PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 143, Number 6, June 2015, Pages 2613-2622
S 0002-9939(2015)12468-9

Article electronically published on February 16, 2015

REMARKS ON SELF-SIMILAR SOLUTIONS
FOR THE SURFACE QUASI-GEOSTROPHIC EQUATION
AND ITS GENERALIZATION

MARCO CANNONE AND LIUTANG XUE

(Communicated by Joachim Krieger)

ABSTRACT. We prove some nonexistence results of self-similar singular so-
lutions for the surface quasi-geostrophic equation and its generalization by
relying on the fundamental local LP-inequality of the self-similar quantity.

1. INTRODUCTION

In this paper we focus on the following generalized surface quasi-geostrophic

equation:

00 +u -V =0, (t,z) € Rt x R?,
(1.1) U= R#Q = (—R2~0,R1,,9),

Oli=0 = 0o,

where R; 4 = Dp,(—A)"%, i = 1,2, v € [1,2] are pseudo-differential operators
which generalize the usual Riesz transform. When v = 1, ([[)) is just the surface
quasi-geostrophic equation which arises from the geostrophic fluids and is viewed
as a two-dimensional model of the 3D Euler system (cf. [7l[12]). When v = 2, (T)
corresponds to the classical 2D Euler equations in vorticity form. (] in the case
1 < < 2 is the intermediate toy model introduced by Constantin et al. [6].

It is well-known that the 2D Euler equations preserve the global regularity for
the smooth data (e.g. [ILI5]) by using the L°°-norm conservation of 6, while for
the SQG equation and its generalization with 1 < v < 2, although they are of
very simple form and have been intensely studied, it still remains open whether the
solutions blow up at finite time or not.

The equation (L)) is invariant under the scaling transformations that for a > —1,

O(t, ) = Ox(t,z) = X9\ Az), YA > 0.
We say a solution is self-similar if § = 6, for all A > 0. The self-similar blowup
singularity is an important scenario that may occur in the evolution of # and is the

main concern in this note. More precisely, we assume there exists (¢, z,) € Rt xR2
such that the solution 6 develops a self-similar singularity at (t.,z.) of the form

1 T — Ty
(1.2) 0(t,z) = T 9( T ), a>-—1
(t, —t)“ o \(t, —t)T=
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2614 MARCO CANNONE AND LIUTANG XUE

for all z € R? and 0 < t < t,. In terms of the profile function © = 0|;—;, we
formally get

13) {%11—1(?+%+1y~v9+uv9_0,
U=R;0.

The finite time singularity of self-similar type has been studied for many non-
linear evolution equations, and one can see the recent review paper [I1], especially;
we refer to [3,[8,[14] and references therein for the nonexistence results of self-
similar solutions for the 3D Euler equations. For the general transport equation
(1), Chae in [3] proved that there exists no nontrivial self-similar solution (2 if
© € LP N LP2(R?) with py, ps €]0,00], p1 < p2, and the particle trajectory gener-
ated by the velocity u is a C'!-diffeomorphism from R? to R? for all ¢ €]0,¢.[. For
the SQG equation, i.e. (II]) in the case v = 1, Castro and Cérdoba in [2] considered
a particular type of solution 6(t,z) = xaf., (,21), which has infinite energy, and
constructed self-similar blowup solutions to the reduced equation of f(¢,x1) for any
a>—1.

In this short paper, being different from [3], we show the nonexistence results
for self-similar solutions by relying only on the intrinsic local LP-inequality of O,
and also give some insight on the further study of the self-similar blowup problem.
Our first result is as follows.

Theorem 1.1. Let v € [1,2], p €]1, %[ (we adopt the convention % = oo for
v =1). Suppose that © € C . N LY(R?) with 25’:12 <g< % Then for all —1 <
a< %—W—i—l ora > %—7—1—1, we have © = 0, while for all %—7—}—1 <a< %—v—i—l,
we have
(1.4) / |0(y)|Pdy < M2>Plety=1 - yAL > 1.

lyl<M

Moreover, for % —-7+l<a< % — v+ 1, if © additionally satisfies that

(1.5) / 1O(y)Pdy = M2+ D00 (1), with  Lim op(1) =0,
ly|<M M — o0

then we have © = 0.

As a corollary of the upper theorem, we have the following excluding result for
all of the range of a.

2(2p+3+7)

Corollary 1.2. Suppose that © € C;. N LA AL o (R2) with p €]1, %[

Then for all a > —1, we have © = 0.

1
loc

If 0y € L>°(R?), we a priori have ||0(t)||z~ < ||6o]|z for all ¢ € [0,t.[, and thus
([T2) necessarily implies that

(1.6) OISy~ Wy > 1.
Since p < Qf:f < 2(?,’;1?;7) and they all tend to %— as p — %—, we see that
for © € CL.(R?) and a > 0 there exists some p €]1, %[ so that the assumption

of Corollary can be satisfied and it yields © = 0.
If 6 € H/? (R?), then due to the structure of nonlinearity, we a priori have
0(t) € H-7/2(R?) for all t € [0,t.[. Thus for every v €]1,2], by interpolation we
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find that
(1.7) lu®)llze = IRy 0Oz SN0z /2nz S 100l fr—r2npoe-
Noting that
]- — Lx
u(t,x) = - U( x $1>, a> -1,
(tx —t)T+a (t, — )T+
and from (7)), we necessarily have
(1.8) WISyl Vil > 1,

The scenario (L6) and (L) for o > 0 can be excluded by Corollary [[.2] while for
l<y<2and 1 -+ < a <0, by using the local LP-inequality with p E]%, ool
we have the following result.

Proposition 1.3. Let v €]1,2]. Assume that © € C}_(R?) and for all 1 —y <
a<o,

1 —a
(1.9) W) < a1 and |U(y)| < [y~ ly[ > 1.

Then we have © = U = 0.

As mentioned above, the starting point of the argument in showing Theorem [IT]
and Proposition [[3]is the local LP-inequality of © (2.2)). By appropriately choosing
the numbers mq, mg in [22)), and from the integrable and asymptotic assumptions
of ©® and U, we can use the iteration method to show fIy\<M [O(y)|Pdy — 0 as
M — oo, which implies © = 0. We also notice that ([2.2)) is derived from the local
LP-equality of 6 (Z1]), which in turn can be ensured for the weak solution 6 under

the condition 6 € CL _((0,t.) x R?) N L (LP N Lﬁ/(vfl)) (one can refer to [4] for a

loc
less regular assumption to guarantee (Z.1)).

Remark 1.4. For the 2D Euler system, i.e. (ILT)) in the case v = 2, Proposition [[.3]
guarantees that if © € CL_(R?) and ([J) is satisfied, then there are no nontrivial
self-similar solutions for any a > —1. This is consistent with Yudovich’s classical
result (cf. [I5]) that the 2D Euler system has a global unique solution for the initial
data with bounded vorticity and finite energy (equivalently, 6y € L> N H~1(R?)).
But for the equation (III) in the case 1 < v < 2, there is still a possibility to have

nontrivial self-similar singular solutions for some —1 < a <1 —~.

For the SQG equation, i.e. (L) in the case v = 1, if © € CL N LPFINLPF2(R?)
with p €]1,00[, we have © = 0 for all @ > —1. In particular, this excludes the
scenario that © has the decaying asymptotics, but it remains open for the case that
© has nondecaying asymptotics, for instance, the scenario from (@) that

(1.10) IS IR for —1<a<0,Vy >1.

A similar problem also holds for the 3D Euler system, and since what we can rely
on is just the L?-energy conservation of velocities, it leaves open more scenarios
for the corresponding self-similar solutions, e.g. the scenario that the self-similar
velocities for each 0 < a < % having the decay asymptotics of |y~ is still not
excluded (cf. [I4]).

At last, we recall the related results for some 1D models of the SQG equation and
3D Euler equations. The typical examples are the Burgers equation 9,0 + 66, = 0

and the nonlocal CCF model 0,0 + H ()6, = 0, where 0 is a 1D scalar and H
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2616 MARCO CANNONE AND LIUTANG XUE

is the Hilbert transform. It is known that the Burgers equation forms the finite-
time shock singularity, while for the CCF equation, it was proved in [9] that some
solutions develop the cusp singularity at finite time. The authors in [T011] moreover
considered the structures of such singularities for the Burgers and CCF equations
to find that the singularities are of self-similar type with some indexes in the range
—1 < a < 0. Despite being in a different setting, this is compatible with our results
above and suggests that the scenarios like (II0) are potentially serious cases to be
further considered.

The outline of this paper is the following: we prove Theorem [[.1] in Section [2]
and we present the proofs for Corollary and Proposition [[.3] in Section [3

2. PROOF oF THEOREM [[L1]

2.1. Local LP-inequality. The first basic assumption is that the solution 6 is
regular enough to satisfy the local LP-equality (1 < p < 00):

/ 10(t2, ) [P (2, 2)da — / 16(t1, 2) P (b, 7)da

t2 t2
/ / (t,x)|POrx(t, x) dxdt—i—/ / (t,2)|P( RJ‘H) Vx(t,z) dzdt,
t1 R2

where Y € C°(RT x R?) and 0 < t; < t3 < t,. This can be guaranteed by the
locally regular solution 6 € CL_((0,¢.) x R?) N L (L2 N Li/h*l)).

With no loss of generality, we assume that z, = 0 and ¢, = 1. Let ¢(z) =
be a radial smooth test function such that 0 < ¢ < 1, ¢(z) =1 for 0 < |z
and ¢(x) =0 for |z| > 1. Let x = ¢; then (2.I) becomes

[t opsteao— [ earow o= [ [ om0 -vo) a

According to (IZ), we see that

)

z|
1
|§§

2—p(aty—1)

(1—ty) 1#a / L eW)Pe(y(1 — t2)1%"‘) dy
ly|<(1—tz) T+e

2—p(aty—1) P 1
=(1—t) ¥ L OWIPe(y(l —t1) ™) dy
ly|<(1—t1) 1T

T Tta
t2 2—a—p(aty—1) L
/ / L Q- e p(REE)
lt) 1+(¥<|y\<(1 t) 1+a
SVeé(y(1 — )T ) dydt.

By denoting m; = (1 —ti)_H;a and integrating on the ¢-variable in the last integral,
we get that for all 0 < my < ma,
1 / 1
D ©W)[Po(ym, ") dy—
‘mg plat=l) [yl <ma

1

29 R / O Pé(ym ) dy
(22) m? ploty=1) ly|<ma !

plL
<C/ 10(y)[PIR;O(y)]
S <|y|<m

p-ratD W

Licensed to Beijing Normal University. Prepared on Sun Apr 19 01:50:14 EDT 2015 for download from IP 219.142.99.10.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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2.2. Proof of Theorem [I.1Il First we consider the case —1 < o < % —v+1and

271’:12 < ¢ < 00. We claim that as may — 00,
1 / .
a0 ©(y)[Pe(ymy ")dy — 0.
mg—p(a-w—l) ly|<mo 2

Indeed, for a large number K > 1 and my > K, by the Holder inequality we have
1 / 1
B e 1O(y)[Pd(ymy " )dy
my Ty <my 2

1 / Co 2
< ey | WP s ([ ey
mg—p(a-w—l) Iyl <K mgp/q—p(a+7—1) K<|y|<ms

1 / q
<1 O(y)Pdy + C. / O(y)[dy) .
my Pt |y\§K| W) 0( Wz K )

y
Passing ms to oo and then K to oo, the claim is followed. Now (2.2) reduces to the
following form (by choosing m,/2 = M):

1 O(y)PIR; O
st [ oz [ SR
M=t fyi<m wizm [yt

From the Holder inequality, Calderén-Zygmund inequality and Hardy-Littlewood-
Sobolev inequality, we get

(2.3) dy.

1 1
M2—platy=1) ? P L
M2—platy—1) /|y<M 1©(y)|Pdy < CM2 oo 1OFI, 4 IRy Ol
1
p+1
= CM2 y—plat+y—1)+2(p+1)/q 1O[%:
with r the index such that % = E — (y—1). Hence
2 1
(24) / O(y)|Pdy < CM%,  with a, =7 — 2p+1)
ly|<M q

Clearly, if a, < 0, that is, ¢ < 2(p+1)/7, we conclude the proof by passing M — oo.
Otherwise, by interpolation, we get

¢—2(p+1)/(v+1)
q—p

(2.5) / O(y)| 377 dy < CM®bs, with b, = <1
ly| <M

In order to control the growth of the nonlocal term u = R3O (v € [1,2]), we have
the following lemma.

Lemma 2.1. Assume that fly‘<M|@(y)|pdy < CM® for alll < p < %, a <
2—p(y—1) and M > 1. Then we have

(2.6) / IREO(y)| =701 dy < CMT+0-.
lyl<M

<y=(p+DHr-1)<2-22(y-1)

In our application, from a; = v — -

(due to g < %) and (2.0), we have

2p+2
q

(v+1)aqbq

27 / [REO(y)| =T dy < CM =05 |
ly|l<M
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2618 MARCO CANNONE AND LIUTANG XUE

Proof of Lemma 2]l From the expression

0 1 . 1 (_Z27Z1)
R O(y) = p.v. /Rz K5 (y—2)0(z)dz, with Ki(z)= 007|z\4*7 ,

we have the splitting

[ mewiEma = [ | [ K- 26
ly|<M lyl<Mm ' J|z|<2M

i /|ng } /|Z|Z2M K (y — 2)0(2)dz

=I+1I.
For I, from the Calderén-Zygmund inequality and Hardy-Littlewood-Sobolev in-
equality, we get

2
I< C(/ \@(z)|pdz) POTY oM TG
|z <2M

2p
2—p(y—1) d

2p
2—p(v—1) d

For II, by the dyadic decomposition, we find that
e 2
1 2—-p(y—1)
=c ( / —|@<z>|dz) dy
lyl<M ,; ok M<|z|<2k+inr Y — 2377

> 1

2p
2—p(v—1)
<C 7/ Oz dz) dy
lyl<M (,; 2=k M3 2’€M§|z|szk+1M‘ &)

2p
e 1 2 o\ 2-p(v—1)
2 k 2—= ok+1 =
<CM ( E W@ M) 7 (2 M)p)
k=1

[e%e} 2p
2 2—p(yv—1)—a — — 2
< CM7T56-D < E D S — ) oY oM ETRGD
k=1

Gathering the upper estimates leads to the desired result.

Now from (23] and 271, we treat (Z3)) as follows:

1 /
Y Por— O(y)[Pdy
M?2-—p(at+y—1) |y\§M| ( |
(y+)p

> C 2p+2 2p+2
<> O(y)| 7t d
= Z (QkM)Sfp(oHr’yfl) (/|y§2k+1M 10(y)| y)

(2.8) x (/ |R¢@|%dy)
ly|<2k+1 M

> 1

2—(v—Dp
2pF2

< 5 >
= M3—platy—1)—agbe(y+1)/2 prs 2k(37P(a+vfl)*aqbq(7+l)/2)
< C
= MB3—platy—1)—agby(v+1)/2’
where we have used the fact that 3—p(a+~v—1)—azb,(y+1)/2 > 3—2p/q—a, > 0.

Hence . 1
|0(y)|Pdy < OM%ba=1 ) with b, = by +1)
lyl<M 2

< 1.
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SELF-SIMILAR SOLUTIONS FOR GENERALIZED SQG EQUATION 2619

If aql;q — 1 < 0, then the proof is over. Otherwise,
/ 1©(y)| 57 dy < CMeaba= Db,
ly| <M

Once again we have

C 1
O Pdy < — ¥
/y|<M M kZ:O 2k(3—p(at+y—1))

S CMaqgifgqfl.

/ ORI O()|dy
2% M<|y|<2F+1 M

By repeating the above steps, we deduce that

/ ©(y)|Pdy < Caresbs b= ba L
lyl<M

Since Bq < 1, by choosing N large enough, the power of M will be negative, which

yields © = 0.
Then we consider the case a > % — v+ 1. We also begin with the local LP-
inequality
Wl ——i [ jepa
T o p(atr—1) Y Y> S5 tar—D Y
my PO Jiyi<ma 2 my PO Sy,
9(y)IP|R5 6]

+C Y
m1 /2<]y|<ma |y|3—p(o¢+'y—1)

By choosing mo = 2M > 1 and my = 2, we have

1 / O@)IPIR; Oyl
2.9 _— Oy |lPdy < C+C 7
(2.9) M2-p(at+y—1) lyl<M ©)l 1<|yl<2M |y|3—Platy—1)
The Holder inequality leads to
o | lewrd
Tl —1) Y Y
M2Plety=1) Jy <
1 (v+1)q/2—p—1 N
<crof / ) |17, IR+ O],
1<|y|<2M |y| (vF1D)a/2=p—1

where 7 is the index such that % = % — (y—1). The only case we need to treat is

(B—p(aty=1))q

when (v+1)q/2—(p+1)

< 2, and in this case we get

2(p+1)

/ O(y)[Pdy < CMPPOT=D 4 CM®, with ag=7—
ly|l<M q

If a; <0, ie. g <2(p+1)/v, then the proof is finished. Otherwise, we get

@) [ jewrasort wd [ jew)*iay < car.
ly|<M ly|<M
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2620 MARCO CANNONE AND LIUTANG XUE

Now we use a bootstrap argument as before, but with suitable modification. In-

serting (ZI0) into ([Z9]) we obtain
[ Iy < e
ly|<M

C [log, M]
il k(B—p(aty—1)) PRl
D [, lewrir:ely
k=—1 2k+1_|y‘S2k
B [logy M] 5
< oM2platy=1) o o prasba—1 Z ok(B=platy—1)=agbq)
k=—1

where [log, M] is the integer part of logy M. If 3 — p(a 4+ — 1) — agb, > 0, then
/ O(y)[Pdy < CM2Pletr= L op2-Pletr=D g, M — 0, as M — oo.
lyl<M
Otherwise, we get

/ ©(y)[Pdy < O M2—Platy=1) | o pftaba—1,
lyl<M

If aql;q — 1 < 0, then the proof is over. Otherwise, we can repeat the above process
to get

|0(y)|Pdy < CM2—platy=1) | CMaqE§—5§*1—~.~—bq—1,
lyl<M
and for N large enough, we finish the proof.
Next we consider the case % —v+1l<a< % — v+ 1 to show the estimate (L4)).

The proof is quite similar to the above, and we only need to consider the situation
that

/ |®(y)|de < O M2—prlaty=1) logy M.
lyl<M
In this case, for some € €]0, min{1,p(2 — v+ 1)}[, we roughly have
/ |0(y)[Pdy < CM2Platy—1)te
lyl<M

and

/ \@(y)\%dy < OMC-platy=1)+e)by
lyl<M
Since 2 —pla+v—1)+e <2 —p(y—1), we can apply Lemma 2] again to get
/ |©|Pdy < CM2Pletr=1)
ly|<M

C [logy M]
by > 2o O PIREO W)y

bYi M
k=-1 ST <lI<om

< CM2—platy=1) 4 CM(2—p(a+7—1)+€)5q—1

[logy M] 5
> Z 9k(8=p(atv=1))9—k(2—p(aty—1)+e)bg
k=—1
< Cp2—rlaty=1)
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Finally, we treat the case % -7+l <ac< % — v + 1 under the additional

assumption ([H). From (IH), we can eliminate the mo-integral in ([22]) by passing
me to infinity. Setting m; = 2M > 0, we have

1 /
. — O(y)[Pdy < C
M2—platr—1) MSM‘ (y)l"dy <

Dyadic decomposition leads to

10(y) PR O(y)|
|y[3—Platr—1)

dy.

ly|>M

o0

C 1
p E - @@
/yISM |®(y)| dy S M =0 2k(37p(a+'771))

From (I4) and Lemma [ZT], similarly to obtaining (28], we get

/ ©()PIREO()|dy:
¢ M<[y|<2RH1 M

- > 1 .
P (2—p(aty—1))bg—1 E k(2—p(at+y—1))b
/y|<M OWl*dy < CM ’ = 2k(3—p(at+y—1)) 2 ’

< O M@—platy=1))bg—1

If (2 — p(a+~ — 1))b, — 1 < 0, then the proof is over. Otherwise, by iteration we
obtain

/ 10(y)|Pdy < CMC—Play=IBY =5y ~t=remby—1,
lyl<M

Since Bq < 1, for N sufficiently large, the power will be negative and the proof is
finished.

3. PrRooOFS OF COROLLARY AND PROPOSITION [I.3]

3.1. Proof of Corollary We apply Theorem [[.T] based on the L? and Lo
2p+2
local inequality respectively: since © € Ct NL>F1 ,weget @ =0forall -1 < a <

loc
2(2p+~v+3)

%—’Y—l—l;whilesince@ECﬂOCﬂL G2 ,WegetG)EOforalla>ZT+}—’y+1.

Therefore © = 0 for all o > —1.

3.2. Proof of Proposition [I.3l We start with the local LP-inequality (Z2]). For
some p E]%ﬂ/_l, o[, e.g. p= %7_1, it directly satisfies o > % + 1 —~. Then by
choosing my = 2My and my = 2M > My (My is a constant such that (L)) holds
for |y| > Mp) in (22), we have

/ |OPdy < C M2—platy—1) / |©Pdy + C M2—platy—1)
ly|<M ly|<2Mo
(3.1)
1©)["|U(y)]
X 3 plat _1)dy.
Mo<ly|<zm |y[>7Pl@tY
Taking advantage of (L9) and the fact that o+ 1 > 0, we get
/ O(y)[Pdy < CM2rlaty=1) 4 CM2*p(oc+W*1)/ %dy
lyl<M Mo<lyl<am [y[PTe

S CMZ—p(a+’y—1) .

Passing M to infinity leads to © = 0. From U = Rf,‘@, we have U = 0.
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