~ o Ot

oo

ERRATUM: GLOBAL REGULARITY OF NON-DIFFUSIVE
TEMPERATURE FRONTS FOR THE 2D VISCOUS BOUSSINESQ
SYSTEM*

DONGHO CHAE', QIANYUN MIAOf, AND LIUTANG XUE$

Abstract. There is an error of misusing a commutator formula in the proof of Lemma 2.7
in [SIAM J. Math. Anal., 54 (2022), 4043-4103] so that this lemma is not correct. However, by
establishing a weaker version of this commutator lemma, the main results including Theorem 1.1 in
[SIAM J. Math. Anal., 54 (2022), 4043-4103] still hold true. In addition, we confirm the validity of
Lemma 2.4-(3) and Lemma 2.5-(3) in [SIAM J. Math. Anal., 54 (2022), 4043-4103] although similar
error occurs in the proof.

Key words. Boussinesq system, temperature patch problem, commutator estimate, striated
estimates.
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In [1], there is an error of misusing a commutator formula in the proof of Lemma
2.7 so that the commutator estimate (2.23) is not valid. But we instead can show a
weaker result as follows, which is sufficient for our use.

LEMMA 0.1. Let s € (0,1), p € [2,00], 7 € [1,00]. Let R_1 := m(D)A™!, A =
(—=A)Y2 and m(D) be a zero-order pseudo-differential operator with its symbol m(€) €
C>®(R4\ {0}). Assume that u = (u1,- -+ ,uq) is a smooth divergence-free vector field
and ¢ is a smooth scalar function. Then we have

(0.1) I[R-1,u-VIdls;, < ClVuller (¢l ges + 10llL2) + Cllull 2|6l 22,

where C' > 0 is a constant depending only on s, p and d.
Proof. Bony’s decomposition gives

[R_l,u . V](b

=D Rt Sq1u-V]Agp+ Y [Rot, Aqu-VIS,_16+ Y[Ry, Agu-V]A0
qeN qeN q>—1

= 1+1I+11I,

where we have adopted the standard notations in the Littlewood-Paley theory (see [1,

Section 2]). For I, there exists a bump function {E € C°(R) supported on an annulus
of R? away from zero such that

(0.2) =Y [R1(279D), Symru- VA0

qeN

with R_19(279D) = 29(@-D7(29.)% and 7 € S(R?). Thus by using Minkowski’s
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2 D. CHAE, Q. MIAO, AND L. XUE

inequality we find that for every j > —1,
2| A5|e <C2° Y[Rt (279D), Syau - VIAGS] e
q€N,|g—j|<4

<02y /R 290 (299 |yl dy |V Sy1] 1o | VA4S o
lg—j1<4

<OVulle DY 29072y e,

lg—j|<4
which ensures that

Mz, < ClVullr (4]

s—1.
B3 r

The error in [1, Lemma 2.7] appears in the treating of II, where it was thought a
similar formula (0.2) holds for IT, but indeed it is not correct. Instead, for II, noting
that

II= Z (R_HZ@?(ID) (Aqu ) VSq—1¢) - Aqu- VR—lsq—1¢)7

qeN
and using the fact R_;VA; (j € N) is bounded on LP(R?) for p € [2, 00|, we obtain
2% A 1I|

<o Y (27 Agu- VSu10) e + [ Agul e VRS, 161 )
q€N,|g—j|<4

<c Y 2qS|Aqu||Lp(Sq_1¢||m+||VR_1A_1¢||L<»+ 3 ||Az¢||L°°)

q€eN,|g—j|<4 0<i<g—1

<CIVule Y (2 Aol + Y 202D A ),

lg—j]<4 0<i<q—1
which combined with the discrete Young’s inequality leads to that for every s < 1,

|1

By, < ClIVullLe ([0l peor + 16ll2)-

For III, in light of the divergence-free property of u, we split it as the following

M=) "RV (Agulgg) =Y Agu- VR A+ Y [RoaVe, AgulAgd

q>3 q>3 —1<q<2

=:III; + III, + I1Is.

For 111y, since R_1V is bounded on LP(R?) for p € [2, 00), we deduce that for j = —1
(realizing 1% =2 for p = c0),

27 AL e < CY 1 AuAG| 2

q>3

<CY [IAgullze[Ag0] 2 < ClIVullzol|¢ll 2,
q>3
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ERRATUM 3

and for every j € N and s > 0,

25| AL L < C27° DT ARV - (Aguigg)|| Lo

423,925-3
<O Y 20702 Al 2V By
423,927 —3

< Cc¢||Vu| r»| 9]

B3

where {¢;};en is such that |c;|l¢» = 1. The estimation of Il is similar as that of
II1;, and we get

L[ gs , + [[Hl2][ s < C||V“||LP(||¢HB;:;1 + [|llzz)-

For I1l3, we directly have

IMallpy, <C 3 3 (AR (AquBgd)ls + | Agu- VR 1Ag6] 1)
—1<;5<6 —1<q<2
<C Y (IauBdle + A0 VR1A6]1)
—1<q<2

<C Y 1Al Al < Clullzz )@z

~1<q<2

Therefore, collecting the above estimates yields the wanted estimate (0.1). d

We can use Lemma 0.1 to replace [1, Lemma 2.7] in the application, which is
mainly used in the section 3 and appendix B of [1]. Indeed, in (3.10) and (3.20) of
[1], it needs to estimate [[[R—1,u - V10|11 (z2) and [[[R—1,u - V]0|| L1 (Lry (p > 2), and
they both are controlled by the following

IR—,u-VIOI 12
L%"(BQ,IP)

< CIVull oy (100 2 +18llegae) +Cllully wo 6] o
LE(Bh)

< Cllullps a0l s (L2npee);
while in (3.45) and (B.7), it suffices to control |[[R_1,u - V]4||

V]HHL%(B:,I
can be bounded as follows

ripyy @ IR u-
) for every 0 <+ < 1— % and r > 2, and from the Besov embedding they

IResu- V0, e R 9100y

t p,1
< ClVulzgwonnn (101, oo, + 000z oyrnn) + lullcgan 9l oo
< CIVullprwenr) 10l Lee (enne=) + [[ullrz2) 0]l Lee (L2).-

Hence, the main results including Theorem 1.1 in [1] still hold true.

Finally, we remark that the error of misusing commutator formula also appears
in the proof of Lemma 2.5-(3) and Lemma 2.4-(3) in [1], but they can be easily fixed
without using the commutator structure, so the validity of Lemma 2.5-(3) and Lemma
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2.4-(3) is not affected. Indeed, in Lemma 2.4-(3), it suffices to estimate || ZZ|| pre With
e€ (—1,1), (p,r) € [1,00]* and
IT = [m(D),Aju-V]Sj_1¢ =11, — 11,
JEN
and
IZ, =Y m(D)(2 7 D)(Aju-VSj1¢), IIy:=» Aju-Vm(D)S; 16,
jeN jeN
where m(D) is a zero-order pseudo-differential operator with symbol m(¢) € C>(R®\
{0}) and ¢ is defined as in (0.2), then we have that for ¢ > —1,

2| A, L1
<oz 3 (ImD)PEID)Au- VS 10)li + A0 Vm(D)S; 1910
JEN,|j—q|<4
<02 3 Azl (IVSmadllee + [Vm(D)S;10]1r)
JEN,|j—q|<4
OVl Y (Y o Auel)
JeN,|j—qg|<4 —1<5'<5 -1

< C||Vu L Z Z 2(j/_j)(1+6)2_j/6||Aj’¢||LP7

li—gq|<4 —1<5'<j-1
which leads to the desired inequality
122115« < OVl 161l 5.

While for Lemma 2.4-(3), it suffices to show (5.29) in [1], that is, for every € € (0,1)
and (p,r) € [1,00]2,

(0.3) IZZ1lg- e + WTTa g ccn S IVull g 8] 5-c s

In fact, using Lemmas 5.1 and 5.2 in [1], we find that for every ¢ > —1 and \ €
{0,1,--- , £+ 1},
279 Aq(Tw.v) 1 | Lo

$27% 3 (Tw.y) (D) (27 D) (Aju - VS;_19)| e
JE€Nj~g

A
5277 30 DI @wew) (Aju- VSj-19)llee

JEN,j~q p=0

$277 3T Y I(Tww)* Ajull e [(Tw.9)*2 VS5 16| 1o
JEN,j~q p1+p2 <A

“1
S Y X 2O (S S ) A, Yl ) (XD I1(Twew)*2 VA ¢l )

JEN,j~q p1+p2 <A J1~j nz=0 J'<ji-1

M1
Seo 3 (X I1Vulgos)

nitp2 <A p3=0
P
S ol Vullgoess D [Vellg—1-cm
w — p, ", W
p2=0

( Z 2<j/7j>(1+6)27j/(1+5)H(TW~V)'M2AJ"V¢”LP)

§'<i=1 jeN

or

< ¢ql|Vu|| 50,e soe 41 S cql|Vul| o.e —et
oVl o116l 51 S callPullggera 0l i,
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ERRATUM 5

with {cg}q>—1 satisfying ||cq|le- = 1, and similarly,
279 &g (Ty.v) T2 1o

$27 N [[(Twv) M (Aju - Vm(D)S;-19)] Ly
JENG~g

$279 3 > I@wee) M Ajull e [(Tw.w)*? V(D) S —16| Lo
GENG~a A+ Az <A

A1 j—1
S 20 (Y S w8, Vules ) (30 ITww) 2 Vm(D)A 6] r )
J~a A1 +A2 <A J1rd A3=0 j=—1
A1
< 2ﬁ(1+e)<2 ||vu||‘B~0,>\3)><
g A1+ A2 <A A3=0 w

j—1
x (H(Tw.v)”Vm(D)A—mIILP +> H(va)AZVm(D)A]’@IILv)
3'=0

A Jj—1 Ao
SVl 3 32 279059 (I9m(D)A 16l + 30 3 2 I(Tww)™ A 0lr

Jj~q A2=0 j'=0X4=0

( Z 2(j’7j)(1+6)27j,6“(TW~V)A4Aj’¢|‘Lp)

A
S callVullgggn (18-10ln + 3
W 0<j'<j—1

Ag=0

)

JEN
S callVullgge 915 en S call Vullgg e 9l crn,

then the desired inequality (0.3) follows immediately.

REFERENCES

[1] D. CHAE, Q. M1ao, L. XUE, Global regularity of non-diffusive temperature fronts for the 2D
viscous Boussinesq system. SIAM J. Math. Anal., 54 (2022), no. 4, pp. 4043-4103.

This manuscript is for review purposes only.



	References

