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ABSTRACT. In this paper, we prove the existence of doubly connected V-states (rotating patches)
close to an annulus for active scalar equations with completely monotone kernels. This provides a
unified framework for various results related to geophysical flows. This allows us to recover existing
results on this topic while also extending to new models, such as the gSQG and QGSW equations in
disc domains and 2D Euler equation in annular domains.

CONTENTS
1. Introduction 2
2. Boundary equation of doubly connected V-states and linearization 8
2.1. Boundary equation 8
2.2. Linearization 9
2.3. Spectrum 11
3. Analysis of the universal functions 13
3.1. Positivity and Monotonicity of ¢, ;(x) 13
3.2.  Analyticity of universal functions and related spectral terms 16
4. Spectral Study 19
4.1. Pointwise bounds of several spectral terms 19
4.2.  Asymptotic structure of the discriminant 21
4.3. Spectrum distribution 26
5. Proof of main theorem 28
6. Applications to geophysical flows 33
6.1. 2D Euler equation in the whole space 34
6.2. gSQG equation in the whole space 34
6.3. QGSW equation in the whole space 35
6.4. 2D Euler equation in the disc 36
6.5. gSQG equation in the disc 37
6.6. QGSW equation in the disc 39
6.7. 2D Euler equation in the annulus 41
6.8. 2D Euler equation in the exterior of a disc 45
7. More discussion 46
7.1. The sign of V;![0], V;2[0] and Qib 46
7.2. Stable and unstable states 49
8. Appendix 49
References 53

Date: April 22, 2025.

2010 Mathematics Subject Classification. 35Q35, 35Q86, 76U05, 35B32, 35P30.

Key words and phrases. doubly connected V-states, geophysical flows, completely monotone kernels, bifurcation
theory.

L. Xue and Z. Xue have been partially supported by National Key Research and Development Program of China (No.
2020YFA0712900) and National Natural Science Foundation of China (No. 12271045). T. Hmidi has been supported
by Tamkeen under the NYU Abu Dhabi Research Institute grant.

1



2 TAOUFIK HMIDI, LIUTANG XUE, AND ZHILONG XUE

1. INTRODUCTION
We consider the two-dimensional (abbr. 2D) active scalar equation

0w + (u-V)w =0, (t,x) € (0,00) x D
u = Vi, (t,x) € (0,00) x D, (1)
(U(X, O) = wU(X)? X € Da
where D is either the whole space R? or some radially connected domain (e.g. disc or annulus),
V1t = (0y,—01), the vector u = (uy,us) is the velocity field, w is a scalar field understood as

vorticity or temperature or buoyancy of the fluid, and the stream function ¢ is prescribed through
the following relation

witx) = [ Kyl y)iy. @)
Throughout our paper, we assume that the kernel can be decomposed as follows
K(x,y) = Ko(lx —y]) + Ki(x,y)

and satisfies the following conditions:

(A1) Complete monotonicity: ¢t € (0,00) — —K((t) is a nonzero completely monotone function
(see Definition 1 below), equivalently, there exists a non-negative measure p on [0, c0) such
that

—K{(t) = /000 e du(x), Vt>0. (3)

(A2) Integrability assumption: there exists some a € (0, 1) such that!
1
/ Kot dt < . (4)
0

(A3) Regularity assumption: Ki € CF_(D?) for some k > 4.
(A4) Symmetry assumption: we assume that for any x,y € D,
Kl(x7y) = Kl(y7x)7 Kl(i7y) = KI(X,y>, Kl(eioxv ei9y> = Kl(xay)ave € R? (5)
where X = (z1, —x2) is the reflection of x = (z1, z2).
We shall frequently identify the complex plane C with R?. It is important to observe that the
symmetry assumption (A4) guarantees that the radial functions serve as stationary solutions for
equation (1)-(2).
The authors in [64] initially introduced this general model (1)-(2) under the assumptions (A1)-(A4),
which notably includes a variety of significant hydrodynamic models as particular examples.
e 2D Euler equation in the whole space. In this case, D = R?, w(t,x) is the vorticity of the
fluid and
_ 1
U(t,x) = (=A)"lw(t,x), K(xy)=Ko(lx—y|)= —5- logx —yl. (6)
The 2D Euler equation serves as a core model in fluid mechanics, describing the motion of
an inviscid incompressible fluid.

e The generalized surface quasi-geostrophic (abbr. gSQG) equation in the whole plane. In this
case, D = R?, and

148 _

Ut x) = (=A)"rw(t,x), K(x,y)=Ko(lx —y|) = cslx =y, Be€(0,1), (7)
r(5)
722-Br(1-5)
SQG) equation, which is a simplified model to track the atmospheric circulation near the

with cg = . The 8 =1 case corresponds to the surface quasi-geostrophic (abbr.

IThe upper limit 1 in (4) can be changed to any fixed number a¢ € (0,00), and they are indeed equivalent in view
of Remark 3 below.
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tropopause [70] and the ocean dynamics in the upper layers [73]. It is important to mention
that the SQG equation exhibits a formal deep analogy with the 3D incompressible Euler
equations [28]. The gSQG equation, introduced by Cérdoba, Fontelos, Mancho, Rodrigo in

[21], serves as an interpolation model between 2D Euler and SQG equations.
e The quasi-geostrophic shallow-water (abbr. QGSW) equation in the whole space. We have
that D = R2, and

Ut x) = (-A+e)w(tx), K(xy)=Ko(lx-yl) = %Ko(dx -yl (8)

with € > 0, Ko(+) the zero-th modified Bessel function (see (126)). The QGSW equation is
derived asymptotically from the rotating shallow water equations in the limit of fast rotation
and small variation of free surface [29].

e The 2D FEuler equation in the disc domain RD. Here, D = B(0,1), RD = B(0,R). We
impose the slip (non-penetration) boundary condition v -n = 0 on 9B(0, R), where n
denotes the outward unit normal vector. It holds that D = R, the stream function
solves the Dirichlet boundary value problem of Poisson equation

_A@Z} =w in D7 ¢|8D = Oa

and the kernel function K (x,y) corresponds to the Green function given by
1 1
K(x,y) = —o—log[x —y| + —log|[R— R"'xy|, x,y €D, (9)
27 27

with ¥ = (y1, —y2) the conjugate of y.

e The gSQG equation and QGSW equation in the disc domain RD, and the 2D Euler equa-
tion in the annular domain RoD \ R1D. The slip (non-penetration) boundary condition is
also imposed. The formulas for K(x,y) in these three models are complex, but all satisfy
assumptions (A1)-(A4) (see Section 6 for more details).

Intense efforts have been dedicated in recent decades to the mathematical analysis of the active scalar
equation (1)-(2), with particular focus on the 2D Euler equation and the gSQG equation. The 2D
Euler equation is globally well-posed both in the whole space R? and in domains that have sufficiently
smooth boundaries. For the smooth solution, one can refer to [75, 77]. For the patch solution, which
is a weak solution of equation (1)-(2) with wg(x) = 1p(x) for some bounded smooth domain D C R?,
one can see [91] for the global existence and uniqueness result. See also [17, 5, 69, 68] for solving the
contour dynamics problem on the global persistence of C*7-patch boundary regularity with k& > 1
and v € (0,1). The ill-posedness results in various function spaces for the 2D Euler equation can
be found in [8, 9, 33, 32] (regular solution) and [71] (patch solution). The gSQG equation with
B € (0,2) is more subtle in the global well-posedness issue. The local well-posedness results in the
Sobolev framework were explored by [16, 19] for the regular solution and by [32, 36, 16, 70, 37, 1] for
the patch solution. Considering the patch solution composed of two patches with different sign, the
finite-time singularity of such a locally well-posed solution was proved for the gSQG equation with
B € (0, %] in the half-plane with slip boundary condition [69, 37, 96]. This singularity result also
extends to the smooth solution framework [66, 96]. However, so far the global well-posedness issue
for the gSQG equation with any 3 € (0,2) in whole space R? or torus T? remains an open problem.
For the gSQG equation, one can also refer to [$1, 76, 20, 80] for the global existence of L2-weak
solution, as well as [22, 23, 72] for the ill-posedness results in the Holder or Sobolev spaces.

Here, we mainly focus on a specific class of patch solutions, usually known as V-states, or relative
equilibria or rotating patches. Their shape is not altered during the motion and can be described via
a rigid body transformation. By assuming the center of rotation is the origin, the V-states take the
form

w(t,x) =1p,(x), with D; = e™*D, (10)

where D C R? is a bounded smooth domain and compactly embedded in D. The real number € is
called the angular velocity of the rotating domain. The V-states is referred to as simply connected
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or doubly connected if the rotating domain D is simply or doubly connected, respectively. We also
call the V-states m-fold symmetric if eim D = D, m e N*.

The study of V-states for the planar Euler equation (i.e. (1)-(2) and (6)) goes back to Kirchhoff
[67] in 1874, where he proved that any ellipse with semi-axis a and b rotates uniformly with the
angular velocity Q = %. Approximately a century later, Deem and Zabusky [20] performed
numerical experiments showcasing the existence of V-states with more m-fold symmetry. Burbea [10]
analytically justified the existence of simply connected V-states with m-fold (m > 2) symmetry. His
original approach is to apply local bifurcation tools to construct local curves of solutions bifurcating
from Rankine vortices (i.e. 1p(x)) at the angular velocity Q@ = Z=1. Hmidi, Mateu, and Verdera [61]
revisited this construction with more rigor and also showed that the boundaries of such implicit V-
states are C'°° smooth and convex near the equilibrium. The boundary analyticity of the constructed
V-states was explored by Castro, Cérdoba, and Gémez-Serrano [12], and its global bifurcation version
was discussed by Hassainia, Masmoudi, and Wheeler [19]. As for the doubly connected V-states of
2D Euler equation, De la Hoz, Hmidi, Mateu, and Verdera [31] proved the existence of V-states with
m-fold (m > 3) symmetry bifurcating from annuli (i.e. 1]1))\@()()’ 0 < b < 1) at simple eigenvalues.
The existence of nontrivial simply and doubly connected V-states for the 2D Euler equation on the
disc (with slip boundary condition) was addressed by De la Hoz, Hassainia, Hmidi, and Mateu [29].
For other related research about simply or doubly connected V-states for the planar Euler equation,
we refer to [1, 3, 13, 18, 39, 38, 41, 42, 45, 51, 53, 52, 58, 59, 60, 55, 54, 65, 90, 91, 92, 93] and
references therein.

The construction of simply or doubly connected m-fold symmetric V-states for the gSQG equation
(i.e. (1)-(2) and (7)) with 8 € (0,1) was given by Hassainia, Hmidi [1%] and De la Hoz, Hassainia,
Hmidi [30], respectively. These are global-in-time time-periodic patch solutions for gSQG equation,
although the global regularity issue of patch solutions generally remains open. The method is also to
conduct the Crandall-Rabinowitz theorem, but the spectral analysis is more involved and complicated
compared with the 2D Euler case. Later, Castro, Cérdoba, and Gémez-Serrano [11] proved the
existence of simply connected convex smooth V-states for the gSQG equation with 8 € [1,2) (see
[12] for the boundary analyticity). By finding a decomposition of the Green function K (x,y) for the
spectral fractional Laplacian in bounded domains, the authors in [63] showed the existence of m-fold
symmetric V-states bifurcating from 1pp(x) for the gSQG equation in the unit disc D, either for
m € N* large or b € (0,1) small or 8 € (0,1) small. One can refer to [14, 15, 39, 38, 44, 45,50, 60, 55]
for other related works about V-states for the gSQG equation.

The mathematical study of V-states for the QGSW equation (i.e. (1)-(2) and (8)) was initiated by
Dritschel, Hmidi, and Renault [27]. They investigated the analytical and numerical aspects of the
bifurcation diagram of simply connected rotating vortex patch equilibria and proved in particular
the existence of m-fold symmetric simply connected V-states in the whole space. This existence
result of V-states for sufficiently large m € N* also holds for the QGSW equation in disc domain,
see [04, Theorem 1.2]. Roulley [33] established the existence of doubly connected V-states in the
planar case provided that the symmetry is large enough. One can refer to [(2] for the construction
of quasi-periodic simply-connected V-states for the QGSW model using KAM tools.

Note that all the previous work on the V-states of the 2D Euler, gSQG and QGSW equations relies
on the explicit formula of kernel K, and a crucial step in verifying the assumptions of Crandall-
Rabinowitz’s theorem requires the case-by-case study of the monotonicity of spectral sequence: for
example in the whole space,

\Euler _ 0~ 17 \85QC _ I'(l1—-p) <F(1 +9) T'(n+5) )’
" 2n " 21-8T2(1 - B)\1(2- &) T(n+1-5)

)\,?GSW =TI (e)Ki(e) — L, (e) K, (¢),

with T'(-) the Gamma function, and I,(-) and K, (:) the modified Bessel functions of the first and
second kind (see (125)-(126)). In [64], the authors were the first to investigate the V-states for
the active scalar equation (1)-(2) under general assumptions on K. They proved the existence of
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m-fold symmetric simply connected rotating patches bifurcating from 1,p(x) (D CC D) for the
convolution-type kernels assuming (A1)-(A2). They also extended their result for general kernels
under assumptions (A1)-(A4) but with a large symmetry. A key novelty of that work lies in fac-
torizing the spectrum {\,;} for the convolution kernel case through the introduction of a universal
function ¢,, as follows

Anp = / ¢n(bx)d“7(f”), with ¢, (z) = 2 / e~ 2wsinni2nn gy, (11)
0 0

Then, observing that ¢, satisfies a second-order differential equation (see (56)) and employing the
comparison principle together with the Hankel transform, we established the positivity and mono-
tonicity of the mapping n — ¢, (z) for all x > 0, and also derived quantitative versions for these
properties; see (57)-(58).

In this paper, we extend our previous work [6] by investigating the existence of doubly connected
V-states for the active scalar equation (1)-(2), under the general assumptions (A1)-(A4). Our main
goal is to construct doubly connected V-states (10) bifurcating from the annulus 1p,55(x),b € (0,1)
by performing bifurcation theory. For consistency, we assume that

D\ oD cC D.

We aim to construct doubly connected V-states (10) bifurcating from this annular patch. Specifically,
we consider domains enclosed by two simple curves: the inner boundary parameterized by

0 € R— Ri(0) = /b2 +2r(0) e,

and the outer boundary parameterized by

0 € R Ro(0) = /1+ 2r(0) €¥.

Then, the contour dynamics equation of V-states with angular velocity {2 can be written as

2m rRa(n)
Fij(Q,r) £ Qri(0) + 89</ / K(Rj(e)ew,pem)pdpdn> =0, j=12, r=(ry,r2).
0 Ri(n)

Since 1p, ;5 is a stationary solution, the vectorial function F 2 (I, F») satisfies F(£,0) = 0 for any
Q € R. In order to show the existence of non-trivial V-states, it remains to check the hypotheses of
the Crandall-Rabinowitz theorem in some suitable Banach spaces.

Compared to the analysis of simply connected V-states carried out in [64], the study of doubly
connected V-states leads to a system composed of two coupled scalar equations. This significantly
complicates the spectral analysis of the linearized operator 0, F'(€2,r) at the equilibrium state r = 0.
In this case, the spectrum solves a dispersion equation given by the following quadratic equation

O — (Anp + Bup) Q2+ AppBrp + g + Bup)? = 0, (12)
where
Anp ==V 0]+ A+ Pnpy  Bup = =V [0] = A1 + pnt,
the coefficient A, is defined in (11) and

" e’} 2 )
b :/ %vb(I)dN(l‘)’ with %,b(ﬂf) é/ e—x\/1+b2—2bcosnemndn (13)
0 0

x

The coefficients py, p, Pnp are defined from Kj as in (42). However, V;}[0] and V;2[0] are given by

1

Vo] = —

. 1 2 prl )
Mty [ [ OKipe - (10T o, (14)
0 b

and

. 21 1 )
Vb2[0] = —=A1,1 +bA1p —l—/o /b VxKi1(1, pe') - (l,O)T pdpdn. (15)
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To obtain two distinct real roots from equation (12), which is the minimal requirement for apply-
ing the Crandall-Rabinowitz theorem, its discriminant must be positive (see Section 7.2 for more
discussion). Specifically, we require

A2 (A = Bup) =4 + Pup)” > 0. (16)

Under this latter condition, the solutions Q:{ , and Q- take the form
Q+ A An,b + Bn,b An,b 0 A An,b + Bn,b \/ An,b 17
nb 9 + 9 ) n,b 9 - 9 : ( )

Proving the monotonicity with respect to n of the spectral sequences (Qi[ p)nen+ is highly nontrivial,

even in the simplified case when K7 = 0. Nevertheless, since the term Xn,b + Dn.p decays rapidly with
respect to n, equation (12) can be approximated by the simpler form

(Q—=A,)(Q2—Bpp) =0
for sufficiently large n. Using perturbative arguments, the monotonicity property of the spectrum

sequences can thus be reduced to establishing the monotonicity of A, , and B, ; for large enough n,
a task that is more tractable. Notice that the limit of the discriminant can be computed explicitly,

Ay 2 lim A,y = (V0] - 17[0]) (18)
Our main result states as follows.

Theorem 1. Suppose that K(x,y) = Ko(|x —y|) + Ki(x,y) meets the conditions (A1)-(A4). Set
s2{be 1) V0] - V0] #0} NSuas Smax 2 {b€ (0,1) : D\IDcc D} (19)

Then, for any b € S, there exists a sufficiently large number my € N*, such that for any m = my,
the active scalar equation (1)-(2) admits two families of m-fold symmetric doubly connected V-states
with C?~% boundary bifurcating from the trivial solution ID\bﬁD(X), at two different angular velocities

Qi » given by (17). In addition, if K(x,y) = Ko(|x—y|), then the set Smax \ S is at most countable.

This theorem enables to recover previous results obtained for various geophysical models, including
Euler, gSQG and QGSW equations. This connection will be explored in detail in Section 6. Further-
more, it provides new results regarding the construction of doubly connected V-states for geophysical
flows in different settings. Notably, we shall consider the gSQG and QGSW equations in the specific
case where the domain is a disc: D = RD = B(0, R), R > 1.

Theorem 2. Consider the gSQG equation and the QGSW equation in the radial domain D = RD
with the slip boundary condition. Then the set S = Syax = (0,1), and for any b € (0,1), the existence
result of m-fold symmetric doubly connected V-states as in Theorem 1 holds.

The second new result is related to active scalar equations in annular domains, and we illustrate this
discussion through 2D Euler equation evolving in the domain

D=RD\RD, 0<R;<1<Ry<+00, (20)

where the case Ry = +00 should be understood as the exterior domain of a disc. In particular, by
careful spectral analysis, the integer mg in Theorem 1 in this case may be not large.

Theorem 3. Consider the Euler equation in the annular domain (20) with the slip boundary con-

dition. Then the set S = Smax = (R1,1), and for every b € (R1,1) and for every m > 2 satisfying

A, p > 0, equivalently,

b2 1 2 1 R{™

m > 112, 1—(L)2m ((1 - R - RTm) +(1 - g
"2

Y1 - L+ 271 - ), (21)

with €, given by (141), there exist two curves of m-fold symmetric doubly connected V-states with
C?~% boundary bifurcating from 1@\@(’() at two different angular velocities qu b

Some remarks are listed below.
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Remark 1. (1) In the convolution case where K1 =0, one gets from (11) and (13),
Vo) = Vo) = [ (o), with Wio) = dr(a) + dr(be) — (b+ Ponsla).  (22)
0

According to Lemma 4, for sufficiently small values of b, the function x € (0,1) — W¥y(x)
changes sign. Thus, by appropriately choosing the measure u, we can guarantee that the set
S defined in (19) is empty. However, we can in fact exhibit a broad class of measures p
for which the set S is nonempty; see Proposition 8 for further discussion. Moreover, for
all geophysical flows on the whole plane or the disc or the annulus considered in Section 6,
the set S always equals Smax- Performing arguments on the real analyticity of the involved
functions, we can show the dichotomy: either Smax \ S s countable or S is an empty set.
We believe that the latter scenario can only occur when the kernel is identically zero.

(2) In Section 7, we further explore various possibilities for the sign of V;'[0], V;2[0] and Qib
(for m large enough). For each case, we construct illustrative examples of convolution-type
kernels that satisfy the required conditions.

(3) For the 2D Euler equation in the annular domain (20), by letting Ry — 0 and Ry = R,
and arquing as deriving (152), the kernel function K (x,y) given by (140) becomes the Green
function (9). Since the analysis in RD \ {0} in the setting of double connected V-states
is essentially identical to that in RD, Theorem & about the annular domain is a natural
generalization of [29, Theorem 6] concerning the disc domain and one can view the latter
result as the limit version of Theorem 3.

In the proof of Theorem 1, the first key step is to establish the monotonicity in n of the sequences
(QTiL p)nen+, defined in (17), at least for sufficiently large n. This property is crucial to ensure a

one-dimensional kernel of the linearized operator at the equilibrium state, O F (be, 0). Regarding

the terms A, and Xn,b, which are determined by the kernel Ky, both can be factorized as in (11)
and (13) using the universal functions ¢, (z) and ¢, p(x), respectively. The function ¢,(x) has
been thoroughly studied in [63] and was found to satisfy the quantitative estimates (57)-(58) below.
Using these estimates and assumptions (A1)-(A2), we derive the crucial lower/upper bounds of A,
and A, p — Apy1p for every n € N* in Proposition 1. Although ¢,(x) = ¢n,1(x), so far we do not
find an ordinary differential equation satisfied by ¢, () (in contrast to ODE (56) by ¢,(z)), so
the techniques used in studying ¢, (z) as in [63] will not work for ¢, (z). Instead, we develop a
new approach based on Chebyshev’s polynomials to derive the new integral expression formula of
Onp(z) and ¢y, p(x) — Pny1,(z) as respectively in (64) and (68), and then we prove the positivity and
monotonicity of n +— ¢, (z) for all b € (0,1] and = > 0. Furthermore, we show that Xn,b is always
positive and decays very rapidly with respect to n. For the spectral terms p,,; and p, ; defined by
the kernel K7, by using the assumption (A3) and integration by parts, they also decay sufficiently
rapidly about n. Consequently, based on these asymptotics of the above spectral terms, we can verify
the convergence in (18); moreover, under the condition that V;'[0] — V}?[0] # 0, and especially noting
that A, — Apt1, decays much slower than me, Pnp and Dy, p, We manage to prove that for n large
enough, the spectrum sequence (Qib)new is monotonic with respect to n (see Proposition 4).

In verifying the spectral assumptions of Crandall-Rabinowitz’s theorem, it remains to establish that
OrF (Qib, 0) has codimension one and satisfies the transversality condition. To achieve this, we apply
in part a Mikhlin-type multiplier theorem (see Lemma 11).

For the regularity analysis required in the proof of Theorem 1, we note that the singular terms arising
from the induced effects have been precisely handled in [64]. Moreover, the interaction terms are
non-singular, making their treatment straightforward.

The last delicate point in the proof of Theorem 1 is to prove that Spax \ S given by (19) contains at
most countable points in the special case K(x,y) = Ko(|x —y|). To this end, by studying the real
analyticity in b of the universal functions ¢, (bz) and ¢, ,(x), we prove that the spectral terms A,

and X, are both real analytic in b € (0,1) (see Lemma 3), which combined with (14)-(15) implies
that V;'[0] — V;2[0] is also real analytic in b. On the other hand, since the universal function ¥;(z) in
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(22) is positive for b = 0.5 and all z > 0 (see Lemma 4), there exists at least one value b = 0.5 such
that V;1[0] — V;2[0] is strictly positive. Consequently, the desired result follows from the properties
of real analytic functions.

To prove Theorem 2, we analyze the gSQG and QGSW models in the disc. Using summation
identities such as Sneddon’s formula or Lemma 8, we derive explicit expressions for V;}[0] and V;?[0]
in terms of the modified Bessel functions I,, and K,,. Furthermore, we establish that V;![0] — V;*[0] >
0 for all b € (0,1), and in these special cases, the desired existence result follows directly from
Theorem 1.

In the proof of Theorem 3, the main challenge lies in deriving an explicit expression for Green’s
function of the annulus. Fortunately, we have obtained an infinite series representation of Green’s
function, which allows us to apply Theorem 1 through straightforward computations. Moreover, by
some careful spectral analysis in this special case, we present an explicit and natural condition (21)
on m (the value of m may be not large) to show the existence of m-fold symmetric doubly connected
V-staes.

The remainder of this paper is organized as follows. In Section 2, we derive the boundary equation
governing the doubly connected V-states, and explore the linearization around the equilibrium state
(annulus), along with the associated spectrum (linear dispersion). In Section 3, we analyze key
qualitative properties of universal functions = + ¢, () and = — ¢,(bx) that appear in spectral

terms A, and A, ;. Section 4 is dedicated to crucial spectral analysis. We first establish the
lower /upper pointwise bounds of certain spectral terms. We then investigate the positivity of the
discriminant A, ; and the distribution of spectra be for n large enough. In Section 5, we present a
detailed proof of Theorem 1, and Theorem 4, dealing’ with a more general statement on the existence
of doubly connected V-states. As immediate applications of Theorem 1 and Theorem 4, we revisit
and reprove in Section 6 the known existence results of doubly connected V-states for 2D Euler,
g5QG and QGSW equations in the whole space as well as for the 2D Euler equation in the radial
domain. Furthermore, we establish Theorem 2 and Theorem 3 with regard to some new results
to these models. In Section 7, we further discuss the possible signs of V;'{0], V;2[0], and Qi[b for
sufficiently large n as well as clarify the meaning of stable and unstable states. Finally, some useful
auxiliary lemmas are compiled in the Appendix.

2. BOUNDARY EQUATION OF DOUBLY CONNECTED V-STATES AND LINEARIZATION

The primary goal is to derive the equations that govern the boundary motion of rotating doubly
connected patches, modeled by a nonlinear transport system that couples the two interfaces. The
secondary objective is to analyze the linearized operator around the annulus, represented as a matrix
Fourier multiplier, from which the dispersion relation can be obtained.

2.1. Boundary equation. Consider a vortex solution with doubly connected rotating domains,
defined by (10) and angular velocity 2 € R. We assume that the boundary 9Dy, which consists of
two interfaces, can be parameterized in polar coordinates as follows:

Z(t, ) T — 8Dt,

z1(t,0) itQ o (VB2 F2r1(0)e”
0 t,0) = = 0) = .
> 2(t,0) < L)) =€ A0 Ze 1T 25 (0)e® )
z1(0)
22(9)
22(0) = \/1+ 2r2(0)e? represents the outer boundary of D. It is a classical fact that, since the
boundary is transported by the flow, the patch equations can be written as follows:

ath(t,e) ‘n; = u(t,zj(t,ﬂ)) -1y, ] = 1,2,

where z(6) = < > , with z1(0) £ /b2 + 2r1(0)e”® (0 < b < 1) is the inner boundary of D and

where n;(t, zj(t,0)) = i9pzj(t,0) (j = 1,2) denotes a normal vector of D, at z;(t,0). Note that
u(t7 Zj (ta 0)) ‘ny = _89 [w(t7 Zj (tv 0))] s
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and
D3 (1,0) - my (L, 25(1,0)) = T (Dy5(t,0) Dy (1,0) ) = 275(0).

Taking advantage of the symmetry assumption (5), we see that

Bt 2(1,0)) = /D K(e22;(0), ¢"%y) dy

= /DK(zj(H),y) dy.
Hence, the rotating patch equations can be rewritten as
ari6)+an( [ Ks@wy) =0, j=12 (23)
D
Using the polar coordinates yields
2 Ra(n) 0 ) )
/ K(z;(0),y)dy I/ / K(R;(0)e", pe')pdpdn, j=1,2,
D 0 Ri(n)

with

Ri(0) £ /b2 +2r1(0), Ra(0) = /14 2ra(0).

Therefore, by setting

2m rRa(n) W0
r(0) 2 (7"1(9))’ o = (& %z(m K(Ri(0)¢", pe™) p dpdsy | (24)
r2(0) T L K (Ra(0)e™, pei) pdpdy
the equations (23) become
F(Q,r) 2 Qr'(0) + 0pFy[r](0) = 0. (25)

Additionally, notice that Rankine vortices 1D\@(a:) are stationary solutions of the equation (25),
F(©2,0)=0, VQeR, (26)
which follows from the symmetry assumption of K(x,y).

2.2. Linearization. We now proceed to linearize the nonlinear functional equation (25). This can
be accomplished in a straightforward manner, following the approach used in previous works, see,
for instance, [31, 53]. We have

OeF (2, 1)h(0) = Q1'(0) + By (Vi [x] (0) h(0) + LIr](1)(9)), (27)
where
_ (Vo) o
Vb[r](e) = < b 0 Vé?[r](@))’ (28)
with
1 _ 1 o Rt 0 iy b
Vb[r](e)—Rl(e)/o - (VXK(Rl(H)e ,pe) e )pdpdm -
V2] () = — i VK (R2(0)e?, pe) - ) pdpd
20 =g | (TGO pe) ) papin,
and
_ —K(R1(0)e, Ri(n)e™)  K(Ry(0)e™, Ra(n)e™)\ (‘hi(n)
b0 = [ (Titmgren mimem x(mores momen) (i) - @
Since

K(x,y) = Ko(|x —y]) + K1(x,y),
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by applying the Gauss-Green theorem, we infer that

Vi rl(6) = Rf@// J(Ko(| B (0)e” — 1)) - ) dy

27
Ki( 0 iy | 6
R1 9 / / V 1(R1(0)e”, pe') - e )pdpdn

- 31 5 [ EaR0)6" = Balme) (= 0, (Rofr)e™) - "

~ 7 [ RO = Ra(a)e) (0, (R (n)e™) -
2m
Rll(é? / / V <K ( Rl(ﬁ)ew,pem)-eie)pdpdn, (31)
and similarly,
2 1 % - % 30
VERI0) = = gy [ KoURa(0)e” = Ra(ae (= 0, (Ro(n)e’) -
R;(e / Ko(|Ra(0)e™ — Ra(n)el™]) (i Ry (n)e™)) - ety
2m
1 V K1 (Ra(0)e? | pe™) - ’0>pdpd17. (32)

Now, we collect some useful facts in the polar coordinates. Denote by
G1(p1,0, pa,n) = Ki(pre”, pae™),  Glp1,0, p2,m) £ K(pre”, pae™), (33)
then thanks to assumption (A4) we have
Gi(p1, =0, p2, —n) = G1(p1,0, p2,n),
Gi(p1,0+ 6, pa,n+0)=Gi(p1,0,p2,m), VO €R.

Hence, we get in particular G1(p1, 0, p2, —1) = G1(p1, 0, p2,7n), and by differentiating in ¢’ at 6" = 0,
the second identity in (34) yields

(34)

80G1(01797P2777) = _877G1(P1797/72777)7 aQG(P1707P2777) = _877G(P1707/72777)' (35)
By letting x = p1e?? and y = p2e', we get from straightforward computations:
9, G cos ) — DgGEnl 8,,G cosn — O, GERN
«K — P1 p1 K _ P2 T " py )
V (X7 y) (aplG sin 0 + aaGc’(l)Jle> ) Vy (Xa Y) <8p2G Sil’l n + 877GC(;S277 (36)

Note that the above identities hold true when (K, Q) is replaced by (K7, G1).

Next, we consider the linearization around the trivial solution r(¢) = 0. For V;![0] and V{?[0], the
formula (29) gives

1 27 . . .
Vo)) = ; /0 /b (T (be™, pe) - ) pdpe,

21 1 ) ) )
N / / (vxK (€, pe') - ew> pdpdn,
0 b

and by virtue of (34), we also have

V0)6) = = [ Ballbe! = ) (=i, ) - ey

(37)

—2/K0(b|ei9 — M), (be™)) - ¢ dn
T

1 2 1 ) ) )
+ - / / (VxKl(bew, pe') - ew>pdpdn
b 0 b
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1 7 in
== Ko(]b —e"|)cosndn+ | Ko(b|1 — ") cosndn
T T

1 27 1
+ g /(; /b aPlG’l (570707"7)p dpd?%

and similarly,

VEI0)6) =~ [ Ko(l1 = e cosndn+b [ Kal[1 = b cosdy

27 1
+/0 /b8p1G1(1,0,p,n)pdpd17-

Thus, we find that V4[0] is indeed a constant matrix independent of 6. For £[0](h), we get

. ew ei” 61‘9 ein
cioimo) = [ () o)) (e an

- CRG KGw) () o
hin
han

£io)(h) = 3" Ay (Z;Z> oo,

neL

For every smooth function h(0) =", < > e we have

where

2 —K(b,0e")  K(b,e")\ inn
A”’b_/qr(—K(l,bei”) K(1,em)y) ¢ 0 (38)

Notice that A, , = A_,; and the operator £]0] is a Fourier multiplier operator with the discrete
spectrum set sp(L[0]) = {A,,,, n € N}. Direct computations also give that

o0 (Valr)(0)(0))

— 95 (Va[0](9)n(9)) = V;[0]W'(0),

r=0
and
oo (LI 0)(6))| = 2a(L[0](0)(6) ) = LI0)(W)(0).
Hence, we find
0. F(Q,0)h(0) = Y zn(Q Id + V,[0] + An,b) (Z;"> e, (39)
nez\{0} o

where Id is the unitary matrix of R%2*2,

2.3. Spectrum. In the following, our aim is to describe the structure of the linearized operator in
the annular patch. This operator takes the form of a Fourier matrix multiplier. The key objective is
to derive the dispersion relation using a factorization formula. From the decomposition

K(x,y) = Ko(|x —y[) + K1(x,y),

we rewrite A, p, given by (38), as

—Anb X b . s (—Pnb Dnp
Ay = Ml W Py, th P, = T ™ 40
" <_/\n,b )\n,1> e et <_pn,b Pn1 (40)

and (we may assume 0 < b < 1 below to give some unified definitions)

D 2 /T Ko(2b|sin 1)e™dy, Ay 2 /T Ko(|b— ))eimd, (41)
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with
Pop = / K1 (b,be™)e™dn,  ppp = / K1(b,eM)e™dy. (42)
T T
In the above, we also have used the facts that
|b—e”’| :\1—be*""\ = ]1—be“7|, (43)
and

Ki(b,e) = Ki(be™™,1) = K1(be™,1) = K (1, be™).
Denoting by

1 2 1 1 2 1 )
a2y [ [ anGiwopmpdpdn = [ [ VK (0T pdpn, (1)
o Jb o Jo
and
2w 1 2w 1 )
Ebé/ /b 8p1G1(170,p,n)pdpdn=/ /b ViK1(1, pe™) - (1,0)" pdpdn, (45)
0 0
we also recast V4[0] as
Vi) 0 > ALb — FA1p + G 0
vplo]=(° = ~ . 46
o) < 0 Vo] 0 —A1,1 + by + G (46)

Next under the assumption (A1), we factorize the coefficients A, and me by using some universal
functions. In view of (3), we deduce by Fubini’s theorem that for any C' > 0,

Ko(t) = Ko(C) — /Ct /0 e dp(z)dr

oo —tr _ ,—Cx
— Ko(C) + / £ T dua)
0 X

Thanks to Fubini’s theorem again, we have that for every n € N* and 0 < b < 1

27 27 —Qb:csm _ efo )
Anp = Ko(2bsin 4)e nndy = / / e dp(z)dn

0
/ /QF —2bz sin 4 zm]d d ( )

_ /0 o (b) i p) (47)
where?
2 o ™ . )
an(l') A /0v 6—2xs1n§em77d77 — 2/0v e—2x 51n7]ez2n77d77. (48)
In addition, in light of the relation (43), we find
2 2w

Xn,b = Ko(‘l — bem|)eim7d77 = K()(|b _ 6i’7])em’7dn
0 0

2r  poo €f|1fbe“7|x — e Cz
= / / e dp(z)dn
o Jo z
_ /oo /27r €—|1—bei"|xeinndndu(x)
o Jo x

_ /O > qﬁn’b(:v)dﬂa(:x), (49)

2Indeed, the universal function ¢, () defined by (48) is two times of the same function in [(4].
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where

2w ) ‘ 2 )
Cbn,b(x) A / e—|1—be”“"\xem77d77 _ / e~V 1+b2—2b cos nemndn‘ (50)
0 0

In order to apply the local bifurcation tools, i.e. Crandall-Rabinowitz’s theorem, we first need to
analyze the lack of invertibility of the linear operator 0, F'(€2,0). Namely, those values of €2 such that

det (QId + V;[0] + A, ) =0, (51)
equivalently,
det (Q + V(0] - Anb = Pnp ;):n,b + Pnb ) _o.
—Anb = Db Q+ V7 [0] + Anjy + o
Denote by
App 2 =VHO + Nop + pop = —A1p + %Xu) —Cy+ Ay + Pnp (52)
and
Bup 2 VP20l = Ayt — Png = A1 — le,b —Ch— An,l — Pnjl- (53)
Then we can rewrite (51) as
02 — (App + Bup) 2+ AnpBop + A + Brp)? = 0. (54)

The discriminant of the quadratic polynomial (54) is as follows
Anp 2 (App+ Bup)? — 4(AnpBap + b + Pup)?)
= (Anp — Bup)? — 4(0p + Pup)?-
It will be used later in the discussion on stable and unstable modes.
3. ANALYSIS OF THE UNIVERSAL FUNCTIONS

In this section, we collect several properties of the universal functions ¢, ;(x) and ¢, (bx) that
appear in (47) and (49), which play an important role in the spectral study below.

3.1. Positivity and Monotonicity of ¢, (). For the universal function ¢,(x) = ¢y, 1(x) given
by (48), according to [64, Eq. (2.15)] and [64, Eq. (3.3)], it satisfies an ordinary differential equation
(ODE)

2
8
Gn() + 710, (2) = 4(1+ 55 ) oule) = ==, x>0, (56)
with the boundary value ¢,(0) = 0 and ILm ¢n(x) = 0. Based on the study of equation (56), the
authors [(4] prove the positivity and monotonicity of the map n +— ¢, (x), and moreover show the
following quantitative estimates (see [64, Lem. 3.2] and [0, Prop. 3.3])
8n? T 8n? T
< <
4n? 4+ 1 n? + 22 \¢n(x)\4n2—1n2+x2’ (57)
and
2n+ 1)z 8(2n + 1)x
CUha) < 6u(@) = buna (@) < —n ¥ DT (58)

(w2 + ) ((n + D +0?) (22 +a2) (0 + D2 + 27)
However, the deformation in b is so strong, and we do not succeed to find an ordinary differential
equation for ¢, p(x) with b € (0,1). Here, using Chebyshev’s polynomials, we find a new approach to

show the positivity and monotonicity of the function n — ¢, (z), which also applies to n — ¢, ()
for all b € (0,1).

Before proceeding forward, we recall the definition and some properties of Chebyshev’s polynomials
(see e.g. [16, Sec. 8.94]). The Chebyshev polynomials of the first kind 7}, is defined by

Vo € [-1,1], Tp(x) £ cos(narccosz), Vn €N, (59)
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and the Chebyshev polynomials of the second kind U, (z), € [—1, 1] is given by

U, () & Snlln + 1) arccos ]

, VneN. (60)

sin(arccos )

The Rodrigues formulas for Chebyshev polynomials of the first and second kinds respectively read
that

) = (1 gy (= e g = et (61)
and
U(a) = (1) s (a7 [ =ty (62)

First, we give a direct proof for the positivity of ¢, p(x) with any 0 < b <1

Lemma 1. Let n € N* and 0 < b < 1. Then, the function ¢np(x) is strictly positive for any
x € (0,400) and satisfies

Yz >0, 0<pp(z) < 2me” 1707, (63)
Proof of Lemma 1. By changing of variables and using (59), we write
2m in ; & in
bnpla) = [ eIy 2 [T cos(uy
0 0
™
_ 2/ e—z\/1+b2—2bcos7y Tn(COS ﬁ)dﬁ

0

1
— 2/ 6—:E\/1+b2—2byTn(y)(1 o y2>—%dy

Next, we apply the Rodrigues formula (61) to the above identity, and we find that

0nile) = i [ B

Noting that for any £ =0,1,--- ,n — 1,

dk 1
el
<dyk [( y ) 2] y==1 ’
through integration by parts, we conclude that
\/7? /1 d" ( —x\/1+b2—2by> 2\n—1
—_— — e 1—y*)" 2dy. 64
We claim that for each z > 0 and b € (0, 1] the function
y € (=1,1) = e #VIH =2y 2 W) with  Wy(y) £ —2/1 + b2 — 2by, (65)
is absolutely monotonic, that is, for any n € N,
d’n
= (e—mv”bQ—%y) >0, Vye(-1,1). (66)
Y

This ensures that ¢, is strictly positive in (0,00). Let us now move to the proof of (66). First, we
observe that W is absolutely monotonic, since

Wi(y) = ba(1+b* —2by) 2 > 0;
and after successive differentiation we see that

VneN, Vye(-1,1), W,f“")(y) > 0.
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Now, since t € R + €' is absolutely monotonic, by composition we find that e"* is absolutely

monotonic. This last property follows from Faa di Bruno’s formula:

ﬁef(x) = f(@). iBn’k(f’(:U),f”(x), el f(n—k+l)<x)),
k=0

dx”

where By, (21,22, -+ ,Zn_ky1) are the Bell polynomials, and their coefficients are all positive num-
bers.

As to the estimate of ¢y, ;, we note that

1= bei| = /T4 52— 2bcosy = /(1 — b)? + dbsin® . (67)
Therefore, we deduce that for any z > 0 and b € (0,1),

2
‘anb /Tr x4/ 14+b%— 2bcosnd,’7<2ﬂ_e (1— b)

The next result is about the strict monotonicity of n +— ¢, ().
Lemma 2. Let n € N*, z € (0,400), b € (0,1]. Then the map n — ¢y, () is strictly decreasing.
Remark 2. By Riemann-Lebeseque theorem, applied with (50), we get lirf dnp(x) =0. Thus, the
n—-+0oo

strict decreasing property of n — ¢, p(x) implies the strict positivity of ¢np(x) as shown before in
Lemma 1.

Proof of Lemma 2. From (50) and ¢, € R, we rewrite the difference ¢,,11 — ¢np as

Pnt16(7) — Onp(z / V2o il i)
/ \/m(ei%n _ efi%n)ei(fﬂr%)’?dn
=— 2/ L2 =2beosn gin D sin ((n + 2)n) dn.

According to the definition of Chebyshev polynomials of the second kind U, in (60), it holds that

Un(cos®)sinf = sin(m + 1), VYm e N*, 0 € [0, ].

Hence, we have

Gnt1.6(T) — Pnp() = —2/ \/m(sm )2Usp (cos 1)dn

2

_ _2/0 e—a:\/(l—i-b)2_4bcos2 g(l _ cos? g)UQn(COS Q)dn

2
g 2 2
= —4/ e~V (IH02—dbeos®n (1 _ o2 1)Uy, (cos n)dn.
0
By changing of the variable y = cos 7, we find

Gui1p(x) — dup(x) = —4 / oI B7 7, () /T — Pdy,

Using the Rodrigues formula (62) g1ves that

Vr(n+1) (1+b)2—4by? " 2\2n+1
brsiale) = oafe) =~ e [ TP L (1 ey

Noting that

dk o
(@[(1—y2)2 +2])‘yzi1 =0, Vk=0,1,---,2n,
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we integrate by parts to deduce that

1 n
b1 l®) = fup(z) = — LY / L (emnVIR=) (1 — 223y, (68)

2 10(n + 3) Sy dy?n

We will show that

2n
;% (e*x <1+”>2*4by2> > 0. (69)
y

First we write in view of the notation (65),
etVUFP =2y — W) & (o) with Wy(y) 2 —a\/(1+ b)2 — 4by.

According to the same argument as the proof of (66), the function y € [0,1] — H(y) is absolutely
monotonic. Using Schloemilch’s identity [35], based on Faa di Bruno’s formula, we infer that

dzr = (2n)!
H(uy?) = 9u)2n—2k pr(2n—k) (, 2 .

Therefore, the function y € (—1,1) — H(y?) is absolutely monotonic.
As a result, (68) and (69) imply the required monotonicity property, that is, ¢p41.4() — dnp(x) <0,
Vn € N*. O

3.2. Analyticity of universal functions and related spectral terms. In this subsection, we
deal with the real analyticity in b € (0,1) of universal functions ¢, (bx), ¢, (z) and related spectral

terms A, p, App. Recall that a real function z — f(x) is real analytic on an open set D is equivalent
to that f is smooth and for every compact set Dy CC D, there exists a constant C' > 0 such that
for every x € Dy and every k € N* the following bound holds

df

@(9&)‘ < CMHLEL, (70)

o0
In fact, the inequality (70) implies the convergence of > %(y —z)F forany y € (x — &,z — %)
k=0

Lemma 3. Let assumptions (A1)-(A2) be satisfied with some o € (0,1).

(i) For any n € N* and x € (0,+00), the functions b — ¢, (bx) and b — A,y are real analytic
on (0,1). N

(ii) For any n € N* and x € (0,4+00), the functions b — ¢ p(x) and b — A,y are real analytic
on (0,1).

Proof of Lemma 3. (i) From (48), we see that ;—;g(gﬁn(bx)) = xkgéglk)(bx), where

27 ..n k .
o) (z) = / e 2wsing ( — 2sin g) e"™dn.
0

Using the facts that for any x > 0 and ¢ > 0,
x X
e a7 = / (e7¥y?) dy = / (—e ¥y +oe vy’ t)dy
0 0

+oo
< a/ e Yy ldy = ol (0),
0

and for every —1 < s < 0,

2m n\ s g s
/ <sin—> dn:4/ (sinn)sdngél/
0 2 0 0

we infer that for every z > 0 and —1 < s < k,

’ k—s i (k) b _ o —2bx sing o K k—s ginn g
"2 (bx)| = e 2sin o) T e™dn
0

[\v)
/N
| Do
3
N—
V)
o,
3
VAN
)
3
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2 ..n k—s
<2° / g~ 2bwsing <2 sin g) zk=s ( sin — ) dn
0

2m
< (k= s)D(k — 5)2°p~ (=) / (sm 77) dn
0

2
< (k—s)F(k—s) 9sp—(k—s) maX{ _:_Tl,?ﬂ'}. (71)
s
For the endpoint case s = —1, noting that
27 z z
/ e—msingdn _ 4/2 e—zsinndn < 4/ e Trm]dn < 2£
0 0 0 T

we instead have that for every x > 0,
2m . n\* .
’xk—i_l(ﬁ%k)(bx)’ _ ‘ / e~ 2bzsin 3 ( — 9sin 5) l,k-i—lemndn
0

2T
< 2°0 7Rk (k) / e brsing dy
0

< w2kt = (kg (72)

Hence, the analyticity of b — ¢, (bz) for any x > 0 and b € (0,1) is ensured by the case s = 0 in
(71), indeed,

dk(¢n(bx)) —k
Choosing s = 1 in (71), it follows that
d* ¢, (bx) _
L ok g8 1) = Jal |60 (b < b0 — 1),
which together with (72) leads to
d* ¢, (bx) i Crk! =z
‘ dbF ‘_‘ o (b)) < TV 14 a2 (73)
with some absolute constant C' > 1. Next, for A, ; given by (47), we see that for any k € N,
d*Anp /+°° d* ¢, (bx) du(w) (74)
dok 0 dok x

According to (4) and (171), we infer that for a € (0,1),
1 1
/ KL ()|t < (1— a+ a2)/ |Ko(t)[t=dt + | Ko(1)] < +oc.

By virtue of (3) and Fubini’s theorem, it follows that

+oo
/ ‘KO tl a+a? dt = / / ftmtl ata? dﬂ( )d
e —tx l—ata?
/ / t dt du(x)

:/ —2+a [ / _ttl a+a? dtdu( )<+OO.
0 0

Noting that
s [* 1
lim (g 2te-@ / etlmota’ gy — >0,
z—0+ 0 T2 _ata?
there exists some constant ¢, > 0 such that

c o2 [T o
—*_Lgeme? [ ethletalqr wr >0,
]__|_$2—a+o¢ 0
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which directly implies that

! dp(z ! du +o00
— <2 —_ .
Hence, from (73), (74), and (75), we see that for every k € N*,

d*X,pp  CFED [T 1 <0k+1k!
’db’f )\ R e LG T

which concludes the analyticity of b — A, p in the interval (0,1).
(ii) Recalling that

2w T
¢n,b(x) _ / e TV 1—%—1;2—2bc0s7761'7177(177 — 2/ e—x\/l+b2—2bcos77 cos(my) d77,
0 0

we introduce the extension map:

s
z €Dy (7)) 2 2/ eIV IH22 =22 0081 (66 (),
0

where the domain D; is given by
Dy £{z=121+iz |2 <1-2z,2 €(0,1)}.

For z = b € (0,1) C Dy, we see that ®,, ,(x) = ¢, p(z), thus we intend to show that @, , and the
associated map

dp(z)

—+00
2Dy / By (2) (76)
0

are both analytic in z € D;. By the definition of Dy, it follows that for any z € Dy and n € [0, 7],
Re (1 +2? —2zcosn) = 1+ 28 — 25 — 2z1cosn = (1 — 21)* — 23 > 0.

Since z — 1/z has a unique analytic branch for Rez > 0 and 1 + z? — 2z cos 7 is analytic on z € Dy,
we know that for any fixed n € [0,7] and 2 > 0, the map z € Dy —» e 2V H2*=22c087 jg analytic.
Obviously, the map z € Dy +— ®,, ,(z) is continuous. Furthermore, for every closed piecewise C!

curve T' in Dy, the function z € I’ s ¢ @V1+2~2zcosn g uniformly bounded for any n € [0, 7].
Hence, we apply Fubini’s theorem to get that

515 P z(x)dz = 2/ yg =TI+ 22008 n 4y o nndn = 0,
r o Jr

where we have used the fact that z € Dy —» e~V 1+2*~2zcosn jg analytic. Consequently, by Morera’s
theorem (e.g. see [88]), for any fixed z > 0, the map z € D; — ®,, ,(z) is analytic. Next, we focus
on the map given by (76). By virtue of Lebesgue’s dominated convergence theorem and the fact
®,,,(0) = 0, one can check that this map (76) is continuous in Dy, and in addition, for every closed
piecewise C'! curve I' in Dy, there exists a positive constant Cp > 0 such that

®,,.,(2)| < Crae™®/CT,

Taking advantage Fubini’s theorem and (75), we deduce that for every closed piecewise C! curve

I' c Dy,
“+o0 —+o0
?5 / 5, (:U)dﬂ(a?) g — / 95 B0 a() L@ _ o
rJo T 0 r x

As a consequence of Morera’s theorem ([33]), the map (76) is analytic and thus b € (0,1) — Xn,b is
analytic. ]
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Remark 3. From the complete monotonicity of —K{(t) and (75), we see that
Kool <l = [ et <o s,
which implies that
Ko(t)] < | Ko(1)] +/lt K)(6)] < Colt+1), V> 1.
Then it follows from (A2) that for any ag > 0,

ag 1
/ |Ko(t) [t dt < / |Ko(t)[t ot dt + /
0 0 1

1 9 max(1,a0) )
< / | Ko (t)|t T dt+C’0/ (t+ 1)t dt < +oo.
0 1

max(1,a0)

|Ko(t)|t ot dt

4. SPECTRAL STUDY

In this section, we mainly study the "nonlinear eigenvalues" corresponding to the solutions in
Q of the dispersion equation (54). They are denoted by Qib as described in (17) provided that
the discriminant A, , defined in (55) is strictly positive. We first derive the pointwise lower/upper
bounds of some spectral terms appearing in (17). Next, we show the positivity of A,, ; for sufficiently
large n under the condition (86); and furthermore, for the special case K = Ky(|x —y|) we show that
condition (86) holds by removing at most a countable set of b € Spyax. Finally, for n large enough,
we study the monotonicity property in n of the real roots Qib.

4.1. Pointwise bounds of several spectral terms. In this subsection, we present some upper
and lower bounds about the spectral terms Ay, p, Ay p and py, p, Ppp, which are given by (41) and (42),
respectively.

Proposition 1. Let assumptions (A1)-(A4) be satisfied with some o € (0,1). For any 0 < b < 1
and n € N*, the following estimates hold:

1 C 1 C

Cn2 < Anp < ma—aZ'  Cnd < b — Ant1p < nlta—a? (77)
and
~ Crp .
0<Ap < o Vk € N¥, (78)
~ C
[Pr bl + [Prpl < 7, (79)

with some C > 1 and Cjp, > 0.

Proof of Proposition 1. We begin with the estimation in (77) concerning A, ; given by (41). Via
integrating by parts, we have
2m

0<A\pp = ’ Ko(2bsin ) cos(nn) dn’
0
b 2
= n‘/o K{(2bsin ) sin(nn) cosgdn‘

C

= na—a?

27
/0 |K6(2bsing)|] sing|1_o‘+a2dn, (80)

where we have used that ‘Sir.l(”ﬂ") | < Cn and |sinnp| < 1. In addition, using the fact that

Sin 2

2p<sinp <y, 0<n< 3,
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together with the decreasing property of |K((t)|, Lemma 10 and (4), we deduce that

27 z
/ ]K(’)(Qbsing)Hsing\l_a"‘ann = 4/2 ]K6(2bsinn)Hsinn[l_o‘+°‘2dn
0 0

<4/ ’K’<4b )’nl_a+a2d77

2b
c/ \Ko(n)ln~t*’dn + C < C, (81)

which combined with (80) leads to the upper bound of A, in (77). The lower bounds of A, ; and
Anp — Ant1p follow from (47), (57)-(58) and the fact that the measure p is a nonzero non-negative
measure. Indeed, there exist some 0 < d < oo and ¢, > 0 such that x([0,d]) > ¢, thus

o' 2
Moy > / S b du(a)
0

4n2 4+ 1 n2 4 b2x2 H

>8b/1 d(a:)>8j G5 1
~ 5 J, n?4 b2a? )2 52 2@ © On?
and
o (2n +1)b
Anb — An > d
b Antld /0 72 1022 (n + 1) + 022) M)
cx(2n+1)b 1

> > .
(n? 4+ b2d?)((n + 1)2 + b2d?) ~ Cn?
For the upper bound of A, j — Ap41p, from (41) and applying integration by parts, we deduce that

2m
Mb = Anii = | / Ko(2bsin ) ((cos() — cos((n + 1))
0

2m
:2)/ Ko(2bsin ) sin 7 sin(nn+g)d77‘
0

2 ‘/%cos( + ) d (K (2bsin ) si 77>d ‘
= nn+ 4)— sin Z) sin 2
n+31Jo 1R g\ 2/ )

2 27 ) d2 . ‘
- W‘/o sin(nn + 3) d—nQ(Ko(Qbsmg)sm g)

where in the third and fourth lines we have used the following estimates to eliminate the boundary
contribution (owing to assumptions (A1)-(A2) and Lemma 10)

to
lim [Ko(#)t] < lim t/ (= K)(r))dr + lim [Ko(to)|t
t t*)0+

t—0+ t—0+

L o i (82)
< lim ¢*7¢ / (= Kj(r)r'=*te)dr =0
t—0+ t
and
lim (— K'(t)t?) < lim > / KU (6270 At + lim 2| K" (o))
t—0t t—0t+ t—0+
(83)
< lim %~ a2< KO( ot qe 4 | Ko(to) |ty ) =0.
t—0+ t
In view of the fact that \M] < C(2n+1) and |sin(n + 3)n| < 1, and using Lemma 10, we can
2

argue as (80)-(81) to deduce that

C 2m . 7 17a+a2 77
Anp = Angip < m ; (sin 7) <K0(2bsm sin 4 )’dn

=y
:‘%
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< C
MRS
as desired.

Next, we consider the estimates (78)-(79). For ¢, (x) given by (50), through integrating by parts

*

and using (67), we directly obtain that for every k € N*,

0< (bnb — ’/ 14b2— 2bcosncos m7)d77’
_ 7‘ / 14-b2— 2bcos77 bz sinn sm(nn)dn‘
V/1+02 —2bcosn
< i o k1 efx\/l+b272bcosn bz sinn d
n V1402 —2bcosn
Chb -
Sl (=023 Py (2),

where Py (x) is the k-th order polynomial about x. Hence, for Xn,b given by (49), by virtue of (75),
we infer that for any k£ > 0

- C +o0
0 <App < nkk’b e D7 Py (z)dp(x)
0
Crp Pk,1(x)(1 +x2) /+o° 1 ékb
< — < —.
n* <x€[07+oo) =) ) o 14a? le) <

Recalling that p,; and p,; are defined in (42), the corresponding estimates in (79) also follow
from integration by parts. Indeed, taking p,; as an example, thanks to (A3), it follows from the
periodicity of n € [0,27] — K7 (b, be') that

27

‘ K (b, bem)em”dn‘
0
I i 4 in
= ﬁ‘ ; K1(b,be 77)(3776 ")dn‘

1 o % in c
n4‘/0 0§<K1(b,be’7)>e 77d77‘ Sﬁ

This completes the proof of Proposition 1. O

N

4.2. Asymptotic structure of the discriminant. The stability of the annular solution 1D\bﬁm is
related to the sign of the discriminant A,, ; introduced in (55), see Section 7.2 for more discussion. It
is important to note that bifurcation may occur when neutral stable modes with simple eigenvalues
are present. Analyzing the sign of the discriminant is quite challenging due to the complexity of
its structure. However, in this work, we will focus on its behavior for large modes by leveraging
the asymptotic behavior of the involved functions. This approach will provide valuable information
about the stability criteria in the asymptotic regime.

We have the following result on the positivity of A, .

Proposition 2. Let the kernel function K satisfy the assumptions (A1l)-(A4). Then the following
statements are valid.

(i) We have

2
Ay ® lim Ay = (V0] - 12[0])° = ( /0 L) () + —a) , (84)
with
Wy () 2 ¢1(2) + ¢ (bx) — (b+ $)os(x), (85)
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and the coefficients ¢, and ¢, are defined in (44) and (45), respectively.
(ii) Assume that b € Spax 1S such that
vy 10] = V7[0] # 0. (86)
Then there ewists Ny € N* so that for any n > Ny, A,y is strictly positive.

Proof of Proposition 2. (i) From A,,; and B, given by (52)-(53), and in view of Proposition 1, we
see that

lim A,p =V, 0] = 1h 5 — Aip—
n—0o0

= /OOO <2¢1,b(9€) - ¢1(b$)> dﬂx(x) — G, o

lim B, = —Vi2[0] = —bA1 s+ A1 — G

— 7 (ponsto) - ) ) -, o

where we have used the expressions (47) and (49). Applying (55) and Proposition 1, it follows that
. . 2 N N2 2
lim App = lim ((An,b = Bunp)” — 4(Anp + Pp) ) = (V;'[0] — V2[0])".

n—oo

Then combined with (87)-(88), this leads to (84), as desired.
(ii) Condition (86) implies that 11111 A, = (V0] — V;2[0])? > 0. By continuity, there exists a
n—-+0oo

sufficiently large N, € N* depending on b such that A, ; > 0 for any n > Np. O

and

Remark 4. In the convolution case K(x,y) = Ko(|x —y|), one can consider the vanishing limit as
b — 0, which will transform the doubly connected case to the simply connected one. We expect as in
[64] the existence of some b* > 0 such that for any b € (0,0%), the discriminant A,,;, remains strictly
positive for all n € N*. However, achieving this for general kernels appears to be challenging.

Indeed, from (55), we write
Anp = (Bup = Anp = 250) (Bup = Anp + 2Anp).
Thanks to (47), (49) and (52)-(53), we find that Bpy — Anp %+ 2np equals to
| (0100) = 6u(0) + 61(00) = 6(b) = G-+ Do) £ 2600(0))
Consequently, in light of (48), (50) and (93), we find that for any fived z > 0,
Tim (61(2) — 60 @) + 61(62) — Gu(b) — b+ D)14(2) & 20n4(x)) = 61(2) — ) — T,

and thus, formally,

dp(z)

> dp(z) )
lim A, = ( z) — ¢plx) — 71'336_3”> .
fareet n,b </0 ¢1( ) d)n( ) -
At this level, the pointwise limit is nonnegative, but it is not clear whether it is strictly positive as
the integrand may change sign. In fact, similar to Vy(z) in the lemma 4, there exists 0 < x, < z*
such that the function x € (0,400) — ¢1(x) — dop(x) — Txe™™ is strictly negative for x € (0,x,) but
strictly positive for x € (x*,400).

In the following, we present some properties of the functions ¥, given by (85) along with the
functions
x € (0,00) — ¢1(bx) — %gbl,b(:z:) and x € (0,00) — by p(z) — ¢p1(x)
which play a crucial role in analyzing the sign of V;'[0], V;2[0] and V;![0] — V;?[0].

Lemma 4. The following assertions are true.
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(i) There exist x, € (0,400) and by € (0,1) such that for every b € (0,bs) and z € (0, z.),

P1(bx) — Fh1p(z) <0, bo1p(z) — d1(z) <0, Ty(z) <O. (89)
(ii) For any b € (0,1), there exists x* = x*(b) > 0 such that for every x € (z*,+00),
P1(bx) — Fh1p(z) >0, bo1p(z) — 1(x) <0, Ty(z) > 0. (90)

(iii) For b = 0.5 we have
Uo5(z) >0, Vo> 0.

Proof of Lemma 4. (i) Recall from the expression formula (64) that

1 1 — 2 L
b14(x) = 20z / LT G 0 L (91)
-1 (1+0b%2—2by)=

and
1
61() = b1 (x) = vz / VIR g)hay. (92)

Thus, we find
1

. . . 1 . —x 2 1 _ —x
bl_1>r£1+ b1 p(x) =0, and bl_l)r(]glJr 1o1p(x) = 22 /16 (1 —y*)2dy = mxe™ *. (93)

The above formula together with
Witz —1<|z], Yo>-1, 1+b%—2by=(1-0b)+2b(1—1y),
allow getting

A

1 2 _
<2x( o /TT oy | (L+ 0P — 2by)3 1|( J)hdy
- (1 —|—b2—2by)

1
/142 — _
+/ ‘ex 1+b 2by_ex
-1

§015(7) — mTe

(1- yz)édy>
b 0% — 2by| :
< 2z 6_(1—1;)3:/ ‘7 1—-y%)2d
( ey (1—y7)2dy
/ / V142 —2by -+ (1— M|z (1 M)\(l—y2)édndy>
2
<2xe—(1—b):c< mb —|—27rbl’). (94)

=
On the other hand, we can deduce from (91) that

1 1 2)t
0 < bory(z) < 26%ze (170 / -2
—1 (1462 — 2by)? (95)

Y

_.2y1/2
where we have used the inequality % < 1. Hence, we obtain that for b € (0,1) and = > 0,

4
(b+ $)d1p(z) — 71'1:672‘ < bpe~ (1702 (173) +4b + 47m:>. (96)
In addition, by virtue of (57), we know that
8 bx 8 bx
S < s . 0<b<1. 97
515 (o)? S M) S 3Ty (97)

From (94), (96) and (97), it follows that for any b € (0,1) and = > 0,
¢1(bx) — §o1p(x) < o1 (bx) — mre™ — (361(z) — Tre ™)
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8b

. 47
= x(3(1 + (b2)?)

—me ™) 4+ bre” 0T (4 dra) £ 211, (b, 2),
) (725 +4m)

__ 8z _ 8 o (b)) &

3 +a7) © M@ ~bonele) > 3”(5(1 oy e ) 2 ally(b,2),
and

y(x) = p1(x) — b p(a) + ¢1(bx) — é1(x)
8 8b 4
_ -z —(1=b)z _*" A

<$<3(1+:]}2) +3(1+(b$)2) e ) + bxe (1_b+47TSC> = ¢ 1I3(b, x).

Note that

I1,(0,0) = —7 < 0, 1II3(0,0)=2 >0, and II3(0,0)=%— 7 <O0.
Therefore, by continuity, there exist two constants x, > 0 and b, > 0 such that (89) holds.
(ii) We combine (85), (95) and (97), which leads to the conclusion that for any b € (0,1) and = > 0,

¢1(bz) — §¢1(2) = 5 BT e (b >

T 8b
(14 (bx)?) 1+ (bx)? (

T 41+ bsz)ef(lfb)x)

and

3
01(2) ~ bona(w) > g (5 - 4P a)e (7).

Therefore, we get

8r /1
Uy(2) > (= (1 +a?)e 070), 98
(@) 2 o (5 = (e (98)
This allows to get that for each fixed b € (0, 1) there exists a sufficiently large constant z* = x*(b) > 0
such that (90) holds.

(iii) First observe that ¥;(0) = 0 and (owing to (91)-(92))

Wi(0) = lim Wi(x) = lim (6} (x) + b (ba) — (b+ ) ,())
1 1 5
:\/5(1+b)/1\/1+ydy—2(b2+1)/1\/H1b£2bydy

1
)
a0 -2+ ) [

For b = 0.5, we find by the numerical approximation,
1
/ L dy ~ 152,
1 1Y

0.5(0) > 0.
Hence, ¥ 5(x) is strictly increasing for some small interval x € [0, §], and thus
Uo5(x) >0, Vxe(0,9].
On the other hand, from (98) with b = 0.5, we have

which implies that

8r (1 1+a?

To show the positivity of Wo5(x) inside the interval [d,20], we use Matlab software to draw the
graph of Wg5(x) in the interval [0, 20], see Figure 1, which clearly shows the required property. An
analytical proof seems difficult to achieve due to the complex structure of the function Wy(z). This
completes the proof. O
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—b=05

FIGURE 1. The graph of xz +— Uy(x) for b = 0.5.

Remark 5. The numerical simulations illustrated in Figure 2 suggest that the function VUy(z) is
always positive for all b € [0.3,1).

—b=0.1
—b=0.2

b=0.3
—b=0.4
—b=05

b=0.6
—b=0.7
—b=0.8
—b=0.9

FIGURE 2. The graph of z +— W;(x) for different values of b.

In what follows, we shall explore spectrum collision in the convolution case K (x,y) = 0 (multiple

eigenvalues). We show in particular that a collision cannot occur outside a countable set of values
of b.

Proposition 3. Assume that K(x,y) = Ko(|x — y|) satisfies assumptions (A1l)-(A2). Then, the
map b € (0,1) = A p admits at most a countable number of zeros.

Proof of Proposition 3. First, recall that

©© dp(z)\? Y T \?
be (0, 1) — Aoo,b = (/ \I/b(x)ux()) = <)\1,b + )\171 — %)\1,(, — b)\17b> . (99)
0
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From Lemma 3, we infer that b € (0,1) — A is real analytic. On the other hand, by Lemma 4-
(iii), we see that the function z € (0, 00) — W 5(z) is strictly positive. Hence, A 0.5 > 0. Applying
the principle of isolated zeros, we deduce that the map b € (0,1) — A ; admits at most a countable
set of zeros. O

The following result concerns the function x € (0,00) — ¢1(x) — b1 (x) which appears in the
definition of V;*[0] through (46). This result will later be used in Section 7.1 to examine the sign
of V;2[0].

Lemma 5. There exists b* > 1 such that for all b € (0,b%), the function x — ¢1(x) — b1 p(z) is
positive in (0,00).

Remark 6. Based on numerical experiments (see Figure 3), one can conjecture that the function
be (0,1) = by p(x) increases in b, which implies that b* = 1. However, it is challenging to justify
this rigorously, as there exist some x > 0 and y € (—1,1) such that the integrand of b ¢y (), given

A/1—22
by 2b%we=V 1+62_2by\/ﬁ (see (91)), does not increase with respect to b.
—2by

Proof of Lemma 5. Taking advantage of (95) and (97), it follows that
dr (2 o 2y —(1-b)x
O1(2) = borp(@) > 115 (5 - PP+ a)e (7).
Since the function b Fy(x) £ b*(1 4 22)e~ (1707 is increasing, then for any b* € (0,1) we get

Vb e (0,0%), Yo >0, Fp(x) < Fp(z).

We will explore the existence of b, > 0 such that Fp«(z) < % for any x > 0. From straightforward
computations we get

dlz,agm) — 21— b)e—(l—b)x< _ (m B %_b)? n (1_15)2 — 1),

and thus @ — Fy(x) reaches its absolute maximum at z = 0 or = 27 + /(:35)2 — 1. For b = %,
we find

Fi(0) =

3

(3 +V5
2
This achieves the proof. O

2
<g, F1

3

2
~ 0.1524 < —.
) 5

O =

4.3. Spectrum distribution. The main goal is to analyze the dispersion equation (54), whose
complex solutions correspond to points where the kernel of the linearized operator is nontrivial. By
a slight abuse of terminology, we refer to these points as the nonlinear spectrum. The solutions to
the quadratic polynomial (54) are given by

Ot A& An,b + Bn,b 4 v An,b Q- 2 An,b +Bn,b B \/Tmb
n’

pu— . 1
b 2 2 7 b 2 2 (100)

Recall that the discriminant A, p = (App — Bup)? — 4(Anp + Dnp)?-

Proposition 4. Assume that the kernel function K satisfies the assumptions (A1)-(A4). Let b €
Smax such that condition (86) holds. There exists a sufficiently large N € N* depending on b such
that the sequences (O )n=n and (0, )n=n are strictly monotonic with respect to n. Moreover, the
following statements are true. 7

(i) If V,H{[0] > V;2[0], then the sequence (Q:Lr,b)n2N is increasing to —V;2[0] and (2, p)n=n ds de-
creasing to —V;'[0] with

—V (0] < @, < Qy, < Q% <O, < V(0]
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0.8
—b=0.1

—b=0.2

b=0.3
—b=0.4
—b=0.5

b=0.6
—b=0.7
—b=0.8
—b=0.9

0.7 [

0.6
0.4 1
ARSI

0
0 5 10 15 20

FIGURE 3. The graph of  — b¢y (x) for different values of b.

(’ii) If ‘/;)1[0] < ‘/;)2[0], then (Q:,b)n>N is deC'f’e(ISZ.TLg to _‘/bl [0] (md (Q;b)n}]\[ ?:S inc’)"ea,sing to
—V;2[0] with
Uy <y, < =10 < =V [0] < 27, < OF,

Remark 7. To construct two families of doubly-connected V-states with m-fold symmetry using
Crandall-Rabinowitz’s theorem, the spectral assumptions must satisfy the following conditions.

Ay >0, Vn>1, (101)
O, # Qs U, # QL Yk, e N U {oo}. (102)

Proposition j ensures that under assumption (86), the conditions (101)-(102) hold at least for suffi-
ciently large m. Notably, even in the case of the 2D planar Euler equations, the validity of (101)-(102)
requires m to exceed a certain threshold, see [31, Theorem B].

Proof of Proposition /4. (i) We rewrite be in (100) as

\/(An,b — Bnp)? = 40p + Pup)? = (Bup — Anp)
2 Y

Q:;,b = Bnyp +

and

) \/(An,b — Bup)? — 4(np + ) — (Bup — Anp)
n,b — .
’ 2

Qn,b =

Since V,!'[0] > V;2[0], in view of (87)-(88), we have lim A, < lim B,;. Thus, one can choose a
n—oo n—oo
sufficiently large number N € N* such that for any n > N, A, ; > 0, and

1al _ 172
By Ay > OV
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Applying the mean value theorem to the function = — \/(A,p — Byp)? — 22, together with Propo-
sition 1, we infer that for some ¢ € (0,1),

45(Xn,b + 571,1))2
(Anp — Bnp)? — 462(Anp + Prp)?

‘\/(An,b — Bnp)? — 4(Mnp + Pnp)? — (Bup — AM,)’ _

Ha=_

N

Hence, by using (52)-(53) and (79), we get that

C
+
ri1p = Loy 2 Bosip = Bup = —3 2 Mt = Ania = —,

and
_ _ c
Qn,b - Qn—l—l,b = An,b - AnJrl,b - ﬁ = >\n,b - )\n+1,b - H

In addition, owing to (77), we have the crucial lower bound that for every 0 < b < 1

1
>\n,b - )\n—i-l,b = ﬁ
Choosing N € N* large enough, we conclude that
1 1
+ + —
QnJrl b Qn,b > Cn3’ Qn b Qn—i—l = Cn3

(i) If V;!'[0] < V}?[0], then we infer from (87)-(88), that lim A,; > lim B, ;. Now, we transform
n—oo n—0o0

+ .
Qn’b into

\/(An,b = Bp)? = 40 + Pup)? = (Anp — Buy)

Q:,b - A"vb + 92 ’
and
_ \/(An,b = Bup)? = 40p + Pup)? = (A — Buyp)
0y = Bay — . .

Hence, to get the desired result, we implement similar arguments as before, and thus we omit the
details. 0

5. PROOF OF MAIN THEOREM

For m,k € N* and a € (0, 1), we define the following function spaces
Cfn_eo‘ é{f e CF (T : f(0) = an cos(nmb), b, € R, 0 € T},

n>1
Clhio 2{f e C*2(T) 1 £(8) = Y busin(nmo), by € R, 0 € T},
n>1
and
Xm2CooxCod, Yn2CLoxChLo (103)

For g9 > 0, we denote by B,, the open ball of X,,, centered at 0 and of radius ¢g, that is,
B, 2 {f = (/1. /2) € X : Ifllx,, < =0}.

Proposition 5. Let m € N*, a € (0,1) and X,,, and Y,, be the function spaces given by (103).
Let F(Q,r) be the operator introduced in (25). Then there exists eg > 0 small enough such that the
following statements hold.

(i) F: R x Bg, = Yy, is well-defined.

(ii) F: R x B, = Y., is of class C1.
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(iii) The partial derivative 0q0, F : R x Be, — L(Xym, Yi) exists and is continuous.

Proof of Proposition 5. (i) Recall that F(Q,r) = Qr’ 4+ dgFy[r]. Then, by the definition of (103), we
only need to check 9ypFp[r](0) € Y. From (24), the elements in 9pFp[r| can be written as

21
ayl / . ., pe)pon) = (Fulel () + Fulel () - 00 (R, (0)c"). = 1.2
Ri(n
where
27 )
Foolr] / /( VxKo(|R;j(0)e” — pe'|) pdpdn,
Ri(n)
and
2 ) )
Fop[r / / Vi K1(R;(0)e®, pet™) pdpdn.

Since 9p(R;(0)e?) € C1=%(T), in order to check g Fo[r](9) € C1=%(T) x C'=(T), we only need to
show that

0— F()()[I‘](Rj) S Clia(T), and 60— FOl[I‘](Rj) S leo‘(’]l‘), j=172.
Due to (A4), the regularity of Fy;[r](R;) is rather clear:

|Fonlr](B)lenry <€ sup - ([VxKa(x,y)| + [V2KL(x,Y)) < C.
vaeDb,eo

where Dy, £ B(0,1 + /2g) \ B(0,b — \/2¢¢) is compactly embedded in D by choosing ¢ small
enough. We move to the term Fyolr](R;). By using the Gauss-Green formula, we have that, for
J=12

Rabl(R) = = [ ¥y (KR, 0 ~y) )ay
- [ KRy 0)c"” - Bale (0, (Ratr)e ) (104)
~ [ KR O)” ~ Raa)e )0y Ra (),

We only need to deal with the following case:
0T / Ko(|R2(0)e” — Ri(n)e™|) (i, (R;(n)e™))dn € C*~(T), (105)
T

since the other cases have been carefully checked in the work of Simply connected V-states ([64, Prop.

4.1]). Indeed, it follows from (A1) and (75) that the function t — ]KO ( )| with n > 1 is decreasing
n (0,00) and

KO0l < [ e o)
0

1 Cn © 1
S/O du(w)+tn+1/1 ?du(m)

Chn © 1
2(1 ) 7 ’ . .
+ tn+1 /0 1+ xgdu(x) <oo, Vt>0,neN ( 06)

For r = (r1,72) € B, with sufficiently small €y, there exists a small constant ¢, > 0 such that

|R2(0)e® — Ry(n)e™| = [\/1+ 2r9(0)e® — /b2 + 2r1(n)e| > ¢., VO,neT. (107)

In view of (106) and r() € C?~%(T), we obtain that for any fixed n € T,

: o) — KR iy (B0 — Ra(0)e') -0y Ro(0)e")
o0 (KullRa(0)e" — Ra(me)) = Ky Ra(O)e” — (e P2 SO S0
€ C'm(T),
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and thus (105) follows as a direct consequence. Finally, concerning the symmetry of F' (€2, r), namely,
F(Q,r)(0) = —F(Q,r)(=0), F(Qr)(0+%)=F(Qr)0+3),
it follows from the symmetry assumptions in (A4):
K(xy) =K(xy), K(x%)=K(xy).
We refer to [63, p. 27] for more details.
(ii) Noting that doF (2,r) = r/, it is immediate to see that (2,r) € R x B., — JoF(Q,r) is a
continuous mapping. Next, we consider the continuity of the map (2,r) € R x B, — O F(Q,r).

According to (27)-(32), we find that the most singular and difficult terms in (27) have already been
discussed in [64, Prop. 4.1]. Actually, we proved in [0, Prop. 4.1] that

. . . ) eiG
reB%H%(AKMRWkwf&WWWWM&WWW-%%ym

+ [ KallRi0) = Ry ), =12
T

is continuous. In light of the assumption (A3) and (106)-(107), the other terms are much easier, and
thus we omit the details.

(iii) In view of 9q0.F'(2,r)h(0) = h'(0), the proof is obvious. O
Next, we verify the spectrum assumptions in Crandall-Rabinowitz’s theorem (see Theorem 5).

Proposition 6. Let K(x,y) = Ko(|x —y|) + K1(x,y) satisfy the assumptions (A1l)-(A4). Suppose
that b € Smax and m € N* are such that the properties (86) and (101)-(102) hold. Then the following
statements are true.

(i) The kernel of OxF(2,0) : X, — Y, is nontrivial if and only if Q = Qlim p for some | € N*,
where Q?;nb is given by (100). In this case, the kernel of 8rF(QTirLb,O) is one dimensional
and is generated by

h,,;: 60— <_)j\[m’b B pm’b> cos(m@).
Qm,b — 4Amyb

(ii) The range of arF(Qihb, 0) is closed and is of co-dimension one.

(iii) Transversality condition:

000: (2, ,,0) () & R(O:F (R, 0)).

m,b’
Proof of Proposition 6. (i) Consider
hl,n
0T h() = Z:l <h27n> cos(nmb) € X,
then, according to (39), (40), (46), we have
0. F(Q,0)h(0) = - nm (Q Id + V,[0] + Anm,b) (Zlv“> sin(nmé)

2
n>1 i

=— Z M Q.5 (52) <Z;’Z> sin(nmd),

n=1

(108)

where we have denoted

Q_Anb an +ﬁnb
Qup(Q) £ QId+V3[0] + App= | % Wt ’ o).
( ) [ ] _)\n,b — Pnb Q- Bn,b

By analyzing det Q,,5(©2) = 0 as in (54), and under the assumptions (101)-(102), we find that the
first statement of (i) holds.
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Since the discriminant Ay, p = (Amp — Bimp)? — 4(Xm7b + Pmp)? > 0, we claim that the matrix
Q:t _Amb me"i'ﬁmb 0 0
Q 7b Q:t — Ln,b _ ) ) ) 7é ( ) .
" ( me) _)\m,b — Pmyp Qi:z,b - Bm,b 00

In fact, if Xm,b + Pmp # 0, there is nothing to prove; otherwise, the condition A,,; > 0 gives
Apmp # Bpp, which also implies that the above matrix is not zero matrix. Here, without loss of

generality, we assume that
_}V\m b— ﬁm b <0>
) ; 7 109
(sz,b — App 70 (109)

hi1
ha1

(i) follows. In particular, for the case Ki(x,y) = 0, we have p,,;, = 0 and me > 0 (by (78)), thus
(109) obviously holds.

(ii) First, we define the function space Z,, C Y, such that any element g € Z,, satisfies that

g0)=>" (917") sin(nmé), (110)

n>1 92.n

and this vector obviously solves that Q,, (an b) ( ) = 0; consequently, the second statement of

where g1, g2.n € R for all n € N* and there exists (a1, a2) € R? such that

ar\ (911
Qmyp (Qib) <a2> a <92,1) '

We can see that Z,, is closed and of codimension 1 in Y,,. By our construction of Z,,, the range of
arF(an »» 0) is included in the space Z,,. Therefore, it remains to check that Z,, C R(@rF(Qi, O))
Now let g € Z,,,, we shall try to find a solution h € X,,, solving the equation

HF(QE, 0Oh=g,

m,b’
which, by (108), is equivalent to
h n n
_annmb(Qi ) (h;n) — <g;’n> , Vn>1. (111)

By the definition of Z,,, the solution to equation (111) exists. We shall use the Mikhlin-type multiplier
theorem (see Lemma 11 below) to show the regularity of h arguing as the simply connected case

studied in [64]. In light of (101), the matrix Qnm,b(Qi p) is invertible for n > 2. Indeed, for every
integer n # m, the inverse matrix of Qn’b(Qi p) is
(Q'rj):zb) A Qi — Bnp *anfﬁnb
Q. 5(%s) = R A (U IO
R b det(Qn,b( b)) O mb Anp+Pnb oy — Anp

Hence, it follows that for every n > 2,

hy n 1 -1 + <gl n>
T =—— Q . 112
<h2,n> nm Q”m’b( m’b) 92,n (112)
To verify that h € X,,,, it is enough to show that
hl n i gin 2—« 2—a
’ 0) 0 T T). 11
ng>2 <h2,n> cos(nm n§>2 annmb ») <g ) cos(nmf) € C<~(T) x C<~*(T) (113)
Denoting by

~ gjn, n € mN*,
9jn = g J= 1727
0, else,
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we only need to prove that

> ook, (?”) cos(nf) € G2 (T) x C2~°(T).

2
n>1ln#m n

Due to g € Zy,, we know that |g;,| < Cn~(17%) and > lg”"' < C, j = 1,2; then, integrating g(-)
n>1
from 0 to 6 gives that

L (g1 L (g1 n) 2— 2—
— 7" 0) = — (< 0) € C~*(T) x C=~%(T).
; o (927?1) cos(nmb) ; - (gz,n cos(nd) (T) x (T)

According to Lemma 11, it suffices to check that for any n > N; where N1 € N* could be sufficiently
large,

Q5 (2 ) SO0 [n(Qriy (20 p) — Qup(20)) | < € (114)
where we have denoted |M| = )" |m;;| for a matrix M = (m;;)2x2.
1<,7<2
By virtue of (102), it follows that Qimb # —V;10] and Qfmb # —V2[0] for every n > 1, which

implies
Jim det(Qup(2,)) = (@, + V3 [0]) (2, + V[0]) # 0.

Then we choose N; sufficiently large such that for any n > Ny,
| det(@Qua @) 2 5] (O, + VIO (2, + V2I0])] > 0. (115)

Thanks to Proposition 1, and recalling A, , = —V,}[0] + A\pp + pnp and By p = —Vb2 0] — An1 +DPnas
we find |Q;})(Qi »)| < C for any n > Ny. Next, we consider the difference in (114). Note that

det(Qnp(2p: ) — det(Qui15(2, )
= O+ Dnp)? = 1o+ Prgrp)® + (inb —Anp)(Bnt1p — Bup)
+ (Ans1p — Anp) () — Brsp)-
Taking advantage of Proposition 1 and (115), we deduce that for n > Ny,
n| det(Qnp(2 ) — det(Qui15(2, )| < C + Cn|Bpyrp — Byl + CnlAni1p — Ayl

S CHCn|App — g1 + Cn| A1 — Ay

<C,
and thus

1

0 o ))] < — (9

|’I’L( n+1 b( ) Qn b( ‘ n det Qn+l b( :I: b)) det (Q :I: )) “Qn-i-l,b( m,b)|
n
* Q:I:
}det an | ‘QnJrl b b) Qn,b( m,b)|

<C.

Therefore, we complete the proof of (114) and establish the desired result.
(iii) From (108), we see that

000 F (A ,,00h(0) = — Y _nm <h2 n) sin(nmd) = h'(0).

n>1

Consequently,

000 F (A, 0)hp 5(0) = b, ,(0) = —m (;21’"”’ N jm’b> sin(mé).

m,b - m’b
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Next, we intend to show the desired result in (iii) by contradiction. Suppose that h} , € R(0pF' (an,b, 0)),
namely, there exists some g, ; € X,,, such that

0 F (R, 0) gy = bl (116)

Since OF V4[0] and A,,;, are all real-valued, it follows from (39) and Parserval’s theorem that

m,b’

(0eF (2, 0)hy, hy) 2 = —(hy, 0 F(Q;, ,,0)hy) 2, hy,hy € HY(T) x HY(T). (117)

m,b?

In view of (116), (117) and g € X, C CH(T), we get that
[, b||L2 = (8 F (2, 5, 0)gmp, b y)
(gmbaa F(me,O) ;nb)

Furthermore, based on the fact that the linear operator OpF (Qm b,O) is a Fourier multiplier (see
(108)) and h,, ; belongs to the kernel of 81.F(an »» 0), we deduce that

0. F (R, 0) mb_ae(a F(9F,, )hm7b>:0.

Putting together the above two estimates yields ||h;n?b|| 12 = 0, which clearly contradicts our assump-
tion (109). Hence, we finish the proof of the transversality condition. O

Now, we give a complete statement for our main results, which directly yields Theorem 1.

Theorem 4. Suppose that K(x,y) = Ko(|x —y|) + Ki(x,y) satisfies assumptions (Al)-(A4).

(i) Let b € Smax (recalling Smax is given by (19)) and m € N* be such that conditions (86) and
(101)-(102) hold. Then, there exist a constant a > 0 and continuous functions

QF : (—a,a) = R, r¥:(—a,a)— C?*%(T) x C?~%(T),

satisfying QF(0) = QF mpe and r¥(0) = 0, such that (0% (s), r%(s)) _acs<q is one-parameter
non-trivial solutions of the doubly connected V-states equation (23). Moreover, the mapping

b2 + 2rt (s, 0 A
eT— (=) e with v*(s)(0) = (r(s,0),75(s,0)),
1+ 2r5(s,0)

parameterizes the boundaries of the m-fold symmetric doubly rotating patches with angular
velocities ().

(ii) Let b € Smax be such that (86) holds, then conditions (101)-(102) are satisfied at least for
sufficiently large m.

(iii) For the special case K1(x,y) = 0, the condition (86) holds for any b € Spax except for at
most a countable set.

Proof of Theorem 4. (i) It follows from applying the Crandall-Rabinowitz theorem (see Theorem 5)
to the equation of doubly connected V states (25). In fact, equality (26), Propositions 5 and 6 have
verified all the conditions of Theorem 5.
(ii) It has been proved in Proposition 4.
(iii) It is a direct consequence of Proposition 3. O

6. APPLICATIONS TO GEOPHYSICAL FLOWS

In this section, as applications of Theorems 1 and 4, we shall explore some special cases of the
active scalar equations (1)-(2) where the kernel K satisfies assumptions (A1)-(A4). This includes
several important models that describe geophysical flows. Based on the quantitative version of The-
orem 1, namely Theorem 4, through a detailed spectral analysis of these geophysical models one
by one, one can obtain explicit conditions on m and b, ensuring the existence of doubly connected
V-states, like [31, 59, 30, 83, 29]. However, we do not pursue this aspect here; instead, we apply our
results to various examples to emphasize the unification of our theorem. In addition, to illustrate



34 TAOUFIK HMIDI, LIUTANG XUE, AND ZHILONG XUE

new results, we provide the proofs for Theorem 2 and Theorem 3 within Sections 6.5-6.8.

6.1. 2D Euler equation in the whole space. For the 2D Euler equation in the whole plane, it
corresponds to the equation (1)-(2) with D = R? and K (x,y) = Ko(|x — y|) = —5= log [x —y|. The
existence of nontrivial doubly connected V-states has already been obtained in [31, 59]. Here, we
recover this result based on our Theorem 4.

Clearly, as shown in [64, Sec. 5], Ko(t) = —5= logt satisfies conditions (A1)-(A2) with the non-
negative measure du(z) = %dx and a € (0,1). As a result, we can directly get the existence of
m-fold symmetric doubly connected V-states bifurcated from the annulus Lp\3p» as long as b € S
and m € N* is sufficiently large.

Next, we will show that the set S defined by (19) equals Spmax = (0,1). By virtue of (40)-(41) and

(46), we have that

“Anb Anb Vo 0 > b — X1 0
Ay = ~' R d Wl0] = b = ’ b ~ , 118
? <—/\n,b )\n,1> o b[0] < 0 Vo] 0 bA\1p — A1 (118)

with

1 ; ~ 1 o
Anp = —5— /T log(20] sin g[)e™dn,  Anp = =5~ /Tr log(|b — €)™ dn.

It follows from [16, Eq. 4.397.6] and [16, Eq. 4.384.3] that

~ 1 (7
P—_— —5- log \/1 + b2 — 2bcosn cos(nn) dn
T

L o (119)
=5 ; log(1 + b — 2bcosn) cos(nn) dny = o
and
Anp = 1 /27r log(2bsin ) cos(nn)dn = ! /7r log(2bsinn) cos(2nn)dn = L (120)
=g | g(2bsin % ni)dn = —— ; g(2bsinn np)dn = o

Hence, A, and V},[0] in the 2D whole-plane Euler case becomes
_ 1 b 1
V,H[0] 0 0 0
App = 2nIn ) oand  V4[0] = ( b 9 )—( e )
(e ]) o i) ~lo =
Notice that (86) holds with
Vi2[0] < 0 =V;'[0], for any b € (0,1).

Finally, we indicate that with the help of spectral study done in [31], one can reprove [31, Theorem
B] by using Theorem 4.

6.2. gSQG equation in the whole space. For the gSQG equation in whole plane, it corresponds
to the equation (1)-(2) within D = R?, where the convolution kernel is given by

K(x,y) = Cﬁ|X—Y|_ﬁa cg = w%/f_)ma pe(0,1).

Since the assumptions (A1)-(A2) in the whole-space gSQG case have already been verified in [(4,
Sec. 5] with du(z) = %xﬁdw and a € (0,1 — f], provided that b € S and m € N* is sufficiently
large, we can directly apply Theorem 1 to this case and get the existence of m-fold symmetric doubly
connected V-states.

Next, we will show that the set S = (0,1). Remind that

A“’b:cﬁ/ (2b]sin 1) ey, Ay = cg / b — e[y,
T T
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Through changing of variables 7 = €, and applying (3.19) and (5.24) in [30], we have

~ 27.‘- . .
Anb = c/;/ |be* — 1]_66”“7d17 = —i05/ 11— bT|_5T”_1dT
0 ‘T|:1,TEC (121)
= 27egh 2! F(8,n+5in+1;0%) = Any(B),
and
Ay =01 = b2 A0 1(B), (122)
where F(a,b;c;2) (a,b € R, ¢ € R\ (—N)) is the hypergeometric function defined on the unit disc D:
) = (@)n(b)n 2"
F(a,b,C,Z) —ngo(c)nn', VZGD, (123)

and (), is the Pochhammer symbol given by (2)g = 1 and (2), = z(z +1)---(z +n — 1) for any
n > 1. Therefore, in view of (118) and (121)-(122), we get

(VA0 0\ (—Aus(B) b AL(B) 0
W’[O]‘(bo Vf[O]>_< R —A1,1<ﬁ>+b2A1,b<5>>’ (124)

Notice that, from [30, Lemma 5.2], the map b € (0,1) — A, (/) is strictly increasing, and thus
V2[0] <0 < Vi'[0], Vbe (0,1).

Furthermore, based on the spectral study in [30], one can also reprove [30, Theorem 1.1] from
Theorem 4.

6.3. QGSW equation in the whole space. For the whole-space QGSW equation, it is the equa-
tion (1)-(2) with D = R? and the kernel function K(x,y) = 5=Ko(e[x — y|), where K(-) is the
zero-th modified Bessel function. We here reprove the result of [33, Theorem 1.1] for the whole-space
QGSW equation, which states that for any € > 0 and b € (0,1), there exist mo € N* depending on
b and e such that for any m > mg, two curves of m-fold doubly connected V-states bifurcating from
111])\@ can be constructed.

Noting that assumptions (A1)-(A2) have been verified in [64, Sec. 5] for any € > 0 with non-negative

measure du(x) = %ﬁlx%dx and a € (0,1), we can directly apply Theorem 1 to this case and

show the existence of m-fold symmetric doubly connected V-states with sufficiently large m for b € S.
In the following, we show that the set S = (0,1) in this case.
In light of [33, Eq. (3.6)], we have

~ 1 [27 .

Anp = o Ko(e|1 — be®|) cos(nd)do = I, (be) Ky, (e),
T Jo
1 2 )

A =5 Ko(eb|1 — €|) cos(nf)do = I, (be) K, (be),
T Jo

where I,, and K,, are the modified Bessel functions of the first and second kind, defined by

I,(z) = i (%)M_Qm larg(z)| < m (125)
" A=mil(n+m+1) 8 ’

and

Kn(z) = lim K, (z), K,(z)= rL,(z) ~1,(2)

v—n 2 sin(vm)

Thus, we can use (118) to deduce that

_ (Vo] 0 (=i (be)K () + Ty (be) Ky (be) 0
Vilo] = ( ‘o v,,?[o]) = < R —Il(s)Kl(s)+bIl(be)K1(s))'

, veC\Z, larg(z)| <. (126)
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According to (A.2), (A.3) and (A.7) in [33], it follows that
0 <Ii(be) <bIi(e), 0<Ki(e) <bKiy(be), Vbe(0,1), (127)
thus we immediately get
Vi2[0] < 0 < ViH[0], Vbe (0,1).

Hence, S = Spmax = (0,1), and using Theorem 1, we have recovered the result in [¢3, Theorem 1.1].

6.4. 2D Euler equation in the disc. Consider the 2D incompressible Euler equation in vorticity
form in the disc RD = B(0,R) (R > 1) with slip (non-penetration) boundary condition, that is,
u-n =0 on J(RD) with n the outer normal unit vector. It corresponds to the active scalar equation
(1)-(2) in D = RD, R > 1 and the kernel function K(x,y) given by (9).

Clearly, t € (0,00) — Ko(t) = —4=logt satisfies assumptions (A1)-(A2) with o € (0,1) and the
additional term (x,y) € RD x RD — Ki(x,y) = 5= log |R — R™1xy]| is smooth and satisfies assump-
tions (A3)-(A4). As a result, Theorem 1 can be applied to obtain the desired existence result of
m-fold symmetric doubly connected V-states, provided that b € S and m € N* is sufficiently large.
Note that A, and A, are the same as in (119) and (120). Observing that

G1(p1,0, p2,n) = K1(p1e, pae™) = %(IOgR +log |1 — R_Qmmewe_m’)’

then 0,,G1(p1,0, p2,m) = Z—fapQGl(pl, 0, p2,m), and through integration by parts and using the fol-
lowing fact (see e.g. 4.397 in [10])

2T ) 1 2
/ log |1 — ae™"|dn = 2/ log(1 — 2acosn +a*)dn =0, |a] <1, (128)
0 0

we rewrite ¢, and ¢, (given by (44) and (45)) as

1 2T 1
= 62/0 /b 9,G1(b,0, p,n)p*dpdn

1 2 1 ) ) )
= 27Tl)2/0 /b 3p(log|1 - R bpe_“7|>p dpdn

1 2 3 W 3 W
:W/o <log|1—R 2be=| — b log |1 — R~2b% 77|)d17
1 2 1 ) )
~ ), /b log |1 — R *bpe™ " pdpdn
=0,

and similarly,

N 2l 1 (27 rl o
S z/ / 9,G1(1,0, p,n)p*dpdn = / / 3p(10g!1 — R %pe ’”!)pZden = 0.
o Jo 2m Jo b

Using the fact that (see e.g. 4.397 in [16])
2w ) ) 1 2m T
/ log |1 — ae™"|e"™dn = 2/ log(1 — 2acosn + a?) cos(nn)dn = —=a™, V]a| <1,  (129)
0 0 n

we find
27

) ) 1 2 . 1
DPnp = ; Ki(b,e")e"™dn = 271_/0 log |1 — R72b67”7| cos(nn)dn = —%(szb)",
and

2w

o 1 [27 . 1
Db = Ki(b,be')e™dn = / log |1 — R™2b%e~| cos(nn)dn = —=— (R™2b?)",
’ 0 2 0 2n
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we gather (40), (46) and the above estimates to infer that
2n p—2n n n p—2n
Ay = 21”—1—1)5; T and  V3[0] = U — (Y 02
n,b pn + PR 1 R—2n ) b 0 ‘/52[0} 0 —14b° |
T 2n 2n 2n 2n 2
In particular, we see that

ViP[0] <0 =V,'[0], Wbe (0,1),

which verifies the condition (86) for every b € (0,1), that is, S = (0, 1).

Finally, based on the spectral analysis in Lemmas 16 and 18 in [29] (or the analysis in Section
6.7), we deduce the main result of [29, Theorem 6] from Theorem 4. In addition, since K;(x,y) is
harmonic with respect to x,y € B(0, R), we remark that K;(x,y) is analytic about x and y.

6.5. gSQG equation in the disc. For the gSQG equation in the disc domain RD = B(0, R)
(R > 1) with the slip boundary condition, it is the equation (1) in D = RD with the stream function
1 solving the following equation

Y= (-A)""5w, Be(0,1), inD=RD, Plop =0,

where (—A)ng is the spectral fractional Laplacian defined by

8 1 too o
() ) = e [ i = [ Kxyluly)dy,
F(l — 5) 0 D
2
In view of Lemma 6 and (164), RQk (n € N, k € N*) is the eigenvalue counted with

their multiplicities and (¢(1)( ), ¢n3€(x)) are the associated L?(D)-normalized eigenfunctions of
the Laplacian operator —A supplemented with Dirichlet boundary condition, namely, they solve the
spectrum problem (164). Thus, the spectral Green function K(x,y) in (2) can be expressed as (see

(63, Eq. (12)])

AR
Key)= Y (58)" (el + o0 ®)

neNk>1
-2 (130)
'I’L,k' X X

= > 5 (GG + o)

neNk>1

where gﬁg)k(x) (1 =1,2) is given by (162) and x,, ;, is the k-th zero point of the Bessel function J,(-).

On the other hand, according to [63, Lemma 2.3], the kernel K (x,y) can also be written as
- r$)
K(x,y) = Ko(|x —y|) + Ki(x,y) = cglx — y] Fy Ki(x,y), c¢z= £ Wu)

and K1 € C°(D x D). Here, as an application of Theorem 1, we intend to construct non-trivial
m-fold symmetric doubly connected V-states bifurcating from 11@\@ with sufficiently large m € N*
for this disc-domain gSQG model. To our best knowledge, this was not obtained in the literature.
It is clear to see that Ko(t) = cgt ™" satisfies the assumptions (A1)-(A2) with a € (0,1 — 3], and by
virtue of [63, Lemma 2.4], the function K (x,y) satisfies the assumptions (A3)-(A4). Hence, we can
directly apply Theorem 1, provided that we can find some b € (0,1) such that V;}[0] # V;2[0].

Next, by virtue of (130) and (162), we see that

G(p1,0,p2,m) = K(p1e?, pre) = R7P Z mg;czAi,kJn(xn,k%)Jn(xn,k%) cos (n(0 — 1)),
neN,k>1
where A, ;, is given by (163). Thus, from (37), (36) and the following fact (see e.g. 6.561 of [1(])
Ty = =h). [ th(d =ah(a), (131)

0
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we find that

1 27 1
‘/},1[0}2/ /aplG(b,G,p,n)pdpdn

2m
R B 1/ / ST @l AR LT (@ h) (@i B) cos (0 — ) pdpdn

neNk>1

bR p- 12772ka AOkJO -fCOkR / JO kaR)pdp
k>1

— R afl? J1 Ti(@ondy) (3 (@osd) = Ii(aosds) )
k>1

2T 1
=/ /aplG(l,G,p,n)pdpdn

1
— _92R P Zmo ¢ )J (o) (Jl(xo,k%) - le(HCo,k%))-
k>1

and similarly,

By using Sneddon’s formula (see Lemma 7 below) and changing of variables, we also can derive
another expression formulas for V;[0]:

o) = =222 ([T L) (5 (o) — KaGho)

mRA
" /OO L (50) (T (0) - Il<2ﬂ))11<0(<p>)pﬁ‘ldp>
2si (25) o o (132)
N _Sln2</ I, (bp) ($K1(p) — K1 (bp))pdp
T 0
Ko(Rp)

+/0 L1 (bp) ($11(p) —Il(bP))IO(Rp)Pﬂ_ldp>a

and

V(o] = —W</ Ki(p (11( ) — bIl(bp)) =14,

oo Ko(Rp) 5_
+/0 Il(P)(Il(P)—bll(bP))mpﬁ ldl));

where I,, and K,, are the modified Bessel functions of the first and second kind, respectively, defined
by (125) and (126).
Next, we check that V;'[0] # V;2[0] holds for every b € (0,1). Notice that

vy 10] - Vilo] = QSmyrQB) /000 1 (bp) (K1 (bp) — 3Ka(p))p"~'dp
ﬂsmfﬁ / K. (p) (L1 (p) — b1, (bp)) p*'dp (133)
2sin(% o0 Ko(R
# 200 [ (1) 6+ DU 00) + 1 00) S o1y,

Owing to (127), we find that for every p > 0 and b € (0, 1),
Ki(bp) — $Ki(p) >0, and I;(p) — bLi(bp) > 0,

which combined with the fact In(p) > 0 and Ko(p) > 0 for all p € (0,00) immediately yields that
the first two terms on the right-hand side of (133) are both positive. For the remaining third term
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on the right-hand side of (133), noting that

o0

_Z . A (
ILi(z) = §I(x), with Z(x) = Z{)M,

g)Qm

the wanted positivity follows from the following estimate that

£0s) + o)~ 0+ PLohto) = L (A0 + o) - 0+ p0z)
2

x
= Z(I(g;) — Z(bz)) (Z(z) — b*Z(bz)) > 0.
Consequently, we conclude that
Vi'[0] = VP[0] > 0, Vbe (0,1).

Therefore, we can apply Theorem 1 to this radial-domain gSQG case for all b € (0,1) and get the
existence of m-fold symmetric doubly connected V-states bifurcating from 111))\@ with sufficiently
large m € N*.

Besides, based on the above analysis, it also holds that V})Q [0] < 0, but we are not sure about the
sign of V;1[0]. In addition, by letting R — 00, we can recover the V;[0] in the whole space given by

(124). We take V;}[0] as an example. In view of (125) and (A.3), (A.7) in [33], we see that for every
x € (0,400) and n € N,

lim I,(z) =400, I.(z)>0, K,(z)>0, K,(r)<0,

T——+00
which implies that
lim K (ftp)
R—+o00 In(Rp)

=0, Vp>0,neN. (135)
Thus, using the dominated convergence theorem, (166) and (121), it follows that

Qlim V)= —sin (36) [ 7 1) (K )~ K o))" dp
= —A1(B) + 0PN 1(B),

and V;)l [0] is positive at least for sufficiently large R. In fact, from the numerical experiments we can
conjecture that V;'[0] is positive for any 8 € (0,1), b € (0,1) and R > 1.

6.6. QGSW equation in the disc. Consider the QGSW model in the disc domain RD = B(0, R)
(R > 1) with the slip boundary condition, it is the equation (1) in D = RD with the stream function
1 satisfying the following Dirichlet problem

(-A+&*)p=w inD, ¢lop=0.

Moreover, ¥ has the expression formula (2) with the spectral Green function K(x,y) given by
K(xy) = Kollx —y]) + Ki(xy), with Ko(lx —y)) = - Ko(elx —yl), = > 0
and K(x,y) solving the following elliptic problem
~AyKi(x,y) +2Ki(x,y) =0 in D, Ki(X,y)|lyesp = —%Ko(dx -y. (136)

To the best of our knowledge, the question of the existence of nontrivial doubly connected V-states
in the disc-domain QGSW model is still unsolved, and it is our goal here to address this issue.

To start with, Ko(t) = %Ko(at) satisfies the assumptions (A1)-(A2) as in the whole-place QGSW
case, and we refer to [0, Sec. 5.7] for details of verifying the assumptions (A3)-(A4) for K;(x,y);
indeed, Ki(x,y) € C*(D x D). Hence, in order to apply Theorem 1, it is required to show V;'[0] #

V;2[0] for some b € (0, 1).
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R). According

Next, we first give another explicit expression formula of K (x,y) on D = RD = B(0, R)
Dorxy 142 x
() mOnr(R))

to Lemma 6 and (164), the eigenvalues #mi i and the associated eigenfunctions (%@(%
solve the spectral Laplacian problem (164). Thus, we infer that
1 1) /% 1 1 2) /1 x 2
-3 - n () + 6 E 8B )y,

nENk>1 2 4 g2

which yields that
1
Kxy) = > s (0GR + 00k ()00 ) )

2 2 P2
neNgs1 Tng TER
Consequently, we find
. . 1
G(p1,0,p2,m) = K(p1e”, pae™) = > m!‘li,k%(%k%ﬂn(%k%) cos (n(0 - n)),
neNkx1 "k

with A, ;, given by (163). Thanks to (37)-(38), (36), together with (131), we deduce that

1 21
Vbl[O]:/ /ﬁplG(b,G,p,n)pdpdn

2m 1 Tnk o b
/ / 2 R R A} 1 (@) In(2n i) cos (n(0 — 1)) pdpdn
neNk>1 n7 (137)
21 1 !
== A(2)kJ(/)(370,kb)/ 5 Jo(zoxf)pdp
1 Jl(ka]b{) 1 1 b
=2 b Ty (zopt) — (2o sl
kz:l T Jg(ka)< 1(Tokp) 1(9607kpb)),
and
2w 1
Vf[O]—/ /3p1G(1,9,p,77)pdpdn
138)
Ji(wo k) 1 b (
=—2 Ji(zors) —bJ1(x0r5) ).
k; 2k+62R2 Tt (x0.) ( Tor) = b kaR)>
By virtue of Lemma 8 below, it follows that
Ko(Re)I;(be)
1 _0e) bR (1 _ _ 1 _
vi'[o] LR (B0E) - L)) L) (JKi(0) - Kibe)), (139)
and
Ko(Re)Ii(e)
211 — 0 1 _ _ _
VPOl =~ e (Tu(e) = L (be) ) = Ka(e) (T (e) - B (b)),
and
Ko (Re)
1101 _ v2i0] — o0 2,y (1 2
i10] = ViP10) = s (1) — G + (e be) + B(be) )

+ 14 (be) <K1(b5) - %K1(8)> +Ki(e) (Il(a) - bIl(b5)>.
In view of (127) and (134), we find that for any b € (0,1),
V2l0] <o, Vj'[o] - Vo] >0
Therefore, we have verified all the conditions in Theorem 1 and get the existence of nontrivial m-fold

symmetric doubly connected V-states bifurcating from 111))\@ for sufficiently large m € N*.

Due to (135), and taking R — oo, we recover V;[0] in the QGSW equation of the whole space. Then,
Vb1 [0] is positive for R > 1 large enough. From the numerical experiments, it strongly suggests that
V,10] given by (139) is positive for every € > 0, b € (0,1) and R > 1.
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Finally, we remark that because K; solves the elliptic problem (136), it follows from the classical
elliptic PDE theory (e.g. [79]) that Kj(x,y) is analytic about x and y in any domain compactly
embedded in D = B(0, R).

6.7. 2D Euler equation in the annulus. Consider the 2D Euler equation in vorticity form in the
annulus RoD\ R1D (Re > 1 > b > Ry > 0) with the slip (non-penetration) boundary condition, that
is, u-n =0 on 9(R2D) UIJ(R1D) with n the outer normal unit vector. It corresponds to the active
scalar equation (1) in D = RyD\ R1D and the stream function ¢ solves the Dirichlet problem of the
Poisson equation

—A”Lﬂ =w inD= RQ]D \ RlD, T/J‘aD =0.
According to [17, 57] or [34, Appendix V], ¥ has the expression formula (2) with the Green function
K(x,y) given by

K(x.y) = o ( = Toglx ~ y1-+ Aully) + Bully log x
(140)
—Z (Al D™+ B,y Dbl ) cosm(o ).

where x = (|x| cos @, |x|sinf), y = (]y[ cosn, |y|sinn), and

log(Ry/7) A log(r/R2)
A 2 log Ry——1— 1 B £ =1 -~
o) =gt ryjmy P T dog(my/Ry)
m RZ\m om (( R3\m m
a’ - () a B ()" =)
Am(r) - R%m _ R%m ’ Bm(T) - R%m _ R%m

In order to show that K(x,y) = —5= log |x —y| 4+ K1(x,y) satisfies the assumptions (A1)-(A4) with
€ (0,1), it suffices to check the symmetric assumption (A4): for every x # y € D, K;(x,y) =

K (y,x) is the classical property of Green function (e.g. see [35, pp. 35]) and it can also be checked

from the explicit formula (140); the properties K;(x,y) = Ki(xe”,ye™) (v € R) and K;(x,y) =

K, (X,y) follows from (140) and the fact that cosm(0+9—(n+19)) = cosm(6—n) = cosm(—0—(—n)).

Hence, we can apply Theorem 4 to this case.

Now, we compute V;'[0] and V;*[0]. We first write

Gl(p:l)ea P2777) = Kl(Plew, pQGin)
1 > 1 .
= (Ao(ﬂz) + Bo(p2)logpr — Y _ — (Am(m)PT + Bin(p2)p; ) cosm(f — n)),

m=1

Recalling (44) and (45), we deduce that

2 1 1
Eb:/o /b3p101(1,0,p,n)pdpdn=/b Bo(p)pdp

1
:m/ 1082( )Pdp @, (141)

21
b/ / 05, G1(b,0, p,m)pdpdn = — / Bo(p b2¢b-

Through integration by parts, we can exactly compute €:

and similarly,

1 b? 1-b  1-0?
¢y = m( — logb — T 3 logRg).
From the definition of €, in (141), we also see that
O<€g,</1pdp:1_l)27 V1l < Ry < +00, and lim @bzl_bQ.
b 2 Ro——+00 2
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Then, recalling (46), together with the computations in Section 6.1, it follows that
Vo] 0 = 0
V0] = ° =(°
5[0 ( 0 %2[0] 0 _1—2b2 t+e,)’

1—b? L Lo b?
2 b2
which verifies the condition (86) for every b € S = (Ry,1). Furthermore, in view of (42), we find

that

and

V[] Vb[] ¢y, >0, VbG(R1,1),

p":b:/Kl(bv bem)emndUZ/G1(b70,b,7])em77d77
T T

= (Aap o+ BB / 7 cos(n)d
= —5— (A n | cos?(nn)dn
1

= — o (A" + Bao)p™).

and
Pnb = / K1(b,e")e"™dn = —i(An(l)b" + Bn(l)b’").
’ T ’ 2n
Thanks to (40) and (119)-(120), we obtain

A= L < An(D)" + Bu(b)p™" =1 —(An(1) = )" — Bn(l)b‘”>
P o \(An(1) = )b + B, (1)b™™ -A,(1)=B,(1)+1
1 ( (Ry®" —b72m)(¥*" — R{™) (1 - Ry*)(b" ~ R%"b—n>>
T (e \ - BP0 - R (- BB )
Now, motivated by the argument in [29, Sec. 4.1.1], we shall derive an explicit condition on m to

ensure the existence of m-fold symmetric doubly connected V-states in this case. The equation (54)
of 2 becomes

—2n\2 2n
QQ—(Anb+Bnb)Q+Aannb+ 1 ( R2 ) ) bzn(l R ) :07

4n2 ( RQnR 2n b2n
with
1 1 1 1 1 2n 2n
Anp p2 %~ %W(ﬁ — ) (07" = RY"), (142)
1 — b2 1 1 1 on
and the discriminant given by (55) reduces to
(1-0*)(b*+2¢,) 1 1 BUH1-2R3 | o 2
. (e )
? 202 2n1 — (R Ry 1)? R3 R
(144)

_ (A= Ry 62"( . Rf")?
(1 - R%nR2—2n)2 n2 b2n

2n
Due to the fact that 1 — 1:2—1” > 0 for every b € (Ry,1), the inequality A,,; > 0 is equivalent to

1—b%)(b% +2¢ 1 24— 1 — R72npn o
( )2(52 b) + 5 M LG ( +;%n2R1 + R an - 2) 71%”? (1 — %) >0, (145)
Ei Y Ep
or
1— b2 b2 + 2¢ 1 p2n 41 _92R2n Ro2n b R2n
( )2(b2 ), 1 o o ( A R L 2) 11 e ;( - len) <0. (146)

RQn R2M
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However, the second case (146) cannot happen if n > 2. In fact, noticing that

1 1 on_1_op2n 1— R- 2nbn R2n
L (P ) I
1

2nq _ B R3" Rzn p2n
R3" R3"
11 (" —1)2 +2R2"(b™" — 1) " Y .
o — e + R -6 = 2(1- b))
2
1 1-0" (1 — bn) + 2R%nb_n 2ny—2n n
= o R%( = + R2 (1—b)—2>,

we find that for every n > 2and0<R1<b<1<R2,
L.H.S. of (146)
1-0 1-0? — - 1—0b")+2R"(b™" —1
1B ¥, N )<< )+ 2R (6 1)

+ R -

b — n
2 b no (- R
> 0,
where the last inequality is ensured by the fact that % <5 > for every n > 2 and b € (0,1).
Note that (145) is also equivalent to the following condition that
b2 1 on R b2n41-2R2n 2\ 1n R3"
n > (1_b2)(bg+2€b)1(Rl)%@—Rl — = P e 2(1 - By (1 ) ). (147)

Next, we plan to show that if mo > 2 satisfies (147), then each m > my satisfies the condition (147)
too. By introducing

1— ¢
T ERT = filw) 2 ——, 1€ (0,1),

T ERT = gy () 2 (1 —t3)(1 —37) = 1 — 3% — 3% + (L1t2)*", t1,t2 € (0, 1),

we extend the mapping n € N* = A, as

$6R+’—>Az7bé4 Exb’
with
1—b%) (b2 + 2¢) 1
I, = ( — 148
b b2 fri /Ry () 22 <g%771( Tt Rl( )) (148)
and
N b*
Ex,b = g1 RrR (ZL‘)

332fR1/R2($) Ry''b
Notice that for all ¢t € (0,1), the function x € [2,4+00) — fi(x) is strictly decreasing (see [29, Eq.
(58)]), and

t22(log 4= +1) — 1 t”log 7 @)
2

fi(x) =

I

x x2 T

which satisfies that
fi(z) <0, zfi(z) + fi(x) >0, Vze€[2,00), Vte(0,1). (149)
Direct computations show that for any ¢1,t2 € (0,1), it holds that for all z € (0, c0),
i ta() >0, gj, 4, (x) = —t1(log 17) (1 — 13°) — 13" (log 13) (1 — 1°) > 0,
and
Gty b2 (z) — 3391/51,152 (r) =(1~- tgx)(l - t%x + t%x log t%x)

150
+ (1= 7)) (1 — 3" + 3" log t3") > 0, (150)
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where we have used the that 1 —r +rlogr > 0 for all » € (0,1). From (148), (149) and (150), we
find that

a1l = 0, - +gle>)—lgcwn}huo+m¢gﬂgm)

fR1/R2(x)x Ry’b

3) (91%%@) +9R%,Rl(:c>)

Fru/Ro () 22 /R2

B (8@, < le/Rz (z)x

\_/
N >
e’t"g.
c-‘H

+W(9b?<$>—wgb (@) + gL g, (@) - CUQIR%’Rl(x))

Ro’ R727
1 1
= (-0, - —
(37 z< le/RQ(x)x»(g}—fQ,’?(x) +9R%2,R1($)>
1 / /
+ le/R2(x) 3 (gﬁ%’%(x) 1‘91%7%(56) +g%27Rl(x) mg}%z,lh(x))’

and thus

&cﬂx,b >

le/Rz(x) +xf;%1/32($) (g (r)+g ( )) >0
b B (T L r \T ’

Ry’ b Ro’

x3f12%1/R2 (z)

Similarly, we also have

9%,%(55) 9%7%(37)
—0,Eyp = —b"logh( 2t} — 579, (2t
° & <$2fR1/R2(95)> <902fR1/R2(90)

g Ry (.f)

> —b%0, __Rerb
T fR1/R2<x)

bCC
= - xr X T
el GECCOREAENC)
1 1
1 (@)(0:( - )- )
A3 B fryro(®)/) 2[R/, (%)
le/R2 (z) + xfl/‘ﬁ/Rg (z)
1 ﬁ(fﬂ) 3 r2
Ry b x le/RQ(a:)
In addition, arguing as the above analysis for A, ; in (145), the condition A, > 0 for every x > 2
is equivalent to

+ b%g

> b%g

1
51_[2;71, — Ex,b > 0.

Hence, if Az} > 0 for some Z > 2, then

1
.= (gnx,b aacHx,b - 2Em,b a.Z’E:E,b>
r=x

and as a result, we conclude that the mapping = € [Z,4+00) — A, is positive and strictly increasing,
which leads to the desired result.

VAR . . . .
Finally, we show that the mapping n € [mg, +00)NN — sz = A”’b;Bn‘b + ? is strictly increasing

aa: A:p,b

>y (0:TLp +20.(~ En))| >0,

2
(145). As above, we extend the mapping n Qib as

_ VA . . . .
and n € [mg, +o0) NN — Q' = A"‘b;rB"’b — % is strictly decreasing for any mg > 2 that satisfies

10 140 1 Azp
Q:I: AL ( _ — >:]: .
e T 5T 7T 2 @) A () 9 (@) 2
Through straightforward calculations, we see that
1 0 ALy
8,0F zf(A — Ay + By — By+ 22b)
zp = g\ M 2 1 2 \/A—xb)
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where
1 1
At =0 (—— >0,
V20— - v )9 @)
1 1
Ay 2 28y - —— >0,
? Y ( fol/RQ(l'))gé;Z7}?(1:)
B é;(gl () — zg’ (x)) >0
LT 23 fpy i, () VA T 7y
Bgé;(g » m (2) =29, & (x)) >0
ngRl/Rz(x) Ri2’Tl RLQ’Tl

In addition, recalling our computation for 9, A, 3, we infer that
axAz,b o %Ha:,b axHx,b - 2Ex,b azEx,b
\/TM) AV A:J:,b
1 1
1L b 1L
20 5, = 20 (A1+A2+81+B2>.
A:c7b R \/Txb

Furthermore, if mg > 2 is an mteger satisfies Ay, p > 0, we can deduce from (145) that

H%b > \/A:c,b >0, Vxe [mo,—i-oo),

sz

\ Az,b

for all z € [mg, +00),

which implies that > 1 for all = € [mg, +00). Thus, based on the above analysis, we have that

1 1
&EQ;b > Z (2A1 + 281) > 0, OxQ;,b < Z( — 2A9 — 282) <0

Therefore, once mgy > 2 satisfies (147) (that is, A,,,» > 0), then for any m > mg, both conditions
(101)-(102) are satisfied and consequently, by Theorem 4, there exist two families of m-fold symmetric
doubly connected V-states bifurcating from 1D\b71)>(x) at two different angular velocities Qi b

6.8. 2D Euler equation in the exterior of a disc. Consider the 2D Euler equation in vorticity
form in the exterior of a disc R\ RD = {z : |z| > R} (R € (0,b)) with the slip boundary condition
u-n =0 on J(RD), where n is the outer normal unit vector. It is the active scalar equation (1)-(2)
in D = R?\ RD, and the kernel function K (x,y) is given by

1 1
K(x,y) = —5-loglx —y|+ 5_log|R~ R7'xy], xyeD, (151)

which uses an identical formula to that of the disc case presented in (9). This Green function K (x,y)
can be derived using the reﬂection method as detailed in [35]; on the other hand, using the Taylor’s
expansion —log(1—z) = Y>>, —-z" for every |z| < 1, it can also be recovered from (140) by passing

Ry — 00 and setting Ry = R:

K(x,y) = —5-log x| + o (- 1ogf + log x| - ZI;R%WW cosm(0 1))
_ ——log Ix — %(log x[lyl Z R2|X|—1|y|—1€—i(9—n))m)
:—%log\x 217T(10g| Hy] egm()}ii)m)

:—%log\x y\-i—%( Hy! ‘1_ij

1 1
=——log|x—y|+ —log|R—R_1xy|. (152)
2m 27
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Obviously, the kernel function (x,y) € (R?\ RD) x (R?\ RD) — Ki(x,y) = 5= log|R — R™1xy]| is
smooth and satisfies assumptions (A3)-(A4). Hence, we can apply Theorem 4 to this case.

Since K (x,y) can be obtained from (140) by letting Ry — oo and setting R; = R, then both V}]0]
and A, ; can be derived from their counterparts in Section 6.7 using this identical approach:

1 —b? _ 12
il = (0% i) = (B 0)- velo =< T =il

and

A b:i (%)2n_1 bn(l_(%)2n) |
Toon \ - (- (B 1- R

We note that by directly using (151), these formulas can also be obtained from the definitions, similar
to those in Section 6.4.
At last, as in Section 6.7, we can show that, for any m > 2 such that

Amvb:< 202 +%<Rm+W_2)) _Wo_b?m) >0, (153)
there exist two families of doubly connected m-fold symmetric V-states bifurcating from the trivial
solution 1D\@(X) at two different angular velocities Qi , given by

+ 1(_1—b2+1—(f)2m_1_32m>i A
2

mb = 9 2b2 m m

Furthermore, for m > 2, the condition (153) is equivalent to
2

m > %bQ(Q—RZ"LJr ()2 + 20 (1 — (%)2’”)). (154)

7. MORE DISCUSSION

In this section, we first examine the possible signs of V;1[0], V;2[0], as well as the spectra sz[b given

by (100). Due to their intricate structure, the analysis will focus on large n. Next, we will conduct
a brief study of the linear stability of the annulus considering the influence of the kernel structure.

7.1. The sign of V;'[0], V}*[0] and be. In this subsection, we will show that even for the convo-
lution case, both scenarios described in Proposition 4 can occur.
First, according to (87)-(88) and the estimates in the proof of Proposition 4, we find that

lim Q:;b = —min{V;'[0], ;2[0]}, and lim Q,p,=- max{V;'[0], V;2[0]}.

n—oo n—oo

Thus, by continuity, we can summarize the sign of Qf , with sufficiently large n in the following

result. Note that in view of Lemma 5 and Remark 6, the case V;2[0] > 0 is unlikely to occur, as
suggested by numerical experiments.

Proposition 7. Under the assumption of Proposition 4, the following statements are true.
(i) For the case V;2[0] < 0 < V,}[0], there exists a sufficiently large N* € N* such that for any
n = N*, the frequency Q:’b >0 and Q;’b < 0.
(ii) For the case V2[0] < V;![0] < 0, there exists a sufficiently large N* € N* such that for any
n = N*, the frequency Q:b >0 and ), > 0.
(iii) For the case V;'[0] < V;2 [6] < 0, there exists a sufficiently large N* € N* such that for any
n = N*, the frequency Q;b > 0 and Q;b > 0.

Remark 8. Interestingly, for the whole plane or disc or annulus cases, all applications to geophysical
flows in Section 6 satisfy V,}[0] > V2[0] for allb € 8 = Smax. We list these results in Table 1, and
one can find that case (i) of Proposition 7 includes several examples.
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Whole space Disc? Annulus
Vi[o] V2o Wilo]  v[o]  Vi'o] Vo]
Euler 0 — 0 — + —/0
95QG + — + — * *
QGSW + — + — *

TABLE 1. The sign of V;}[0] and V;?[0] for any b € Syax-

Now, for K(x,y) = Ko(|x — y|) satisfying assumptions (A1)-(A2), we present some non-trivial
examples of Ko(-) that verify cases (i) and (iii) of Proposition 7.

Proposition 8. (i) There em’st positive constants b, > 0 and x, > 0 such that, for any positive
integrable function f: (0,z4) — R and any Cy € R, the following kernel function,

/ / e " f(x)1 g, dxdr + Co, t >0, (155)
equivalently, du(x) = f(x)1 4. dx in (3), satisfies the conditions (A1)-(A2) and
Vil0] < Vi2[0] <0, Vb e (0,by).

(ii) For any b € (0,1), there exists a sufficiently large constant x* = z*(b) > 0 such that for
every positive function f : (z*,00) — RT with the upper bound

flz) < Cz'™7, v>0,
and any Cy € R, the following kernel associated with du(z) = f(2)1 g+ )dx in (3),

// ¢ ()1 (e soydadr 4+ Co, ¢ >0, (156)

satisfies the conditions (A1)-(A2) and
V(0] <0 < V,'[0].

Remark 9. The case (ii) in Proposition 7 can also occur. From Fig. /, there exists some interval
(T4, *) C (0,00) such that the maps © € (T, T*) — Wy(z) (defined by (85)) and x € (T4, T*) —
%¢1,b(1’) — ¢1(bx) are both positive for b = 0.1. In light of Lemma 5, the map x € (Zx,Z*)
¢1(x) —bp1 p() is always positive. Then, by picking the non-negative measure du(z) = f(2)1(z, 7+dx
with the positive integrable function f(z) : (T, *) — R, it follows from (85) and (157) that

V2[0] < ViH[0] <0, b=0.1.
The associated kernel function K(t) satisfies the assumptions (A1l)-(A2) with a € (0,1) as we have
done in Proposition 8.

Proof of Proposition 8. Recall from (46), (47) and (49) that

vilol = [ " (Bubw) — Lorp() PD  y2i0) = / " (bé1s(x) — ()

X

d“f). (157)

(i) In view of (89) in Lemma 4, there exist small constants b, > 0 and x, > 0, such that by choosing
the non-negative measure du(z) = f(7)1(g 4, dz, we have

Vp[0] <0, V0] <0, V'[0o] - V0] <0

3The sign of V;}[0] for the gSQG equation and QGSW equation in radial domains D = RD (R > 1) are strongly
suggested by numerical experiments for R > 1 not so large, but they are not rigorously justified for all R > 1 so far.
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—b=0.1
—b=0.1

FIGURE 4. The graph of x %@1.1)(96) — ¢1(bx) and x v Wy (x) for b =0.1.

In addition, by the definition of K (t) given by (3), we see that the associated kernel function Ky (t)
has the expression formula (155), which clearly satisfies (A1). Next, taking advantage of integration
by parts gives that for a € (0,1) and Ky(1) = Cp,

1 1
/ |[Ko(t) — Colt™o*"dt = ‘ / (Ko(t) — Coyt~o+"dt
0 0

L (tl_o‘+°‘2 (Ko(t) — CO)) ’;0 + /O 1 ( /0 et f(a:)da:)tl_o‘+°‘2dt'

T 1-a+a?

1 T x
<——— dz < oo,
1—a+a2/0 J(w)dz <o

where in the last line we have used that

lim ‘tlfa“ﬁ(Ko(t) = hm ‘tl ato? / / e T f(2)10,5,) dl‘dT‘

t—0

< lim ‘tl_o‘+°‘2 " e )1(0@*)013:’ —0, Vae(0,1).

Thus, it immediately implies the integrability assumption (A2) with any a € (0,1).
(ii) For any b € (0, 1), thanks to (90) in Lemma 4, there exists a sufficiently large constant z* > 0,
such that by choosing the non-negative measure du(z) = f(ac)l(x*,oo)dx, we have

Vi'[0] >0, V2[0] <0, V;'[0]—V[0] >0

Then the associated kernel function K(t) can be expressed as (156) and also verifies the assumption
(A1l). Under the asymptotic assumption of f(z), we argue as in the above case (i) to deduce that
for any 0 < 7' < min{~, 1},

oo o / , - l
/ e f(z)dw < C/ e Tl dx = Ot 2/ e T2 dr
x* z* -

/_
<Ot 2,

and

1 1 1
/ |[Ko(t)to*"dt < / |Ko(t) — Colt~*+*dt + |Co / ot gy
0 0 0
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< - /1 (/OO efmf(x)dx>t1*a+a2dt + _ 1%l
Sl-—a+a?/y \ /. 1—a+a?

1
< C/ e’y oo Vo< a <A < 1.
0
Hence, Ko(t) given by (156) satisfies assumptions (A1)-(A2) with 0 < o < min{~, 1}. O

7.2. Stable and unstable states. In this subsection, we clarify the meaning of the spectrum
determined by (54). Let ¢ € [0,T") — 1p,(x) with 7" > 0 be a doubly connected patch solution close
to the stationary solution 11@\@ for equation (1). We parameterize the boundary 9D, using the polar
coordinates, as follows

z(t,-) : T+ 0Dy,

. /2 i0
9»—>z(t,9)éem< b 2t 0)e >,

1+ 2ry(t,0)e?

where z(t,0) = (21(t,0), 22(t,0))T. Following the same lines as the derivation of (23), the contour
dynamics equation of z(t, -) reads

Orj + 30( K (z(t, 9),y)dy> =0, j=12 (158)

Dy

In particular, choosing 7;(0,t) = 7;(6 + Qt) where 7(-) : T — R is a smooth map, we can recover
the doubly connected V-states equation (23). Denoting by

_ ("

=)

Folr](t,0) A& (th (z1(t,0), )dY> ’

fD (z2(t,0),y)dy

the equation (158) can be written in the vector form:

or(t,0) + O Fyr|(t,0) = 0. (159)
Arguing as obtaining (39) (with fixing 2 = 0), for every h(6) = > (Zln> e we can get the linear
nez 2,n
operator,
O0r0pFp[0)h = Z in(Vp[0] + App) <Zln> e (160)
neZ\{0} 2

where A,,; and V;[0] are respectively given by (40) and (46). Comparing (39) with (160), we find
that —inQib are the eigenvalues of the linear operator 0,0gFy[0]h, where Qib are the solutions
of (54).

From the viewpoint of the linear stability of the dynamic system (159) around equilibrium r = 0,
the case A, < 0 leads to some eigenvalues with positive real parts of the linear operator 0r0pF[0],
which correspond to unstable states. We refer to [92, 93, 1, 15] and the references therein for recent
study on unstable annular type patches, which play a key role in the proof of non-uniqueness for
the 2D Euler and gSQG equations with forcing. Conversely, if A, > 0, then —inQib are pure
imaginary numbers which could be viewed as stable states.

8. APPENDIX

In this appendix, we collect some auxiliary results that will be used in this paper.

The first lemma states that the eigenvalues and eigenfunctions of the spectral Laplacian —A on the
unit disc D C R? with Dirichlet boundary condition have explicit expression through Bessel functions
(e.g. see Section 5.5 of Chapter V in [24] or [7, pp. 127]).
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Lemma 6. The eigenvalues and the eigenfunctions solving the spectral problem associated with the
Laplacian —A:

forj =1, —A¢;=XN¢; inD, ¢, =0, / 3 (x)dx = 1, (161)
D
are described by the double-index families (A i)neN ken+ and ((gbggg, ¢7(12,3€))n€N pens Such that

Ak = xik, (éilli(x) = Jn(@nk|x])An i cos(nb), qﬁfi(x) = Jn(@n k|X])An i sin(nb), (162)
where

1 2
A, =—— and mA%, ="
TR T Py TR T T ()

and Jy,(-) denotes the Bessel function of order n and x,, is the k-th zero point of J,.

., VYne N, (163)

Remark 10. Notice that, if ¢(x) is a solution of the spectral problem (161), then the function
or(x) = £0(%) satisfies that

—~A¢p = 40r in RD, SR o(rmy = 0 - Ph(x)dx = 1. (164)

Next, we introduce Sneddon’s formula that can be found, for instance, in (2.2.9) in [87] or (24)-(25)
in [78].

Lemma 7. Let 0 < a,b<1,n,8,vyeENand 1 <qg< f+~v—2n+2. Then we have

o0

Jp(azn i) Jy (bn,k) L. < Ko (p)
’ 2 =J 4+ —sin(Z(B+~v—2n—gq / Ts(ap)I, (b dp, 165
2T (o) 7 oin (5 ) [, P Bslenb ol e (165)

where

I Zsin (5= 6+0) [ 0 Lo, ()
0

(s g
- 2ap2HB—aT(f 4 1)T(1=549)

where I,(+) and K, () are the modified Bessel functions of the first and second kind, and F(a,b;c;z)
denotes the hypergeometric function given by (123).

(166)
— = 2
Fl+ 214 2708419,

In order to sum up the series appearing in (137) and (138), we derive an interesting summation
identity by using formula (3.47) in [34] (we here reprove this formula to clarify that there is a missing
coefficient in the original formula).

Lemma 8. Foranye >0, k€ N, and 0 <Y < X < 1, the following identity holds:

Z 1 Jl(Xx07k)J1(Y$07k) _ lIl(Y«E)
-Tak + g2 J12 (l’o’k) 2 10(5)

(Il(Xs)Ko(e) + Io(s)Kl(Xe)).
k>1

Proof of Lemma 8. Denote by F(z) = ﬁJl(Yz), with z = x + yi, z,y € R. Recalling that the
O 1ym(z\14+2m o )

Bessel function Ji(z) = ). V™) satisfies J1(z) = —J1(—2z) and Jy(z) = 1 fi" eizsinf0—if 1p
m=0

m!(m+1)! 21 J—m
(see 8.411 of [16]), it follows that
ixJy(xi)  —iwJy(—xi)

F@) = Gre = Capt e

= F(—zi), VzeR,

and
|F(z)| < Clz| ' M, V|z| > 1,

and F'(z) is analytic except two poles z = *ei.
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Taking A=1,B=0,v=0,m=1,t= X and F(z) = ﬁjl(}/z) in Corollary 1 of [84, pp. 17],
it follows from (3 1), (3.8) and (3.47) in [34] that

Z:LQ — XCL'O k)Jl(YxO k) :% Z Res{(Jl(XZ)YO(Z) _Yl(XZ)Jo(Z))M Z}, (167)

It (zo k) T Jo(z)’

where Y, (-) is the Bessel function of the second kind. Note that the coefficients on the right-hand
side of [¢4, Eq. (3.47)] should be slightly changed (there is a missing constant %) Here, inspired by
the remark below Corollary 1 in [31], we sketch the proof of (167) to make this point clear.

First, we introduce the contour Cj, in Fig. 5, which is a rectangle with vertices (0,—h), (0,h),
(I,—h) and (I, h) except that the point (0, +e) are bypassed by semicircles with radius r.

FIGURE 5. The contour Cj g ;.

Denoting by

F(z
Fi(2) 2 (1(X2)Yo(z) = Y1(X2) Jo(2) ) JO((Z)),
it follows from residue’s theorem that
1
5 Fi(z)dz = Z Res{Fl(z),z = $0,k}- (168)
T S Chjir k>1,20 1<l

Using the properties of Bessel functions and F'(z), we find that the integrals along the segments of the
imaginary axis cancel each other, the integrals along the semicircle will converge to —%Res{Fl (z)}
at z = (0, +£¢e) = *ei as r goes to zero and the remaining three segments of Cj,;, will approach to
zero as h,l — oo. Hence, by taking h,l — oo and 7 — 07 in (168), we get that

—% Z ReS{F1 } ZRQS{FI ZZiUo,k:}- (169)

z==+et
Since Jy(z) has only simple zeros and J)(z) = —Ji(z), it follows from the fact (see e.g. [74, Sec. 3.1])
2
J1(2)Yo(2) - Y1(2)Jo(2) = .,
and Jo(zo) = 0 for every k € N* that

F(.%'oﬁ)
Jo(zo,k)

ReS{F1 (z),z = :L“o,k} = <J1(Xwo,k)Yo(iUo,k) -Y; (Xon,k)Jo(Cﬂo,k))
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Ji(Xzop)J1(Yzor) zorYo(Tok)

g, + €2 Ji(@o,x)
21 S(Xaor)/i(Yzok)
Tag e+ el Jt (o.r) ’

which together with (169) gives the desired formula (167).

Now, we move to the computation of the right-hand side of (167). Note that F(z) only contains
poles at z = *£ei, we directly compute to deduce that

F(z)
Jo(z)’

J1(Yei)
2J0 (E’Z) ’

Res{ <J1(XZ)Y0(Z) - Yl(XZ)Jo(Z)) si} - (Jl(Xai)Yo(ei) . Yl(Xei)Jo(ei))

and

Res{ <J1(Xz)Y0(z)—Y1 (Xz)Jo(z)) 2 ((ZZ)) , —z—:i}

= (1 (=Xe2i)Yo(~ei) = Y1 (= Xzi)Jo(~ei) ) Ji(—Yei)

2Jo(—ei)’
Based on following identities that (e.g. see [74, Sec. 3.1])
Ip(z) = Jo(iz), iIi(z) = Ji(ix), Ji(-z)=—Ji(z), Jo(—2z)= Jo(2),
and
, . 2 . 29

Yo(iz) = ilp(x) — ;Ko(a:), Yi(iz) = -Ii(x) + ?Kl(az),
and

Ko(—z) = Ko(x) +inlp(z), Ki(—z)=-Ki(x)+irli(x),
we infer that

3 1 Ji(Xzow) 1 (Yzok)

= xak + g2 J2(zok)
- Z;}S(/;)) (Z’IMX e)(Yo(ed) + Yo(—ei)) + Io(e) (Y1 (—Xei) — V(X “’”)
-0 (- st +hio (- £
_ 1211(018 (LXK (e) + Lo(e)Ks (X2)).
as desired. -

The terminology of completely monotone functions, appearing in assumption (A1), is important
in our paper.

Definition 1. A function f: (0,00) — R is said to be completely monotone if it is of class C*° and
it satisfies

(=D)"fM™M@)y =0  VE>0, VneN.
The typical example is f(t) = t~%, with @ > 0. One can refer, for instance, to [30] for various
examples of completely monotone functions.

The following result is fundamental in the theory of completely monotone functions. For more details,
e.g. see Theorem 1.4 in [30].

Lemma 9 (Bernstein’s theorem). Let f : (0,00) — R be a completely monotone function. Then it
is the Laplace transform of a unique nonnegative measure p on [0,00), that is,

VEs 0, f(t) = /0 e du(z) £ L(u)(t).
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Conversely, whenever L(u)(t) < oo for every t > 0, the function t — L(u) is a completely monotone
function.

We also recall the following useful result on the propagation of higher regularity/integrability of
completely monotone functions (see [64, Lemma 6.2] for the proof).

Lemma 10. The following statements hold true.
(i) Assume that f is a completely monotone function satisfying

to
/ |F(0)[tPdt < o0,  for some B € (—1,00) and to > 0, (170)
0
then we have
to to
/ FB@) [Pt < Crp | )P, Yk e N.
0 0

(ii) Assume that f(t) is a smooth function satisfying (170) and f'(t) is with constant sign, then
we have

to to
/ PO < (1+6) / P08 da + | (t0) 117 (171)
0 0

In the spectral study of the linearized operator, the following Mikhlin multiplier type theorem for
an operator defined on a periodic function will be used; see e.g. [2, Theorem 4.5] for the proof.

Lemma 11. Given {a,}nez and h € LY(T), and define the operator

Th(0) = Z anhpe™.
nez

where ﬁn = % fT h(0)e="9d0 is the n-th Fourier coefficient of the periodic function h. Assume that

sup |an| < 0o, and sup|n(apt1 —an)| < oo,
nez nez

then the operator T is bounded in C*+®(T), for any k € N and a € (0,1).

Finally, the Crandall-Rabinowitz theorem from the local bifurcation theory plays a fundamental role
in our paper, and for the proof we refer to [25].

Theorem 5 (Crandall-Rabinowitz’s theorem). Let X andY be two Banach spaces, V' a neighborhood
of 0 in X and let F': R xV =Y be with the following properties:
(i) F(A\,0) =0 for any A € R.
(ii) The partial derivatives O\F', 0 F and 0\0,F exist and are continuous.
(iii) N(Lo) and Y/R(Ly) are one-dimensional.
(iv) Transversality assumption: 050, F(0,0)xg & R(Lo), where

N(Ly) = span{zo}, Lo = 9,F(0,0).

If Z is any complement of N(Lo) in X, then there is a neighborhood U of (0,0) in R x X, an interval
(—a,a), and continuous functions ¢ : (—a,a) — R, ¢ : (—a,a) — Z such that ©(0) =0, ¥(0) =0
and

FH0) U = {(#(6). &m0 + €0(©)) : ¢l <a}U{(A,0) : (A,0) e U}.
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