UNIFIED THEORY ON V-STATES STRUCTURES FOR ACTIVE SCALAR

EQUATIONS

TAOUFIK HMIDI, LIUTANG XUE, AND ZHILONG XUE

ABSTRACT. This paper revolves around the existence of time-periodic solutions close to Rankine
vortices for nonlinear transport equations with completely monotone kernels. This allows to
unify various results on this topic related to geophysical flows. A key ingredient is a new
factorization formula for the spectrum using a universal function. Many properties of this
function will be explored and used to track the spectrum distribution, which is needed in part
to implement the bifurcation theory. As a by-product we get global in time solutions with
singular kernels near the radial equilibrium.
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1. INTRODUCTION

In this paper we consider the Cauchy problem of the following two-dimensional (abbr. 2D)
active scalar equation
Ow+ (v-V)w=0, (t,x)€ (0,00) x D,
(1.1) v =V, (t,x) € (0,00) x D,
w(O,x) = W0<X)a x €D,
where D is either the whole space R? or the unit disc D, V+ = (8, —91), v = (v1,v2) refers to

the velocity field, w is a scalar field understood as vorticity or temperature or buoyancy of the
fluid, and the stream function v is prescribed through the following relation

(1.2) b(x) = /D K(x, y)w(y)dy.

Hereafter we identify the complex plane C with R?. We also assume some symmetry conditions
on the kernel K, through

(1.3) K(x,y) = K(y,x), K(xy)=K(xYy),
with X £ (21, —x2) the reflection of x = (21, 22), and
(1.4) K(e¥x,ef%) = K(x,y), 6cR.

Then wy(x) = 1pp(x), b > 0 (bD C D) is a stationary solution for the equation (1.1)-(1.2)).
By taking different forms of the kernel K, the equation (1.1])-(1.2)) includes several important
hydrodynamic models as special cases.

> Case D = R?,
K(X7 y) = _% IOg |X - y‘? that iS, w(x> = (_A)_lw<x)7

(1.1)-(L.2)) becomes the 2D Euler equation in the vorticity form, which describes the motion
of a 2D inviscid incompressible fluid and is a fundamental model in fluid dynamics.

> Case D = R?,

K(x,y) =cslx—y|™7, B €(0,2), thatis, w(x)=(-A)""2w(x),

B
with cg £ ﬁﬁgr 1.1])-(1.2) is the inviscid generalized surface quasi-geostrophic (abbr.

gSQG) equation. In particular, for § = 1, it is the surface quasi-geostrophic (abbr. SQG) equa-
tion which is a simplified model to track the atmospheric circulation near the the tropopause
[50] and the ocean dynamics in the upper layers [68]. This model in the range 0 < 8 < 1 was
introduced in [I7] as an interpolation between the 2D Euler equation and the SQG equation.

> Case D = R?,
K(X,y) = %KO(E‘X - y‘)? € > 07 that iS, ¢(X) = (_A + 82)71&}(}()7

with Ky the modified Bessel function (see Subsection , - is the quasi-geostrophic
shallow water (abbr. QGSW) equation. This model is derived asymptotically from the rotat-
ing shallow water equations in the limit of fast rotation and small variation of free surface [86].
The parameter € is known as the inverse ‘Rossby deformation length’, and small € physically
corresponds to a nearly-rigid free surface.

> Case D = D, consider the kernel
K(x,y) = —o= log 22 ) :
(x,¥) 27 108 (\1_xy‘

which describes the Green function associated with the spectral Laplace operator —A in the
unit disc D with Dirichlet boundary condition, and ((1.1))-(1.2]) becomes the 2D Euler equation
(in vorticity form) in the unit disc.
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Besides these examples, we refer to Section |5 for more active scalar equations -.
Owing to their substantial physical relevance and formal simplicity, active scalar equations -
have garnered considerable attention over the past decades. Significant progress has been
achieved across multiple fronts. The global well-posedness of classical solutions for 2D Euler
equation in the whole space R? or in any smooth bounded domain D is well-known for a long
time, see for instance [74], while it is still an open problem for the gSQG equation with 5 € (0, 2).
As to the local well-posedness issue in the framework of Sobolev spaces, it was explored in [I3]
for the whole space and in [I5] for smooth bounded domains. On the other hand, the L2-weak
solutions for gSQG equation are known to exist globally in time, see [80, [73, 69] for R? and
[16, [76] for smooth bounded domains. Recently, their non-uniqueness aspect in the plane has
been investigated in [8, [59].

Another significant class of solutions extensively studied in the literature involves the patch
solutions, which are solutions to — with initial data in the form of the characteristic
function of a bounded domain D, that is, wy(x) = 1p(x). According to Yudovich [88], the
vorticity patch solution for 2D Euler equation in whole space is globally well-defined keeping
during the motion the form of the patch structure. The patch problem initiated in 1980s
revolves around the regularity persistence of the boundary. It aims to determine whether the
initial regularity, for instance of type C*7 with & € N* and 0 < v < 1, can persist for all
time. This problem was successfully tackled by Chemin [I4], see also Bertozzi and Constantin
[6] for another proof. Similar results in half plane or within smooth bounded domain were also
obtained in [26] [62) [61]. The situation turns out to be more involved for gSQG equation with
B € (0,2). Here, only local-in-time persistence in Sobolev spaces has been established as proved
in [13, 29, [81]. In this case, some numerical experiments show strong evidence for the finite-time
singularity formation, see [I7, [84] [85]. Finite-time singularity results with multi-signed patches
in half plane in various range of § has been accomplished by Kiselev et al [62], 63] and also [30].
Very recently, ill-posedness results in various Holder and Sobolev spaces, associated with the
boundary patches or to the initial data, have been established in [18] [19] 64} [65].

The main goal of this paper is to construct time periodic solutions in the patch form for active
scalar equations — with a general kernel form K that will cover most of the equations
arising in geophysical flows. This type of patch solutions are commonly known as V-states, or
relative equilibria or rotating patches. Their shape is not altered during the motion and can be
described through a rigid body transformation. By identifying R? with the complex plane C and
assuming that the center of rotation is the origin, the V-states take the form w(x,t) = 1p,(x),
with Dy = ¢** D, where D C R? is a bounded domain. The real number § is called the angular
velocity of the rotating domain and will play the role of a bifurcation parameter.

The V-states study for active scalar equations — has a long history and it is still an
active area with intensive research. Over the last few decades, significant contributions at both
analytical and numerical levels have shaped this field. The first example of rotating patches for
Euler equations dates back to Kirchhoff [60], who proved that any ellipse with semi-axis a and b
rotates uniformly with the angular velocity 2 = %, see also [66, p. 232]. About one century
later, Deem and Zabusky [24] conducted numerical computations showcasing the existence of
implicit V-states with m-fold symmetry. This was analytically justified by Burbea [7] using the
bifurcation theory and conformal parametrization. Actually, the bifurcation from the Rankine
vortices (radial case) occurs at the angular velocities @ = Z=1 (m > 2). Later, Hmidi, Mateu
and Verdera [54] revisited this construction and show the C* boundary regularity and convexity
of the bifurcated V-states close to Rankine vortices. The analyticity of the boundary has been
recently explored by Castro, Cérdoba and Gémez-Serrano in [12], and its global version has
been discussed by Hassainia, Masmoudi and Wheeler in [46].

The V-states for the gSQG model in the whole plane was first investigated by Hassainia and
Hmidi in [44] and confirmed a similar result to Burbea for all 5 € (0,1). Later, Castro, Cérdoba
and Goémez-Serrano [I1] extended the construction for the range § € [1,2) and proved the C*
boundary regularity; see also [12] for the real analyticity of the V-states boundary.

Similar rigid time periodic solutions for the QGSW equation was studied by Dritschel, Hmidi,
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and Renault [27]. The topic of V-states in radial domains with rigid boundary was initiated by
De la Hoz, Hassainia, Hmidi and Mateu for 2D Euler equation in [23] and by the authors of this
paper to gSQG equation [56].

Besides the above results, there are abundant papers in recent literature on the mathematical
study of V-states for the active scalar equation — from various aspects. For instance,
a second family of countable branches bifurcate from Kirchhoff’s ellipses was proved in [12], 51];
the existence of doubly connected V-states close to the annulus was established in [25] 52
22, 39, 83]; concentrated multi vortices centered at regular n-gons or distributed according to
suitable periodic spatial patterns are analyzed in [10, BT, B2, B3] [49] [53]. Very recently, the
exploration of time quasi-periodic vortex patches for some active scalar equations — has
been conducted by employing advanced tools from the KAM theory, we refer to [4], 5], 41], 45
47, 48, 65l 83]. For other connected topics one can see [2, 111, 22] 34] [35] 36, 140}, 43, 53] and the
references therein.

In this paper we intend to develop a unified approach on the construction of V-states for the
active scalar equation — near Rankine vortices. More precisely, we shall apply the local
bifurcation theory to construct time periodic patch solutions around the Rankine vortices of
type 1pp, with b > 0 and bD C D, for the system — by imposing general assumptions
on the kernel K, which include all the aforementioned important models as special examples.
It should be emphasized that the explicit expression of K plays a crucial role to the analysis in
the previous works, especially along the spectrum study where we need the monotinicity of the
spectrum sequence.

Before describing our primary contributions, we need to introduce the equations that govern
rotating simply connected patches. As we will see in Section [, we find it more convenient to
parametrize the boundary of the V-states close to the stationary solution 1,p in terms of polar
coordinates § € R ~— /b2 + 2r(0)e? with b > 0, such that bDD C D. The contour dynamics
equation can be formulated as a nonlinear integro-differential equation F'(£2,7) = 0 with

5 o 2n PRn) . )
F<W>=ﬂr<9>+%< /0 i K(R(@)e%pe%pdpdn) R(0) £ \/b* +2r(6)

(1.5) 2 ' (0) + Fi(r).

One can easily show that F(€,0) = 0 for all 2 € R and therefore the next task is to check
that the local bifurcation tools such as Crandall-Rabinowitz’s theorem (see Theorem below)
applies in this framework.

The first main result concerns the stream function 1 associated with a convolution kernel
(1.6) K(x,y) = Ko(lx—y|), Vx,yeD,

where the function ¢ € (0, 00) — Ky(t) satisfies the following assumptions,

(A1) Complete monotonicity: the function —K| is a nonzero completely monotone function
(see Definition [6.1)), equivalently, there exists a non-negative measure p on [0, 00) such
that

o
(1.7) CK(t) = / e du(z), Vi 0.
0
(A2) Integrability assumption: there exists a constant ag > 0 and some « € (0,1) such that
ap )
(1.8) / |Ko(t)[t T dt < co.
0
Note that the assumptions (A1)-(A2) encompass as special examples the classical equations:

Euler equations, gSQG and QGSW equations, see Section [5] for more discussion.
Our first main result reads as follows.
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Theorem 1.1. Assume (1.6), with Ky satisfying the conditions (A1)-(A2). Then for any
m € N*, there exists a family of m-fold symmetric V -states for the active scalar equation (|1.1))-
(1.2) bifurcating from the Rankine vortices 1yp(x), provided that bD C D, at the angular velocity

(1.9) le’b = / Ko(|2bsin Z|) cosndn — / Ko (|2bsin Z]) cos(mn)dn.
T T

Motivated by the papers [23, [56] on the V-states in radial domains, our second main result
considers the perturbative case where the kernel involved in the stream function takes a more
general form

(1.10) K(x,y) = Ko(jx = y|) + Ki(x,y),
where K satisfies (A1)-(A2), whereas K satisfies
(A3) Regularity assumption: K1 € CF (D?) for some k > 4.

loc
(A4) Symmetry assumption: we assume that for any x,y € D,

Kl(X7Y) = Kl(yax)a Kl(i7y) = Kl(xvy)a Kl(ewxa eiGY) = Kl(xay))ve € Rv
where X = (z1, —x2) is the reflection of x = (z1, x2).

Theorem 1.2. Consider the general case with the assumptions (A1)—(A4). Then there
exists a sufficiently large number mg € N*, such that for any m = mg, the equation —
(1.2) admits a family of m-fold symmetric V-states bifurcating from the trivial solution 1pp(x),
provided that bD C D, at some angular velocity 2, .

Remark 1.1. The angular velocity €y, , in Theorem @ can be explicitly linked to the kernel
as follows

27 b 27
Qpp = =07 / / <VxK (be”, pe™) - e’o) pdpdn — K (b, be™)e™1dy.
o Jo 0
In particular, with the notation G1(p1,0, p2,n) = K1(p1e?, p2e™), we also have

2 b
(1.11) Qm,bzﬂ?n,b—b_l/o /O 90, G1(b,0, p, n)pdpdn—/TKl(b, be™) cos(mi)dn.

In the proof of Theorem our primary challenge lies in exploring the spectrum distribution
of the linearized operator to the functional F; defined in at the equilibrium state. One of
the crucial ingredient is the strict monotonicity of the spectrum (le »)meN+= with respect to m,
needed to get a one-dimensional kernel, which is a requisite condition stipulated in Crandall-
Rabinowitz’s theorem, see Theorem [6.2
Note that Q?n,b has the expression according to the analysis implemented in Subsection
Given this representation involving oscillating trigonometric functions, it is not at all obvious
whether this sequence exhibits a monotonic behavior with general kernel function Ky. A crucial
discovery is that when K satisfies the assumption (A1), then we find an interesting factorization
of the spectrum as follows, see Lemma [2.1

0, =2 / (61(b2) — P (b2)) 42 with Gy (z) 2 / e 2sin(mz gi2mi g,
0 0

where pu is a nonnegative Borel measure. In this factorization, we make appeal to the universal
function ¢, which is completely independent of the model and will encode the key feature of
the spectral distribution. Especially, we show in Proposition that for each x > 0, ¢ (z)
is positive and the sequence m € N* — ¢,,(z) is strictly decreasing, which yields in turn to
the monotonicity of the spectrum. These properties on ¢,, are not obvious and do not directly
result from the definition of ¢,, because the integrand undergoes oscillations with changes in
sign. The crucial point here is that ¢,, solves a second order linear differential equation with
variable coefficients given by . Then applying an ad hoc comparison theorem result outlined
in Lemma [3.1] allows to show that ¢, is positive and strictly decreasing in m. Another serious
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difficulty lies on the proof of the strong regularity properties of F(2,r) needed in Crandall-
Rabinowitz’s theorem. Since we only impose an integrability condition on Ky through the
assumption (A2), the boundedness results in [27, [44], 54, [56] related to singular kernel integrals
with pointwise assumptions on the kernels can not be directly used. To circumvent this difficulty
we establish suitable results, see Lemma and Lemma dealing with integral operators
(6.7) on the torus and use some persistence regularity estimates employed several times to infer
the required regularity for F'(2, r) as detailed in Subsection The third delicate point in
the proof is to check that 9,F (2 m, p:0) is of co-dimension one. To this end, we shall use a
Mikhlin type multiplier theorem stated in Lemma on the periodic framework, as described
in Proposition [£.2] Another interesting result is summarized in Proposition [3.2)and Corollary
where we derive the following spectrum expansion: for each N € N and n > 1,

dp(x) ac
QO,,_2/ 1 (bar) dz) 2Zn2k+1/ ()8 ey,

where
2
x T ” 1.,
= — . - >

and

CN, 5 oo $671 L
len,N| < NS /0 - %d,u(:c), V6 €0, 3).
This holds significant consequences in classical analysis, illustrated in Section [5| through several
examples stemming from geophysical flows, see Section [5} The proof of the foregoing expansion
results on a rescaling argument coupled with an application of the Hankel transform.

As to the proof of Theorem the main challenge is still to show the monotonicity of the
spectrum sequence (£, 5)men+, which takes the form as shown in Subsection The
idea is to perform perturbative arguments where from the regularity assumption on K; defined
in (1.10) we derive that the last term [, K1(b, be") cos(mn)dn involved in decays in m as
O(m~*) with some k € N* that can be chosen large enough. Thus, to derive the monotonicity
property of the sequence (€, p)m>1, it is enough to analyze the spectrum repartition and show an
algebraic lower bound decay for Q° m1b Qm To this end, we need a more careful quantitative
study of the sequence (¢, (z))m>1. In Propom‘monwe show that for every m > 1 and z > 0,

1 2m+ 1)z (2m+1)x

5 < - <4 .

2 (m? 4 22)((m + 1) + 2?) m(®) = Pt (@) (m? + 22)((m + 1)? + z2)
From this, we find according to (4.54)) a constant ¢, > 0 such that

Cx

Q9n+1,b -, > —3
This is the key point to get the spectrum monotonicity for large modes. Notice that as a
by-product of the spectral analysis, we also present a discussion in Section concerning the
convexity of the spectrum (Q%b)m}l.
In the section [pl, we will delve into some applications of Theorem and Theorem The
2D Euler equations, gSQG and QGSW equations in the whole space align seamlessly with
Theorem [L.Il We point out that the spectral study of the gSQG and QGSW equations as detailed
in [27, 44] involves intricate analysis on special functions. Nevertheless, with our approach those
results are easily derived yielding new identities and estimates such as , , ,
, . The V-states for 2D Euler, gSQG and QGSW equations within the unit disc D
with rigid boundary condition fall under the scope of Theorem allowing to get the results
outlined in [23] 56]. Notably, the application to QGSW equation in D with rigid boundary
condition is a new contribution.

The remainder of this paper is organized as follows. In the next section, we introduce the
boundary equation modeling the V-states, consider the linearization around the equilibrium
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state, and give an important factorization formula of the spectrum in terms of the universal
function ¢,,. In Section[3] we focus on the analysis of some crucial properties of ¢,,. We first prove
a useful comparison theorem in Subsection [3.I] allowing to derive the positivity and monotonicity
of ¢, and its asymptotic behavior, see Subsections - respectively. This approach offers
suitable tools in Subsections - to track the decay rate of ¢, — ¢n41 and the convexity
of the spectrum. In Section [d] we give the detailed proofs for Theorem [[.1] and Theorem
by checking the required conditions of Crandall-Rabinowitz’s theorem. In Section [5| we present
various examples that follow from Theorems and and naturally deduce some interesting
properties of the associated spectrum (most are new). In Section@, we compile the tools used in
the paper: completely monotone functions, Bessel functions and Hankel transform, boundedness
property of some integral operators on the torus, and Crandall-Rabinowitz’s theorem.

Notation. Throughout this paper, the following notation and convention will be used.

The symbol C denotes a positive constant that may change its value from line to line.

We denote the unit disc by ID. The unit circle is denoted by T.

The set N = {0,1,2,---} is composed of nonnegative integers, and N* = {1,2,---} only
includes positive integers.

Let X and Y be two Banach spaces. We denote by £(X,Y) the space of all continuous linear
maps T : X — Y endowed with its usual strong topology.

2. TIME PERIODIC PATCHES AND LINEARIZATION

We have multiple goals in this section. First, we will describe in the context of the vortex
patches the contour dynamics in polar coordinates. Then, we will describe the linearized operator
around Rankine vortices, which are radial equilibrium states. This operator takes the form of a
Fourier multiplier, and its spectrum within the framework of completely monotone kernels will
be factorized based on a Bessel-type universal function.

2.1. Boundary equation. Our primary focus lies in the motion of vortex patches concerning

the active scalar equation (1.1)-(1.2)). Specifically, the solution takes the form w(t,x) = 1p,(x),
where the domain D; CC D is a smooth perturbation of the disc bID, with b > 0. Note that
when the domain D = D is the unit disc, then we impose 0 < b < 1 as in [23] [56].

Our analysis will be centered on a specific patch solution within rotating domains, defined by
Dy =€"'D

with some angular velocity 2 € R. Clearly, this generates a time periodic solution with a
period T = . In this section, the kernel K involved in the stream function satisfies the
properties and . Now, we will parameterize the boundary dD; using the polar coordi-
nates, as follows

Z(t, ) T — GDt,
(2.1) 0 — ez(0) £ 2\ /b2 4 2r(0)e?,

where z(6) € D. Denote by n(t,z(t,0)) £ i0ypz(t,) an inward normal vector to the boundary
0D at the point z(¢,0). According to [54], p. 174], the vortex patch equation writes

Oz(t,0) -n=u(t,z(t,0)) -n
= _69 W)(ta Z(t7 9))]a

where 9 is the stream function defined by ((1.2)). Then making a change of variables and using
the symmetry property ([1.4), we deduce that

b(t2(,0) ='[;f<&ﬁ“z<exe“9y>dy

=/meww.
D
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In addition,

dyz(t,0) = iQz(t,0) = i Qe /b2 + 2r(0)e®

and
dya(t,0) - n(t, 21, 9)) — T (9y2(t,0) 92 (1,0)
D (0).
Thus we obtain the equation characterizing the boundary 0D,
(2.2 0r(0) = —0y ( / K<z<9>,y>dy>.
D
Using the polar coordinates gives
/ (=(0).y N KRG, pem)pp

K(z(0),y // e”, pe)pdpdn

(2.3) D
2 Folr with  R(6) £ /b2 + 2r(0),

thus we arrive at

(2.4) F(Q,r) £ Qr'(0) + 0pFy[r](0) = 0.

Notice that Rankine vortices 1;p(x) are stationary solutions of the equation , that is,
F(2,00=0, VQeR.

This property follows easily from the fact that F'[0] is rotationally invariant according to .

2.2. Linearization. In this section the kernel K in (1.2) satisfies (1.10) together with the
2.4

properties (A3) and (A4). Linearizing the rotating patch equation ({2.4]), we obtain

/ 2)W/ " (v K(R(O)¢”, pe™) - €) pdp dn]
(2.5) 1+ ( /T K(R(@)eie,R(n)em)h(’ﬂ)dn>

2 9, ((Q + V[r)(9))h(0) + E[r}(h)(ﬁ))-

8, F(,r)h(0) = QK (0) + 85

From ([1.6) we infer
ViKo(|x —y|) = =VyKo(jx —yl),
which implies that

2
9)/0 / V <Ko (|R(0)e" — pe™)) -em)pdpdnﬂfl[r](a)
1 2r rR(n) i i i
_R(9>/o /0 (VyKo([RO) ~ pe'|) - ) pdpdy + Vi[r)(6)
-~ /D (VyEo(IR@)” ~y]) - ) dy + Valr](6).

R(0)
with

2m
Vilr / / V K1(R(6)e?, pe™) - 6“9) pdpdn.
By using the Gauss-Green theorem we rewrite V[r|(6) as
Vr( )/Ko [RO)? — R(n)e|) (— idy(R()e™)) - dn + Vi[r](9)

évouewl (0).

(2.6)
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Hence7 by Setting Gl(p1797p2>77) £ Kl(p1€i07p2€m> and uSIDg 7 7 ’ ’ at the

equilibrium state r = 0 one has V0] is a constant independent of 9 and

27 rb
0) —b_l/ / (VXK(bew, pei”) -ew) pdpdn
o Jo
27 rb
_ / Ko([be®® — be™)) (ez‘n : ei@) dn+b‘1/ / (VXK1 (be™, pei) .eie) pdpdy
T o Jo

27 b
- / Ko([b — be™|) cos(n)dn + bl/ / 9, G1(b, 0, p,m)pdpdn
T o Jo

2w b
(2.7) =— / Ko(|b—be™[)edn +b~" / / 9p, G1(b, 0, p,m)p dpdn.
T o Jo
In addition, we get by virtue of assumption (A4),
(2.8) L[0](h) () = / K (be® be')h(n)dn = / K (b, be")h(0 + n)dn.
T T

It is easy to check that the operator L£[0] is a Fourier multiplier. Actually, for every smooth
function h(0) = 3, c7 hne™,

(2.9) LIOJR)(0) = 3 A hne™,  Anp2 / K (b, bei™)eimdn,
T

nez
Notice that A, , = A_,,, (owing to (L.3])) and the spectrum of L£[0] is discrete and given by

sp(L[0]) = {Amb,n € N}.
Denoting that

d, L) (h, w) 2 (%ﬁ[r +su)(h)

s=0
- /T <vxK(R(9)ei9, R(n)e™) - (U455 ) + Vy K (R(O)e™, R(n)e™) - (%@fj"))dn,
and using the chain rule, we find
o (L) ©@)] _ = (LBl r)0)] _ +0s(L10(0)0))
= d,L[0](h,0)(0) + L[0](1')(0) = L[0}(R')(0).

(2.10)

Similarly, we obtain
@11 %(VEIOKO)| = (&VEION©)r0))| _ +a(VI0I©AE)) = VIO (©).

Consequently, provided that (A, p)nen~ is strictly monotone with respect to n, the kernel of
0rF(€,0) is nontrivial if and only if (see Subsection 4.2 for more discussion)

(2.12) O { —V[0] = App, m € N*}.

r=

In the particular case where K(x,y) = Ko(|x —y|), one gets
™
(2.13) App=Anp = / Ko(|b — be"|)e™dn = 2/ Ko (2bsinn) e dn.
T 0

2.3. Spectrum factorization. The main goal is to factorize the spectrum A, j, given by (2.13))
using a universal function when the kernel —Kj is completely monotone as in the assumption
(A1). More precisely, we have the following key result.

Lemma 2.1. Assume that K(x,y) = Ko(|x —y|) with the assumption (Al) being satisfied.
Then for every n € N*, A\, given by (2.13] - satisfies

(2.14) =2 / o
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with
™ . .
(2.15) bn(z) = / e~ 2w s gi2nm g,
0

Proof of Lemma[2.1], Under the assumption (A1), and according to Theorem we infer the
existence of a Borel measure p on [0, 00) such that

(2.16) CK(t) = /0 T e (), V> 0.

Integrating (2.16)) with respect to t-variable, and using Fubini’s theorem we obtain

Ko(t) =Ko(2b) — / t / e dp(z)dr
—Ko(2b) — //% T drdu()

(2.17) =Ko(2b) + /0 e e ().

By virtue of Fubini’s theorem and (2.13]), we can rewrite the spectrum A, ; as

e 2bxsing _ ,—2bx )
Anb = / / du(a:))e’znndn
_2/ / (e—2b:(: sinnp 6—2bx)ei2nn d77 dp(zx)
o Jo *
—9 / ¢ (bar) 22)
0

This achieves the proof of the desired result. O

3. ANALYSIS OF THE UNIVERSAL FUNCTION ¢y,

In this section, we shall study various properties of the real-valued function ¢,, which is
defined by - In , we encountered the universal function ¢, which naturally emerges
in the analysis of the spectrum Anp of the linearized operator 0,F(£2,0). The positivity and
monotonicity of ¢,, together with its asymptotic behavior and the rate of decay of ¢, — ¢, 1 are
pivotal elements in the spectral study. We plan to explore these aspects along the Subsections
- Additionally, we leverage some of the properties of ¢,, to introduce a lemma regarding the
convexity of (A, p)nen~ in Subsection This lemma pertains to a specific class of nonnegative
measures.

Defining ¢,, as in through an integral featuring oscillating trigonometric functions in the
integrand makes it challenging to establish the aforementioned properties, such as positivity or
the monotonity. Fortunately, we discover that ¢, obeys an ordinary differential equation ,
which significantly helps us in establishing the desired properties of ¢,. We basically employ
suitable comparison principles to as it will be stated in Subsection

3.1. Comparison theorem. We intend to detail a comparison principle that serves as the
cornerstone for establishing several qualitative and quantitative properties of ¢,,.

Lemma 3.1. Let a,b: (0,00) = (0,00) be two given continuous functions and f € C?((0,00))
be a solution to

{ f"(@) + a(x) f'(x) = b(x) f(z) <0, Vo >0,
f(0) >0, mli_)r{)lof x) > 0.

Then f is non-negative on (0,00), that is, f(x) > 0. In addition, if f satisfies
f"(z) +alz)f'(x) —b(x)f <0, V& >0,

then f is strictly positive on (0,00).
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Proof of Lemma[3.1. We will start with proving the first statement. For this aim, we shall argue
by contradiction. Assume that f takes strictly negative values at some points of (0,00). Then
in light of the assumptions f(0) > 0 and li_)m f(x) > 0, one can find some xg > 0 such that

X oo

inf f(z) = f(wo) <0.
Hence,

(3.1) f'(zo) =0,  f"(z0) > 0.
Coming back to the differential inequality we find

f(xo) < bl@o) f(z0) <0,

which is a contradiction.

For the second assertion, we assume that f takes non-positive values at some points of (0, c0),
then there exists some zg > 0 so that infy~o f(z) = f(zo) < 0 which satisfies (3.1)), but using
the strict differential inequality gives f”(zo) < b(zo)f(x0) < 0, and it yields a contradiction.
This concludes the proof of the desired result. O

3.2. Positivity and monotonicity of ¢,. This subsection is dedicated to exploring the appli-
cation of the comparison theorem in establishing some qualitative properties of ¢,, introduced
in (2.15)). We shall show the following result.

Proposition 3.1. For everyn > 1 and x > 0, ¢n(z) > 0 and the map n — ¢ (x) is strictly
decreasing.

Proof of Proposition[3.1 For z € C, define

q)n(z) A 1/ﬂ ei(—zsinn—i—Znn)dn'
0

™

Recall the Anger and Weber functions defined successively by, see 8.580 in [42],

1 [ 1 ("
Ju(z) = /0 cos(vn —zsinn)dy and E,(z) = /0 sin(vn — zsinn)dn.

T 7r
Then we find

D,,(z) = Jon(2) + iEg,(2)
and
(3.2) On(x) = 7P(—2ix).

Now, it is a classical fact that the functions Jo,(z) and Eg,(z) satisfy the following ODEs, for
instance see 8.584 in [42],

bu(2) + 27 3, () + (1= 257) Ton(z) = 0

and

£, (2) + 57 Bl () + (142 ) By () =
It follows that

() + 2710 (2) + (1 257) By (2) = —%-

This implies by virtue of (3.2)) that

4
(3.3) @) a0 (@) — 4 (14 ) du(a) = —=, @>0
On the other hand, one may get from Riemann-Lebesgue’s lemma applied with (2.15) that
(3.4) Vn>1, ¢,(0)=0, and 1i_>m on(z) = 0.
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Hence, Lemma |3.1| guarantees that

(3.5) Ve >0, ¢n(x)>0.

Now we show that for any x > 0 the sequence n — ¢, (x) is strictly decreasing. For this aim,
we define

Xn(T) = On(T) — Pny1(z).
Then using the equation (3.3]) we find

(3.6) vi(@) + a7 @) = 4 (14 5) yu(@) = ~42L (@) g (2), @ >0,

with

xn(0) =0, xl;ngo Xn(z) = 0.
Thus, and Lemma ensure that
Ve >0, xn(z)>0,
which implies the strict monotonicity of ¢,,. This concludes the proof of the desired results. [
3.3. Asymptotic structure of ¢,. The next goal is to explore the asymptotic behavior of ¢,

with respect to n. This will be the crucial step in describing the asymptotic behavior of the
spectrum given through (2.14)). For this purpose, we shall rescale the function ¢,, as follows,

(3.7) On(z) £ Lon(E).
Then from (3.3)) we easily find that
(3.5) L (¢ll(a) + Lel(@) —4(1+ &) pu@) = =4, @ >0.

In the following, we plan to provide an expansion formula of ¢, (z) in terms of %

Proposition 3.2. For everyx >0, n > 1, N € N, we have
N

1
(3'9) Son(x) = @\Dk(m) + gn,N(x)a
k=0

with
(3.10) Uo(z) = ——

' O =1

2
— €z 1 1 /
(3.11) Ten () = 159 ( "(z) + x\I/k(x)), vk € N,
and
C )

(3.12) lgnn ()] < T vselo, ),

S N Teita
where C'= C(N,§) > 0 is independent of n and x.
Proof of Proposition[3.9 We define the second order differential operators

(3.13) Lof(z) £ f"(z) + 1 f'(x),
and
(3.14) Lf(x) 2 5 (f"(@)+1f(x) -4 (1+ %) f(=).

Putting this ansatz (3.9) into the equation (3.8]), we obtain that
N

N
2 iz o Vk(®) = =5 > 3 V(@) + Lgn v () = ——,
k=0 k=0
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that is,

4(x? + 1) LoWy(z)
n2k+2 (LO‘I’k(x) - T‘I’kﬂ(?@)) + 2Ntz + Lgn,n ()

Taking advantage of the relations (3.10)-(3.11) gives the error equation
1

Now, let us consider

Lof(z) £ Lo f(x),

4(1 + 22?)
then we write

1

U1 (z) = LoWp(z), and Lg,n(z) = —WLOM Wo(z) & —5rs Fv ().

By straightforward computations, using for instance an induction argument, we obtain

Chlz| Cn
Concerning the equation of g, v, it can be written in the form
1 4n? 1
(3.17) G (@) + (@) = g (&) = A0y (@) = — P (o)

In view of (3.9) and the relation @, (x) = n ¢, (nx), we claim that
. . 1 /
lim g n(2) =0, lim 22 (|gn N (2)] + [gp,n(2)]) =0, Vn, N € N.
z—0 T—00 )

Indeed, this can be directly justified by the dominated convergence theorem, noticing that for
every x > 0,

b ()] + [y, (2)] < 3/ e~ sz qy < 6/2 e~ ="y < min {3, &,
0 0
and
. - . 1 / _
VEEN, lmWin)=0, lim o5 ()] + W) =0.

To estimate this error function, we find it convenient to use the Hankel transform, for more

details see Subsection Then applying the Hankel transform #s,, to the equation (3.17) and
using (6.26)), we get

(=72 — 4n2)(Han 90, )(r) = 3 Hon P (r).

In light of the inverse formula (6.27) we deduce that

1 > T
(3.18) Ve >0, gpn(z)= N /0 o (HanN) (r)Jop (zr)dr.

Via a change of variable and integration by parts, we find that

1 & r
- - nF z n
gn,N(x) n2N /0 72 1 An2g2 (HQ N) (x)JQ (T)d?“

1 00 T—Qn ., / .
:nQN/O (7(H2nFN)(5)) r? +1J2n+1(7")d7“

r2 4 4n22?
1 o0 2n(H2nFN)(£) 1 o0 QTQ(HQnFN) (%)
— TN /0 72 + 4n222? Jomga(r)dr = n2N /0 (r2 + 4n222)?2 Jonta(r)dr
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1 [ r(HaFN)'(3)
/

n2N
(3.19) L1411+ 111,

where in the second line we have used the classical identity 72"+ .y, (r) = (7“2”“J2n+1(r))/.

We point out that in [67, [77], it was proved the existence of an absolute constant Cp > 0
independent of n, x so that

|Jn(z)| < Comin {n*%,x*%}, Vn e N,z > 0.
Combining this estimate with the definition (6.24) and (3.16]) yields

|(HanF)(r)] < /OOO 2| Fi (2)|]Janta (2r)|de

Wl

L f o1 [ 2 -
<Cpmin {T 3 / x3|Fy(x)|dz, n
0

/OooxyFN(x)\dx}

*° 1 & 1
/0 x%(l +$2)N+1dr, " /0 (1 +;,;2)N+1dx}
(3.20) <Cn min {riﬁ,nfé}.
Similarly, using the relation allows to get

|(HanFn)'(r)] < /OOO 2?| Py (2)|| T3, ()| da

W=
ol

<Cpy min {r*

-

< [N @I (1 )]+ s )]

< CNT‘_%.
Using the interpolation inequlaity and (6.13))
(3.21) T (2)] < [ Jn (@)1 0 Tn(2) — Jn(0)° < Con~ 320, 5 €0,1],n > 1,

together with a change of variables, we infer that for every ¢ € |0, %),

1

1 1
<c s [ asrat d
N r
= n2N 0 r2 + 4n222

CN 1 0 55—,

S 2 15 5ds
n2N+§—5fE - 0 1+s
Cn 1

. —.
n2N+5-6 xl §

=

<

Proceeding in the same way, we successively get

1 1 1
I < C n e sret dr < Cn 1
N r
= n2N 72 4 4n222 " T 2N+5-6 gl

and

nT3dr < —5—
r2 + An2y2 n2N+§7(§ .’13'1_6

1 o) 1—l+(5 1 C 1
I < Cn—5 / T T =
n X

Combining these estimates with (3.19]), we obtain

Cns 1
|gn, N (7)] < Wﬁ

In addition, using (3.18) and (3.21]), we also have that for every ¢ € |0, %),

1 o r
@) <z | g a0 )
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2 1
. Cny ™ r§n_§(;m")5d
r
TnN o 1?4 4n?

5 0 245
x T3
<CnN / dr
n2N+3-0 fo r2 41
20

S —
2N+2-6

<Chnys

Therefore, collecting the above two estimates yields to the last point of the proposition as desired.
Hence, the proof is completed. (I

As an immediate consequence of Proposition and (3.7)), (2.14)), we have the following results

on the asymptotic representation of the universal function ¢,, and the spectrum.

Corollary 3.1. Let b € (0,1) and 6 € |0, %) Then, for anyn > 1 and N > 0, the following
statements hold true.

(1) We have
AN
_ 1
Ve >0, ¢n(z) = kz—o W‘I’k(%) + 29nN (5,
with
Cns 2°
‘*QH,N(Q)‘ S 7 .
s (< ST E
(2) We have
N 0
Anb ZQk—H/ Uy () ey,
n 0
k=0
with

CN,& 00 xéfl
len,n| < n2N+§/0 1+%du(m).

3.4. The decay rate of ¢, — ¢,+1. Our main goal in this section is to provide an explicit
lower /upper bound for x, = ¢, — ¢n41, which is useful in handling the perturbative argument
employed in the proof of Theorem [T.2]

According to the differential equation , the function ¢,,+1 contributes on the source term,
and thus we shall need some pointwise controls for ¢,+1 or ¢,4+1 in order to estimate x,. We
note that, by choosing N = 0 in Proposition we obtain
T
1422

Vn>=1l,z2>0, @z + gno(),

with li_)rn gn.0ll oo (r+y = 0. Thus, for sufficiently large n, ¢, (2) remains close to 1=25. We will
n—oo
see that by analyzing carefully the differential equation governing ¢, (z) — Ti.2> We can show

the following lower /upper bound of ¢, (z), which gives a more precise version of that result.

Lemma 3.2. For every x > 0 and n > 1, the following inequalities hold true

i @ n® @
il S S T
and
4n? T An? T

<
An2 +1n2? 4 2
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Remark 3.1. One may expect that there exist some constants ci,co > 0 such that at least for
sufficiently large n,
C1 x
1B Sen@ = omm <
However, numerical experiments indicate that such inequalities do not hold even for very small
c1 or very large co. On the other hand, if we define
x c

1+a22 n?

2\1»'1( ) x> 0.

wn (@) £ on(r) — Ui(z), ¢>0,

we have
22-3)2_ c
o (w1 (@) + Jwny(2)) = 401+ F)wn(2) = G (i — & (V@) + 10 (0)).

The leading term on the right-hand side < s 4(;1) (1 + m%)\h(x) does not have a

n2 (1+z2)3z
definite sign, so that the comparision test seen in Lemma[53.]] does not apply in this context.

Proof of Lemma[3.2 Define

Fnle) £ on(@) = 71

where ¢ > 0 is a constant that will be chosen later according to n. From and . we
deduce by straightforward computations that

1 4 ¢ (22-3)2-8
ﬁ(fm Lin(@) = 4(1+ %) fu = —<1—c>x—n2(<1+x)2>3x’
with
fn(0)=0, and lim fu(z)=0

T—00

Next, we shall use the following bounds

x? <($2—3)2—8 t 1

ezl SISO ETTaE S Tah e Sy ep
leading to
c1 c (22-32%2-8 ¢ 1
“n2z S n? (1+a22)3z iz
and

4 ¢ (22 -3)? -8 .

4
(c=1-gn) < —(1—0);—ﬁm\ (I-c—gm)

Hence, by choosing ¢ = % and ¢ = 442 7 and applying Lemma we obtain the lower and
upper bounds for ¢, (), respectively. Combined with the relation 1D it gives the required
lower /upper bounds for ¢, (x). O

The next goal is to estimate the difference ¢, — ¢,41 that will be used later to explore the
spectrum distribution.

Proposition 3.3. For every x > 0 and n > 1, we have

1 (2n+ 1)z
SR r ) ((nr NPt | ) T en(e) <

Proof of Proposition [3.3. We shall first prove the following result: for any > 0, n > 1, we have

(2n+ 1)z ‘
(n? 4 22)((n +1)% 4 2?)

(3.22)

4(n +1)2 4(n +1)2
2 ——————rp(x) < op(T) — On <——T 2 y(2),
(3.23) An+12+1 () < ¢n(x) = Pnta(2) e (z)
where 7, () is a solution to the equation
(3.24) (@) + Lo (2) — 4(1 + B g () = ———CnED__

z z((n+1)2+x2) ’
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supplemented with the boundary conditions
(3.25) m(0) =0, and lim r,(z) =0.
T—r00

The construction of r, can be done using Hankel transform. Indeed, applying (6.26)) to (3.24))
yields

=5 Hanra(s) — WHanra(s) = ~Hon (2D,
Thus,
1
s2+4

HQnTn(S) - z | (n+1)2+z2

H2n< ((4(2n+1) ))(s)

Then in view of , we find
1 n
(3.26) rn(T) = HQn( 5 ’H2n( (4(2 U ))(8)>($)-

s +4 z((n+1)2+22
By the definition of Ha, in (6.24) and arguing as for getting the estimate we get -

Now we define h, () £ ¢n(x) — ¢ni1(x) — 4(47517512)“7'”(:1:) and

Tof(2) 2 f'(2) + 1 (2) — 41+ ) f(2).
Then thanks to (3.6), iy, (z) satisfies

2n+1 4(n+1)?
RS

T, hn(x) =

T, rn(z),
with
hn(0) =0, and lim h,(z) =0.

XTr—r00
Lemma [3.2] ensures that
2n+1 4(n +1)* 4(2n+1)

—4 ¢n+1( )<_4(n_‘_1)2+1x((n+1)2+x2)'
Thus
LRS! An+1)*

Taking advantage of Lemma we find that hy,(x) > 0 for every z > 0 and n > 1, which leads
to the desired inequality

4(n +1)2
On () — Ppta(z) =2 mﬁz@)
Performing a similar argument, that we shall omit here, one can prove the other inequality
4(n +1)2
On(2) = dnt1(z) < mrn(ﬂﬁ)'

This achieves the proof of (3.23]).

Next we shall investigate some lower and upper bound for r,. We shall first deal with the
following rescaled function R, (z) £ nr,(nz), which satisfies the equation, see ([3.14)),

1 n
LRn@)Z;p(RZ@)+%R%@D'—4U*F%)RM$):‘;@f§§§%;j

Our primary goal is to derive the pointwise lower /upper bound of R,,(z). To this end, we define

T 2n+1
H,(z) & :
n(7) 1+22(n+1)2 4 n2a?
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We plan to show the following result

(3.27)

which implies in turn that
LG T 2n+1 <7“(a:)<§ x 2n+1 .
25m2+ a2 (n+1)2+22 =~ " T 3n2 4+ 22 (n+1)% + 22
Then combining this estimate with gives the desired result of Proposition
Now, let us move to the proof of . Set

fn(z) & Ry(x) — cHy(z),
with some constant ¢ > 0 that will be carefully chosen later. Then, direct computations, using

the notation (3.13)), imply
Lfa(x) = ~(1-0¢)

42n+1)
z((n+1)% + n?z?)

1
— CﬁLOHn(l‘)a

and we note that

fu(0) =0, and lim f,(z)=0.

T—00

According to Lemma in order to obtain that f,(z) =0 or f,(z) < 0, we only need to let the
right-hand side of above equation be non-positive or non-negative. Next, we plan to compute

S LoHa(r) = 5 () + Hl ().

From straightforward computations we get for every x > 0 and n > 1,

1 1 1-22 241 z 2n +1)2z
(3.28) EH;L(QJ) =2 (1+22)2 (n + 1)2 + n2a? T 14 22 ((n :_ 1)2 +)n2$2)2
o 2n + 1 < z? n 2z 1 >
T (1240222 (14222 T (1+a2) (n+1)2 + n?a?
3 2n+1
T 4 (n+1)2+n%?

Direct computations yield

1 1 (-27)(3 — 2?) 2n+1 1—a? (2n+1)2x
(3.29) —Ha(7) =— 2)3 21 2.2 2)2 2
n n? (1427 (n+1)2+n%2®  (14+2%)° ((n+1)2 + n2a?)
x 42n + 1) 3 2(2n + 1)4n?

(L4222 (n+1)2 +n22)® 1+ (n+1)2 4+ n222)°
It follows that

1, 4(2n +1) 322 372 1
i >
H)(x) > 52

n? " z((n+1)2 + n2az?) 1+ 22)3 * 2(1 + 22)2 (n+ 1) + n2a?
3 42n+1)
~ 8az((n+1)2 + n22?)’
where we have used the inequalities ﬁ < % and ﬁ < %. Hence we find
~ 42n+1)
Lfn(z) < )(—(1—C)+%§),

z((n+1)% + n2a?
. 16 .- rs . . rs .
and choosing ¢ = 5¢ gives Lf, < 0. Then, Lemma implies that f,(z) > 0, that is,

Ve >0, Rp(z)>—
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Now, we move to the proof of the second estimate of (3.27)). First, we observe from (3.28)) that
1 1 4@2n+1)

—_H <= .
n? n(7) 4 (n+ 1)+ n2a?
In addition, we deduce from ([3.29))
4 4
iHZ(.’L') < 42n+1) x n x 1
n? z((n +1)2 +n222) \2n2(1+22)3 * 2(1+22)? (n + 1) 4 n’a?
42n+1) 272 n?a?

z((n+1)2 + n?a?) T ((n+1)2 + n2a2)*
3 42n+1)
< Q )
8z ((n+ 1) + n2az?)

where we have used the fact that ﬁ < 2% and m < %6. Then we have

42n+1)

Lfnlz) = z((n+1)% + n2z?

)( (1-¢)— 586)

Choosing ¢ = % guarantees that Lfn > 0. Therefore, we conclude in view of Lemma that
fn(z) <0, that is,

8
R,(z) < an(m),
as stated in (3.27)). This achieves the proof of Proposition O

3.5. Spectrum convexity. In the forthcoming lemma, we intend to discuss a result concerning
the convexity of spectrum (A, ;) nen+ associated with a class of measures p with suitable densities.
Our result reads as follows.

Lemma 3.3. Let A\, be given by (2.14) with du(z) = xf(z)dx, f(z) = 0 and f € C*(RY). If
there exists some constant C' > 0 such that the following conditions hold

(1) hmsupx\f( )!+hmsup:v2|f( )<,

z—0t z—0t

(2) hm flz)=0 andxgx}gooxf( ) =0

33-} x
(3) Ve >0, f"(x)=0
then we have

Vn>2, Agip+An—1p =22 =0

Proof of Lemma([3.3 First, recalling that ¢, is defined by and using the fact that
VneR, —e?14+2— e = 4gin?y,

we get the following identity,

d2¢,(x
(330) vnz2, 0D @) 4 20u()  dua(e).
Combining together (2.14) with (3.30) allows to get

Antip + An—1p — 2N = /00 (Pns1(bx) + dpn_1(bx) — 26, (b)) f(x)da

o [
- b2/0 (6n(bx) — ¢),(0)bx)" f(2)da.

Integration by parts, using the above assumptions on f and the fact that |¢/,(z)| < C,

Vn =2 ¢ (0) :/ 4(sin n)%e?Mdn = 2/ (1 — cos 2n) cos(2nn)dn = 0,
0 0



20 TAOUFIK HMIDI, LIUTANG XUE, AND ZHILONG XUE

we obtain

Mt + et =2 = 3 [ (6a(0) = 6,(0) (o)

2 o0
== 2 [ (0nlon) — 1 0p0)
Now, define the function

- 4z

hn(@) £ 6,(0)2 — Pp(z) = 21 (@)

We intend to prove En(a?) > 0 for any z > 0, which implies in turn the desired result of
Lemma 3.3l By straightforward computations we find

(@) + LRl (2) — 41+ 23 ) by (2) = — 7282 <0,

and

Applying Lemma [3.1] implies
Vo >0, En(x) > 0.

This concludes the proof of the positivity of En (z) and achieves the desired result. O

4. PROOF OF THE MAIN THEOREMS

In this section, we will apply Crandall-Rabinowitz’s theorem to prove the existence of time-
periodic solution for the active scalar equation (1.1))-(1.2)). We consider the kernel K(x,y) =
Ko(|x —y|) + Ki(x,y), and if K; =0, it corresponds to the case treated in Theorem [1.1] and if
Ky # 0, it is the case studied in Theorem Below, we always identify the complex plane C
with R?.

Before proceeding with the proofs, we collect some useful facts in polar coordinates. Denote by
(41) Gl(p1707p277]) é Kl(p1€i97p2€in)7 G(p1797102777) é K(p1€i97p2€in)7
then thanks to (A4) we have
Gi(p1, =0, p2, —n) = G1(p1, 0, p2,m),
Gl(/’179+9/a/72:77+el) :G1(01797P2777)7 Vo' € R.

Hence, we get in particular
(4.3) G1(p1,0, p2, —n) = G1(p1,0, p2, 1),
and differentiating at 8’ = 0 the second identity in (4.2)) yields

36G1(P17 9) P2, 77) = _anGl(Pb 9, P2, 7))7
aGG(pla 9) P2, 17) = _anG(Pla 97 P2, 17)

By setting x = p1e?? and y = pae', we get from straightforward computations

(4.2)

(4.4)

~ [0pGost — 39GS%9
(4.5) VxK(xy) = <8p1GSin9 + 9pGest |
p1
[ 0p,Gcosn — @,GSi;m
<46) VyK(X; Y) - <6P2GSil’l77 + anGC(;Szn .

We note that the above identities hold true when (K, G) is replaced by (K1, G1).
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Next, we shall introduce the function spaces that will be used in the bifurcation arguments. For
m € N* and a € (0,1), we define

(4.7) X =X, 2 {f € C?(T): f(0) = 3 by cos(nmb),b, €R,0 € T }
n=1

and

(4.8) Y=Y, 2 {f € CYUT) : f(0) = > bysin(nm),b, €R,0 € T }
n=1

equipped with the usual norms. For ¢y > 0, we denote by B, the open ball of X,,, centered at 0
and of radius €g, that is,

B, 2 {f € Xpm: ||fllx,. <€}

4.1. Strong regularity. This aim of this part is to explore the strong regularity of the func-
tional F' described by (2.4). We have the following result.

Proposition 4.1. Letm > 1, a € (0,1) and X,,, and Y, the spaces given by (4.7))-(4.8). There
exists eg > 0 small enough such that the following statements hold true.

(1) F:R x B¢, = Yo, is well-defined.
(2) F:Rx B, — Yy, is of class C'.
(8) The partial derivative 0q0,F : R X B¢, = L(Xp, Y,) exists and is continuous.

Proof of Proposition[{.1 (1) Using Gauss-Green theorem (similarly as deriving (2.6)), we can
rewrite OpFp[r] as

(4.9) agFg[?“] = (Fo(][?“] + F01 [7“]) . 89(R(9)€u9)

where
2r  rR(n) » '
FOO[T](H):/ / VxKo(|R(0)e — pe™|) pdpdn
0 0

- /TKO(\R(@@” = R(n)e"|) Oy (R(n)e™)dn,

and

N 2r rR(n) » A
Fou[r](0) = / / VK1 (R(0)e”, pe'™)pdpdn.
0 0

Since 9p(R(0)e?) = (ggzg ¥ + R(0)ie'?) € C17*(T), then from and (4.9) and in order to
show F(Q,r) € C'*~%(T), we only need to check that
(4.10) 0 € T — Foolr], Foi[r] € CT%(T).

Next we plan to prove (4.10). First, by letting ¢y > 0 small enough, we have that for every
r € B, and for every 6,1 € R,

(4.11) bl sin %52| < |R(0)e — R(n)e™| < 3b| sin 251.

Indeed, this is quite similar to [56, Eq. (59)]: according to the following estimates
R(0)e — R(n)e™ = be'™ (ei(g_”) -1)+ ((R(G)eie — bew) — (R(n)ein - bei")>,

and |95 (R(0)e — be'®)| < \/bi—_oTo and

2|6 1 .
(4.12) A0 < e —1] = |2sin g < |0], for |0] <,

we can get (4.11)) for every |§ —n| < 7 by letting €y > 0 sufficiently small; and the general case
follows from the periodicity property. Now, define

ki(0,n) £ Ko(|R(0)e” — R(n)e™|).
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Using the monotonicity of Ky(t) and (4.11} -, we deduce that
k(0,0 +n)| < max{yKO bl sin 4])], | Ko (3] sin 2 m} H1(|s1n2|)

and from (L8) (noting that (L.8) implies [;* \Ko )|dt < 00) and ( we get

/H1 (| sin 2])dn <2 max /]Ko dn,/ |Ko(3 ]dn

<413) 37Tb
Co
< / Ko (t)]dt < oo.
b Jo

Noticing that 8,(R(n)e™) = (zH Eng "+ R(n)ie™) € C'%(T), and the estimate

‘(‘30 (R(O)ew — RO+ 77)62(9+7]))‘ < C|17]170‘ < Cwlfa‘ sing‘l_a, Vin| <=

combined with the periodic property of R leads to
(4.14) ‘a(, (R(G)eie RO+ n)eiwﬂ))
Then, we use to deduce that

196 (k1.(0,0 + )| <C|K}(|R(0)e™® — R(0 + m)ei @) ]ag (R 0)e® — R(0 + n)e@'<9+n>) ‘

<O sing‘lfa, Vn € R.

<C|Kq (b sin Z|)|] sin "‘1 = HQ(‘ sinZ|).
In addition, in view of Lemma (with f = —a(1 — «)) and (| - -, we have
/ (Hi(]sin 31))" (Ha(] sin §]))'~dn < C/ [ Ko(Chm) | [ (bm) [~ 0= dn
4.15) ’ 0
(4 (1) ]
< c/ [Ko(D)]o+dt + C < o0,
0

where C7 equals either % or %b. Hence, gathering (4.13), (4.15]) with Lemma implies
(4.16) 1Foolr]llor-o < Cllag(R(n)e™)llor-a < C.
For the remaining result in (4.10)), using the assumption (A3), one can easily show that

(17) [Falllonn <C  swp (|9<K1(ey)| + V2K (3l 10(RO)) 1) < C,
x,y€B(0,b++/2€0)

which guarantees that Fy;[r] belongs to C1=%(T), as desired.

Now, we prove that F(,r) given by (2.4) has the series expansion as in Y,,. Indeed, noting
that under the assumption (A4), the kernel K satisfies

K(x,5) = K(x,y), K(¢"x,ey)=K(xy), VI €R,
we can argue as in [50, p. 27] to deduce that
Folr](=0) = Ko[r](0),  Folr](0 + &) = Folr](0),
which leads to

Fy[r](0) = Z Cnm cos(nmB),  cum € R,

and consequently, F'(€2,r) has the desired expansion formula. Therefore, by taking ¢y > 0 small
enough we conclude that F(Q,7) € Y.

(2) It is obvious to see that g F (£2,r) = ' is a continuous mapping. So we only need to show
that 0, F (€2, r) is continuous with respect to r. In view of (2.5)-(2.6)), we have

OpF(Q,1)h(0) = 5 (2 + VIF)(9)) h(6) + LIr)(h)(6) )

= 05 (2 + Volr] (0) + Vi[r)(0))(6) + LIr](h)(6) )
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(4.18) = QW'(68) + 09 (Tolr](h) + T[F](R) )
where

s /T Ko([R(©)e — R(n)e™ ) h(n)dy
+ /qr Ko(IR(0)e” — R(n)e™)) (i0y (R(m)e™)) - (ghe™)dn,

and
2m rR(n) ) ) ho) i
h)(6) = /0 /O VK1 (R(O)e”, pe') - (g5e’”) pdpdn
(419) + | Ku(RO)". R hn)an,
For the term 9pZy, by using the notation VxKo(|x —y|) = K{(|x y|) y‘, we decompose it
as follows
8pZo[r] / Ko(|R(0)c™ — R(n)e™|) (i, (R(n)e™)) - 3o (1gr¢”) dn
+ g (R(0)e”) /V Ko(|R(6)e” — R(n)e™|)w(8,1)dn
(4.20) = Too[r](h)(0) + Zoa[r](R)(6),
with

w(0,n) = h(n) + (10, (R(m)e™)) - (gr¢”)
= h(n) + %8 (R(n) sin(f — 77))
= h(n) — e B(n) cos(0 — ) + e T sin(6 — 7).

-~

Lws(0,m) Lw3(0,m)

The estimate of Zoo[r](h)(0) is similar to that of Fyg[r] in (4.16). Actually, using the product
laws in C'=%(T) we have

(“21)  Toolr](B)ller-o < ClOnREEM | 1o 106 (Geighe™) oo
For Zo: [r](h), since 6 € T + 9y (R(0)e') € C*=(T), then using the product laws we get

Tanlrl(0) e < €| [ VxBa(IRO)? = Reu)e) walt )

< bz

(4.22) £To2[r](h)
+f /T Vo (|R(0)e” = R()e™|) wa(0,n)dn | .
£To3[r](h)
We define

ka(0,7) £ VxEKo(|R(0)e” — R(n)e"|) w2 (6, n)

= K§(|R(0)e" — R(n)e™|) oot Ly (0, 7).

(0)e?

R(n)et|
Notice that

w3 (6,0 + 1) = h(0 + 1) — h(0) + h(0) LG cosn,

and

Oy (Wa(0,0+ 1)) = I (0 +n) — H'(0) + ag( %‘g) (R(0) — R(6 +n) cosn)

+ 1 (7l — Rk )
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Arguing as for (4.14)), we deduce that

(4.23) (wa(6,6+ )| < Cllhlls | sin 2]
and
. -«

(4.24) 199 (w2(0,0 + )| < C||h||g2—a|sin F| 7
Thanks to the non-increasing property of |K{| and m, we deduce that
(4.25) lk2(60,0 +n)| < C‘KO( |sin 2|)||sin 3|[|h]|cx £ CHs(|sin Z|)||hlcr.
Applying the estimates and allows to get
(4.26) [ alisin ghyan < / Ko fnlndn < C [ Ko(olde +C.

T 0 0

By using (4.11)), (4.14), (4.23)-(4.24) and the non-increasing property of |K{)|, |K{|, together
with Lemma (1), we infer that

30 (1a(6,6 -+ m)) | < © (1750 sim B[ sin 3| + 55 bl sin 31} | sin 3]~ ] sim 3
+ Cllhllca-a | K (o] sin §)]| sin g~
<Ol o (1556l sin 31)| + |5 (o] sin )| sin §| ) sin 3|~
(4.27) <C||hf| ¢z~ Ko(5b]sin F])||sin 3% £ Cl|h|ge-o Ha(|sin F]).
Lemma estimates , and assumption (A2) ensure that
/(H3(|sm’7])) (Ha(|sin Z |))1_adn<C/T|K6(g|sing])‘ ]sing|°‘+(1*a)2dn

< C/ | Ko(m) | '+ dn
0

(4.28) <C / |Ko(t)[t~ T dt + C.
0

Hence according to (4.26]), (4.28) and Lemma we find

(4.29) |zl ,,_., < Clblica-.

For Zos[r|(h), we set
k3(0,n) =V Ko(lR( )e'” — R(n)e™|) sin(6 — ).

In a similar way as for deriving (4.25) and ( -, we have

|k3(0,0 +n)| < CHg(\smg]), 09 (k3(6,6 +n))| < CHy(]sin ).
Lemma and , guarantee that
(4.30) H /qug( )Egzgdn‘ cl-a cl-a
Hence, it follows from and the product laws in C'~%(T) that
(4.31) [Zos[r](R)l|c1-o < CR|c1-o-
Putting together (4.29)) and (| - yields
(4.32) Hagzo r hHCl_a < CO|h)|goe.

v (n) ‘
R(n)

Let us now move to the term Z; defined in (4.19). Then one gets
27 (n) )
0oLy [r] / / VxK1(R (0)e?, pe' ") pdpdn - (99(?)) )

, 2m rR(n) o 4
+ 9y (R(0)e™) -/0 /0 V2K1(R(0)e™, pe™) pdpdn - (%ew)
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+ 05 (R(0)¢) - /T VoI (R(0)™, R(n)e™)h(n)dn

(4.33) = Ilrl(h)(9) + Taz[r] () (0) + Tus[r] (h)(6).
Since K € Cjl (D?), then arguing as for the estimate of Fy;[r] in (4.17), one can easily show

that
27 rR(n)
Tl <cf [ [ v (®@o)e", pe
< Cllhllc2-a.
In a similar way, we find

|0gZh[r]hl|cri-a < | Zur[r](R)[lcri-o + (| Z12[r](R)|[cr-o + [|Z13[r](R) | cr-o
(4.34) < Olh)lpe-o.

Therefore, by collecting (4.18))-(4.32)) and (4.34]) we infer

10, F(, 1)l ere < Cllh o

100 (e e

The next goal is to prove that for given Q@ € R, the mapping r — 0,F(Q,r) € L(Xn, YY) is
continuous. Thanks to (4.18]), (4.20)), (4.33), it suffices to show that, for every r1,ry € B, as
Hrl — 7"2”02704 — 0

(4.35)  sup <Z | Zoj[r1](h) = Zoj[r2] (R) || - + Z (| Z1;[r1]( I1j[7“2](h)HCla> — 0.

[hllg2—a<1

Denote by R;(0) £ /b%+ 2r;(0), j = 1,2. For Ty given by (4:20)), we get

ool ) ) = Tl e < || [ ses@.mn (Rame) et 00(Goe) oo
+0|| [ Ka(1Xa0.m)00((Rrln) = Ratm)e)an]|,_ 005 )Hcl .
+C'H/TK0(|X2(9»77)|)5n(R2(77)6i”)d7]‘Cl |90 (£49) — 95 (149 ) | .

where
(4.36) X;(0,m) £ Rj(0)e” — Rj(me™,  j=1,2,
and
kq(6,7) = Ko(|X1(0,m)]) — Ko(|X2(0,7)]).
Hence, taking advantage of the estimates
[R1(n) — Rao(n)|c2-a < Clr1 = r2llc2-a,
and
Hé‘a(}?f( ?) - o (7 ( eVl < Clhllcz-allry = rallco-a,
together with we deduce that
1 Zoolr1](h) — Zoo[r2](h)[lc1-o < Cllhlc2-allr1 = T2llc2-a
40 +Clilone| [ a0 (R,

The next goal is to estimate k4 and without loss of generality we can assume that | X;(0,60+n)| <
|X2(0,0 +n)|. Then, according to Lemma [6.1}(2) we deduce the inequality

ke (0,0 +n)| < (1X1(0,0 +n)| — [X2(0,0 +n)]) Ko(|X1(0, 0 +n)]).
Using the triangle inequality together with (4.11)) yields
[ka(0,0 + )] < (IX1(0,0 +n) — X2(6,0 +n)[) | Ko (b] sin 3]) .
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Applying Taylor’s formula and using the 27-periodicity, implying that we can assume |n| < 7

1
X2(6,0 4+ 1) = Xa(6,0+ )] = | [ 0a(Ra0+ ra)e’®7) = R84 7)et® 7)) - ]
0
(4:38) < CollR1 = Rallealnl < Collr = raen|sin g.

Therefore we deduce that
(4.39) |k4(0,0 +n) < Cllry — rchl}K{) lb‘ sinﬂ‘ H sin 7| 2 COlry — 7‘2HC1H3(\ sing]).

Now, we shall estimate the derivative Oy (k4 (0,6 +n

)) which takes the form
B0 (k0(0,0 +m)) = (K5(1X1(6,0+ m)l) — K (1X2(0

0+ 1)1) ) AR - 0y (X1(6,6 + )
(12000 -+ ) (R — Rewrn) (0.0 +m)
K (1X2(0,0 4+ 0)) gt - (90(X1(6,0+m)) — 09(X2(6,0 + 1)) ).
As Ry € C27(T), then we deduce that for || < 7
|06 (X1(0,0 +m))| < |RL(0)e™ — RO+ n)eT| + | Ry (0)ie™ — Ry (6 + n)ie’ @+
< C(IRillcr-o + || Rallea-a) In'—

< CHTlHCQ—a‘ sin g|1—o¢‘

/\

Similarly, we get
|00 (X1(6, 6+ 1)) — 0o (X2(0,0 +n))| < |(R1(8) — R5(6)) — (R (8 + 1) — Ry(6 +n))e™|
+ | (R1(6) — R2(6)) — (R1(0+n) — Ra(6 +1))e”|
< O(IRy = Ryllgi-o + IRt — Reflcr-a) In'™®
< C|lr1 — rallg2-«| sing]ka.

We may assume |X1(0,6+n)| < |X2(0,0+n)|. Then, applying Lemmal6.1}(2) with the triangle
inequality allows us to get,

| E(1X1(0,0 +m)]) — Ko(1X2(0,0 +n)])| < (1X1(0,0 +n) — Xa2(0,0 + n)|) [ K5 (| X1(0,0 +n)])].
Thus, we obtain by virtue of (4.38)), the monotonicity of |K{| and (4.11)),
K168+ m)) — Kp(1X2(8, 0 + n)])| < Collry — ralles | sin 31| K4 (bl sin 31)].
Using Lemma [6.1}(1) gives
K110, 0 + m)]) — K(1Xa(6, 0+ n)])| < Collrs — ralle | K (L] sin 2))|.
Putting together the foregoing estimates we get by straightforward computations
09 (k4(0,60 + 1)) | <C|lr1 — 72 cz—a | K§(3b] sin Z])| | sin I)t-e
(4.40) £C ||r1 = rollc2-a Ha(| sin Z]).
Hence, ([£.39), (4.40), (4.26), (4.28) and Lemma [6.4] ensure that

| Ak4(0’n)8n(Rl(n)e "

and consequently,

(4.41) [ Zoolr1](R) — Zoo[r2](R) [ c1-o < Cllr1 = 72l c2-o |l c2-o-

For Ty [r](h) given by (4.20), using (4.29) and the estimates that HRZ-(Q)eiGH@(T) < C and
|06 (R1(0)") — D0(Ro(0)e™)

< Cllry = r2flez-al|9p(Ri(m)e™) [l c1-e

< C|r1 —rafl g2,

Cl-a < C||7"1 — 7“2”02704,
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we find in a similar way as for deriving (4.37)
1 Zo1[r1](R) — Zo1[r2](R) [ c1-o < Cl[hl[c2-al[r1 = T2l c2-a

4.42 3
44 £ O3 Tl () — Zoglral ()l cne.
k=2
From (4.22), we denote
(1.3 Zaelri (1) = Toafral (W)l cr-e = || [ Ss@.ma], .
where
; cos(0— .
wa;(0,m) 2 h(n) — O R(0), j=1,2,
and

k5 (0, 1) 2 VxEKo(X1(0,1))W21(0,1) — VKo (X2(0,1)) w22 (0, 7).
We rewrite ks5(6, 6 + n) as follows

ks (6,0 + 1) = (KG(1X1(60,0 + n)]) — KG(1X2(6,0 + n)]) ) AHgorwan (6,0 + 1)

+ Kp(1X2(0,0 + m)) ( RGo s — pegredy) wai (0,6 + 1)

+ VKo (1X2(0, 0 + 1)) (w21 (6,0 + 1) = wa(6,6+1)).
By the identity
wo1 (0,0 +n) — waa (6,0 + 1) = h(0) cos(n) <R12g(29(;)n) - R};g(f(}?))

R1(0) (Ra=R1)(0+4m) —~(R2=R1)(9)) + (R2(0) = R1(0)) (Ra(0)— R (0+n))

= h(8) cos(n)

R1(0)R2(0) ’
we deduce that
(1.44) w1 (6,0 + 1) — w32 (68,0+ )| < Cllhllgoelry — rllen ] sin 3,
and
(4.45) ‘69 (ng (0, 0 + T])) — Op (Wzg(@, 0+ 7]))’ < CHhHCl ||T1 — TQ”CQ—Q‘ Sing‘l_a.

Arguing as in (4.2 and (£.40), and using (4.23)), (4.44) and Lemma [6.1}(1), we infer that
ks (6,0 + m)| < Cllrs = rallea bl (|5 (b sin §1)]1 sin 3] + | K4 (0] sin §])] [ sin §2)
<Cllr = rallea hller | K (Ll sin )|l sin 2]

=C|lr1 — rallcr | hllcr Hs (| sin 3]).

In a similar way to (4.27) and (4.40)), and after some tedious computations, we arrive at

|0 (ks(0,0 +n))

3
<Cllrt = rallona bl e (Z K9 (b sin )| |sinz|fa)
j=1

< C|lr1 = rollce-a|hllc2-o | Ko (0] sin 3])| | sin Z['
=C|lr1 — 742Hc27a||h||027aH4(‘ sing|).

Hence, (4.26), (4.28) and Lemma [6.4] implies that

H/ks(&n)dn‘
T
Putting it together with (4.43) yields

(4.46) 1 Zo2[r1](h) — Zoz[r2](h)|lc1-o < Cllr1 — 12/l c2-a|lh]|c2-a-

orea S Cllrt = r2flgz-al|hllg2-e-
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The estimate of Zyz[r1](h) — Zos[r2](h) is quite similar to the preceding one, using in particular
, and we shall just state the final result omitting the details,
(4.47) 1 Z03[r1](h) — Zos[r2l(h)llc1-o < Cllr1 = roflcz-o|h]lc2-o-
Next, the estimation of Zy;[r1](h) — Iy [r2](h) (j = 1,2,3) is more straightforward, and one gets
(4.48) > 1Tl (R) = Tyjlral (W)l ci-e < Cllrt = r2ll o[ Bllc2—a-

j=1,2,3

Below, we only give the proof of the estimate for Z71, since the remaining terms are similar.
Indeed, noting from - that

Tulri)(W)(0) — Tufral(h /%/%n WK1 (Ra(0)e”, pe™) pdpcn - 00 (#1057
+ (Ry(0)e” — Ro(6)e™ ( )

/27r /R2 ViK1 R2 ,pe )pdpdn ( (h1(<90))€i9> _80(£§?g)ei6)),

with
1 27 pRa2(n) ) ) )
GGRHmwé//‘/ V2K (sR1(0)e™ 4 (1 — s)Ra(0)e”, pe™) pdpdnds € CH(T),
and using the Cj! -smoothness of K7 yields

1Z11[r1](h) — Tua[ra) (W)l cr-a(ry < Cllr1 — r2llc2-a Rl ¢2-a.

Therefore, gathering the above estimates we conclude (4.35)), allowing to get the desired result
on the the continuity of 9, F(Q,r).

(3) Since 90, F (2, r)h(0) = h'(0), then the regularity result follows immediately. O

4.2. Spectral study. In this subsection we focus on the spectral study of the linearized operator
at zero, given by 0,F(2,0). Consider

0 € R~ h(h) = Zan cos(nmf) € X, an, € R.

n=1

Then, according to (2.7) and (2.9)-(2.11]), we have

0,F(2,0)1(6) = (2 + V[O])(6) + LI0] (W) (6)

(4.49) =— Z an (Q = Qum p)nmsin(nmb),

n=1

where Q,,, (n € N*) satisfies

(4.50) Uy = Doy + Qs
with
(4.51) n b= / K(2b] sin "|) cosndn — / K(2b] sin |) cos(nn)dn
= AMp— A\np,
and
21 b .
(4.52) Q& — b_l/o /0 p, G1(b,0, p, ) pdpdn — /TKl(b’ be™) cos(n)dn.

In particular, if K(x,y) = Ko(|x —y]|), then Q,; = Q%b = Aip — Apyp With A, given by (2.13).
Lemma and the results in Section (3| imply the following crucial properties of Qg’b
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Lemma 4.1. Let K be a smooth function satisfying the assumptions (A1)-(A2), see (1.7) and
(1.8). Then the following statements hold true.

(1) For any n € N*, we have

8n? > b 8n?2 > b
Ap— d <O <Ay — du(z),
1,b 4n2 _ 1 /0 n2 + (bx)g ILL(,’,E) n,b 1,b 4n2 + 1 /; n2 + (b.’IJ)Q /’L(x)

and

lim Q%b :/KO(Qb]singD cosndn.
T

n—o0
(2) The map n € N* — Qg,b is strictly increasing and

1
5Dn < Qo1 — Dy < 4Dy,

with
o0 b 2n+1
D, & d )
/0 n2 + (bz)2 (n + 1)2 + (bx)? ()

Proof of Lemma[{.1 In light of (451 and Lemma we have a useful formula for Q) , in
terms of ¢, given by (2.15)),

(4.53) Oy = Ay — Anp =2 /0 N (¢1(bx) — 6n (b)) H42L.

Hence, the statement (1) follows directly from Lemma

As to the estimate of the point (2), it can be deduced from (3.22) and (4.53)). In addition, since
1 is a nonnegative measure and is not zero measure, there exist some 0 < d < oo and ¢, > 0
such that p([0,d]) > c. > 0. Then, we obtain the strict monotonicity of (¥ ,),en+, that is,

n,b
L4 b 2n +1
Q0,0 > = d
b = b 2 /0 W& (0272 (17 + ()2 M)

Cx b 2n +1 c
4.54 > — > =
(4:54) 2n2+ (bd)? (n+1)2+ (bd)? ~ n3
with ¢/, > 0 depending only on ¢, d and b. O

Next, we intend to show the monotonicity of the sequence (£,,;) for large modes.

Lemma 4.2. Consider the general case (1.10) with Ky and K satisfying the assumptions (A1l)-
(A4). Then there exist mg € N* and C > 0 such that for any m > mg and n > 1,

Q(nJrl)m,b - Qnm,b = (nm)

In addition,
27 rb
li_)m Qomp = / Ko(2b]sin #|) cosnpdn — b_l/ / 05, G1(,0, p,m) pdpdn.
n—o0 T o Jo

Proof of Lemma[/.3 Since the kernel K; belongs to CP (D?) and n — Ky (b,be™) to C3(T).

loc
Then, using integration by parts we infer

(4.55) | [eoencostumman] <[ [ 610006 sntma
<

(nm)3’

with some Cy > 0. Hence, in view of (4.50)), (4.52)), (4.54]) and (4.55)), we find

Q(n—i—l)m,b - Qnm,b = Q?n—&—l)m,b - ng%b + Q%n—i—l)m,b — erzm,b



30 TAOUFIK HMIDI, LIUTANG XUE, AND ZHILONG XUE

y (n—&-lz)m—l é B 920,
- = k3 (nm)3
c, Cy

> _ .

(n+1)3m2  (nm)3
2005
cl
Next, using Riemann-Lebesgue’s lemma combined with Lemma [4.1] allow to get the convergence
result. This ends the proof of the desired result. O

Choosing some mgy > , we show the first result on the lower bound of Q4 1yms — Qnm.p-

Now, we are in a position to show the main result on the spectral study of 9, F'(£2,0), by showing
the validity of all the requirements in Crandall-Rabinowitz’s theorem. The function spaces that
will be used below are described in (4.7) and (4.8).

Proposition 4.2. Assume that either the assumptions of Theorem[11] or those of Theorem[1.2]
are satisfied. Then the following statements hold true.

(1) The kernel of 0,F(£2,0) : Xy, = Yy is non-trivial if and only if Q = Qg for some £ € N*.
In this case, it is a one-dimensional vector space generated by 6 — cos(fmb).
(2) The range of OpF (Qem.p,0) is closed and is of co-dimension one. It is given by

Range (0, F(Qmp,0)) = {r e Cl(T) : r(0) = Z ap sin(nm@), a, € R }
n>1,n#Ll
(8) Transversality condition:
000, F (m b, 0)(cos(fmB)) & R(OpF (e p,0)).

Proof of Proposition[{.3. (1) The proof of statement (1) is a direct consequence of (4.49) and
the strict monotonicity of n € N* = €, 3, seen in Lemmas
(2) From (4.49), it is obvious to see that

RO, F(Qump, 0)) C {r eCT):r(0) = Y aysin(nmb),a, € R }
n>=1,n#l
Next we prove the converse inclusion relationship. For any r € C'~%(T) satisfying
r(0) = Z by, sin(nm@),

n>1

n#L
we have to find some h € X,,, such that 0, F(Qp,,0)h = 7. In view of (4.49), we formally get

b
h(0) = Z © e cos(nmb),

n>1 nm,b — Qém,b)nm
n#l

and we need to prove that h € C?~%(T). First, we write

1 -

4.56 h(6) = ——— b cos(kh),

(456) 0= % g e eos(kd)
k#lm

where

- Bm o for k€ mN*
g 0, for k ¢ mN*.

Notice that one easily gets that
0 — Z by cos(ko) € C>(T).

k>1
k#me
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Since (2 p)ken~ is strictly increasing with respect to k, we have

1
sup —————— < 00
kztme | Qb — Qompl ’
and
1 ‘ <
sup 00.
Jme (Qr1,0 — Lomp) (e p — Lomp)

In order to show h € C?~%(T), by applying Lemma we only need to prove that

(4.57) sup k|Qp41p — Qg p| < o00.
k>1

Indeed, if the case ([1.6)) is considered, by virtue of (4.51)), (2.13)), the monotonicity property of

|Kp| and Lemma we infer from integration by parts that

1Qer1p — Qep| = 2‘ / Ko(2bsinn)e®™ (e — 1)d77‘
0
4 il 4 L ‘
gk/Q | Ko (2bsing)|dn + kb/ K} (2bsing)| |7 — 1)dy
0 0

< [FEoomian+ 5 [ 1Kol

0 0

C

E7

where in the last line, we have applied and Lemma For the general case , we

combine (4.50)), (4.55) and the above inequality, leading to (4.57). Hence, we conclude that
h € C?~%(T) and the proof of the range characterization follows immediately.

(3) Due to the fact 000, F(Qpmp, 0)h = K/, we find
000, F (Qm b, 0) cos(fmb) = —m sin(fmh)
¢ Range(@rF(ngb, 0)),
as claimed. This ends the proof of Proposition U

<

5. APPLICATIONS TO GEOPGHYSCIAL FLOWS

In this section, we will examine special cases of — covering crucial models encoun-
tered in geophysical flows. Through this exploration, we will observe that our comprehensive
framework often leads to the known results on the construction of V-states in the simply con-
nected cases. Furthermore, we will derive new identities on special functions as a byproduct of
our asymptotic description of the spectrum seen in Corollary

5.1. 2D Euler equation in the whole space. Consider the 2D incompressible Euler equation
in the whole plane. It corresponds to the equation (I.1)) with D = R? and ¢ = (—A) lw.
Equivalently, the stream function 1 satisfies ((1.2)) with

K(x,y) = Ko(|x — y|) = —5= log [x — y|.

Although Ky(t) = —5-logt, t > 0 does not have a definite sign, the function —K{ () = 5=1 is
completely monotone which has the following representation

K/ (t) 1 1 1 > —txd /OO —titd ( )
- = — = — e xr = (& X

0 2wt 21 0 0 H ’
1

that is, the associated non-negative measure y is given by du(x) = 5-dx. Moreover, Ky satisfies

the assumption (1.8]) with any o € (0,1). Thus the assumptions (A1)-(A2) are verified and
Theorem can be applied in this case. This gives Burbea result proved in [7]. On the other
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hand, in view of (1.9) (or (4.53)) and through straightforward calculus, using for instance the
identity [42, 4.384] we have

21 1 21
A1 = / K0(|2 sin g|) cos(nn)dn = — / log (sin %) cos(nn)dn
(5.1) - Jo 2 Jo

2n
and

(5.2) D=1 =1 =5(1-7).
This is identical to the result in 7, 54]. Using Corollary we deduce that
N
A
)\n,l = Z nT]—Ci-l + En,N,
k=0

where Ay, is independent of n given by (the function Wy is defined by (3.10)-(3.11))

1 [>v
(5.3) Ay = / de, k €N,

™ Jo T
and

1 00 01 1
<C de < Cys———=—, 0€(0,3).

From (5.1), we infer that

1
(54) A(] == 5, A]C - O, Vk', € N*.

Note that the relations Ag = % and A; = As = 0 can be easily justified from the formula
(5.3), but it turns out to be not trivial to show the general case Ay = 0 from ([5.3) by a direct

calculation.

5.2. gSQG equation in the whole space. The generalized surface quasi-geostrophic equation
in the plane, denoted by gSQG equation, corresponds to
- r($)
K(x,y) = Ko(jx —y)) = cslx —y|[77, ¢5= maraogy A EO1)
Obviously, the function t € (0,00) = Ko(t) = cgt? satisfies the fact that —K} is completely
monotone with

—K}(t) = Begt P71 = FC(%)/O e ZrPdr = /0 e du(r),

with the nonnegative measure u given by du(z) = ;(—%mﬁdx. Besides, the condition (|1.8)) holds
true for any o € (0,1 — 5]. Consequently, Theorem can be applied in this case leading to

the result of [44], with b = 1.

Now, let us discuss some identities that will mainly follow from Corollary The explicit
computation of the spectrum, which will be detailed below, was conducted in [44]. For the sake
of completeness, we shall outline the main steps. By using and the following identity, see
for example [71, page 4],

el T T(B+1)
260(1 + )1 (1 4 557

(5.5) VB > —1, ¥y € R, / (sinn)PeMdn =
0
we deduce that

An1 = b /27r _ cos(nn)dn - /Tr _ cos(2nn)dn
T 2w Jyo [2sind )P 7 Jo [2sinn|?

__ B (=D)"0(1—B)
21-T(1 - HT(n+1- 51 —n—-5)
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_ Ta-p  T(n+9)
21-8T2(1 - B)T(n+1-5)’

where in the last line we have used the identity that (using the relation I'(1 + z) = zI'(z))

(-)"  _ T(3+n)
rl-n-9) 101-5r®)

Thus from ([1.9) we have

o . . Ta-f (Tu+5 Tm+d
e i Com Rl rrwr) )

(5.6)

which recovers the rotating angular velocity of gSQG equation proposed in [12], [44].
Thanks to (2.14]), Lemma [3.2| and the fact that (e.g. see the identity [42] 3.241.2])

/oo sP d T 1 s 1
—_— S = — = — ,
0o 1482 2sim(H’gﬁ) 2 cos(8m)

we can deduce that

4n? A 4n? A
(57) " 5.0 )\n 1 x i b9 )
4n2 +1ni-~P T T 4n2 —1nl-pk
with
2 P g 1 (-
(58)  Ago= F(Cg) / 1i sds = —— (5) — 1_B( : p) -,
0 S 2270 (B)I(1 — §) cos(5)  217PT2%(1 - 5)
where in the last inequality we used the refection formula of Gamma function
T
')l —2z)= —— 7.
@ —a) = s ¢

Using Proposition [3.2] and Corollary we can easily deduce the formula of A, 1:

25 o 1 o e A1 Y As
)\n,l — ]:‘(ﬁ) Z W ; \Ilk(ﬁ)x dx + En,N = Z W + En,N,
k=0

k=0
where Wy, is given by (3.10)-(3.11)) and
2c

_ 208 [T -1
Ag g F(m/o Uy (z)z”  de

cgC 1 o ph-1 C
len,N| < oN = / < —dz < N},ﬁ :

where

Note that for k£ =0, Ago has the explicit formula shown by (5.8)). Therefore, we infer from the
formula (5.6)), the following asymptotic expansion of the Wallis quotient

F<n+§) Aﬁk 1 1
(5.9) Tnt1o8) +Z T T +O(n2N+§—B>'

On the other hand, recall that the Wallis quotient has the following expansion formula, see for
instance [70, p. 34] or [9, Eq. (6.4)],

(2a
I'(z+a) _ -t Z B, 1 — 2a) 22 4 Oz 2(N+D+20-1)

—_— <
NCES T . |argal <,
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where B (t) stands for the generalized Bernoulli polynomials given by the following generating
function

S=2BYW
n=0
and (t), is the Pochhammer symbol defined as
A Jtt+1) - (t+n—1), if n e N*,
(t)n = .
1, if n=0.

Thus we also have

N ) 5
I'(n+ B 5 1 — ﬁ) 1
5.10 27 2 O(n~2IN+1+6-1y
(5.10) F(n + 1 -5 kz—:o n2A1 B (n )
By comparing (5.9 and , we deduce the following interesting identity:

B§£><§><1 — B)ak

Aﬁ,O = Aﬁ’k, vk € N.

(2k)!
In addition, owing to and -, we find
2¢5 /°° (2n + 1)2¥ 1
5.11 Anl — A ~ dr ~5 ——.
1 PTRETE) o G et DR )

Finally, applying Lemma with f(z) = %xﬂ_l gives the convexity of (A 1)n>2, that is,
Mgl FA—11— 20,10 20, Vn>2

5.3. QGSW equation in the whole space. Consider the QGSW equation in the whole plane,
then it reduces to the equation (1.1)) with D = R? and the stream function 1 = (—=A + &%) lw,
with € > 0 the deformation radius. According to [27], the kernel involved (|1.2]) takes the form

K(x,y) = Ko(lx — y1) = 5-Kolex ).

where Ky is the modified Bessel function defined in Subsection In view of (6.17)),

1 1 0 pewt
K()(t) = ?KO(Et) 27‘(‘ ) \/ﬁdw

we obviously note that —KJ, is completely monotone and by change of variables

1 (o] gxefemt

_K, t) = — dl‘:/ e—txmdx:/ooe—ta:d ),
o =or | Ty o7 . o ; p(z)

with the nonnegative measure p given by

d _ 1 T
p(r) = %7/7372 2

1{I>€}dx.

Besides, for 0 < a < 1,

ag
‘KO( )|t a+a? dt = / / 7€$tt a+a? dtdz
J =

< O, ——(ex)" ot g < o0,
| =t

which ensures that the condition (1.8)) is verified. Hence, Theorem can be applied in this case
with any « € (0,1) yielding to the result of [27]. Now, let us explore some other consequences.

By using ([1.9) and the identity (6.19)), we can easily recover the result in [27], namely,

1 4 . 1 4 .
9271 =1~ A1 = - K0(|25 sin g|) cosndn — o K0(|25 sin g|) cos(nn)dn

—Tr —Tr
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2 (2 2 (2
= — /2 Ko(2esinn) cos(2n)dn — — /2 Ko(2esinn) cos(2nn)dn
T Jo T Jo

= _% /02 Ko (2¢ cosn) cos(2n) (2e cos n) cos(2nn)dn
(5.12) =1L (e)Ki(e) — L, (e) Ky (e).

Lemma and 2.14 yield

x
dx
4n2+17r V2 —e2n? 4 2

From the explicit Value

<>\n1<

x
— dx
712—17T/6 V2 — g2n? 4 22

o T T 1
do="
/s Va2 —e2n? + 2?2 v 2/n2+¢2’

we find that for n € N*,

2n? 1 2n? 1
IR BV = S Y =y
The inequality implies that for n € N*,

(5.13)

3 1_)\“1%/00 T 2n +1 do
n, n+1, /2_52 <n2+x2>((n+1)2+$2)
/ / 1 dx
\/ g2n2+:£2 vV —52( 1)2 + 22

1
- \/n2+52 V(n+1)2+e2
According to Corollary we infer that

(5.14)

1 1 >
Mg =L(e)Ky(e) = ; 2T / \Ifk ﬁdx +éenN
(5.15) ;
1 Z 1 /OO\I; (2) 1 4o+
— k(0) ——=—==dz + e n,
il n2k+l /22 — €2 ]n? n
where Wy is given by (3.10)-(3.11)) and
CN o0 1 1 CN7 (logn+ 1)
lennl < =5 5/ T 0L S - IN1 2 )
n +3 e xre — € n +3

with some constant Cn e > 0 independent of n. Note that the first term on the right-hand side

4 a2
of - is ﬁ, and direct calculations give ¥y (z) = %,

/OO\P() 1 q n3 <7r 3r  n? +57r n? )

rT-—Ar==—\ - — - —_— =

e Ny (VnZ+e23\16 8 n2+¢e2 ' 16 (n2 +¢c2)2
3 4

_ n (_z 2 +5i € )
(Va3 8ntier | 16 (n? +e?)?)

and
2

> 1 €
/g Vo) 1 = (i ra):
Thus we have

(5.16) Ang = In(e)Kn(e) =
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Finally, let us make a remark on the convexity of the spectrum (A, 1)n>2. First, Lemma does
not apply to this case due to jump of the measure density at €, but through some numerical
experiments one can conjecture that for n > 2,

Ang1,1 + A1, — 20,1 2 0.

So far we do not know how to rigorously prove this result, but as a simple application of (5.16}),
we can show the convexity result for every n > n. with some n. € N sufficiently large.

5.4. Euler-a equation in the whole space. The Euler-a equation is a regularization of 2D
Euler equation and it has been introduced in the context of averaged fluid models, see [57, [58].
By considering its vorticity form in the whole plane, it corresponds to the equation with
D = R? and the stream function ¢ = (=A) " tw — (—A + ﬁ)*lw, for a > 0.

The kernel involved in takes the form

K(x,y) = Ko(lx — y|) = —5; log [x — y| — 3 Ko(5x — y]).
Thus, Ko(t) = —5log [t| — 5=Ko(1|t|) satisfies that

TP B O ey
Ky(t) = 271/0 e (1 m)dx,

which implies that — K| is not completely monotone, and Theorem cannot be applied for
any symmetry m € N*. However, this theorem occurs for higher symmetry m. Indeed, using
, , and , we can deduce that (€,1) is strictly increasing for every n > n,
with some n, € N large enough. Hence, we may check that all the assumptions of Crandall-
Rabinowitz’s theorem work well. Note that, in a recent work [83] the strict monotonicity of
(Qp,1) is satisfied for all the range n € N*, and the author obtained the existence of m-fold
symmetric V-states for the Euler-a equation. Actually, the monotonicity follows directly from
the explicit formula of the spectrum which takes the following form

2n —1 1 1 1 1
Q=5 — = (LE)Ki(L) - LK. (D).
5.5. 2D Euler equation in the unit disc. Consider the 2D incompressible Euler equation
in the vorticity form in the unit disc D with rigid boundary condition (the non-penetration

boundary condition), that is, the equation ([1.1) in D = D with the stream function v solving
the Dirichlet problem in the unit disc

(5.17) Ay =w, inD, ¥|sp = 0.
It is classical that the expression formula ([1.2)) holds with the Green function K given by

K(x,y) = =3 log F5% = — Llog[x — y| + 2 log|1 —x¥], x,y €D.

Clearly, t € (0,00) = Ko(t) = —5=logt satisfies the assumptions (A1)-(A2) with a € (0,1),
and the perturbative kernel (x,y) € D? — K;(x,y) = 5= log|1 —x¥| is smooth and satisfies the
assumptions (A3)-(A4). Hence, Theorem can be applied to the study of V-states around
the Rankine vortices 1pp (0 < b < 1) leading to the bifurcation for large symmetry m. Actually,
as we shall see below, we are able to retrieve all the symmetry m > 1. This allows to replicate
the full result obtained in [23]. To start, we note that the quantity

G1(p1,0, p2,n) = K1(p1e”, p2e™) = & log (|p1p2e™ — ™),

satisfies the pI"Operty that 8p1G1 (plu 07p2777) = %8P2G1 <p17 97p2777)7 and OWing to " "
and the following fact (see e.g. 4.397 of [42])

2w
2
/ log(1 — 2acosn + a?) cos(nn)dn = ——Wa", la| <1,
0 n

2m
/ log(1 —2acosn +a*)dn =0, |a] <1,
0
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we obtain through integration by parts
2m

n—1 2w b
o b_l/ / 05, G1(b,0,p,n)pdpdn — G1(b,0,b,m) cos(nn)dn
n 0 0 0

Qn,b =

-1 2 b 1 27
_n —b2 / / 9,G1(b,0, p,n)p*dpdn — — / log (b4 + 1 — 2b%cos n) cos(nn)dn
2n 0 0 47T 0
n—1+ b2n 2w B 2w b
= —/ G1(b,0,0,m)dn + 2b 2/ / G1(b,0, p,n)pdpdn,
n 0 0 0

implying that
n—1 + b?n 1 27

=7 v = 4 912
Qpp = 5 gy log(b™ + 1 — 2b“ cosn)dn
2
/ / log(b%p® 4 1 — 2bp cosn)dn pdp
T Jo Jo
~n—1+ b2n
N 2n

This formula coincides with the rotating angular velocity established in [23]. Direct calcula-
tion shows that (£2,,1)nen+ is strictly increasing, thus we can remove the restriction on m in
Theorem and recover the existence of m-fold symmetric V-states with m € N* for the 2D
Euler equation in the unit disc as in [23, Theorem 1].

5.6. gSQG equation in the unit disc. If we consider the gSQG equation in the unit disc D
with rigid boundary, it corresponds to the equation (|I.1)) with D = D and the stream function
1 solving
Y=(-A)""2w, D, Ylp=0, Fe(01).
Equivalently, v satisfies
1 *
(5.18) i) = ——— / 18 Do)t = / K(x,y)w(y)dy,
F( — 5) 0 D
where the Laplacian A is defined on D with Dirichlet boundary condition. According to [56),
Lemma 2.3], the spectral Green function K satisfies

r(5)

Wb‘ y| 7 + Ki(x,y),

K(x,y) = Ko(|x —y[) + Ki(x,y) =

and K1 € C®(D x D). In view of Lemma 2.4 of [56], K(x,y) satisfies the assumptions (A3)-
(A4). Hence, Theorem can be applied in this case to show the existence of m-fold symmetric
rotating patch solutions around trivial solution 1,p (0 < b < 1) with sufficiently large m, which
is one of the main result in [56]. On the other hand, by virtue of Lemma- 6.6/ and (5.18)), we have

o— 1
Kexy) = Y a2(6lh0e ) + e xem ).
neN,keN*
For x = p1e? € D, y = pe’ € D, and using the notation (4.1)), we also have
(5.19)  K(x,y)=G(p1,0,p2,m) = Z T 2A2 EIn(Tngp1) Jn(2n kp2) cos (n(0 —n)).
neN,keN*
Recall that in Subsection the spectrum €, , = —V[0] — A,, ;, with

2 pb 2
(5200 V[o] =b"" /0 /0 (VxK (be™, pe™) - e”) pdpdn, Aup= | K, bei) ey,
we can argue as [56] to show that
J? (o kb) J2, (Zm1b)
—2 & 271 , =9 P 2 m
; 0.k J2 (xo k) g kam+1(xmk)
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By using Sneddon’s formula, Lemma 5.1 of [56] proves the strict monotonicity of n +— €, in
either small b case or small « case, and it further implies the existence of m-fold symmetric
V-states around 1pp (0 < b < 1) in both cases.

5.7. QGSW equation in the unit disc. Consider the QGSW model in the unit disc D with
rigid boundary, and it corresponds to the equation (1.1 with D = I and the relationship
between 1 and w can be expressed by
¢ = (_A + 52)_1&),
which denotes the unique solution to the following Dirichlet problem,
(~A+eY=w inD, Y|sp =0.
In order to describe the associated Green function, we need to solve the equation for every x € D,
-AyK(x,y) + E2K(x,y) =0x(y) inD, K(x,)|sp =0,

where dx(y) is the Dirac measure centered at the point x. According to the spectral theory
of elliptic problems, for example [28, Sec. 6.2 and Sec. 6.3], we infer that (—A + 2)~! is
well-defined and bounded from L?(D) to H?(D). In addition, we can split the kernel as follows

K(x,y) = Ko(Jx —y|) + Ki(x,y) with Ko(|x —y|) = 5-Ko(e[x —y])
and K solves the elliptic problem
_AyKl(Xay) + 52K1(X’y) = 07 in Da KI(X,Y)|y68D = _%K0(5|X - y‘)

Since Kg is smooth except at x = 0, by the classical regularity theory of elliptic PDE, we have
that y € D — K;(x,y) is smooth for any x € D. Following exactly the same argument in [28|
p. 39], we ﬁnd K(x, y) K(y,x). Thus K; belongs to C*°(D x D) and moreover the geometric
properties (|1.3]) and ( in D can be easily checked by arguing as [56, Lemma 2.4]. Hence, for
every € > 0 and be (O, 1), we can apply Theorem - to show the existence of m-fold symmetric
V-states for the QGSW equation in the unit disc D with m large enough.

On the other hand, according to the work developed on the unit disc D, we actually obtain
an explicit formula for K expressed by series in terms of the eigenvalue-eigenfunction pairs of
spectral problem . According to the spectral theory of second order elliptic PDE, e.g. see

[28, Sec. 6.5], the eigenfunctions (gzﬁgi, qﬁgﬁ)neN,keN*
in L?(D) and belong to Hg (D). Then via a simple calculation, we infer that

/ S (AR + 65w ety

in Lemma form an orthonormal basis

neN kens &
Comparing with ) leads to
(521) Koew)= 3 ;HQ(qﬁ L6 (y) + 023002 ))-
neN,keN* Tn
Similarly to , we find
(5.22) K(x,y)=G(p1,0,p2,n) = R;N xglirggAi,kJn(xn,kpl)Jn(%,km)COS (n(0 —n)),
neN,keN* 1,

with A, 1, given by (6.22). Concerning the spectrum €, , = —V[0] — A, , in view of (5.20)) and
(5.22), and arguing as [56, Eq. (113)], we can show that

(5.23) =2 Z ! Jl (brow)

and

2m

1 .

An7b = / < Z mAszz (bﬂjg}k) COS(ET])) emndn
0 0€N,keN* T4k
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(5.24) =2) 5 Jabonk)

kEN* n k + 52 Jn+1(l’n k)

Interestingly, as the Sneddon’s formula used in [50], there is also a suitable summation formula
for (5.24). Choosing X =Y =b, v = n and z = ¢ in the Kneser-Sommerfeld expansion ((6.23)),

we obtain

K, (¢)

I.(¢)
J1 (bIO k) 1

As € — 0, noting that > 77, - o) — 1 (using Sneddon’s formula, e.g. see [56, Eq. (29)]),

and applying the asymptotics of I,(z) and K, (x) in , we deduce that the spectrum €,
in QGSW equation in the unit disc satisfies

(5.25) App = 1, (be) K, (be) — 12 (be).

& 2 2n
1 Ji(b 1 1-9

thnb 25 —5— 12 Zo) —lim A, = ,
=y, Ji(wok) &m0 2 2

which coincides with the spectrum of 2D Euler equation in the unit disc.

The monotonicity of (A;, p)nen+ given by for every b € (0,1) and ¢ > 0 is a crucial property
and seems not easy to achieve. Below, we show that for every ¢ > 0 and b € (0, b,) with some
small b, € (0, 2) depending only on ¢, such a sequence (A, p)nen+ is strictly increasing with
respect to n. Notice that

Anp — Ansrp = (In(ba)Kn(ba)—In+1(bg)Kn+1(b€)><1_ 2 ()Kn(e) 12(b5)>

L, (be) Ky (be) 13 (¢)
L, (e)Kn(e) I%(bs) nt1(6)Kng1(e) I5q(be)
—In+1(b5)Kn+1(b5)<In(bg)Kn(b€) £E njbs) ni 1(%) :1 ( )>.

By using (5.13)), (5.14) and the following fact
Vn e N*, >0, be (0,1), K,(z) >0, and 0<I,(bz)<b"L,(x),
we deduce that

L.(e)Kn(e) _ 4n? +1/n? + (be)?
L, (be)K,,(be) Sz_1 Vn2 + &2 S 3’

and

B 1 1 o § 2n\ E 1 § n
An,b An+1 b =z < n2 bg \/(n n 1)2 n (b5)2> (1 3 ) 17 \/(n i 1)2 + (b€)2 3
2n + 1 <1_5bgn_zu)(n+1)2+(be)2b2n>
2+ (b2)*((n +1)% + (be)?) '

6 51 2n+1
Thus, by taking b < %, and setting sup,,cn« %ﬁfﬂn L = C(e), we deduce that

2 1 1 5 40
App—Apyrp > n ( — b — C(E)bn)
n?+ (be)?((n+1)2 + (be)?) \8 6 51

Hence, there exists a small constant b, € (0, %) depending only on ¢ so that for every € > 0 and
b € (0,b,) the sequence (A, p)nen+ is strictly increasing with respect to n. With this property
at hand, and for every ¢ > 0 and b € (0,bs), we can show the existence of m-fold (m € N*)
symmetric rotating solutions around 1,p(x) for the QGSW equation in the unit disc. This result
is completely new, in contrast to the models discussed before.

6. TooLs

In this section we shall collect some useful results used along the paper.
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6.1. Completely monotone functions. This subsection is devoted to outlining some proper-
ties of completely monotone functions. We start with the following definition.

Definition 6.1. A function f : (0,00) — R is said to be completely monotone if it is of class
C™ and it satisfies

(~1)"f™ () >0  Vt>0, VneN.
The typical example is f(t) = t~%, with a > 0. One can refer for instance to [79] for various
examples of completely monotone functions.
The following result is fundamental in the theory of completely monotone functions. It gives a

useful characterization through Laplace transform of Borel measure. For more details, see for
example Theorem 1.4 in [79].

Theorem 6.1 (Bernstein’s theorem). Let f : (0,00) — R be a completely monotone function.
Then it is the Laplace transform of a unique nonnegative measure p on [0,00), that is,

o
Ves 0. J)= [ e duta) 2 L)
0
Conversely, whenever L(u)(t) < oo for every t > 0, the function t — L(u) is a completely
monotone function.
The next goal is to discuss useful pointwise estimates on completely monotone functions.

Lemma 6.1. The following assertions hold true.

(1) Let f:(0,00) — R be a completely monotone function. Then, for any n € N and « € (0,1)
we have

VE>0, °f )] < (725)" (o),

11—«

(2) Consider f:(0,00) — R such that —f" is completely monotone. Then, we have
VO <t <ta, 0< f(t1) = flt2) < (1 —t2) f'(t).
Proof of Lemmal6.1 (1) By differentiation, we get
0 = (1" [ (e o)
0

Now, we use the inequality

in order to get
OO (2" [ e dn)
< (127)" f(at).
(2) Using the identity yields for any @ > 0 and t > 0,
fo=f+ [ ).

Let 0 < t1 < t9, then

1— e—(tz—tl):c

oo
f(t) — f(t2) =/ e T —————du(z).
0
At this stage we use the inequality
Vs>0, 0<1—e°<s,
which implies that
o0
0< f(t) = f(t2) < (12— ) [ e 7dula) = (0 — 1) (1),
0

This achieves the proof of the desired result. O
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Next, we intend to discuss the propagation of higher regularity /integrability of completely mono-
tone functions, that will be used later.

Lemma 6.2. The following statements hold true.
(1) Assume that f is a completely monotone function satisfying

to
(6.1) / |f(0)[tPdt < oo,  for some B € (—1,00) and to > 0,
0
then we have
to to
/ IFE @Bt < Crp | FOEPdt, VK e N.
0 0

(2) Assume that f is a smooth function satisfying (6.1) and f’ is with constant sign, then we
have

to to 1
(6.2) /0 PO < (1+ ) /0 F@OIPda + |£(to) £+

Proof of Lemma[6.3. (1) By virtue of Lemma [6.1}(1) and the decreasing of f, we infer

to to to
[ irorra<a [T ipea <, [ rora.

Without loss of generality, we may suppose that f’ is non-positive, then f is non-increasing. If
lim,_,o+ f(t) < oo, then lim,_,o+ f(£)t'™# = 0. However if lim,_,o+ f(t) = oo, then f(t) > 0 for
sufficiently small ¢ > 0, and thus

t
0< lim f(&)t'? < lim (1 +/5)/ f(s)sPds = 0.
t—0t 0

t—0+

Using integration by parts we see that

- /to FOBat = —t1 f(to) + tli%l tHBF) + (1 + B) v ftttat
0 —0* 0

to
<Irtle™ + a4 0) [ lroa
which yields the desired estimate (6.2]). O
Next, we shall discuss a result which will be used frequently in the paper.

Lemma 6.3. If —f’ is a completely monotone function on (0,00) and f satisfies (6.1), then for
any « € [0,1], m,n € N*, tg,c1,co > 0, we have

to
(6.3) / |f(m)(clt)|a|f(n) (CZt)|1—atma+n(1—a)+5dt <C </
0 0
and
to (cl\/l)to
00 [T1enrOeoret-sa <o [T o s ),
0 0

with ¢1 V 1 2 max{ey, 1} and the constant C > 0 depends on m,n,a, B, c1, ca.

Proof of Lemma[6.3 First, by virtue of Lemma [6.2] we have that for k € N*,
to to to
65 [Tiwarace [C (- ropra<e( [Ciora s i),
0 0 0

Since (—1)¥f*) is non-negative and non-increasing, then we get for k € N* and ¢; > 0,

to to _1)kf(k)(t)tk+ﬁdt if ¢12>1
M) (eqt)|tFHBar < 4 0 ( ’ b=
/0 |/ (ert)] cl—k—l—ﬁ f001t0(_1)/’ch(’€)(,5),5"f+5dt7 if ¢1 <1,

to

SO+ If(to)lté+6>,

(6.6) /]
<max{1,c;’“‘1‘5}/ |8 (@) [tE+Pa,
0
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and

to cito
/ |flert)|tPdt = cﬁl/ |F ()| at.
0 0

Choosing ¢ = 3 min{cy, ¢z}, by Lemma (1) and the fact that |f/(¢)| is non-increasing, we
have

P (eat) || f T (eat) |t Om Ot O | f ().

Then ([6.3) is a consequence of (6.5) and (6.6).
Now, we move to the proof of (6.4). Using Holder’s inequality and Lemma we can deduce
that for every n € N*,

to
/ Fert) 2] F (eat) (=) +Bg
0

to o to e
B (n) n+p3
<( [ istern rdt) ( [ et dt)
cito e 0 11—«
<c( / t \f(twﬁdt) ( / t \f<”><t>rt”+ﬁdt)
0 0

(e1V1)to
< o(né*ﬁf(ton T /0 |f<t>tﬂ|dt),

which corresponds to ((6.4]). O

6.2. Boundedness property of some operators on the torus. In this subsection, we give
useful estimates for the following integral operator

(6.7) T1(6) 2 /T K (0, 7)f (n)dn,

where T = R /27 Z is the torus, K : T x T — C is the kernel function, and f is a 2m-periodic
function.

Lemma 6.4. Let a € (0,1), n € N*. Assume the existence of C > 0 and functions Hy(-), -- -,
Hy11(7) satisfying

/Hk(\sing\)dn <C, Vk=1,2,---,n,
(6.8) T 1
1 (sing1)|* [Hsa (1sin ) ~an < €,
such that K : T x T — C satisfy the following properties.
(1) K is measurable on T x T\{(0,0),0 € T} and
K (0,6 +n)| < Hy(|sin3]).

(2) For each n € T, the mapping 0 — K(0,0 + n) is n-times differentiable in T and

05 (K(0,0 +1))| < Hya (|sin2]), Vk=1,--,n.
Then the linear integral operator T given by (6.7)) is continuous from C"~*(T) to C"~*(T) and

(6.9) 1T fllen—om) < CuCllfllen—o(m-
Proof of Lemmal6.4} The proof is by the induction method. Making change of variables gives
(6.10) T10) = /T K(6,0+ 1) f(6 + n)dy.

First, we start with the case n = 1. From we have

TFO)] <IIf ||z~ /T IK(6,0 + )|y
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<l /T Hy(|sin 2[)dn < C1 £ e

By using interpolation inequalities together with the mean value theorem, we infer
IK(61,01 +n) — K(02,02 + )|
< (1K (81,01 + m)I® + K (02,02 + m)]* ) (B, 01 + 1) — K(0, 0 + )|~

< (1001 + 1+ 16 ) ([ 10 (€000 ) o) - o
Q‘Hl( sin J )la ’Hg( smgml_awl — 0|t 7,
with 6, = 761 4+ (1 — 7)0s. It follows that

TFB) — TH(62)| < /T K (61,61 + m)|1f (01 + 1) — F(62 + )l

4 / K (81,61 + 1) — K(62, 05 + n)].f (92 + n)dn.
T

Therefore,
TF60) = TH02)| <160~ 0o fllcr-e [ #1:(]sin 3]}y

2000~ 00l [ [ (50 30" [ (s 3|~
< 2C101 — 02| fll cra-

Hence, combining the above estimates yields the desired inequality with n = 1.

Now assuming that Lemma is true for n = j and for the operator 7 given by (6.10), we
prove that it also holds for n = j + 1. Observe that

(6.11) Op(T f)(0 /89 K(0,0+n))f(0+n) dn+/K (0,0 + )0 f(6 +n)dn
In view of the fact that
/}H sin 2 ‘HJ+1(|Slng|)‘l_adn</T‘Hj(|sing|)‘d17—|—/qr‘Hj+1(|sing|)‘dn<C

and by the inductive hypothesis, we have || T (f)|l¢csi-e(r) < C;C| fllci-o(T) and
| [x@.0+mo0s@+man],_ . =ITODlcsem < CClflor-am,
Noting that K(6, 6 +n) = 0p(K(,0 + n)) satisfies

0K (0,0 +n)| < Hipo(]sin2|) 2 Hypa (|sind]), Vk=0,1,---,7,

and Hj, (k=1,2,---,j+1) satisfies with n = j and H; in place of Hy, we use the induction
hypothesis to deduce that

| Loz vmnsorman|,_ =] [R@.0+m50-+nal
< GOl flleso(ry

Ci—o(T)

Hence, we prove that
T fllcsti-aemy = 1T fllci-acry + 196T fllgi-a(my < 3C;Cll fllcitr—a(r)-
The induction method guarantees that Lemma E holds for every n € N* and o € (0,1). ]

In the study of the linearized operator done before, we used the following Mikhlin multiplier
type theorem for an operator defined on a periodic function, see for instance [3, Theorem 4.5].
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Lemma 6.5. Given {a,}nez and h € LY(T), and define the operator
Th(f) = anh(n)e™,
neZ
where E(n) = [p h(0)e=™0d0 is the n-th Fourier coefficient of h. Assume that

sup|an| < 00, and sup [n(ans1 — an)| < oo,
ne”L nez

then the operator T is bounded in C*+*(T), for any k € N and o € (0,1).
6.3. Bessel functions and Hankel transform. In this subsection we collect some useful

properties about Bessel functions and Hankel transform. We recall for instance from [87, Chapter
3] that

(6.12) J,(z) = i ‘_1) (5™ , Vz,veC,
o nl(C(v+n+1))

(6.13) Jy-1(z) — Jy41(z) = 2J)(z), Vz,veC,

(6.14) i(z”Jl,(z)) =2z"J,_1(z), Vz,veC.

dz
In particular, when v = n is an integer, then we have according to [87, Chapter 2]

1 2m
JIn(z) = / cos(nf — zsinf)dl, Vz e C,
2 0
J_n(z) = (-1)"Ju(z), VzeC.

Next, we shall introduce Bessel functions of imaginary argument also called modified Bessel
functions of first and second kind, see for instance [71, p. 66],

o) z\V+2n
1 Lz -3 )
(6.15) (z) ;nlf(y+n+l)’ v e C, |arg(z)| <,
and
1 _,(z) —I,(z)
K (z2) = ————F———, 7, .
(z) > sm(om) veC\Z, |arg(z) <7
When v = j € Z, K; is defined through the formula K;(z) = lim K, (z). From [42] 8.432.1], we
v—j
recall the following integral representation
(6.16) K,(z) = / e %hs cosh(vs)ds, Vv € C, |arg(z)| < Z.
0

Another useful identity that can be found in [42], 8.432.3] deals with the representation in terms
of Laplace transform,

EALAN 1 00
(6.17) K,(z) = (2)(%)/ e %% (5% — 1)”*%ds >0, Re(v+3) >0, arg(z)| < Z.
F(V + 5) 1
For I,,(z) and K, (x), we have the asymptotic expansion of small argument (e.g. see [I p. 375])
(6.18) VneN*, IL,(z) <’ ﬂ and K, (z) =’ Hm)
D(n+1) 2(La)"

The following Nicholson’s integral representation of I,,(z)K,(z) is useful in the sequel, see for
instance [87, p. 441]. For n € N,

(6.19) 1,(2)K,(z) = 21" /02 K (2z cos 0) cos(2n8)d8.

T
The following useful result states that the eigenvalues and eigenfunctions of the spectral Lapla-
cian —A on the unit disc D C R? have precise expression formula through Bessel functions (e.g.
see Section 5.5 of Chapter V in [20]).
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Lemma 6.6. The eigenvalues and the eigenfunctions solving the spectral problem
(6.20) forj =21, —A¢j=X;d;, &jlop =0, / ¢7 (x)dw = 1.
D

(1) qﬁ(2) such that

are described by double index families (A k)neN ken+ and ((¢n7k, n,k))neN N

(621) Aog =225, ¢\1(2) = Jn(@nple)) Ang cos(nd), ¢ (2) = Ju(@nle]) An sin(nd),
where

1
(6.22) ﬂAgyk = ——— and 7TA7217k = Vn € N*,

It (zo k) Tpi(@nr)’
and Jy, denotes the Bessel function of order n and (. ;)ken+ are its zeroes.

We also have the following Kneser-Sommerfeld expansion (e.g. see [75, Eq. (12)] or [71], p. 134])
involving the zeros of Bessel functions:

o

Z 1 JV(X.%,,JC)JV(YJ},,’]C) B EIV(XZ)

6.23 —
( ) z2 + x,%k J3+1(:Ey7k) 2 I,(z)

(IV(Z)K,,(YZ) - KV(Z)IV(YZ)),
k=1

where (2, ;)ken+ are k-th zeros of J,(z) on the positive real axis and v € C\{—-N*}, 0 < X <

Y <1,z€C.

In what follows we shall discuss some basic properties of the Hankel transform, and we refer

the readers for instance to [78, Chap. 9]. First, recall that the v-th order Hankel transform of
f:(0,00) — R is defined as

(6.24) Vr >0, H,f(r)= /000 zf(z)Jy(re)de.

This transformation is well-defined for example when f is piecewise continuous and subject to

o
the integrability condition / | f(r)]v/rdr. Furthermore, under the following assumptions that
0

f is of class C? and

. 1 - . 1 _ . _
(6.25) xlgngonf(x) =0, Il;rrgox2f () =0, ill)% xf(x) =0,
we have
a2 1d 2 9
(6.26) Hy((@ + cde ﬁ)f(f)) = —1r"H, f(r).

For v > —%, we also have
(6.27) M f(x) = f(x).

6.4. Crandall-Rabinowitz’s theorem. The Crandall-Rabinowitz theorem from the local bi-
furcation theory plays a fundamental role in our paper, and for the proof we refer to [21].

Theorem 6.2 (Crandall-Rabinowitz’s theorem). Let X and Y be two Banach spaces, V a
neighborhood of 0 in X and let F : R xV — Y be with the following properties:

(1) F(X,0) =0 for any A € R.

(2) The partial derivatives O\F', O, F and 00, F exist and are continuous.

(8) N(Lo) and Y/R(Ly) are one-dimensional.

(4) Transversality assumption: 0x0;F(0,0)zg & R(Lo), where

N(,Co) = span{xo}, ﬁo = axF(O, 0)

If Z is any complement of N(Ly) in X, then there is a neighborhood U of (0,0) in R xX, an
interval (—a, a), and continuous functions ¢ : (—a,a) = R, ¢ : (—a,a) — Z such that ¢(0) =0,
¥(0) =0 and

FH0) U = { (p(©). a0 + €6(9)) : Il <a}u{(10) : (\0) e U},
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