lirss < 100llLsns.

Then, we will try to get a control of the L2T(L°°) of w. Using (A.8) and then
Bernstein’s inequality and Plancherel’s formula, one gets

. t i .
(A.10) 1Ajw ()l < 265/2 L e 2T A (v @ v) (T)|p2 dT
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Using Bony’s para-product decomposition for any tempered distributions @ and b,
that is,
Ajab) = > AjSjadyb)+ > Aj(AjyaSj.ib),
Jzj-4 J=j—4

we see that by Holder’s inequality, one has
||AJ'(U ® U)”Lé_p/(mz)(p) < Z ”Sj’-%—lv”L’%(L‘”) ”Aj’v“LZT(LZ)-
j'=j-4

Bernstein’s inequality, Young’s inequality, and estimate (A.3) allow us to get that,
forall p € (2, ],

< " (1-2/p) k(1/2+2/p) || A (k=3 (1-2/p)
IS 41V e ey s 2707200 32 PNAV e 2)2 77 P
k<j’

< .,2j’(172/p)LE T
Cj 52 (1),

where {c;} jez satisfies [|cjllp2(z) = 1. Applying Young’s inequality in time variable
to (A.10), one finds that

||Ajw||L2T(L°°)
N .
s 2(5/2)1 ||€ = Jt||Lp/(p—1>([0’T]) ||AJ'(U ® U)(t) ||L2p/(P+2)(Q’T;L2)

= psz(T) > i lAjvlip 22327 20-000/2420p),

J'=j—4

Hence, by taking the £!(Z)-norm on j € Z, together with (3.7), we find that, for
all p € (3, ),

||w||L2T(L°°) = Z ||Ajw(t)||LlT(Loo) <C
jez

0 p lv ||L2T(H3/2)E(T) < E(T)3/2.

-2
This, combined with (A.9), gives the desired control (3.8).
In order to show (3.9), by making use of Lemma 2.15, Minkowski’s inequality,
and the fact that the Leray projector P is bounded in L? (1 < p < o) ([6], [37]),
we get from the equation (A.4) that for every g > 2,
(All) ”vHL"T"(BL;l,:S/q) + ||U||EIT(Béy+£/q)
< ||’U0||Bq—’1w+3/q + ||P(v - Vv — 983)”@(3‘;@5/‘1)

< lvollge + v - vv”LlT(B;,LIW) + HQHLIT(B{;,LO”/“)'
Since 0 has a rough regularity, we consider g > 3 and then

(A.12) 101, getooiay = 1025,y = 1011y sy = 100llrrsT.
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Thanks to (2.16) with (p,7) = (g, ®) and g > 3, we get, by Hélder’s and Bern-
stein’s inequalities, that

(A.13) lv - vl < 1l 1V V]

LY (B3 12.(Bgi!)

S ||v||L2T(L°°) ||U||L2T(H3/z).

Finally, by using (A.12) and (A.13) into (A.11), together with (3.7) and (3.8) one
obtains the desired control (3.9). 0
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