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GLOBAL REGULARITY OF NONDIFFUSIVE TEMPERATURE
FRONTS FOR THE TWO-DIMENSIONAL VISCOUS BOUSSINESQ

SYSTEM\ast 

DONGHO CHAE\dagger , QIANYUN MIAO\ddagger , AND LIUTANG XUE\S 

Abstract. In this paper we address the temperature patch problem of the two-dimensional
viscous Boussinesq system without heat diffusion term. The temperature satisfies the transport
equation and the initial data of temperature is given in the form of nonconstant patch, usually
called the temperature front initial data. Introducing a good unknown and applying the method
of striated estimates, we prove that the partially viscous Boussinesq system admits a unique global
regular solution and the initial Ck,\gamma and W 2,\infty regularity of the temperature front boundary with
k \in \BbbZ + = \{ 1, 2, \cdot \cdot \cdot \} and \gamma \in (0, 1) will be preserved for all the time. In particular, this naturally
extends the previous work by Danchin and Zhang [Comm. Partial Differential Equations, 42 (2017),
pp. 68--99] and Gancedo and Garc\'{\i}a-Ju\'arez [Ann. PDE, 3 (2017), 14]. In the proof of the persistence

result of higher boundary regularity, we introduce the striated type Besov space \scrB s,\ell 
p,r,\scrW (\BbbR d) and

establish a series of refined striated estimates in such a function space, which may have its own
interest.

Key words. Boussinesq system, temperature patch problem, global regularity, striated esti-
mates
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1. Introduction. We consider the two-dimensional (2D) Boussinesq system with-
out heat diffusion \left\{         

\partial t\theta + u \cdot \nabla \theta = 0,

\partial tu+ u \cdot \nabla u - \nu \Delta u+\nabla p = \theta e2,

div u = 0,

(\theta , u)| t=0(x) = (\theta 0, u0)(x),

(1.1)

where (x, t) \in \BbbR 2 \times \BbbR +, e2 = (0, 1), \nu \geq 0 is the kinematic viscosity, and u =
(u1, u2) is the velocity vector field, while the scalars \theta , p denote the temperature
and the pressure of the fluid, respectively. The Boussinesq system is widely used
to model the natural convection phenomena in the ocean and atmospheric dynamics
[50, 53], and it also plays an important role in studying the Rayleigh--B\'enard problem
[17]. It arises from the density-dependent fluid equations by applying the so-called
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4044 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

Boussinesq approximation which neglects the density dependence in all the terms but
the buoyancy force due to gravity. One can refer to [29] for a rigorous justification of
the approximation from the complete Navier--Stokes--Fourier system.

From the mathematical viewpoint, Boussinesq systems contain the incompressible
Navier--Stokes and Euler equations as special cases, and the 2D inviscid Boussinesq
system is essentially identical to the 3D axisymmetric swirling Euler equations away
from the axis [51]. Furthermore, the important vortex-stretching mechanism is present
in both 2D and 3D Boussinesq systems. As pointed out in [52, 59], the global well-
posedness issue of (inviscid) Boussinesq systems is a major open problem in the theory
of mathematical fluid dynamics.

Due to the physical relevance and mathematical importance, Boussinesq systems
have recently attracted a lot of attention and have been intensely studied. For the
2D viscous Boussinesq system (1.1) (i.e., \nu > 0), Chae [11] and Hou and Li [39]
independently proved the global well-posedness for regular initial data. Later, Abidi
and Hmidi [1] considered less regular initial data \theta 0 \in B0

2,1 and u0 \in L2 \cap B - 1
\infty ,1 and

showed the global existence and uniqueness. Hmidi and Keraani [36] established the
global existence of weak solution to system (1.1) with initial data \theta 0 \in L2, u0 \in Hs,
s \in [0, 2), and furthermore Danchin and Paicu [22] resolved the uniqueness issue
by using para-differential calculus. Hu, Kukavica, and Ziane [40] also obtained the
persistence of regularity result in various Sobolev spaces.

For the 2D inviscid Boussinesq system (i.e., \nu = 0 in (1.1)), so far the global
regularity issue still remains an outstanding unsolved problem. Numerical simulations
once suggested global regularity for this system in a periodic domain [25], but recent
numerical studies [49] proposed an important potential scenario of finite-time blowup
in the bounded domain with smooth boundary. Motivated by this singularity scenario,
several 1D Boussinesq models [15, 16] and the modified 2D Boussinesq system [43]
admitting incompressibility were developed, and the finite-time blowup of smooth
solutions for these models has been rigorously justified. Recently, concerning the
original 2D inviscid Boussinesq system on a spatial domain with an acute corner,
[26] constructed the finite-time blowup in Lipschitz norm for some locally well-posed
solution with finite energy. One can also see [6, 27] for the interesting global stability
results for the 2D inviscid Boussinesq system.

In modeling the large scale atmospheric and oceanic flows, the viscosity and dif-
fusion coefficients of the Boussinesq system are usually different in the horizontal and
vertical directions. For these scenarios, there are some global well-posedness results
for the Boussinesq system with various anisotropic and partial dissipation (one can
refer to [5, 44, 45] and the references therein).

Recently, there has also been much attention on the so-called Boussinesq temper-
ature patch problem for the viscous Boussinesq system (1.1), which is a free boundary
problem of the system (1.1) with singular initial data \theta 0 = 1D0 , i.e., the characteristic
function of a simply connected bounded domain D0. In view of (1.1)1 and the particle
trajectory Xt(x) given by

(1.2)
\partial Xt(x)

\partial t
= u(Xt(x), t), Xt(x)| t=0 = x,

one can see that the patch structure of the temperature will be preserved so that
\theta (x, t) = 1D(t) with D(t) = Xt(D0). Thus a natural problem arises: whether the
initial regularity of the patch boundary persists globally in time, e.g.,

suppose \partial D0 \in Ck,\gamma , k \in \BbbZ +, \gamma \in (0, 1), whether \partial D(t) \in Ck,\gamma for all time?(1.3)
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TEMPERATURE FRONTS FOR 2D BOUSSINESQ SYSTEM 4045

In the above, we denote \partial D(t) \in Ck,\gamma provided that there is a parametrization of the
patch boundary \partial D(t) =

\bigl\{ 
z(\alpha , t) \in \BbbR 2, \alpha \in \BbbS 1 = [0, 1]

\bigr\} 
with z(\cdot , t) \in Ck,\gamma .

Such patch problems were initiated in 1980s by studying the famous vorticity
patch problem of the 2D Euler equations. Although numerical simulations once sug-
gested the possibility of finite-time singularity for this problem, the global persistence
result of initial Ck,\gamma -boundary regularity was proved by Chemin [13, 14] using the
paradifferential calculus and the striated regularity method. A different proof of the
same result was obtained by Bertozzi and Constantin [2] applying a geometric lemma
and the harmonic analysis techniques. For the related density patch problem of the
nonhomogeneous Navier--Stokes system, one can also see [24, 31, 46, 47, 48] for the
global regularity persistence results.

Concerning the temperature patch problem, Danchin and Zhang [23] first proved
the global well-posedness of the viscous Boussinesq system (1.1) with rough initial

data \theta 0 \in B
2/q - 1
q,1 , q \in (1, 2), which admits the C1,\gamma -temperature patch, and then

by using the striated estimates method, they showed that the C1,\gamma -regularity of the
patch boundary is globally preserved in the 2D case as well as in the 3D case under an
additional smallness condition. Later, Gancedo and Gar\'cia-Ju\'arez [30] in the 2D case
gave a different proof of the C1,\gamma -regularity persistence result, and furthermore proved
the global persistence of W 2,\infty - and C2,\gamma -regularity of the temperature patch bound-
ary. Meanwhile, the curvature of the temperature patch remained bounded for all
the time, by taking advantage of new cancellations in the time-dependent Calder\'on--
Zygmund operators. The authors in [32] extended the same global regularity results
to the 3D Boussinesq temperature patch problem under a scaling-invariant smallness
assumption of initial data, and they also treated the temperature front initial data
which is the temperature patch of nonconstant values.

For more general patch-type solutions and related contour interface dynamics,
they can be used to model many important physical phenomena arising from water
waves, porous media, or frontogenesis, and so on, and have been intensively studied
in recent decades, and one can see [7, 8, 9, 10, 18, 19, 20, 28, 34, 42] and references
therein for recent progress. In particular, the finite-time singularities were rigorously
proved for Muskat system [7, 10], free-surface Euler equations [8, 19], free-surface
Navier--Stokes equations [9, 20], and a modified surface quasi-geostrophic equation
[42, 33].

In this paper we focus on the problem (1.3) of the 2D viscous Boussinesq sytem
(1.1) with initial temperature patch of nonconstant values. This setting describes the
evolution of the temperature front governed by the fluid flow, which is an important
physical scenario in geophysics [35, 50]. Our main purpose is to show the Ck,\gamma -
regularity propagation result of the temperature front boundary with any k \in \BbbZ + =
\{ 1, 2, \cdot \cdot \cdot \} , which also naturally generalizes the results of [23, 30].

Assume \theta 0(x) = \=\theta 0(x)1D0
(x) to be an initial temperature front, where D0 \subset \BbbR 2

is a bounded simply connected domain with boundary \partial D0 \in Ck,\gamma (\BbbR 2), k \in \BbbZ +,
\gamma \in (0, 1). We consider the level-set characterization of the domain D0: there exists
a function \varphi 0 \in Ck,\gamma (\BbbR 2) such that

(1.4) \partial D0 = \{ x \in \BbbR 2 : \varphi 0(x) = 0\} , D0 = \{ x \in \BbbR 2 : \varphi 0(x) > 0\} , \nabla \varphi 0 \not = 0 on \partial D0.

Then the boundary \partial D0 can be parameterized as

(1.5) z0 : \BbbS 1 \mapsto \rightarrow \partial D0 with \partial \alpha z0(\alpha ) = \nabla \bot \varphi 0(z0(\alpha )) =:W0(z0(\alpha )),

with \nabla \bot = ( - \partial 2, \partial 1)T . In what follows we also set the viscosity \nu = 1 for brevity.
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4046 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

Our main results read as follows.

Theorem 1.1. Let D0 \subset \BbbR 2 be a bounded simply connected domain with boundary
\partial D0 \in C1,\gamma (\BbbR 2), and let \theta 0(x) = \=\theta 0(x)1D0(x) be the temperature front initial data
with \=\theta 0 \in L\infty (D0). Let u0 \in H1(\BbbR 2) be a divergence-free vector field. Then, there
exists a unique global solution (\theta , u) to the 2D Boussinesq system (1.1) such that for
any T > 0,

(1.6) u \in C(0, T ;H1(\BbbR 2)) \cap L2(0, T ;H2(\BbbR 2)) \cap L1(0, T ;C1,\gamma (\BbbR 2)) \forall \gamma \in (0, 1)

and

(1.7) \theta (x, t) = \=\theta 0(X
 - 1
t (x))1D(t)(x), with \partial D(t) = Xt(\partial D0) \in L\infty (0, T ;C1,\gamma (\BbbR 2)),

where Xt is the particle trajectory generated by the velocity u (see (1.2) above) and
X - 1

t is its inverse.
Moreover, the boundary of the temperature front has the following regularity per-

sistence properties.
(1) If additionally, \partial D0 \in W 2,\infty (\BbbR 2), \=\theta 0 \in C\mu (D0), \mu \in (0, 1), and u0 \in H1 \cap 

W 1,p(\BbbR 2) with some p > 2, we get

(1.8) \partial D(t) \in L\infty (0, T ;W 2,\infty (\BbbR 2)),

and u \in L\rho (0, T ;W 2,\infty (\BbbR 2)) with 1 \leq \rho < 2p
p+2 .

(2) If additionally, \partial D0 \in Ck,\gamma (\BbbR 2), k \in \BbbN \cap [2,\infty ), \gamma \in (0, 1), \=\theta 0 \in Ck - 2,\gamma (D0),
and u0 \in H1 \cap W 1,p(\BbbR 2), (\partial W0

u0, . . . , \partial 
k - 1
W0

u0) \in W 1,p(\BbbR 2) with some p > 2, we
obtain

(1.9) \partial D(t) \in L\infty (0, T ;Ck,\gamma (\BbbR 2)).

In the above \partial W0
u0 :=W0 \cdot \nabla u0 = div (W0 u0) denotes the directional derivative

of u0 along the vector field W0.

Remark 1.2 (regularity persistence result of \partial D(t) on Sobolev space W k,r(\BbbR 2)).
By arguing as in [46], one can similarly obtain the global regularity persistence result
of the 2D Boussinesq temperature front problem in Sobolev space W k,r(\BbbR 2) with
k \geq 3 and 2 < r < 4. Here with the help of the good unknown \Gamma given by (1.11),
we in fact can show the global W k,r-persistence result of front boundary \partial D(t) with
k \geq 3 and 2 < r < \infty . We present the proof for the global W 3,r-persistence result
of \partial D(t) in Appendix B (the endpoint case r = 2 also holds). The general W k,r-
persistence result can be proved in a similar manner and by using the higher-order
striated estimates in Lemma 2.4 (the condition (2.12) can be guaranteed due to the

embedding W 2,r(\BbbR 2) \lhook \rightarrow B
2 - 2/r
\infty ,\infty (\BbbR 2), r > 2), and we omit the details.

Remark 1.3. Note that the explicit growth (in time) estimates of various norms
of the velocity u are obtained in the proof of Theorem 1.1, for example, the norms
L\infty 
T (H1) \cap L2

T (H
2) and L1

T (Lip) of u are of polynomial growth in T (see (3.9) and
(3.15) below). It is an interesting problem to ask whether or not the growth rates of
the basic energy estimate and L1

T (Lip)-estimate of u are optimal (one can see [4] for
a related work on the 3D Boussinesq system with full dissipation).

Remark 1.4. With slight modification, one can also deal with the more general
temperature front initial data \theta 0(x) = \=\theta 1(x)1D0(x) +

\=\theta 2(x)1Dc
0
(x), where \=\theta 1 and \=\theta 2

are the functions defined on D0 and Dc
0, respectively.
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In the proof of the C1,\gamma -,W 2,\infty -, and C2,\gamma -regularity persistence result of the tem-
perature front boundary, noting that the domain D(t) = Xt(D0) can be determined
by the level-set function \varphi (x, t) = \varphi 0(X

 - 1
t (x)) which solves

(1.10) \partial t\varphi + u \cdot \nabla \varphi = 0, \varphi (0, x) = \varphi 0(x),

one needs only to prove the uniform boundedness of \varphi (t) in the norms of C1,\gamma , W 2,\infty ,
and C2,\gamma , respectively. Compared with [23, 30], a new ingredient is the introduction
of a good unknown1

(1.11) \Gamma := \omega  - \scrR  - 1\theta 

with \omega := \partial 1u2  - \partial 2u1 the vorticity of the fluid and \scrR  - 1 := \partial 1( - \Delta ) - 1. The equation
of \Gamma reads as \partial t\Gamma + u \cdot \nabla \Gamma  - \Delta \Gamma = [\scrR  - 1, u \cdot \nabla ]\theta , and the term [\scrR  - 1, u \cdot \nabla ]\theta can
be better controlled (e.g., see Lemma 2.7) than the corresponding term \partial 1\theta in the
the vorticity equation (see (3.1) below). The quantity \Gamma usually has good regularity
estimates stemming from the smoothing effect of the heat equation, thus thanks to
the relation

\nabla u = \nabla \nabla \bot ( - \Delta ) - 1\omega = \nabla \nabla \bot ( - \Delta ) - 1\Gamma +\nabla \nabla \bot ( - \Delta ) - 1\scrR  - 1\theta ,(1.12)

the restriction of the regularity of \nabla u mainly comes from the \theta -term. Since \theta belongs
to L2 \cap L\infty uniformly in time and \nabla \nabla \bot ( - \Delta ) - 1\scrR  - 1 is a pseudodifferential operator
of  - 1-order, we can directly prove that \nabla \nabla \bot ( - \Delta ) - 1\scrR  - 1\theta and \nabla u belong to L1

T (C
\gamma )

for every \gamma \in (0, 1), which ensures the global uniform C1,\gamma -boundedness of \varphi (t).
In order to prove that u belongs to L1

T (W
2,\infty ), which implies the uniform W 2,\infty -

boundedness of \varphi (t), we mainly need to show that \nabla 2\nabla \bot ( - \Delta ) - 1\scrR  - 1\theta belongs to
L\infty 
T (L\infty ). The situation is quite analogous to that in the vorticity patch problem of

2D Euler equations, where one needs to control the L\infty -norm of \nabla \nabla \bot ( - \Delta ) - 1\omega with
\omega of patch structure, and by using the additional cancellation property of the singular
integral operator with even kernel (see the geometric lemma in [2]), we can derive the
desired uniform boundedness estimate.

To obtain the global uniform C2,\gamma -estimate of \varphi (t), we consider the quantity
W = \nabla \bot \varphi (similarly as [30]), and by estimating the C\gamma -norm of \nabla W (t), it mainly
needs to control the striated term \partial W\nabla u in L1

T (C
\gamma ), with \partial W :=W \cdot \nabla the directional

derivative. In view of (1.12) and the patch structure of \theta , we deal with the estimates
of \partial W\Gamma and \partial W \theta , respectively, and through using the striated estimate (2.18), we
finally can bound the L1

T (C
\gamma )-norm of \partial W\nabla u in terms of \| \nabla W (t)\| C\gamma and a suitable

norm of \partial W\Gamma , so that the Gronwall inequality ensures the wanted global uniform
estimate. We remark that the proof of the above results presented here is relatively
simpler than that in the work [30].

In the proof of the propagation of even higher Ck,\gamma -boundary regularity, motivated
by [14], it indeed suffices to show the striated estimate \partial k - 1

W W in the norm L\infty 
T (C\gamma )

(see (4.8) below). The method of high-order striated estimates (or conormal estimates)
initiated by Chemin [13, 14] plays an important role in the whole process. We would
like to emphasize, however, that there exists a crucial difference compared with the
application to the vorticity patch problem of Euler equations well studied in [13, 14]
(see also [46]). The regularity of the vector field W and its striated counterpart

1Such a technique may be called Alinhac's good unknown. One can see [37, 38, 12, 58, 41] and
reference therein for the application of this method to the 2D Boussinesq system with various partial
fractional dissipation.
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\partial \ell WW in the vorticity patch problem are of C\gamma -H\"older type with 0 < \gamma < 1, while
in our situation they all belong to C1,\gamma uniformly in time. As a consequence, it will
yield a lot of substantial difference in the analysis. The foremost one can be seen
from the estimation of the operator Rq given by (5.1): there is a factor 2q\varepsilon (\ell  - | \mu | )

in [14, Lemma A.2] or [46, Equation (7.3)], while in our case such a factor vanishes
in the corresponding inequality (5.3) below.2 The factor 2q\varepsilon (\ell  - | \mu | ) usually leads to
the various striated estimates in [13, 14, 46] with essential \varepsilon -regularity loss, but here
the striated estimates have no regularity loss. In order to be able to develop such
fine-scale striated estimates, we introduce the striated type Besov space \scrB s,\ell 

p,r,W (\BbbR d)
(see Definition 2.1 below). By adopting this function space and using the tedious
paradifferential calculus, we establish a series of refined striated estimates in Lemmas
2.4 and 2.5. These striated estimates are a natural generalization of some classical
product and commutator estimates in the usual Besov space with negative regularity
index, which might be interesting on its own.

In order to show that \partial k - 1
W W belongs to L\infty 

T (C\gamma ), or more precisely, to build
the stronger estimate (4.9), we use the induction method. Suppose that we already

have good control on the quantities W,\nabla u, and \Gamma in the appropriate \scrB s,\ell 
\infty ,r,W -norms

as in (4.10) with \ell \in \{ 1, . . . , k  - 2\} ; we intend to show the corresponding estimates
with \ell + 1. The procedure is as in the proof of the C2,\gamma -persistence result, and
the above refined striated estimates will be intensively used. In order to get the
L\infty 
T (\scrB \gamma +1,\ell 

\infty ,W )-estimate of W , from the equation of \partial \ell W\nabla 2W and the striated estimate

(2.13), we need to consider the quantity \nabla 2u in L1
T (\scrB 

\gamma  - 1,\ell +1
\infty ,W ). In light of (1.12),

we treat the \Gamma -term and the \theta -term separately: by applying the smoothing estimate
of the transport-diffusion equation and the induction assumption, we obtain a good
striated regularity estimate of \Gamma in terms of \Gamma itself and W in suitable \scrB s,\ell 

\infty ,r,W -norms,

which can be used to control the term \nabla 2\nabla \bot ( - \Delta ) - 1\Gamma , while by using the patch

structure of \theta and striated estimate (2.14), we can bound the L1
T (\scrB 

\gamma  - 1,\ell +1
\infty ,W )-norm of

\nabla 2\nabla \bot ( - \Delta ) - 1\scrR  - 1\theta . Gathering all these estimates and using Gronwall's inequality
yield the desired uniform estimates with \ell + 1, so that the induction scheme can be
continued to fulfill the final target.

The paper is organized as follows. In section 2, we introduce the striated type
Besov space \scrB s,\ell 

p,r,\scrW (\BbbR d) and establish several related estimates, and also compile some

auxiliary lemmas. We prove the C1,\gamma -, W 2,\infty -, and C2,\gamma -regularity persistence results
in the section 3, and then in section 4 we deal with the Ck,\gamma -regularity persistence
result with k \in \BbbN \cap [3,\infty ). Section 5 and Appendix A are both concerned with the key
striated estimates, and we respectively present the detailed proof of Lemmas 2.4, 2.5,
and 5.1--5.3. Finally, we prove the global W 3,r-persistence result of the temperature
front boundary in Appendix B.

The following notations will be used throughout this paper.
\bullet C stands for a constant which may be different from line to line (sometimes C
depends on the norms of initial data), and C(\lambda 1, \lambda 2, . . . , \lambda n) denotes a constant C
depending on coefficients \lambda 1, \lambda 2, . . . , \lambda n. The notation X \lesssim Y means that there is a
harmless constant C such that X \leq CY , and sometimes we use X \lesssim \lambda Y to indicate
the dependence on the coefficient \lambda in the hidden constant C.
\bullet Denote by \scrS (\BbbR d) the Schwartz class of rapidly decreasing C\infty -smooth functions and
by \scrS \prime (\BbbR d) the space of tempered distributions which is the dual space of \scrS (\BbbR d).

2We mention that J.-Y. Chemin had already clarified this key difference in [13, p. 446] at the
special case p = \infty .
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\bullet For the Banach space X = X(\BbbR d) and \rho \in [1,\infty ], L\rho (0, T ;X) denotes the usual
space-time space L\rho ([0, T ];X), which is also abbreviated as L\rho 

T (X). We also use the
usual abbreviation that \| (f1, . . . , fn)\| X := \| f1\| X + \cdot \cdot \cdot + \| fn\| X .
\bullet For two operators \scrX and \scrY , the notation [\scrX ,\scrY ] := \scrX \scrY  - \scrY \scrX denotes the commu-
tator operator. For two d \times d matrixes A = (aij) and B = (bij), denote A : B =\sum d

i,j=1 aijbji.

2. Preliminaries and auxiliary lemmas.

2.1. Striated type Besov spaces and related estimates. One can choose
two nonnegative radial functions \chi , \varphi \in C\infty 

c (\BbbR d) be supported respectively in the ball
\{ \xi \in \BbbR d : | \xi | \leq 4/3\} and the annulus \{ \xi \in \BbbR d : 3/4 \leq | \xi | \leq 8/3\} such that (see [3])

\chi (\xi ) +
\sum 
j\geq 0

\varphi (2 - j\xi ) = 1 for every \xi \in \BbbR d.(2.1)

For every tempered distribution f , the dyadic block operators \Delta j and Sj are defined
by

\Delta  - 1f = \chi (D)f = h \ast f, \Delta jf = \varphi (2 - jD)f = 2jdh(2j \cdot ) \ast f \forall j \in \BbbN ,

Sjf = \chi (2 - jD)f =
\sum 

 - 1\leq l\leq j - 1

\Delta lf = 2jdh\prime (2j \cdot ) \ast f \forall j \in \BbbN ,(2.2)

with h = \scrF  - 1\varphi , h\prime = \scrF  - 1\chi and \scrF  - 1 the Fourier inverse transform.
For every f, g \in \scrS \prime (\BbbR d), we have the following Bony's decomposition:

(2.3) f g = Tfg + Tgf +R(f, g),

with

(2.4) Tfg :=
\sum 
q\in \BbbN 

Sq - 1f\Delta qg, R(f, g) =
\sum 
q\geq  - 1

\Delta qf \widetilde \Delta qg, \widetilde \Delta q := \Delta q - 1 +\Delta q +\Delta q+1.

In what follows, for a vector field W : \BbbR d \rightarrow \BbbR d, we also use the notation TW \cdot \nabla to
denote the operator

\sum 
q\in \BbbN Sq - 1W \cdot \nabla \Delta q.

Now we introduce the Besov space Bs
p,r(\BbbR d) and its striated type.

Definition 2.1. Let s \in \BbbR , (p, r) \in [1,\infty ]2. Denote by Bs
p,r = Bs

p,r(\BbbR d) the space

of tempered distributions f \in \scrS \prime (\BbbR d) such that

\| f\| Bs
p,r(\BbbR d) :=

\bigm\| \bigm\| \bigl\{ 2qs\| \Delta qf\| Lp(\BbbR d)

\bigr\} 
q\geq  - 1

\bigm\| \bigm\| 
\ell r
<\infty .

For every \ell \in \BbbN , N \in \BbbZ + and a set of regular vector fields \scrW = \{ Wi\} 1\leq i\leq N with

Wi : \BbbR d \rightarrow \BbbR d, denote by \scrB s,\ell 
p,r,\scrW = \scrB s,\ell 

p,r,\scrW (\BbbR d) the space of tempered distributions

f \in Bs
p,r(\BbbR d) such that

\| f\| \scrB s,\ell 
p,r,\scrW 

:=

\ell \sum 
\lambda =0

\| \partial \lambda \scrW f\| Bs
p,r

=

\ell \sum 
\lambda =0

\sum 
\lambda i\in \BbbN ;\lambda 1+\cdot \cdot \cdot +\lambda N=\lambda 

\| \partial \lambda 1

W1
\cdot \cdot \cdot \partial \lambda N

WN
f\| Bs

p,r
<\infty ;(2.5)

we also denote by \widetilde \scrB s,\ell 
p,r,\scrW = \widetilde \scrB s,\ell 

p,r,\scrW (\BbbR d) the set of tempered distributions f \in Bs
p,r(\BbbR d)

such that

\| f\| \widetilde \scrB s,\ell 
p,r,\scrW 

:=

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda f\| Bs
p,r

=

\ell \sum 
\lambda =0

\sum 
\lambda i\in \BbbN ;\lambda 1+\cdot \cdot \cdot +\lambda N=\lambda 

\| (TW1\cdot \nabla )\lambda 1 \cdot \cdot \cdot (TWN \cdot \nabla )\lambda N f\| Bs
p,r

<\infty .

(2.6)D
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In particular, when p = \infty , we always use the following abbreviations:

\scrB s,\ell 
r,\scrW := \scrB s,\ell 

\infty ,r,\scrW , \widetilde \scrB s,\ell 
r,\scrW := \widetilde \scrB s,\ell 

\infty ,r,\scrW ,

\scrB s,\ell 
\scrW := \scrB s,\ell 

1,\scrW = \scrB s,\ell 
\infty ,1,\scrW , \widetilde \scrB s,\ell 

\scrW := \widetilde \scrB s,\ell 
1,\scrW = \widetilde \scrB s,\ell 

\infty ,1,\scrW .
(2.7)

Besides, if \scrW contains only one regular vector fieldW , i.e., \scrW = \{ W\} , we also denote

\scrB s,\ell 
p,r,W (\BbbR d) :=

\Bigl\{ 
f \in Bs

p,r(\BbbR d)
\bigm| \bigm| \| f\| \scrB s,\ell 

p,r,W
:=

\ell \sum 
\lambda =0

\| \partial \lambda W f\| Bs
p,r

<\infty 
\Bigr\} 
,(2.8)

\widetilde \scrB s,\ell 
p,r,W (\BbbR d) :=

\Bigl\{ 
f \in Bs

p,r(\BbbR d)
\bigm| \bigm| \| f\| \widetilde \scrB s,\ell 

p,r,W
:=

\ell \sum 
\lambda =0

\| (TW \cdot \nabla )\lambda f\| Bs
p,r

<\infty 
\Bigr\} 
,(2.9)

and similar abbreviations (2.7) hold with W in place of \scrW .

In the above, the notations \partial \scrW = \scrW \cdot \nabla and T\scrW \cdot \nabla respectively denote the vector-
valued operators \{ Wi \cdot \nabla \} 1\leq i\leq N and \{ TWi\cdot \nabla \} 1\leq i\leq N , and \partial \lambda \scrW =

\bigl\{ 
\partial \lambda 1

W1
\cdot \cdot \cdot \partial \lambda N

WN
: \lambda 1 +

\cdot \cdot \cdot + \lambda N = \lambda , \lambda i \in \BbbN 
\bigr\} 
and (T\scrW \cdot \nabla )\lambda =

\bigl\{ 
(TWi\cdot \nabla )\lambda 1 \cdot \cdot \cdot (TWN \cdot \nabla )\lambda N : \lambda 1 + \cdot \cdot \cdot + \lambda N =

\lambda , \lambda i \in \BbbN 
\bigr\} 
for every \lambda \in \BbbN .

Remark 2.2. We note that only the p = \infty , r \in \{ 1,\infty \} , and \scrW = \{ W\} case

of the space \scrB s,\ell 
p,r,\scrW (and \widetilde \scrB s,\ell 

p,r,\scrW ) is used in this paper to show the Ck,\gamma -persistence

result of 2D Boussinesq temperature front boundary. The general (p, r) \in [1,\infty ]2 and

\scrW = \{ Wi\} 1\leq i\leq N case of the space \scrB s,\ell 
p,r,\scrW (and \widetilde \scrB s,\ell 

p,r,\scrW ) and related striated estimates
below are presented for the later potential application.

Some basic properties of the space \scrB s,\ell 
p,r,\scrW are presented as follows.

Lemma 2.3. Let s, \widetilde s \in \BbbR , \ell , \widetilde \ell \in \BbbN , r, \widetilde r \in [1,\infty ], p \in [1,\infty ], and \scrW = \{ Wi\} 1\leq i\leq N

be composed of regular vector fields Wi : \BbbR d \rightarrow \BbbR d. The function space \scrB s,\ell 
p,r,\scrW satisfies

that

\scrB s,\ell 
p,r,\scrW \subset \scrB \widetilde s,\ell 

p,r,\scrW for s \geq \widetilde s, \scrB s,\ell 
p,r,\scrW \subset \scrB s,\widetilde \ell 

p,r,\scrW for \ell \geq \widetilde \ell ,
\scrB s,\ell 
p,r,\scrW \supset \scrB s,\ell 

p,\widetilde r,\scrW for r \geq \widetilde r,(2.10)

(2.11) \| f\| \scrB s,\ell +1
p,r,\scrW 

= \| \partial \ell +1
\scrW f\| Bs

p,r
+ \| f\| \scrB s,\ell 

p,r,\scrW 
, \| f\| \scrB s,\ell +1

p,r,\scrW 
= \| \partial \scrW f\| \scrB s,\ell 

p,r,\scrW 
+ \| f\| Bs

p,r
.

The following striated estimates in the framework of \scrB s,\ell 
p,r,\scrW play an important

role in the main proof, and we place the detailed proof in subsection 5.1.

Lemma 2.4. Let k \in \BbbN , \sigma \in (0, 1), N \in \BbbZ +, and \scrW = \{ Wi\} 1\leq i\leq N be a set of
regular divergence-free vector fields Wi : \BbbR d \rightarrow \BbbR d satisfying that

\| \scrW \| \scrB 1+\sigma ,k - 1
\infty ,\scrW 

:=

k - 1\sum 
\lambda =0

\| \partial \lambda \scrW \scrW \| B1+\sigma 
\infty ,\infty 

=

k - 1\sum 
\lambda =0

\sum 
\lambda 1+\cdot \cdot \cdot +\lambda N=\lambda 

\| \partial \lambda 1

W1
\cdot \cdot \cdot \partial \lambda N

WN
\scrW \| B1+\sigma 

\infty ,\infty 
<\infty .

(2.12)

Let m(D) be a zero-order pseudodifferential operator with m(\xi ) \in C\infty (\BbbR d \setminus \{ 0\} ).
Assume that u is a smooth divergence-free vector field of \BbbR d, and \phi : \BbbR d \rightarrow \BbbR is a
smooth function. Then for every \epsilon \in (0, 1) and (p, r) \in [1,\infty ]2, there exists a constant
C > 0 depending only on d, k, \epsilon , and \| \scrW \| \scrB 1+\sigma ,k - 1

\infty ,\scrW 
(when k = 0 this norm plays no

role) such that the following statements hold.
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(1) We have
(2.13)

\| u \cdot \nabla \phi \| \scrB  - \epsilon ,k
p,r,\scrW 

\leq Cmin

\biggl\{ k\sum 
\mu =0

\| u\| \scrB 0,\mu 
\scrW 

\| \nabla \phi \| \scrB  - \epsilon ,k - \mu 
p,r,\scrW 

,

k\sum 
\mu =0

\| u\| \scrB  - \epsilon ,\mu 
p,r,\scrW 

\| \nabla \phi \| \scrB 0,k - \mu 
\scrW 

\biggr\} 
.

(2) We have

\| m(D)\phi \| \scrB  - \epsilon ,k+1
p,r,\scrW 

\leq C\| \phi \| \scrB  - \epsilon ,k+1
p,r,\scrW 

+ C
\Bigl( 
1 + \| \scrW \| \scrB 1,k

\scrW 

\Bigr) \Bigl( 
\| \phi \| \scrB  - \epsilon ,k

p,r,\scrW 
+ \| \Delta  - 1m(D)\phi \| Lp

\Bigr) 
.

(2.14)

(3) We have

\| [m(D), u \cdot \nabla ]\phi \| \scrB  - \epsilon ,k
p,r,\scrW 

\leq C
\Bigl( 
\| \nabla u\| \scrB 0,k

\scrW 
+ \| u\| L\infty 

\Bigr) 
\| \phi \| \scrB  - \epsilon ,k

p,r,\scrW 
.(2.15)

If \scrW contains only one divergence-free vector field W , the inequalities (2.13)--(2.15)
hold with W in place of \scrW .

In particular, for the special case k = 0, 1, the dependence of lower-order term
\| \scrW \| \scrB 1+\sigma ,k - 1

\infty ,\scrW 
in the constant C of Lemma 2.4 can be calculated explicitly, and the

corresponding striated estimates are stated as follows (whose proof is placed in the
subsection 5.2).

Lemma 2.5. Assume that u is a smooth divergence-free vector field of \BbbR d and
\scrW = \{ Wi\} 1\leq i\leq N (N \in \BbbZ +) is a set of smooth divergence-free vector fields. Let
\phi : \BbbR d \rightarrow \BbbR be a smooth function. Let m(D) be a zero-order pseudodifferential
operator with m(\xi ) \in C\infty (\BbbR d \setminus \{ 0\} ). Then the following statements hold true.
(1) For every \epsilon \in (0, 1) and (p, r) \in [1,\infty ]2, there exists a constant C = C(d, \epsilon ) > 0

such that

(2.16) \| u \cdot \nabla \phi \| B - \epsilon 
p,r

\leq Cmin
\Bigl\{ 
\| u\| B - \epsilon 

p,r
\| \nabla \phi \| L\infty , \| u\| L\infty \| \nabla \phi \| B - \epsilon 

p,r

\Bigr\} 
and

\| \partial \scrW (u \cdot \nabla \phi )\| B - \epsilon 
p,r

+ \| T\scrW \cdot \nabla (u \cdot \nabla \phi )\| B - \epsilon 
p,r

\leq Cmin\{ A1, A2, A3\} ,(2.17)

with

A1 := \| u\| B - \epsilon 
p,r

\| \partial \scrW \nabla \phi \| B0
\infty ,1

+
\Bigl( 
\| \partial \scrW u\| B - \epsilon 

p,r
+ \| \scrW \| B1

\infty ,1
\| u\| B - \epsilon 

p,r

\Bigr) 
\| \nabla \phi \| B0

\infty ,1
,

A2 := \| u\| B0
\infty ,1

\| \partial \scrW \nabla \phi \| B - \epsilon 
p,r

+
\Bigl( 
\| \partial \scrW u\| B0

\infty ,1
+ \| \scrW \| B1

\infty ,1
\| u\| B0

\infty ,1

\Bigr) 
\| \nabla \phi \| B - \epsilon 

p,r
,

A3 := \| u\| B0
\infty ,1

\Bigl( 
\| \partial \scrW \nabla \phi \| B - \epsilon 

p,r
+ \| \scrW \| B1

\infty ,1
\| \nabla \phi \| B - \epsilon 

p,r

\Bigr) 
+
\Bigl( 
\| \partial \scrW u\| B - \epsilon 

p,r
+ \| \scrW \| B1

\infty ,1
\| u\| B - \epsilon 

p,r

\Bigr) 
\| \nabla \phi \| B0

\infty ,1
.

(2) For every \epsilon \in ( - 1, 1) and (p, r) \in [1,\infty ]2, there exists a constant C = C(d, \epsilon ) > 0
so that

(2.18) \| \partial \scrW (m(D)\phi )\| B - \epsilon 
p,r

\leq C\| \partial \scrW \phi \| B - \epsilon 
p,r

+ C\| \scrW \| W 1,\infty \| \phi \| B - \epsilon 
p,r
.
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(3) For every \epsilon \in ( - 1, 1) and (p, r) \in [1,\infty ]2, there exists a constant C = C(d, \epsilon ) > 0
so that

(2.19) \| [m(D), u \cdot \nabla ]\phi \| B - \epsilon 
p,r

\leq C\| u\| W 1,\infty \| \phi \| B - \epsilon 
p,r
.

The lemma below is concerned with the striated estimate of the patch-type initial
data.

Lemma 2.6. Let k \in \BbbN \cap [2,\infty ) and 0 < \gamma < 1. Assume that D0 \subset \BbbR 2 is a
bounded simply connected domain with boundary \partial D0 characterized by the level-set
function \varphi 0 \in Ck,\gamma (\BbbR 2) (see (1.4)), and \theta 0(x) = \=\theta 0(x)1D0

(x) with \=\theta 0 \in Ck - 2,\gamma (D0).
Let W0 = \nabla \bot \varphi 0. Then we have

\partial k - 1
W0

\theta 0(x) \in C - 1,\gamma (\BbbR 2).(2.20)

Proof of Lemma 2.6. We argue as [57, Proposition 3.1]. First note that Rychkov's

extension theorem [55] guarantees that there exists a function \widetilde \theta 0 \in Ck - 2,\gamma (\BbbR 2) with

the restriction \widetilde \theta 0| D0
= \theta 0 = \=\theta 0.

Then it suffices to prove that \partial k - 1
W0

(\widetilde \theta 0\cdot 1D0
) belongs to C - 1,\gamma (\BbbR 2). Since the vector

field W0 is tangential to the front boundary \partial D0, the operator \partial k - 1
W0

communicates
with the characteristic function 1D0 . Note also that (e.g., see [54, Chapter 4.6.3])

1D0
(x) is the pointwise multiplier in the space C - 1,\gamma (\BbbR 2).(2.21)

Hence it needs only to show that \partial k - 1
W0

\widetilde \theta 0 \in C - 1,\gamma (\BbbR 2). Due to that \widetilde \theta 0 \in Ck - 2,\gamma (\BbbR 2)

and W0 \in Ck - 1,\gamma (\BbbR 2), this indeed can be justified from repeatedly using the product
estimate (2.16):

\| \partial k - 1
W0

\widetilde \theta 0\| C - 1,\gamma \lesssim \| W0\| L\infty \| \nabla \partial k - 2
W0

\widetilde \theta 0\| C - 1,\gamma 

\lesssim \| W0\| W1,\infty \| \nabla \partial k - 3
W0

\widetilde \theta 0\| C - 1,\gamma + \| \nabla 2\partial k - 3
W0

\widetilde \theta 0\| C - 1,\gamma 

\lesssim \| W0\| Wk - 2,\infty \| \nabla \widetilde \theta 0\| C - 1,\gamma + \| \nabla 2\widetilde \theta 0\| C - 1,\gamma + \cdot \cdot \cdot + \| \nabla k - 1\widetilde \theta 0\| C - 1,\gamma 

\lesssim \| W0\| Wk - 2,\infty \| \widetilde \theta 0\| Ck - 2,\gamma .(2.22)

2.2. Some auxiliary lemmas. We have the following useful commutator esti-
mate.

Lemma 2.7. Assume p \in [2,\infty ], \scrR  - 1 := m(D)\Lambda  - 1, \Lambda = ( - \Delta )1/2 and m(D) is a
zero-order pseudodifferential operator with m(\xi ) \in C\infty (\BbbR d\setminus \{ 0\} ). Let u = (u1, . . . , ud)
be a smooth divergence-free vector field and \phi be a smooth scalar function. Then we
have

(2.23) \| [\scrR  - 1, u \cdot \nabla ]\phi \| B1
p,\infty (\BbbR d) \leq C

\bigl( 
\| \nabla u\| Lp(\BbbR d)\| \phi \| B0

\infty ,\infty (\BbbR d) + \| u\| L2(\BbbR d)\| \phi \| L2(\BbbR d)

\bigr) 
with C > 0 a constant depending on p and d.

Proof of Lemma 2.7. Thanks to Bony's decomposition, we have

[\scrR  - 1, u \cdot \nabla ]\phi 

=
\sum 
q\in \BbbN 

[\scrR  - 1, Sq - 1u \cdot \nabla ]\Delta q\phi +
\sum 
q\in \BbbN 

[\scrR  - 1,\Delta qu \cdot \nabla ]Sq - 1\phi +
\sum 
q\geq  - 1

[\scrR  - 1,\Delta qu \cdot \nabla ]\widetilde \Delta q\phi 

:= I + II + III.

For I, from the spectral property there exists a bump function \widetilde \psi \in C\infty 
c (\BbbR d)

supported on an annulus of \BbbR d such that I =
\sum 

q\in \BbbN [\scrR  - 1
\widetilde \psi (2 - qD), Sq - 1u \cdot \nabla ]\Delta q\phi , and
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due to the fact that \scrR  - 1
\widetilde \psi (2 - qD) = 2q(d - 1)h(2q\cdot )\ast with h \in \scrS (\BbbR d), we find that for

every j \geq  - 1,

2j\| \Delta jI\| Lp \lesssim 2j
\sum 

q\in \BbbN ,| q - j| \leq 4

\| [\scrR  - 1
\widetilde \psi (2 - qD), Sq - 1u \cdot \nabla ]\Delta q\phi \| Lp

\lesssim 2j
\sum 

| q - j| \leq 4

2q(d - 1)
\bigm\| \bigm\| \bigm\| \int 

\BbbR d

h(2qy)(Sq - 1u(x - y) - Sq - 1u(x)) \cdot \nabla \Delta q\phi (x - y)dy
\bigm\| \bigm\| \bigm\| 
Lp

x

\lesssim 2j
\sum 

| q - j| \leq 4

2 - 2q\| yh(y)\| L1\| \nabla Sq - 1u\| Lp\| \nabla \Delta q\phi \| L\infty \leq C\| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

.

The second term II can be estimated in a similar way:

2j\| \Delta jII\| Lp \lesssim 2j
\sum 

q\in \BbbN ,| q - j| \leq 4

\| [\scrR  - 1
\widetilde \psi (2 - qD),\Delta qu \cdot \nabla ]Sq - 1\phi \| Lp

\lesssim 2j
\sum 

| q - j| \leq 4

2 - 2q\| yh(y)\| L1\| \nabla \Delta qu\| Lp

\Bigl( \sum 
 - 1\leq l\leq q - 2

2l\| \Delta l\phi \| L\infty 

\Bigr) 
\lesssim \| \nabla u\| Lp\| \phi \| B0

\infty ,\infty 
.

For j =  - 1, a direct computation shows that

\| \Delta  - 1III\| Lp \leq \| \Delta  - 1\scrR  - 1div (u\phi )\| Lp + \| \Delta  - 1(u \cdot \nabla \scrR  - 1\phi )\| Lp

\lesssim \| \Delta  - 1(u\phi )\| L1 + \| \Delta  - 1(u \cdot \nabla \scrR  - 1\phi )\| L1 \lesssim \| u\| L2\| \phi \| L2 .

In view of div u = 0, we further split III as follows:

\Delta jIII =
\sum 

q\geq j - 3

\Delta j\scrR  - 1div(\Delta qu \widetilde \Delta q\phi ) - 
\sum 

q\geq j - 3

\Delta j(\Delta qu \cdot \nabla \scrR  - 1
\widetilde \Delta q\phi )

=: \Delta jIII1 +\Delta jIII2.

Since \Delta j\scrR  - 1div is uniformly bounded in Lp for every j \in \BbbN , we use Bernstein's
inequality to derive that for every j \in \BbbN ,

2j\| \Delta jIII1\| Lp \lesssim 2j
\sum 

q\geq j - 3,q\geq 2

\| \Delta qu \widetilde \Delta q\phi \| Lp + 2j
\sum 

q\geq j - 3,q\leq 2

\| \Delta qu \widetilde \Delta q\phi \| L1

\lesssim 
\sum 

q\geq j - 3

2j - q\| \Delta q\nabla u\| Lp\| \widetilde \Delta q\phi \| L\infty +
\sum 

 - 1\leq q\leq 2

\| \Delta qu\| L2\| \widetilde \Delta q\phi \| L2

\lesssim \| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

+ \| u\| L2\| \phi \| L2 .

Similarly, one also gets 2j\| \Delta jIII2\| Lp \lesssim \| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

+\| u\| L2\| \phi \| L2 . Hence, gath-

ering the above estimates leads to the commutator estimate (2.23).

We recall the following regularity estimates of the transport/transport-diffusion
equation (one can see [3, Chapter 3] for the detailed proof).

Lemma 2.8. Let (\rho , p, r) \in [1,\infty ]3 and  - 1 < s < 1. Assume that u is a smooth
divergence-free vector field, and \phi is a smooth function solving the transport/transport-
diffusion equation

(2.24) \partial t\phi + u \cdot \nabla \phi  - \nu \Delta \phi = f, \phi | t=0(x) = \phi 0(x), x \in \BbbR d.

We have the following statements.
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4054 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

(1) If \nu = 0, then there exists a constant C = C(d, s) so that for every t > 0,

(2.25) \| \phi \| L\infty 
t (Bs

p,r)
\leq C

\biggl( 
\| \phi 0\| Bs

p,r
+\| f\| \widetilde L1

t (B
s
p,r)

+

\int t

0

\| \nabla u(\tau )\| L\infty \| \phi (\tau )\| Bs
p,r

d\tau 

\biggr) 
,

and

(2.26) \| \phi \| L\infty 
t (Bs

p,r)
\leq CeC

\int t
0
\| \nabla u\| L\infty d\tau 

\Bigl( 
\| \phi 0\| Bs

p,r
+ \| f\| \widetilde L1

t (B
s
p,r)

\Bigr) 
.

(2) If \nu > 0, then there exists a constant C = C(d, s) so that for every t > 0,

\nu 
1
\rho \| \phi \| \widetilde L\rho 

t (B
s+ 2

\rho 
p,r )

\leq C(1 + \nu t)
1
\rho 

\biggl( 
\| \phi 0\| Bs

p,r
+ \| f\| \widetilde L1

t (B
s
p,r)

+

\int t

0

\| \nabla u(\tau )\| L\infty \| \phi (\tau )\| Bs
p,r

d\tau 

\biggr) 
,

(2.27)

and

(2.28) \nu 
1
\rho \| \phi \| \widetilde L\rho 

t (B
s+ 2

\rho 
p,r )

\leq C(1 + \nu t)
1
\rho eC

\int t
0
\| \nabla u\| L\infty d\tau 

\Bigl( 
\| \phi 0\| Bs

p,r
+ \| f\| \widetilde L1

t (B
s
p,r)

\Bigr) 
.

In the above \| g\| \widetilde L\rho 
T (Bs

p,r)
:= \| \{ 2qs\| \Delta qg\| L\rho 

T (Lp)\} q\geq  - 1\| \ell r denotes the norm of the Chemin--

Lerner spacetime Besov space \widetilde L\rho (0, T ;Bs
p,r(\BbbR d)) (see [3, Chapter 2]).

We also use the following smoothing estimate for the transport-diffusion equation.

Lemma 2.9. Assume p \in [2,\infty ), \rho \in [1,\infty ]. Let u be a smooth divergence-free
vector field and \phi be a smooth function solving (2.24) with \nu > 0. Then for any t > 0,
we have
(2.29)

sup
q\in \BbbN 

2
2q
\rho \| \Delta q\phi \| L\rho 

t (L
p) \leq C

\biggl( 
sup
q\in \BbbN 

\| \Delta q\phi 0\| Lp +

\int t

0

\| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

d\tau + \| f\| L1
t (L

p)

\biggr) 
.

Besides, (2.29) also holds with \| u\| W 1,p

\bigl( 
\| (Id - \Delta  - 1)\phi \| B0

\infty ,\infty 
+ \| \nabla \Delta  - 1\phi \| L\infty 

\bigr) 
in place

of \| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

.

Proof of Lemma 2.9. For every q \in \BbbN , applying the operator \Delta q to (2.24) yields

(2.30) \partial t(\Delta q\phi ) + u \cdot \nabla (\Delta q\phi ) - \nu \Delta (\Delta q\phi ) =  - [\Delta q, u \cdot \nabla ]\phi +\Delta qf.

Multiplying both sides of (2.30) with | \Delta q\phi | p - 2\Delta q\phi and using the estimate (see [21])\int 
\BbbR d

 - \Delta (\Delta q\phi ) | \Delta q\phi | p - 2\Delta q\phi dx \geq c22q\| \Delta q\phi \| pLp ,

with c > 0 independent of q, we obtain

1

p

d

dt
\| \Delta q\phi (t)\| pLp+c\nu 2

2q\| \Delta q\phi (t)\| pLp \leq \| \Delta q\phi (t)\| p - 1
Lp

\Bigl( 
\| [\Delta q, u\cdot \nabla ]\phi (t)\| Lp+\| \Delta qf(t)\| Lp

\Bigr) 
.

Integrating on time interval [0, t] leads to

\| \Delta q\phi (t)\| Lp \leq e - c\nu 22qt\| \Delta q\phi 0\| Lp+

\int t

0

e - c\nu 22q(t - \tau )
\Bigl( 
\| [\Delta q, u\cdot \nabla ]\phi \| Lp+\| \Delta qf(\tau )\| Lp

\Bigr) 
d\tau .

D
ow

nl
oa

de
d 

07
/1

3/
22

 to
 2

19
.1

42
.9

9.
20

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

TEMPERATURE FRONTS FOR 2D BOUSSINESQ SYSTEM 4055

Young's inequality ensures that

\| \Delta q\phi \| L\rho 
t (L

p) \leq C2 - 
2q
\rho 

\Bigl( 
\| \Delta q\phi 0\| Lp + \| [\Delta q, u \cdot \nabla ]\phi \| L1

t (L
p) + \| \Delta qf\| L1

t (L
p)

\Bigr) 
.

Recall the estimate supq\geq  - 1 \| [\Delta q, u \cdot \nabla ]\phi \| Lp \leq C\| \nabla u\| Lp\| \phi \| B0
\infty ,\infty 

(see [37, Lemma

6.10]); then the desired estimate (2.29) follows from combining the above two inequal-
ities.

Furthermore, as for the replacement in Lemma 2.9, it suffices to notice that

sup
q\geq  - 1

\| [\Delta q, u \cdot \nabla ]\phi \| Lp \leq sup
q\geq  - 1

\| [\Delta q, u \cdot \nabla ](Id - \Delta  - 1)\phi \| Lp + sup
q\geq  - 1

\| \Delta q(u \cdot \nabla \Delta  - 1\phi )\| Lp

+ sup
q\geq  - 1

\| u \cdot \nabla \Delta q\Delta  - 1\phi \| Lp

\leq C\| \nabla u\| Lp\| (Id - \Delta  - 1)\phi \| B0
\infty ,\infty 

+ C\| u\| Lp\| \nabla \Delta  - 1\phi \| L\infty .

We list some basic properties of the particle-trajectory map Xt as follows (one
can refer to [3, Proposition 3.10] for the proof).

Lemma 2.10. Assume u(x, t) \in L1(0, T ;W 1,\infty (\BbbR d)) is a divergence-free velocity
field. Let Xt(x) be the particle-trajectory generated by velocity u which solves (1.2),
that is,

(2.31) Xt(x) = x+

\int t

0

u(X\tau (x), \tau )d\tau .

Then the system (1.2) or (2.31) has a unique solution Xt(\cdot ) : \BbbR d \mapsto \rightarrow \BbbR d on [0, T ] which
is a measure-preserving bi-Lipschitzian homeomorphism satisfying that \nabla Xt and its
inverse \nabla X - 1

t belong to L\infty ([0, T ]\times \BbbR d) with

(2.32) \| \nabla X\pm 1
t \| L\infty (\BbbR d) \leq e

\int t
0
\| \nabla u\| L\infty d\tau .

Besides, the following statements hold true.
(1) If additionally u \in L1(0, T ;C1,\gamma (\BbbR d)), then X\pm 1

t \in L\infty (0, T ;C1,\gamma (\BbbR d)) with

(2.33) \| \nabla X\pm 1
t \| C\gamma \leq e(2+\gamma )

\int t
0
\| \nabla u\| L\infty d\tau 

\biggl( 
1 +

\int t

0

\| \nabla u(\tau )\| C\gamma d\tau 

\biggr) 
.

(2) If additionally u \in L1(0, T ;W 2,\infty (\BbbR d)), then X\pm 1 \in L\infty (0, T ;W 2,\infty (\BbbR d)) with

(2.34) \| \nabla 2X\pm 1
t \| L\infty \leq e3

\int t
0
\| \nabla u\| L\infty d\tau 

\int t

0

\| \nabla 2u(\tau )\| L\infty d\tau .

The operator \nabla 2\nabla \bot \partial 1( - \Delta ) - 2 has the following explicit repression formula (one
can refer to [56] for the proof; especially see section III.3 for the calculation of the
coefficients aijk and \sigma ijk).

Lemma 2.11. Let \nabla = (\partial 1, \partial 2)
T, \nabla \bot = (\partial \bot 1 , \partial 

\bot 
2 )T = ( - \partial 2, \partial 1)T, \Lambda = ( - \Delta )

1
2 .

Then the family of operators \nabla 2\nabla \bot \partial 1\Lambda 
 - 4 is composed of zero-order pesudodifferential

operators satisfying that for each i, j, k = 1, 2,

(2.35) \partial i\partial j\partial 
\bot 
k \partial 1\Lambda 

 - 4f(x) = p.v.

\int 
\BbbR 2

\sigma ijk(x - y)

| x - y| 2
f(y)dy + aijkf(x) \forall f \in \scrS (\BbbR 2),
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4056 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

where aijk \in \BbbR and
\sigma ijk(y)
| y| 2 is the standard Calder\'on--Zygmund kernel; more precisely,

the coefficient aijk and the zero-mean function \sigma ijk(y) are given by

\sigma 111(y) =  - \sigma 212(y) =  - \sigma 122(y) =  - \pi 2y
3
1y2  - 6y1y

3
2

| y| 4
, a111 = a212 = a122 = 0,

\sigma 112(y) = \pi 
y41 + 6y21y

2
2  - 3y42

| y| 4
, a112 =

3\pi 2

2
,

\sigma 121(y) = \sigma 211(y) = \sigma 222(y) = \pi 
 - y41 + 6y21y

2
2  - y42

| y| 4
, a121 = a211 = a222 =

\pi 2

2
,

\sigma 221(y) = \pi 
6y31y2  - 2y1y

3
2

| y| 4
, a221 = 0.

3. Persistence of \bfitC \bfone ,\bfitgamma -, \bfitW \bftwo ,\infty -, and \bfitC \bftwo ,\bfitgamma -boundary regularities. In this
section we are dedicated to the proof of the C1,\gamma -, W 2,\infty -, and C2,\gamma -regularity persis-
tence result for the temperature front boundary.

As mentioned in the introduction section, a good unknown \Gamma is introduced and
plays a crucial role in the proof. Note that the equation of vorticity \omega := curlu =
\partial 1u2  - \partial 2u1 reads as

(3.1) \partial t\omega + u \cdot \nabla \omega  - \Delta \omega = \partial 1\theta , \omega | t=0 = \omega 0.

Denote by \scrR  - 1 := \partial 1( - \Delta ) - 1 = \partial 1\Lambda 
 - 2 and \Gamma := \omega  - \scrR  - 1\theta . We see that \partial t\omega + u \cdot 

\nabla \omega  - \Delta \Gamma = 0, and

(3.2) \partial t\scrR  - 1\theta + u \cdot \nabla \scrR  - 1\theta =  - [\scrR  - 1, u \cdot \nabla ]\theta ,

which immediately leads to

(3.3) \partial t\Gamma + u \cdot \nabla \Gamma  - \Delta \Gamma = [\scrR  - 1, u \cdot \nabla ]\theta , \Gamma | t=0 = \Gamma 0.

3.1. Persistence of \bfitC \bfone ,\bfitgamma -boundary regularity. The main result of this sub-
section is the following global well-posedness result of the 2D Boussinesq system (1.1).

Proposition 3.1. Let \theta 0 \in L2 \cap L\infty (\BbbR 2), and u0 \in H1(\BbbR 2) be a divergence-free
vector field. Then, for any given T > 0, there exists a unique global solution (\theta , u) to
the 2D viscous Boussinesq system (1.1) with
(3.4)
\theta \in L\infty (0, T ;L2\cap L\infty ), u \in C(0, T ;H1)\cap L2(0, T ;H2)\cap L1(0, T ;C1,\gamma ) \forall \gamma \in (0, 1).

In light of Proposition 3.1, we go back to the temperature front problem of 2D
Boussinesq system 1.1 and show the persistence of C1,\gamma -boundary regularity. Indeed,
recalling that Xt is the particle trajectory given by (1.2), the level-set function (of
\partial D(t)) \varphi (x, t) = \varphi 0(X

 - 1
t (x)) and Lemma 2.10 guarantee the desired result \varphi \in 

L\infty (0, T ;C1,\gamma ) with

(3.5) \| \nabla \varphi (t)\| C\gamma \lesssim \| \nabla \varphi 0\| C\gamma \| \nabla X - 1
t \| 1+\gamma 

L\infty + \| \nabla \varphi 0\| L\infty \| \nabla X - 1
t \| C\gamma \leq CeC(1+T )2 ,

where we have used estimates (3.14)--(3.15) below.

Proof of Proposition 3.1. The existence part is standard: we first regularize the
initial data as (\theta 0,\epsilon , u0,\epsilon ) = \rho \epsilon \ast (\theta 0, u0) with \rho \epsilon = \epsilon  - 2\rho ( \cdot \epsilon ), \epsilon > 0; then the previous
work (e.g., [11]) implies there exists a unique global smooth solution (\theta \epsilon , u\epsilon ) to the
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system (1.1) associated with (\theta 0,\epsilon , u0,\epsilon ). Moreover, the a priori estimates below guar-
antee that (\theta \epsilon , u\epsilon ) satisfies (3.4) uniformly in \epsilon and also the particle-trajectory Xt,\epsilon 

associated with u\epsilon belongs to L\infty (0, T ;C1,\gamma ) uniformly in \epsilon ; thus combined with the
standard compactness procedure (e.g., [51, Chapter 8]), one can pass \epsilon \rightarrow 0 (up to a
subsequence) to show that there exist functions (\theta , u) satisfying (3.4) to solve the 2D
Boussinesq system (1.1) in the distributional sense.

The uniqueness part can be proved exactly as in [30, Theorem 2.1].
In the following we only focus on the a priori estimates. From the equation of \theta ,

we directly have

(3.6) \| \theta (t)\| L2\cap L\infty (\BbbR 2) \leq \| \theta 0\| L2\cap L\infty (\BbbR 2) \forall t \geq 0.

Then the classical energy estimate of system (1.1) gives that

(3.7) \| u\| 2L\infty 
T (L2) + \| \nabla u\| 2L2

T (L2) \leq C0(1 + T )2(\| u0\| 2L2 + \| \theta 0\| 2L2).

Now we consider the energy estimate of vorticity \omega . By taking the inner product
of (3.1) with \omega itself, and using the integration by parts, we see that

1

2

d

dt
\| \omega (t)\| 2L2 + \| \nabla \omega (t)\| 2L2 \leq 

\bigm| \bigm| \bigm| \int 
\BbbR 2

\theta \partial 1\omega (x, t)dx
\bigm| \bigm| \bigm| \leq 1

2
\| \theta (t)\| 2L2 +

1

2
\| \nabla \omega (t)\| 2L2 .

Integrating in the time variable leads to

(3.8) \| \omega \| 2L\infty 
T (L2) + \| \nabla \omega \| 2L2

T (L2) \leq C0(\| \omega 0\| 2L2 + (1 + T )\| \theta 0\| 2L2),

which in combination with (3.7) and the interpolation ensures that for every \rho \in 
[2,\infty ],

(3.9) \| u\| 2L\infty 
T (H1) + \| \nabla u\| 2L2

T (H1) + \| u\| 2
L\rho 

T (H
1+ 2

\rho )
\leq C(1 + T )2(\| u0\| 2H1 + \| \theta 0\| 2L2).

Next based on estimates (3.6) and (3.9), we intend to obtain the L1
T (B

\gamma 
\infty ,1)-

estimate of \omega . We use the high-low frequency decomposition, and due to the in-
fluence of forcing term \partial 1\theta in (3.1), it seems better to consider the estimation of
\Gamma and then use the relation \omega = \Gamma + \scrR  - 1\theta in the high-frequency part. Apply-
ing Lemma 2.9 to (3.3), and using Lemma 2.7, we get that for every q \in \BbbN and
\rho \in [1,\infty ],

\| \Delta q\Gamma \| L\rho 
T (L2) \lesssim 2 - 

2
\rho q sup

q\in \BbbN 
\| \Delta q\Gamma 0\| L2 + 2 - 

2
\rho q\| [\scrR  - 1, u \cdot \nabla ]\theta \| L1

T (L2)

+ 2 - 
2
\rho q\| u\| L\infty 

T (H1)

\bigl( 
\| (Id - \Delta  - 1)\Gamma \| L1

T (B0
\infty ,\infty ) + \| \nabla \Delta  - 1\Gamma \| L1

T (L\infty )

\bigr) 
\lesssim 2 - 

2
\rho q
\Bigl( 
\| (\omega 0, \theta 0)\| L2 + T\| u\| L\infty 

T (H1)\| \theta \| L\infty 
T (L2\cap L\infty )

\Bigr) 
+ 2 - 

2
\rho q\| u\| L\infty 

T (H1)

\bigl( 
\| \omega \| L1

T (B0
\infty ,\infty ) + \| \theta \| L1

T (L2)

\bigr) 
\leq C2 - 

2
\rho q
\Bigl( 
(1 + T 2) + (1 + T )\| \omega \| L1

T (B0
\infty ,\infty )

\Bigr) 
,(3.10)
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with C > 0 depending only on the initial data. Then let N \in \BbbN be an integer chosen
later, and by virtue of Bernstein's inequality we find that

\| \omega \| L1
T (B0

\infty ,1)
\leq 

\sum 
 - 1\leq q\leq N

\| \Delta q\omega \| L1
T (L\infty ) +

\sum 
q>N

\| \Delta q\omega \| L1
T (L\infty )

\lesssim 
\sum 

 - 1\leq q\leq N

2q\| \Delta q\omega \| L1
T (L2) +

\sum 
q>N

2q\| \Delta q\Gamma \| L1
T (L2) +

\sum 
q>N

\| \Delta q\scrR  - 1\theta \| L1
T (L\infty )

\lesssim 2N\| \omega \| L\infty 
T (L2)T + (1 + T )

\sum 
q>N

2 - q
\bigl( 
1 + T + \| \omega \| L1

T (B0
\infty ,\infty )

\bigr) 
+

\sum 
q>N

2 - q\| \theta \| L1
T (L\infty )

\leq C2N (1 + T ) + C2 - N (1 + T )
\bigl( 
1 + T + \| \omega \| L1

T (B0
\infty ,1)

\bigr) 
.

By choosing N \in \BbbN large enough so that C2 - N (1 + T ) \approx 1
2 , we conclude that

(3.11) \| \omega \| L1
T (B0

\infty ,1)
\leq C(1 + T )2

with C = C(\| u0\| H1 , \| \theta 0\| L2\cap L\infty ). Moreover, it also yields that for every \gamma \in (0, 1),

\| \omega \| L1
T (B\gamma 

\infty ,1)
\lesssim \| \Delta  - 1\omega \| L1

T (L\infty ) +
\sum 
q\in \BbbN 

2q\gamma 
\bigl( 
\| \Delta q\Gamma \| L1

T (L\infty ) + \| \Delta q\scrR  - 1\theta \| L1
T (L\infty )

\bigr) 
\lesssim T\| \omega \| L\infty 

T (L2) +
\sum 
q\in \BbbN 

2q(\gamma  - 1)
\bigl( 
(1 + T )2 + (1 + T )\| \omega \| L1

T (B0
\infty ,1)

+ \| \theta \| L1
T (L\infty )

\bigr) 
\leq C(1 + T )3.(3.12)

On the other hand, we use (3.10) and (3.11) to deduce that for every \varrho \in [1, 2),

\| \omega \| L\varrho 
T (B0

\infty ,1)
\leq \| \Delta  - 1\omega \| L\varrho 

T (L\infty ) +
\sum 
q\in \BbbN 

\| \Delta q\Gamma \| L\varrho 
T (L\infty ) +

\sum 
q\in \BbbN 

\| \Delta q\scrR  - 1\theta \| L\varrho 
T (L\infty )

\lesssim \| \omega \| L\varrho 
T (L2) +

\sum 
q\in \BbbN 

2q(1 - 
2
\varrho )
\bigl( 
(1 + T )2 + (1 + T )\| \omega \| L1

T (B0
\infty ,1)

\bigr) 
+
\sum 
q\in \BbbN 

2 - q\| \theta \| L\varrho 
T (L\infty )

\lesssim T
1
\varrho (1 + T ) + (1 + T )3 \leq C(1 + T )3.(3.13)

As a direct consequence of estimates (3.12)--(3.13) and (3.7), we have that for
every \gamma \in (0, 1),

(3.14) \| u\| L1
T (B1+\gamma 

\infty ,1 )
\lesssim \| \Delta  - 1u\| L1

T (L\infty ) + \| \omega \| L1
T (B\gamma 

\infty ,1)
\leq C(1 + T )3,

and

(3.15) \| u\| L1
T (W 1,\infty ) \lesssim \| u\| L1

T (B1
\infty ,1)

\lesssim \| \Delta  - 1u\| L1
T (L\infty ) + \| \omega \| L1

T (B0
\infty ,1)

\leq C(1 + T )2,

and \| u\| L\varrho 
T (W 1,\infty ) \leq C\| u\| L\varrho 

T (B1
\infty ,1)

\leq C(1 + T )3 with \varrho \in [1, 2).

3.2. Control of curvature: Persistence of \bfitW \bftwo ,\infty -boundary regularity.
In this subsection, under the assumptions that u0 \in H1 \cap W 1,p(\BbbR 2), p > 2 and
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\theta 0 = \=\theta 0(x)1D0
(x) with \partial D0 \in W 2,\infty (\BbbR 2), \=\theta 0 \in C\mu (D0), \mu \in (0, 1), we claim that for

every \rho \in [1, 2p
p+2 ) (the restriction of \rho is mainly from (3.25) below),

\| \nabla 2u\| L\rho 
T (L\infty ) \leq CeC(1+T )2 .(3.16)

With (3.16) at our disposal, we can immediately show the globalW 2,\infty -persistence
result of the temperature front boundary \partial D(t). Indeed, according to Lemma 2.10 and
(3.16), the particle-trajectory Xt and its inverse X - 1

t satisfy X\pm 1
t \in L\infty (0, T ;W 2,\infty ),

thus the level-set characterization \varphi (x, t) = \varphi 0(X
 - 1
t (x)) of \partial D(t) fulfills the desired

property \varphi \in L\infty (0, T ;W 2,\infty ) with

\| \nabla 2\varphi \| L\infty 
T (L\infty ) \lesssim \| \nabla 2\varphi 0\| L\infty \| \nabla X - 1

t \| 2L\infty 
T (L\infty ) + \| \nabla \varphi 0\| L\infty \| \nabla 2X - 1

t \| L\infty 
T (L\infty )

\leq CeC(1+T )2 .
(3.17)

In the rest of this subsection we prove the assertion (3.16). By virtue of the Biot--
Savart law and relation \omega = \Gamma + \scrR  - 1\theta (recalling \scrR  - 1 = \partial 1\Lambda 

 - 2), we
see that

(3.18) \nabla 2u = \nabla 2\nabla \bot \Lambda  - 2\omega = \nabla 2\nabla \bot \Lambda  - 2\Gamma +\nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta .

Next we divide the proof of (3.16) into two steps.
Step 1: L\rho 

T (L
\infty )-estimation of the \Gamma -term in (3.18). By multiplying both sides of

(3.3) with | \Gamma | p - 2\Gamma and integrating on the space variable, we get

1

p

d

dt
\| \Gamma (t)\| pLp + (p - 1)

\int 
\BbbR 2

| \nabla \Gamma | 2| \Gamma | p - 2(x, t)dx \leq \| [\scrR  - 1, u \cdot \nabla ]\theta (t)\| Lp\| \Gamma (t)\| p - 1
Lp .

It follows that

\| \Gamma \| L\infty 
T (Lp) \leq \| \Gamma 0\| Lp + \| [\scrR  - 1, u \cdot \nabla ]\theta \| L1

T (Lp) \leq C + \| [\scrR  - 1, u \cdot \nabla ]\theta \| L1
T (Lp),

where we have used the fact that

(3.19) \| \Gamma 0\| Lp \leq \| \omega 0\| Lp + \| \scrR  - 1\theta 0\| Lp \leq \| \omega 0\| Lp + Cp\| \theta 0\| 
L

2p
2+p

\leq C.

Observe that Lemma 2.7 and estimates (3.6), (3.9) guarantee that

\| [\scrR  - 1, u \cdot \nabla ]\theta \| L\infty 
T (B1

2,\infty ) \lesssim \| \omega \| L\infty 
T (L2)\| \theta \| L\infty 

T (L\infty ) + \| u\| L\infty 
T (L2)\| \theta \| L\infty 

T (L2) \leq C(1 + T ).

Thus the embedding B1
2,\infty \subset Lp implies

\| \Gamma \| L\infty 
T (Lp) \leq C(1 + T ),(3.20)

which combined with (3.19) leads to that

\| \omega \| L\infty 
T (Lp) \leq \| \Gamma \| L\infty 

T (Lp) + \| \scrR  - 1\theta \| L\infty 
T (Lp)

\leq \| \Gamma \| L\infty 
T (Lp) + Cp\| \theta 0\| 

L
2p

2+p
\leq C(1 + T ).

(3.21)

We also have

(3.22) \| u\| L\infty 
T (W 1,p) \lesssim \| \Delta  - 1u\| L\infty 

T (W 1,p) + \| \omega \| L\infty 
T (Lp) \leq C(1 + T ).D
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Now applying (2.29) in Lemma 2.9 yields that for every q \in \BbbN and \rho \geq 1,

\| \Delta q\Gamma \| L\rho 
T (Lp) \lesssim 2 - 

2
\rho q
\bigl( 
\| \Gamma 0\| Lp + \| \nabla u\| L\infty 

T (Lp)\| \Gamma \| L1
T (B0

\infty ,\infty ) + \| [\scrR  - 1, u \cdot \nabla ]\theta \| L1
T (Lp)

\bigr) 
\lesssim 2 - 

2
\rho q
\Bigl( 
\| \Gamma 0\| Lp + \| \omega \| L\infty 

T (Lp)

\bigl( 
\| \omega \| L1

T (B0
\infty ,\infty ) + \| \scrR  - 1\theta \| L1

T (B0
\infty ,\infty )

\bigr) \Bigr) 
+ 2 - 

2
\rho q\| [\scrR  - 1, u \cdot \nabla ]\theta \| L1

TB1
2,\infty 

\lesssim 2 - 
2
\rho q
\bigl( 
(1 + T )2 + (1 + T )\| \omega \| L1

T (B0
\infty ,\infty )

\bigr) 
\leq C2 - 

2
\rho q(1 + T )3,(3.23)

where in the last line we have used (3.11). As a result of the above inequality and
(3.20), we deduce that for every \rho \in [1,\infty ],

\| \Gamma \| 
L\rho 

T (B
2/\rho 
p,\infty )

\leq C\| \Delta  - 1\Gamma \| L\rho 
T (Lp) + C sup

q\in \BbbN 
2q

2
\rho \| \Delta q\Gamma \| L\rho 

T (Lp) \leq C(1 + T )3.(3.24)

By virtue of the Calder\'on--Zygmund theorem, (3.24), and the embedding B
2/\rho 
p,\infty \lhook \rightarrow 

B1
\infty ,1 for every 1 \leq \rho < 2p

p+2 , we find that for every \rho \in [1, 2p
p+2 ),

\| \nabla 2\nabla \bot \Lambda  - 2\Gamma \| L\rho 
T (L\infty ) \leq \| \nabla 2\nabla \bot \Lambda  - 2\Delta  - 1\Gamma \| L\rho 

T (L\infty ) + C\| \Gamma \| L\rho 
T (B1

\infty ,1)

\leq C\| \Gamma \| 
L\rho 

T (B
2/\rho 
p,\infty )

\leq C(1 + T )3.(3.25)

Step 2: L\infty 
T (L\infty )-estimation of the \theta -term in (3.18). Recalling that \theta (x, t) =

\=\theta 0(X
 - 1
t (x))1D(t)(x) for every t \in [0, T ] and D(t) = Xt(D0) satisfies D(t) = \{ x \in \BbbR 2 :

\varphi (x, t) > 0\} (with \varphi given by (1.10)), we shall prove that

(3.26) \| \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L\infty 

T (L\infty ) \leq CeC(1+T )2 .

Indeed, the proof of (3.26) is quite analogous to the proof of the L\infty -estimate of \nabla u =
\nabla \nabla \bot \Lambda  - 2\omega = \nabla \nabla \bot \Lambda  - 2

1D(t) in the vorticity patch problem of 2D Euler equations
(see, e.g., [2, 14]), and below we mainly argue as [2, Proposition 1]. Thanks to
Lemma 2.11, we have that for every x0 \in \BbbR 2 and i, j, k = 1, 2,

\partial i\partial j\partial 
\bot 
k \partial 1\Lambda 

 - 4\theta (x0, t) = p.v.

\int 
D(t)

\sigma ijk(x0  - y)

| x0  - y| 2
\=\theta 0(X

 - 1
t (y))dy + aijk \theta (x0, t).(3.27)

where \nabla \bot = (\partial \bot 1 , \partial 
\bot 
2 )T = ( - \partial 2, \partial 1)T. We need only to estimate the integral part.

Denote by

(3.28) d(x0, t) := inf
x\in \partial D(t)

\{ | x - x0| \} , \delta (t) := min

\biggl\{ 
1,

\biggl( 
\| \nabla \varphi (t)\| inf
\| \nabla \varphi (t)\| \.C\gamma 

\biggr) 1/\gamma \biggr\} 
with \| \nabla \varphi (t)\| inf := infx\in \partial D(t) | \nabla \varphi (x, t)| . Notice that \varphi (x, t) belongs to L\infty (0, T ;C1,\gamma )

according to (3.5), and it also satisfies that \| \nabla \varphi (t)\| inf \geq \| \nabla \varphi 0\| infe - 
\int t
0
\| \nabla u\| L\infty d\tau 

(e.g., see [2, equation (2.26)]); thus we deduce that for every t \in [0, T ],

\delta (t) - 1 \leq \| \nabla \varphi \| 
1
\gamma 

L\infty 
T (C\gamma )\| \nabla \varphi 0\| 

 - 1
\gamma 

inf e
\gamma  - 1

\int T
0

\| \nabla u\| L\infty d\tau \leq CeC(1+T )2 .

Now we split the integral term in (3.27) as\int 
D(t)\cap \{ | x0 - y| \geq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
\=\theta 0(X

 - 1
t (y))dy

+ p.v.

\int 
D(t)\cap \{ | x0 - y| \leq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
\=\theta 0(X

 - 1
t (y))dy =: I1(x0, t) + I2(x0, t).

(3.29)
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Since the area of patch domain D(t) = Xt(D0) remains constant in time, we directly
obtain

| I1(x0, t)| \leq C0\| \=\theta 0\| L\infty (D0)
| D(t)| \delta (t) - 2 \leq C| D0| \delta (t) - 2 \leq CeC(1+T )2 .(3.30)

For the estimation of I2, if x0 \in D(t), we decompose I2 as

I2(x0, t) =p.v.

\int 
D(t)\cap \{ | x0 - y| \leq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
\bigl( 
\=\theta 0(X

 - 1
t (y)) - \=\theta 0(X

 - 1
t (x0))

\bigr) 
dy

+ \=\theta 0(X
 - 1
t (x0))

\biggl( 
p.v.

\int 
D(t)\cap \{ | x0 - y| \leq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
dy

\biggr) 
=: I21(x0, t) + I22(x0, t);

on the other hand, if x0 /\in D(t), denoting by \~xt \in \partial D(t) a point so that | x0  - \~xt| =
d(x0, t), we have

I2(x0, t) =p.v.

\int 
D(t)\cap \{ | x0 - y| \leq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
\bigl( 
\=\theta 0(X

 - 1
t (y)) - \=\theta 0(X

 - 1
t (\~xt))

\bigr) 
dy

+ \=\theta 0(X
 - 1
t (\~xt))

\biggl( 
p.v.

\int 
D(t)\cap \{ | x0 - y| \leq \delta (t)\} 

\sigma ijk(x0  - y)

| x0  - y| 2
dy

\biggr) 
=: I23(x0, t) + I24(x0, t).

Because \=\theta 0 \in C\mu (D0), 0 < \mu < 1, one directly gets

| I21(x0, t)| \leq C\| \=\theta 0\| C\mu (D0)
\| \nabla X - 1

t \| \mu L\infty 

\int 
B1(x0)

1

| x0  - y| 2 - \mu 
dy \leq CeC(1+T )2 ,(3.31)

and

| I23(x0, t)| \leq C\| \=\theta 0\| C\mu (D0)
\| \nabla X - 1

t \| \mu L\infty 

\int 
B1(x0)

1

| x0  - y| 2
| \~xt  - y| \mu dy

\leq C\| \=\theta 0\| C\mu (D0)
e\mu 

\int T
0

\| \nabla u\| L\infty dt

\int 
B1(x0)

1

| x0  - y| 2 - \mu 
dy \leq CeC(1+T )2 ,(3.32)

where in the last line we have used the fact | \~xt  - y| \leq | \~xt  - x0| + | x0  - y| \leq 2| x0  - y| .
On the other hand, due to the zero-mean of \sigma ijk, the principal-value integral in
I22(x0, t) and I24(x0, t) vanishes if d(x0, t) > \delta (t), so it suffices to consider the case
d(x0, t) \leq \delta (t). We then define

\Sigma (x0, t) := \{ z| | z| = 1,\nabla x\varphi (\~xt, t) \cdot z \geq 0\} ,

and for every \rho satisfying \rho \geq d(x0, t), define

S\rho (x0, t) := \{ z| | z| = 1, x0 + \rho z \in D(t)\} ,
R\rho (x0, t) :=

\bigl( 
S\rho (x0, t) \setminus \Sigma (x0, t)

\bigr) 
\cup 
\bigl( 
\Sigma (x0, t) \setminus S\rho (x0, t)

\bigr) 
.(3.33)

In terms of polar coordinates, and using the fact that
\int 
\Sigma (x0,t)

\sigma ijk(z)d\scrH 1(z) = 0, we

find

(3.34) | I22(x0, t)| , | I24(x0, t)| \leq C0\| \=\theta 0\| L\infty (D0)

\int \delta (t)

d(x0,t)

\scrH 1(R\rho (x0, t))

\rho 
d\rho 

with \scrH 1 the Hausdorff measure on the unit circle. Concerning \scrH 1(R\rho ), we recall the
following ingenious result (see [2, Geometric Lemma]).
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Lemma 3.2. Let R\rho (x0, t) be the symmetric difference defined in (3.33); then for
all \rho \geq d(x0, t), \gamma \in (0, 1) and x0 \in \BbbR 2 so that d(x0, t) \leq \delta (t), we have

(3.35) \scrH 1(R\rho (x0, t)) \leq 2\pi 

\biggl( 
(1 + 2\gamma )

d(x0, t)

\rho 
+ 2\gamma 

\Bigl( \rho 

\delta (t)

\Bigr) \gamma 
\biggr) 
.

Thus inserting (3.35) into (3.34) leads to

(3.36) | I22(x0, t)| , | I24(x0, t)| \leq 2\pi C0\| \=\theta 0\| L\infty (D0)

\Bigl( 
(1 + 2\gamma ) +

2\gamma 

\gamma 

\Bigr) 
.

Hence, gathering (3.27), (3.30)--(3.32), and (3.36) ensures the assertion (3.26).
Finally, by combining (3.25) with (3.26) we get the desired estimate (3.16) and

finish the proof for the global W 2,\infty -persistence result of \partial D(t).

3.3. Persistence of \bfitC \bftwo ,\bfitgamma -boundary regularity. In this subsection we are ded-
icated to proving the persistence of C2,\gamma -regularity of the temperature front boundary
\partial D(t).

Observing that W = \nabla \bot \varphi satisfies

(3.37) \partial tW + u \cdot \nabla W =W \cdot \nabla u = \partial Wu, W (0, x) =W0(x),

we have

\partial t\nabla W + u \cdot \nabla (\nabla W ) = \partial W\nabla u+\nabla W \cdot \nabla u - \nabla u \cdot \nabla W.(3.38)

Owing to (2.25) and the product estimate in B\gamma 
\infty ,\infty (\BbbR 2), we obtain

\| \nabla W (t)\| B\gamma 
\infty ,\infty \lesssim 

\biggl( 
\| \nabla W0\| B\gamma 

\infty ,\infty +

\int t

0

\| \partial W\nabla u\| B\gamma 
\infty ,\infty d\tau +

\int t

0

\| \nabla u\| L\infty \| \nabla W\| B\gamma 
\infty ,\infty d\tau 

+ \| \nabla W\| L\infty 
t (L\infty )\| \nabla u\| L1

t (B
\gamma 
\infty ,\infty )

\biggr) 
.(3.39)

Below we focus on estimating \partial W\nabla u. From the Biot--Savart law and relation
\omega = \Gamma +\scrR  - 1\theta = \Gamma + \partial 1\Lambda 

 - 2\theta , it follows that

(3.40) \partial W\nabla u = \partial W\nabla \nabla \bot \Lambda  - 2\omega = \partial W\nabla \nabla \bot \Lambda  - 2\Gamma + \partial W\nabla \nabla \bot \partial 1\Lambda 
 - 4\theta .

We first consider the estimation of \partial W\Gamma =W \cdot \nabla \Gamma . Note that from (3.3) and the fact
that [\partial W , \partial t + u \cdot \nabla ] = 0, \partial W\Gamma solves the following equation:

\partial t(\partial W\Gamma ) + u \cdot \nabla (\partial W\Gamma ) - \Delta (\partial W\Gamma ) =  - [\Delta , \partial W ]\Gamma + \partial W ([\scrR  - 1, u \cdot \nabla ]\theta )

=  - \Delta W \cdot \nabla \Gamma  - 2\nabla W : \nabla 2\Gamma + \partial W ([\scrR  - 1, u \cdot \nabla ]\theta ).

(3.41)

According to the smoothing estimate (2.27), we find that for every 0 < \gamma \prime <
min\{ \gamma , 1 - 2

p\} ,

\| \partial W\Gamma \| 
L\infty 

t (B\gamma \prime  - 1
\infty ,1 )

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
\infty ,1 )

\leq C(1 + t)

\biggl( 
\| \partial W0

\Gamma 0\| B\gamma \prime  - 1
\infty ,1

+ \| \Delta W \cdot \nabla \Gamma \| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

+ \| \nabla W : \nabla 2\Gamma \| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

+

\int t

0

\| \nabla u\| L\infty \| \partial W\Gamma \| 
B\gamma \prime  - 1

\infty ,1

d\tau + \| \partial W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

\biggr) 
.(3.42)
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In view of \Gamma 0 = \omega 0 +\scrR  - 1\theta 0 = \omega 0 + \partial 1\Lambda 
 - 2\theta 0 and the embedding W 1,p \subset B\gamma \prime 

\infty ,1 with

0 < \gamma \prime < 1 - 2
p , we get

\| \partial W0\Gamma 0\| B\gamma \prime  - 1
\infty ,1

\leq \| \partial W0\nabla u0\| B\gamma \prime  - 1
\infty ,1

+ \| \partial W0\scrR  - 1\theta 0\| B\gamma \prime  - 1
\infty ,1

\leq C\| \partial W0
u0\| B\gamma \prime 

\infty ,1

+ C\| \nabla W0\| L\infty \| \nabla u0\| B\gamma \prime  - 1
\infty ,1

+ C\| W0\| L\infty \| \nabla \scrR  - 1\theta 0\| B\gamma \prime  - 1
\infty ,1

\leq C\| \partial W0u0\| W 1,p + C\| \varphi 0\| W 2,\infty \| u0\| W 1,p + C\| \varphi 0\| W 1,\infty \| \theta 0\| L2\cap L\infty <\infty .(3.43)

Notice that by virtue of (3.23),

\| \Gamma \| 
L1

T (B\gamma \prime +1
\infty ,1 )

\leq C\| \Gamma \| L1
T (B2

p,\infty ) \leq C(1 + T )3,(3.44)

thus (2.16) and (3.17) ensure that

\| \nabla W : \nabla 2\Gamma \| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

\leq C\| \nabla W\| L\infty 
t (L\infty )\| \nabla 2\Gamma \| 

L1
t (B

\gamma \prime  - 1
\infty ,1 )

\leq CeC(1+t)2 ,

\| \Delta W \cdot \nabla \Gamma \| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

\leq C

\int t

0

\| \Delta W (\tau )\| 
B\gamma \prime  - 1

\infty ,1

\| \nabla \Gamma (\tau )\| L\infty d\tau .

Taking advantage of (2.23), (3.22) and the embedding B1
p,\infty \subset B\gamma \prime 

\infty ,1 for every 0 <

\gamma \prime < 1 - 2
p , we deduce that

\| [\scrR  - 1, u \cdot \nabla ]\theta \| L1
t (B

1
p,\infty ) \leq C

\bigl( 
\| \nabla u\| L1

t (L
p)\| \theta \| L\infty 

t (L\infty ) + t\| u\| L\infty 
t (L2)\| \theta \| L\infty 

t (L2)

\bigr) 
\leq C(1 + t)2

(3.45)

and

\| \partial W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

\leq C\| W\| L\infty 
t (L\infty )\| [\scrR  - 1, u \cdot \nabla ]\theta \| 

L1
t (B

\gamma \prime 
\infty ,1)

\leq CeC(1+t)2 .

Gathering the above estimates yields

\| \partial W\Gamma (t)\| 
B\gamma \prime  - 1

\infty ,1

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
\infty ,1 )

\leq CeC(1+t)2 + C(1 + t)

\int t

0

\Bigl( 
\| \nabla u\| L\infty \| \partial W\Gamma \| 

B\gamma \prime  - 1
\infty ,1

+ \| W\| 
B\gamma \prime +1

\infty ,1

\| \nabla \Gamma \| L\infty 

\Bigr) 
d\tau .(3.46)

Thanks to estimates (2.18), (3.17), (3.44), and (3.46), we also infer that

\| \partial W (\nabla \nabla \bot \Lambda  - 2\Gamma )\| L1
t (B

\gamma 
\infty ,\infty )

\leq C\| \partial W\Gamma \| L1
t (B

\gamma 
\infty ,\infty ) + C\| W\| L\infty 

t (W 1,\infty )\| \Gamma \| L1
t (B

\gamma 
\infty ,\infty )

\leq CeC(1+t)2 + C(1 + t)

\int t

0

\Bigl( 
\| \nabla u\| L\infty \| \partial W\Gamma \| 

B\gamma \prime  - 1
\infty ,1

+ \| W\| 
B\gamma \prime +1

\infty ,1

\| \nabla \Gamma \| L\infty 

\Bigr) 
d\tau .(3.47)

For the estimation of the \theta -term in (3.40), by using the high-low frequency de-
composition and (2.16), (2.18), we get

\| \partial W (\nabla \nabla \bot \partial 1\Lambda 
 - 4\theta )\| L1

t (B
\gamma 
\infty ,\infty )

\lesssim \| \Delta  - 1\partial W (\nabla \nabla \bot \partial 1\Lambda 
 - 4\theta )\| L1

t (L
\infty ) + \| \nabla \partial W (\nabla \nabla \bot \partial 1\Lambda 

 - 4\theta )\| L1
t (B

\gamma  - 1
\infty ,\infty )

\lesssim \| W\| L\infty 
t (L\infty )\| \theta \| L1

t (L
2) + \| \nabla W\| L\infty 

t (L\infty )\| \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (B
\gamma  - 1
\infty ,\infty )

+ \| \partial W (\nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta )\| L1

t (B
\gamma  - 1
\infty ,\infty )

\lesssim \| W\| L\infty 
t (W 1,\infty )\| \theta \| L1

t (L
2\cap L\infty ) + \| \partial W \theta \| L1

t (B
\gamma  - 1
\infty ,\infty )

\lesssim eC(1+t)2 + \| \partial W \theta \| L1
t (B

\gamma  - 1
\infty ,\infty ).(3.48)
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Since the operator \partial W =W \cdot \nabla commutates with \partial t + u \cdot \nabla , we see that

(3.49) \partial t\partial W \theta + u \cdot \nabla \partial W \theta = 0, \partial W \theta | t=0 = \partial W0
\theta 0,

and then the regularity preservation estimate (2.26) and (3.15) imply that

(3.50) \| \partial W \theta (t)\| B\gamma  - 1
\infty ,\infty 

\leq eC
\int t
0
\| \nabla u\| L\infty d\tau \| \partial W0\theta 0\| C - 1,\gamma \leq \| \partial W0\theta 0\| C - 1,\gamma eC(1+t)2 .

In the above \partial W0
\theta 0 \in C - 1,\gamma (\BbbR 2) is guaranteed by Lemma 2.6.

Therefore, by collecting the above estimates (3.39), (3.46)--(3.48), (3.50), and

using (3.14), (3.17) and the embedding B\gamma +1
\infty ,\infty \subset B\gamma \prime +1

\infty ,1 (for every 0 < \gamma \prime < min\{ \gamma , 1 - 
2
p\} ), we find

\| W (t)\| B\gamma +1
\infty ,\infty 

+ \| \partial W\Gamma (t)\| 
B\gamma \prime  - 1

\infty ,1

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
\infty ,1 )

+ \| \partial W\nabla u\| L1
t (B

\gamma 
\infty ,\infty )

\leq CeC(1+t)2 + C(1 + t)

\int t

0

\bigl( 
\| W\| B\gamma +1

\infty ,\infty 
+ \| \partial W\Gamma \| 

B\gamma \prime  - 1
\infty ,1

\bigr) \bigl( 
\| \nabla u\| L\infty + \| \Gamma \| W 1,\infty 

\bigr) 
d\tau .

Gronwall's inequality and (3.14), (3.20), (3.44) guarantee that

\| W\| L\infty 
T (B\gamma +1

\infty ,\infty ) + \| \partial W\Gamma \| 
L1

T (B\gamma \prime  - 1
\infty ,1 )

+ \| \partial W\Gamma \| 
L1

T (B\gamma \prime +1
\infty ,1 )

+ \| \partial W\nabla u\| L1
T (B\gamma 

\infty ,\infty )

\leq CeC(1+T )3 ,(3.51)

which directly implies \varphi \in L\infty (0, T ;C2,\gamma (\BbbR 2)), as desired.
In terms of the notations (2.5)--(2.7), the estimates (3.14), (3.20), (3.44), (3.51)

lead to that

\| W\| L\infty 
T (\scrB \gamma +1,0

\infty ,W ) + \| \nabla u\| L1
T (\scrB \gamma ,1

\infty ,W ) + \| \Gamma \| 
L\infty 

T (\scrB \gamma \prime  - 1,1
W )

+ \| \Gamma \| 
L1

T (\scrB \gamma \prime +1,1
W )

= \| W\| L\infty 
T (B\gamma +1

\infty ,\infty ) + \| (\nabla u, \partial W\nabla u)\| L1
T (B\gamma 

\infty ,\infty ) + \| (\Gamma , \partial W\Gamma )\| 
L\infty 

T (B\gamma \prime  - 1
\infty ,1 )

+ \| (\Gamma , \partial W\Gamma )\| 
L1

T (B\gamma \prime +1
\infty ,1 )

\leq CeC(1+T )3 .(3.52)

4. Persistence of \bfitC \bfitk ,\bfitgamma -boundary regularity with \bfitk \in \BbbN \cap [3,\infty ). In
this section, assuming that \theta 0(x) = \=\theta 0(x)1D0

(x) with \partial D0 \in Ck,\gamma (\BbbR 2) and \=\theta 0 \in 
Ck - 2,\gamma (D0) for every k \in \BbbN \cap [3,\infty ) and \gamma \in (0, 1), we intend to prove that

\partial D(t) \in Ck,\gamma \forall t \in [0, T ].(4.1)

In order to study the higher regularity of front boundary \partial D(t), we first establish
its deep connection with the striated regularity of W = \nabla \bot \varphi (see, e.g., [14, 46]).
Recalling that \partial D0 has the parameterization (1.5), \partial D(t) can thus be expressed as
Xt(z0(\alpha )) with \alpha \in \BbbS 1 and Xt the particle trajectory given by (1.2), then

(4.2) \partial \alpha 
\bigl( 
Xt(z0(\alpha ))

\bigr) 
=W0(z0(\alpha )) \cdot \nabla xXt(z0(\alpha )) = (\partial W0

Xt)(z0(\alpha )).

On the other hand, noting that W = \nabla \bot \varphi solves (3.37), Lemma 1.4 of [51] ensures

(4.3) W (Xt(x), t) =W0(x) \cdot \nabla Xt(x) =
\bigl( 
\partial W0Xt

\bigr) 
(x).

Combining the above two formulas leads to

(4.4) \partial \alpha 
\bigl( 
Xt(z0(\alpha ))

\bigr) 
=W (Xt(z0(\alpha )), t) =

\bigl( 
\partial W0

Xt

\bigr) 
(z0(\alpha )).
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Moreover, by iteration, it follows that for any k \in \BbbZ +,

\partial k\alpha 
\bigl( 
Xt(z0(\alpha ))

\bigr) 
= \partial k - 1

\alpha 

\bigl( 
(\partial W0Xt)(z0(\alpha ))

\bigr) 
= \cdot \cdot \cdot = (\partial kW0

Xt)(z0(\alpha )).(4.5)

From (4.3), we get\bigl( 
\partial 2W0

Xt

\bigr) 
(x) = \partial W0

Xt(x) \cdot (\nabla W )(Xt(x), t) =W (Xt(x), t) \cdot (\nabla W )(Xt(x), t)

= (\partial WW )(Xt(x), t),

and by induction, \bigl( 
\partial kW0

Xt

\bigr) 
(x) = (\partial k - 1

W W )(Xt(x), t) \forall k \in \BbbZ +.(4.6)

Hence in light of (4.5) and (4.6), in order to prove the persistence result (4.1),
that is, \partial k\alpha 

\bigl( 
Xt(z0(\alpha ))

\bigr) 
\in C\gamma , it suffices to show that\bigl( 

\partial kW0
Xt

\bigr) 
(x) \in L\infty (0, T ;C\gamma (\BbbR 2)),(4.7)

which in turn remains to verify that (thanks to Lemma 2.10)

(4.8)
\bigl( 
\partial k - 1
W W

\bigr) 
(\cdot , t) \in L\infty (0, T ;C\gamma (\BbbR 2)) \forall k \in \BbbN \cap [3,\infty ), \gamma \in (0, 1).

In the following we mainly will prove that

\| W\| L\infty 
T (\scrB \gamma +1,k - 2

\infty ,W ) + \| \nabla u\| L1
T (\scrB \gamma ,k - 1

\infty ,W ) + \| \Gamma \| 
L\infty 

T (\scrB \gamma \prime  - 1,k - 1
W )

+ \| \Gamma \| 
L1

T (\scrB \gamma \prime +1,k - 1
W )

\leq Hk - 1(T )
(4.9)

with Hk - 1(T ) depending on k  - 1 and T . A direct consequence of (4.9) is that

\| \partial k - 1
W W\| L\infty 

T (C\gamma ) \leq \| W \cdot \nabla \partial k - 2
W W\| L\infty 

T (C\gamma ) \lesssim \| W\| L\infty 
T (C\gamma )\| \partial k - 2

W W\| L\infty 
T (B\gamma +1

\infty ,\infty )

\lesssim Hk - 1(T ),

which corresponds to the wanted result (4.8) with k \in \BbbN \cap [3,\infty ).
In order to show the target estimate (4.9), we apply the induction method. As-

sume that for some \ell \in \{ 1, . . . , k  - 2\} , we have

\| W\| L\infty 
T (\scrB \gamma +1,\ell  - 1

\infty ,W ) + \| \nabla u\| L1
T (\scrB \gamma ,\ell 

\infty ,W ) + \| \Gamma \| 
L\infty 

T (\scrB \gamma \prime  - 1,\ell 
W )

+ \| \Gamma \| 
L1

T (\scrB \gamma \prime +1,\ell 
W )

\leq H\ell (T ),
(4.10)

we intend to prove that it also holds for \ell replaced by \ell + 1, that is,

\| W\| L\infty 
T (\scrB \gamma +1,\ell 

\infty ,W ) + \| \nabla u\| L1
T (\scrB \gamma ,\ell +1

\infty ,W ) + \| \Gamma \| 
L\infty 

T (\scrB \gamma \prime  - 1,\ell +1
W )

+ \| \Gamma \| 
L1

T (\scrB \gamma \prime +1,\ell +1
W )

\leq H\ell +1(T ).
(4.11)

Note that estimate (3.52) corresponds to (4.10) with \ell = 1. Notice also that
under (4.10), Lemma 2.4 can be applied with the k-index replaced by \ell .

We start with the estimation of the L\infty 
T (B\gamma  - 1

\infty ,\infty )-norm of \partial \ell W\nabla 2W . From (3.38)
and the fact that [\partial W , \partial t + u \cdot \nabla ] = 0, we see that

\partial t(\partial 
\ell 
W\nabla 2W ) + u \cdot \nabla (\partial \ell W\nabla 2W ) = \partial \ell +1

W \nabla 2u+ 2\partial \ell W (\nabla W \cdot \nabla 2u) + \partial \ell W (\nabla 2W \cdot \nabla u)
 - \partial \ell W (\nabla 2u \cdot \nabla W ) - 2\partial \ell W (\nabla u \cdot \nabla 2W ).(4.12)
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Thanks to Lemma 2.8, we find that for every \gamma \in (0, 1),

\| \partial \ell W\nabla 2W (t)\| B\gamma  - 1
\infty ,\infty 

\leq C\| \partial \ell W0
\nabla 2W0\| B\gamma  - 1

\infty ,\infty 
+ C

\int t

0

\| \nabla u\| L\infty \| \partial \ell W\nabla 2W\| B\gamma  - 1
\infty ,\infty 

d\tau 

+C

\int t

0

\| \partial \ell +1
W \nabla 2u\| B\gamma  - 1

\infty ,\infty 
d\tau + C

\int t

0

\| 
\bigl( 
\partial \ell W (\nabla W \cdot \nabla 2u), \partial \ell W (\nabla 2u \cdot \nabla W )

\bigr) 
\| B\gamma  - 1

\infty ,\infty 
d\tau 

+C

\int t

0

\| 
\bigl( 
\partial \ell W (\nabla 2W \cdot \nabla u), \partial \ell W (\nabla u \cdot \nabla 2W )

\bigr) 
\| B\gamma  - 1

\infty ,\infty 
d\tau .(4.13)

From \varphi 0 \in Ck,\gamma (\BbbR 2), and by arguing as in (2.22), we get

\| \partial \ell W0
\nabla 2W0\| B\gamma  - 1

\infty ,\infty 
\lesssim \| W0\| W\ell  - 1,\infty \| \nabla 2W0\| B\ell  - 1+\gamma 

\infty ,\infty 
\lesssim \| \varphi 0\| B\ell +2+\gamma 

\infty ,\infty 
\lesssim \| \varphi 0\| Bk+\gamma 

\infty ,\infty 
.(4.14)

Taking advantage of Lemma 2.4 and (5.6), (5.14), (5.16), the last two integrals on the
right-hand side of (4.13) can be treated as follows:\int t

0

\| 
\bigl( 
\partial \ell W (\nabla W \cdot \nabla 2u), \partial \ell W (\nabla 2u \cdot \nabla W )

\bigr) 
\| B\gamma  - 1

\infty ,\infty 
d\tau 

\lesssim 
\int t

0

\| (\nabla W \cdot \nabla 2u,\nabla 2u \cdot \nabla W )\| \scrB \gamma  - 1,\ell 
\infty ,W

d\tau 

\lesssim 
\int t

0

\| \nabla W\| \scrB 0,\ell 
W
\| \nabla 2u\| \scrB \gamma  - 1,\ell 

\infty ,W
d\tau \lesssim 

\int t

0

\| W\| \scrB 1,\ell 
W
\| \nabla u\| \scrB \gamma ,\ell 

\infty ,W
d\tau (4.15)

and \int t

0

\| 
\bigl( 
\partial \ell W (\nabla 2W \cdot \nabla u), \partial \ell W (\nabla u \cdot \nabla 2W )

\bigr) 
\| B\gamma  - 1

\infty ,\infty 
d\tau 

\lesssim 
\int t

0

\| (\nabla 2W \cdot \nabla u,\nabla u \cdot \nabla 2W )\| \scrB \gamma  - 1
\infty ,W

d\tau 

\lesssim 
\int t

0

\| \nabla 2W\| \scrB \gamma  - 1,\ell 
\infty ,W

\| \nabla u\| \scrB 0,\ell 
W
d\tau \lesssim 

\int t

0

\| W\| \scrB \gamma +1,\ell 
\infty ,W

\| \nabla u\| \scrB \gamma ,\ell 
\infty ,W

d\tau .(4.16)

For the third term on the right-hand side of (4.13), it follows from equality (3.18)
that

\| \partial \ell +1
W \nabla 2u\| L1

t (B
\gamma  - 1
\infty ,\infty ) \leq \| \partial \ell +1

W \nabla 2\nabla \bot \Lambda  - 2\Gamma \| L1
t (B

\gamma  - 1
\infty ,\infty ) + \| \partial \ell +1

W \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (B
\gamma  - 1
\infty ,\infty )

\leq \| \nabla \nabla \bot \Lambda  - 2(\nabla \Gamma )\| L1
t (\scrB 

\gamma  - 1,\ell +1
\infty ,W ) + \| \nabla 2\nabla \bot \partial 1\Lambda 

 - 4\theta \| L1
t (\scrB 

\gamma  - 1,\ell +1
\infty ,W ).(4.17)

By virtue of (2.14), we get

\| \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (\scrB 
\gamma  - 1,\ell +1
\infty ,W )

\lesssim \| \theta \| L1
t (\scrB 

\gamma  - 1,\ell +1
\infty ,W ) +

\int t

0

(\| W\| \scrB 1,\ell 
W

+ 1)
\bigl( 
\| \theta \| \scrB \gamma  - 1,\ell 

\infty ,W
+ \| \theta \| L2

\bigr) 
d\tau .

Since \partial iW \theta for every i \in \{ 1, . . . , \ell + 1\} satisfies \partial t(\partial 
i
W \theta ) + u \cdot \nabla (\partial iW \theta ) = 0, we use

(2.26) and Lemma 2.6 to infer that for every i \in \{ 1, . . . , \ell + 1\} ,

(4.18) \| \partial iW \theta \| L\infty 
t (B\gamma  - 1

\infty ,\infty ) \leq Ce
C\| \nabla u\| 

L1
t (L\infty )\| \partial iW0

\theta 0\| B\gamma  - 1
\infty ,\infty 

\leq CeC(1+t)3
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and

\| \theta \| L\infty 
t (\scrB \gamma  - 1,\ell +1

\infty ,W ) \leq Ce
C\| \nabla u\| 

L1
t (L\infty )\| \theta 0\| \scrB \gamma  - 1,\ell +1

\infty ,W
\leq CeC(1+t)3 .

Collecting the above estimates leads to

\| \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (\scrB 
\gamma  - 1,\ell +1
\infty ,W ) \leq CeC(1+t)3 + CeC(1+t)3

\int t

0

\| W (\tau )\| \scrB 1,\ell 
W
d\tau .(4.19)

For the first term of the right-hand side of (4.17), we use (2.14) to deduce that

\| \nabla \nabla \bot \Lambda  - 2(\nabla \Gamma )\| L1
t (\scrB 

\gamma  - 1,\ell +1
\infty ,W )

\lesssim \| \nabla \Gamma \| 
L1

t

\bigl( 
\scrB \gamma  - 1,\ell +1

\infty ,W )
+

\int t

0

(1 + \| W\| \scrB 1,\ell 
W

\bigr) \bigl( 
\| \nabla \Gamma \| \scrB \gamma  - 1,\ell 

\infty ,W
+ \| \Gamma \| Lp

\bigr) 
d\tau 

\lesssim \| \Gamma \| 
L1

t

\bigl( 
\scrB \gamma ,\ell +1

\infty ,W )
+

\int t

0

\| W (\tau )\| \scrB 1,\ell 
W
(\| \Gamma (\tau )\| \scrB \gamma ,\ell 

\infty ,W
+ 1

\bigr) 
d\tau + 1,(4.20)

where in the last line we have used the following estimate (in light of Lemma 5.2 and
(4.25) below):

\| \nabla \Gamma \| \scrB \gamma  - 1,\ell +1
\infty ,W

= \| \nabla \Gamma \| \scrB \gamma  - 1,\ell 
\infty ,W

+ \| \partial \ell +1
W \nabla \Gamma \| B\gamma  - 1

\infty ,\infty 

\lesssim \| \Gamma \| \scrB \gamma ,\ell 
\infty ,W

+ \| \partial \ell +1
W \Gamma \| B\gamma 

\infty ,\infty + \| [\nabla , \partial \ell +1
W ]\Gamma \| B\gamma  - 1

\infty ,\infty 

\lesssim \| \Gamma \| \scrB \gamma ,\ell +1
\infty ,W

+

\ell \sum 
i=0

\| \nabla W \cdot \nabla \partial \ell  - i
W \Gamma \| \scrB \gamma  - 1,i

\infty ,W

\lesssim \| \Gamma \| \scrB \gamma ,\ell +1
\infty ,W

+

\ell \sum 
i=1

\| \nabla W\| \scrB 0,i
W
\| \partial \ell  - i

W \Gamma \| \scrB \gamma ,i
\infty ,W

\lesssim \| \Gamma \| \scrB \gamma ,\ell +1
\infty ,W

+ \| W\| \scrB 1,\ell 
W
\| \Gamma \| \scrB \gamma ,\ell 

\infty ,W
.(4.21)

In the following we consider the smoothing estimate of \partial \ell +1
W \Gamma . From (3.3) and

[\partial \ell +1
W , \partial t + u \cdot \nabla ] = 0, we see that

\partial t(\partial 
\ell +1
W \Gamma ) + u \cdot \nabla (\partial \ell +1

W \Gamma ) - \Delta (\partial \ell +1
W \Gamma ) = [\Delta , \partial \ell +1

W ]\Gamma + \partial \ell +1
W ([\scrR  - 1, u \cdot \nabla ]\theta )

=: F\ell +1,
(4.22)

with

[\Delta , \partial \ell +1
W ]\Gamma = [\Delta , \partial W ]\partial \ell W\Gamma + \partial W

\bigl( 
[\Delta , \partial \ell W ]\Gamma 

\bigr) 
=

\ell \sum 
i=0

\partial iW
\bigl( 
[\Delta , \partial W ]\partial \ell  - i

W \Gamma 
\bigr) 

=

\ell \sum 
i=0

\partial iW
\bigl( 
\Delta W \cdot \nabla \partial \ell  - i

W \Gamma 
\bigr) 
+

\ell \sum 
i=0

\partial iW
\bigl( 
2\nabla W : \nabla 2\partial \ell  - i

W \Gamma 
\bigr) 
.(4.23)

According to Lemma 2.8, we infer that for every \gamma \prime \in (0,min\{ \gamma , 1 - 2
p\} ),

\| \partial \ell +1
W \Gamma \| 

L1
t (B

\gamma \prime +1
\infty ,1 )

+ \| \partial \ell +1
W \Gamma (t)\| 

B\gamma \prime  - 1
\infty ,1

\leq C(1 + t)
\Bigl( 
\| \partial \ell +1

W0
\Gamma 0\| B\gamma \prime  - 1

\infty ,1

+ \| F\ell +1\| L1
t (B

\gamma \prime  - 1
\infty ,1 )

+

\int t

0

\| \nabla u\| L\infty \| \partial \ell +1
W \Gamma \| 

B\gamma \prime  - 1
\infty ,1

d\tau 
\Bigr) 
.

(4.24)
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By virtue of the relation \Gamma 0 = \omega 0  - \scrR  - 1\theta 0 and the equality

[\nabla , \partial \ell +1
W ]f = [\nabla , \partial W ]\partial \ell W f + \partial W [\nabla , \partial W ]\partial \ell  - 1

W f + \partial 2W [\nabla , \partial W ]\partial \ell  - 2
W f

=

\ell \sum 
i=0

\partial iW
\bigl( 
\nabla W \cdot \nabla \partial \ell  - i

W f
\bigr) 
,

(4.25)

and using Lemma 2.4, we deduce that

\| \partial \ell +1
W0

\Gamma 0\| B\gamma \prime  - 1
\infty ,1

\leq \| \partial \ell +1
W0

\nabla u0\| B\gamma \prime  - 1
\infty ,1

+ \| \partial \ell +1
W0

\scrR  - 1\theta 0\| B\gamma \prime  - 1
\infty ,1

\lesssim \| \nabla \partial \ell +1
W0

u0\| B\gamma \prime  - 1
\infty ,1

+

\ell \sum 
i=0

\| \nabla W0 \cdot \nabla \partial \ell  - i
W0

u0\| \scrB \gamma \prime  - 1,i
W0

+ \| W0 \cdot \nabla \scrR  - 1\theta 0\| \scrB \gamma \prime  - 1,\ell 
W0

\lesssim \| \partial \ell +1
W0

u0\| W 1,p +

\ell \sum 
i=0

\| \nabla W0\| \scrB 0,i
W0

\| \nabla \partial \ell  - i
W0

u0\| \scrB \gamma \prime  - 1,i
W0

+ \| W0\| \scrB 0,\ell 
W0

\| \nabla \scrR  - 1\theta 0\| \scrB \gamma \prime  - 1,\ell 
W0

\lesssim \| \partial \ell +1
W0

u0\| W 1,p + \| W0\| \scrB 1,\ell 
W0

\| u0\| \scrB \gamma \prime ,\ell 
W0

+ \| W0\| \scrB 0,\ell 
W0

\bigl( 
1 + \| W0\| \scrB 1,\ell  - 1

W0

\bigr) \bigl( 
\| \theta 0\| \scrB \gamma \prime  - 1,\ell 

W0

+ \| \theta 0\| L2

\bigr) 
\lesssim (1 + \| W0\| \scrB 1,\ell 

W0

)
\Bigl( \ell +1\sum 

i=0

\| \partial iW0
u0\| W 1,p +

\ell \sum 
i=0

\| \partial iW0
\theta 0\| C - 1,\gamma + \| \theta 0\| L2

\Bigr) 
\lesssim 1.(4.26)

For the term [\Delta , \partial \ell +1
W ]\Gamma given by (4.23), taking advantage of Lemmas 2.4 and 5.2, we

find

\| [\Delta , \partial \ell +1
W ]\Gamma \| 

B\gamma \prime  - 1
\infty ,1

\lesssim 
\ell \sum 

i=0

\| \Delta W \cdot \nabla \partial \ell  - i
W \Gamma \| \scrB \gamma \prime  - 1,i

W

+

\ell \sum 
i=0

\| \nabla W \cdot \nabla 2\partial \ell  - i
W \Gamma \| \scrB \gamma \prime  - 1,i

W

\lesssim 
\ell \sum 

i=0

\Bigl( 
\| \Delta W\| \scrB \gamma \prime  - 1,i

W

\| \nabla \partial \ell  - i
W \Gamma \| \scrB 0,i

W
+

i\sum 
j=0

\| \nabla W\| \scrB 0,j
W

\| \nabla 2\partial \ell  - i
W \Gamma \| \scrB \gamma \prime  - 1,i - j

W

\Bigr) 

\lesssim 
\ell \sum 

i=0

\| W\| \scrB \gamma \prime +1,i
W

\| \Gamma \| \scrB 1,\ell 
W

+

\ell \sum 
i=0

i\sum 
j=0

\| W\| \scrB 1,j
W

\| \partial \ell  - i
W \Gamma \| \widetilde \scrB \gamma \prime +1,i - j

W

\leq C\| W\| \scrB \gamma \prime +1,\ell 
W

\| \Gamma \| \scrB \gamma \prime +1,\ell 
W

,(4.27)

where in the last inequality we have used the estimate

\ell \sum 
i=0

i\sum 
j=0

\| W\| \scrB 1,j
W

\| \partial \ell  - i
W \Gamma \| \widetilde \scrB \gamma \prime +1,i - j

W

\lesssim 
\ell \sum 

i=0

i\sum 
j=0

\| W\| \scrB 1,j
W

\Bigl( 
\| \partial \ell  - i

W \Gamma \| \scrB \gamma \prime +1,i - j
W

+ \| \partial \ell  - i
W \Gamma \| \scrB 1,i - j

W
\| W\| \scrB \gamma \prime +1,i - j

W

\Bigr) 

\lesssim 
\ell \sum 

j=0

\| W\| \scrB 1,j
W

\Bigl( 
\| \Gamma \| \scrB \gamma \prime +1,\ell  - j

W

+ \| \Gamma \| \scrB 1,\ell  - j
W

\| W\| \scrB \gamma \prime +1,\ell  - j
W

\Bigr) 
\lesssim \| W\| \scrB 1,\ell 

W
\| \Gamma \| \scrB \gamma \prime +1,0

W

\| W\| \scrB \gamma \prime +1,0
W

+ \| W\| \scrB 1,\ell  - 1
W

\bigl( 
\| \Gamma \| \scrB \gamma \prime +1,\ell 

W

+ \| \Gamma \| \scrB 1,\ell 
W
\| W\| \scrB \gamma \prime +1,\ell 

W

\bigr) 
\leq C\| W\| \scrB \gamma \prime +1,\ell 

W

\| \Gamma \| \scrB \gamma \prime +1,\ell 
W

,
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and in the above C > 0 depends on H\ell (T ) that is the upper bound of \| W\| \scrB \gamma \prime +1,\ell  - 1
W

.

For the second term in F\ell +1, by using the formula \nabla ([\scrR  - 1, u \cdot \nabla ]\theta ) = [\nabla \scrR  - 1, u \cdot \nabla ]\theta  - 
(\nabla u) \cdot \nabla \scrR  - 1\theta , we see

\| \partial \ell +1
W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (B

\gamma \prime  - 1
\infty ,1 )

\lesssim \| W\| L\infty 
t (L\infty )\| \nabla \partial \ell W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (B

\gamma \prime  - 1
\infty ,1 )

\lesssim \| \partial \ell W ([\nabla \scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

+ \| \partial \ell W (\nabla u \cdot \nabla \scrR  - 1\theta )\| L1
t (B

\gamma \prime  - 1
\infty ,1 )

+ \| [\nabla , \partial \ell W ]([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

=: N1 +N2 +N3.(4.28)

For N1 and N2, according to Lemma 2.4 and (4.18), it follows that

N1 \leq \| [\nabla \scrR  - 1, u \cdot \nabla ]\theta \| 
L1

t (\scrB 
\gamma \prime  - 1,\ell 
W )

\lesssim 
\bigl( 
\| \nabla u\| L1

t (\scrB 
0,\ell 
W ) + \| u\| L1

t (L
\infty )

\bigr) 
\| \theta \| 

L\infty 
t (\scrB \gamma \prime  - 1,\ell 

W )

\lesssim 
\bigl( 
\| \nabla u\| L1

t (\scrB 
0,\ell 
W ) + t

\bigr) \Bigl( \ell \sum 
\lambda =0

\| \partial \lambda W \theta \| L\infty 
t (C - 1,\gamma )

\Bigr) 
\leq C(4.29)

and

N2 \leq \| \nabla u \cdot \nabla \scrR  - 1\theta \| L1
t (\scrB 

\gamma \prime  - 1,\ell 
W )

\lesssim \| \nabla u\| L1
t (\scrB 

0,\ell 
W )\| \nabla \scrR  - 1\theta \| L\infty 

t (\scrB \gamma \prime  - 1,\ell 
W )

\lesssim \| \nabla u\| L1
t (\scrB 

0,\ell 
W )\| \theta \| L\infty 

t (\scrB \gamma \prime  - 1,\ell 
W )

+ \| \nabla u\| L1
t (\scrB 

0,\ell 
W )

\bigl( 
1 + \| W\| L\infty 

t (\scrB 1,\ell  - 1
W )

\bigr) \bigl( 
\| \theta \| 

L\infty 
t (\scrB \gamma \prime  - 1,\ell  - 1

W )
+ \| \theta \| L\infty 

t (L2)

\bigr) 
\leq C,(4.30)

where C > 0 depends on H\ell (T ) with H\ell (T ) \gtrsim eC0(1+T )3 . For N3, we use formula
(4.25), Lemma 2.4, and estimates (4.29)--(4.30) to obtain that

N3 \leq 
\ell  - 1\sum 
i=0

\| \partial iW (\nabla W \cdot \nabla \partial \ell  - 1 - i
W [\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (B

\gamma \prime  - 1
\infty ,1 )

\lesssim 
\ell  - 1\sum 
i=0

\| \nabla W \cdot \nabla \partial \ell  - 1 - i
W [\scrR  - 1, u \cdot \nabla ]\theta \| 

L1
t (\scrB 

\gamma \prime  - 1,i
W )

\lesssim 
\ell  - 1\sum 
i=0

\| \nabla W\| L\infty 
t (\scrB 0,i

W )\| \nabla \partial 
\ell  - 1 - i
W [\scrR  - 1, u \cdot \nabla ]\theta \| 

L1
t (\scrB 

\gamma \prime  - 1,i
W )

\lesssim \| W\| L\infty 
t (\scrB 1,\ell  - 1

W )

\ell  - 1\sum 
i=0

\| \nabla \partial \ell  - 1 - i
W [\scrR  - 1, u \cdot \nabla ]\theta \| 

L1
t (\scrB 

\gamma \prime  - 1,i
W )

\lesssim \| \nabla ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (\scrB 
\gamma \prime  - 1,\ell  - 1
W )

+

\ell  - 2\sum 
i=0

\| [\nabla , \partial \ell  - 1 - i
W ]([\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (\scrB 

\gamma \prime  - 1,i
W )

\leq C + C

\ell  - 2\sum 
i=0

\ell  - 2 - i\sum 
j=0

\| \partial jW (\nabla W \cdot \nabla \partial \ell  - 2 - i - j
W ([\scrR  - 1, u \cdot \nabla ]\theta ))\| 

L1
t (\scrB 

\gamma \prime  - 1,i
W )

\leq C + C
\sum 

0\leq i+j\leq \ell  - 2

\| \nabla W \cdot \nabla \partial \ell  - 2 - i - j
W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (\scrB 

\gamma \prime  - 1,i+j
W )

\leq C + C
\sum 

0\leq i+j\leq \ell  - 2

\| \nabla \partial \ell  - 2 - i - j
W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 

L1
t (\scrB 

\gamma \prime  - 1,i+j
W )

,

D
ow

nl
oa

de
d 

07
/1

3/
22

 to
 2

19
.1

42
.9

9.
20

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

4070 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

where C > 0 depends on H\ell (t) with H\ell (T ) \geq H\ell  - 1(T ) \gtrsim eC0(1+t)3 . Iteratively
repeating the above process yields that

N3 \lesssim C + C\| \nabla ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
\infty ,1 )

\leq C.(4.31)

Thus it follows from the above estimates (4.27) and (4.29)--(4.31) that

\| F\ell +1\| L1
t (B

\gamma \prime  - 1
\infty ,1 )

\leq C

\int t

0

\| W (\tau )\| \scrB \gamma \prime +1,\ell 
W

\| \Gamma (\tau )\| \scrB \gamma \prime +1,\ell 
W

d\tau + C.(4.32)

In combination with (4.24) and (4.26) we obtain

\| \Gamma (t)\| \scrB \gamma \prime  - 1,\ell +1
W

+ \| \Gamma \| 
L1

t (\scrB 
\gamma \prime +1,\ell +1
W )

= \| \partial \ell +1
W \Gamma (t)\| 

B\gamma \prime  - 1
\infty ,1

+ \| \partial \ell +1
W \Gamma \| 

L1
t (B

\gamma \prime +1
\infty ,1 )

+ \| \Gamma (t)\| \scrB \gamma \prime  - 1,\ell 
W

+ \| \Gamma \| 
L1

t (\scrB 
\gamma \prime +1,\ell 
W )

\leq C

\int t

0

\bigl( 
\| \Gamma \| \scrB \gamma \prime +1,\ell 

W

+ \| \nabla u\| L\infty 
\bigr) \bigl( 
\| W\| \scrB \gamma \prime +1,\ell 

W

+ \| \Gamma \| \scrB \gamma \prime  - 1,\ell +1
W

\bigr) 
d\tau + C.(4.33)

Hence inserting (4.33) into (4.20), and gathering (4.13)--(4.17) and (4.19)--(4.20)
lead to that for every 0 < \gamma \prime < min\{ \gamma , 1 - 2

p\} ,

\| \partial \ell W\nabla 2W (t)\| B\gamma  - 1
\infty ,\infty 

+ \| \partial \ell +1
W \nabla 2u\| L1

t (B
\gamma  - 1
\infty ,\infty )

\leq C

\int t

0

\bigl( 
\| \Gamma \| \scrB \gamma \prime +1,\ell 

W

+ \| \nabla u\| \scrB \gamma ,\ell 
\infty ,W

+ 1
\bigr) \bigl( 
\| W\| \scrB \gamma +1,\ell 

\infty ,W
+ \| \Gamma \| \scrB \gamma \prime  - 1,\ell +1

W

\bigr) 
d\tau + C,(4.34)

where C > 0 depends on H\ell (T ).
By using (4.23), (4.25) and Lemmas 2.4 and 5.2, we also infer that

\| [\nabla 2, \partial \ell W ]W (t)\| B\gamma  - 1
\infty ,\infty 

\leq 
\ell  - 1\sum 
i=0

\| \partial iW
\bigl( 
\nabla 2W \cdot \nabla \partial \ell  - 1 - i

W W
\bigr) 
\| B\gamma  - 1

\infty ,\infty 
+ 2

\ell  - 1\sum 
i=0

\| \partial iW
\bigl( 
\nabla W \cdot \nabla 2\partial \ell  - 1 - i

W W
\bigr) 
\| B\gamma  - 1

\infty ,\infty 

\lesssim 
\ell  - 1\sum 
i=0

\| \nabla 2W \cdot \nabla \partial \ell  - 1 - i
W W\| \scrB \gamma  - 1,i

\infty ,W
+

\ell  - 1\sum 
i=0

\| \nabla W \cdot \nabla 2\partial \ell  - 1 - i
W W\| \scrB \gamma  - 1,i

\infty ,W

\lesssim 
\ell  - 1\sum 
i=0

\Bigl( 
\| \nabla 2W\| \scrB \gamma  - 1,i

\infty ,W
\| \nabla \partial \ell  - 1 - i

W W\| \scrB 0,i
W

+ \| \nabla W\| \scrB 0,i
W
\| \nabla 2\partial \ell  - 1 - i

W W\| \scrB \gamma  - 1,i
\infty ,W

\Bigr) 
\lesssim \| W\| \scrB \gamma +1,\ell  - 1

\infty ,W
\| W\| \scrB 1,\ell  - 1

W
\leq C

and

\| [\nabla , \partial \ell +1
W ]\nabla u\| L1

t (B
\gamma  - 1
\infty ,\infty ) \leq 

\ell \sum 
i=0

\| \partial iW
\bigl( 
\nabla W \cdot \nabla \partial \ell  - i

W \nabla u
\bigr) 
\| L1

t (B
\gamma  - 1
\infty ,\infty )

\leq 
\ell \sum 

i=0

\| \nabla W \cdot \nabla \partial \ell  - i
W \nabla u\| L1

t (\scrB 
\gamma  - 1,i
\infty ,W )

\lesssim 
\ell \sum 

i=0

\int t

0

\| \nabla W\| \scrB 0,i
W
\| \nabla \partial \ell  - i

W \nabla u\| \scrB \gamma  - 1,i
\infty ,W

d\tau \lesssim 
\int t

0

\| W (\tau )\| \scrB 1,\ell 
W
\| \nabla u(\tau )\| \scrB \gamma ,\ell 

\infty ,W
d\tau .
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Consequently, in view of the estimates

\| W\| \scrB \gamma +1,\ell 
\infty ,W

\leq \| \partial \ell WW\| B\gamma +1
\infty ,\infty 

+ \| W\| \scrB \gamma +1,\ell  - 1
\infty ,W

\lesssim \| \nabla 2\partial \ell WW\| B\gamma  - 1
\infty ,\infty 

+ \| \Delta  - 1\partial 
\ell 
WW\| L\infty + C

\lesssim \| \partial \ell W\nabla 2W\| B\gamma  - 1
\infty ,\infty 

+ \| [\nabla 2, \partial \ell W ]W\| B\gamma  - 1
\infty ,\infty 

+ \| W\| L\infty \| \partial \ell  - 1
W W\| L\infty + C

\lesssim \| \partial \ell W\nabla 2W\| B\gamma  - 1
\infty ,\infty 

+ C(4.35)

and

\| \nabla u\| L1
t (\scrB 

\gamma ,\ell +1
\infty ,W ) \leq \| \partial \ell +1

W \nabla u\| L1
t (B

\gamma 
\infty ,\infty ) + \| \nabla u\| L1

t (\scrB 
\gamma ,\ell 
\infty ,W )

\lesssim \| \nabla \partial \ell +1
W \nabla u\| L1

t (B
\gamma  - 1
\infty ,\infty ) + \| \Delta  - 1\partial 

\ell +1
W \nabla u\| L1

t (L
\infty ) + C

\lesssim \| \partial \ell +1
W \nabla 2u\| L1

t (B
\gamma  - 1
\infty ,\infty ) + \| [\nabla , \partial \ell +1

W ]\nabla u\| L1
t (B

\gamma  - 1
\infty ,\infty )

+ \| W\| L\infty 
t (L\infty )\| \partial \ell W\nabla u\| L1

t (L
\infty ) + C

\lesssim \| \partial \ell +1
W \nabla 2u\| L1

t (B
\gamma  - 1
\infty ,\infty ) +

\int t

0

\| W (\tau )\| \scrB 1,\ell 
W
\| \nabla u(\tau )\| \scrB \gamma ,\ell 

\infty ,W
d\tau + C,(4.36)

we collect estimates (4.33)--(4.36) to yield that for every 0 < \gamma \prime < min\{ \gamma , 1 - 2
p\} ,

\| W (t)\| \scrB \gamma +1,\ell 
\infty ,W

+ \| \nabla u\| L1
t (\scrB 

\gamma ,\ell +1
\infty ,W ) + \| \Gamma (t)\| \scrB \gamma \prime  - 1,\ell +1

W

+ \| \Gamma \| 
L1

t (\scrB 
\gamma \prime +1,\ell +1
W )

\leq C

\int t

0

\bigl( 
\| \Gamma \| \scrB \gamma \prime +1,\ell 

W

+ \| \nabla u\| \scrB \gamma ,\ell 
\infty ,W

+ 1
\bigr) \bigl( 
\| W\| \scrB \gamma +1,\ell 

\infty ,W
+ \| \Gamma \| \scrB \gamma \prime  - 1,\ell +1

W

\bigr) 
d\tau + C,(4.37)

where C > 0 depends on H\ell (T ). Gronwall's inequality and assumption (4.10) guar-
antee that

\| W\| L\infty 
T (\scrB \gamma +1,\ell 

\infty ,W ) + \| \nabla u\| L\infty 
T (\scrB \gamma ,\ell +1

\infty ,W ) + \| \Gamma \| 
L\infty 

T (\scrB \gamma \prime  - 1,\ell +1
W )

+ \| \Gamma \| 
L1

T (\scrB \gamma \prime +1,\ell +1
W )

\leq C exp
\Bigl\{ 
C\| \nabla u\| L1

T (\scrB \gamma ,\ell 
\infty ,W ) + C\| \Gamma \| 

L1
T (\scrB \gamma \prime +1,\ell 

W )
+ CT

\Bigr\} 
\lesssim H\ell (T ) 1,(4.38)

which corresponds to (4.11), as desired. Hence, the target estimate (4.9) is fulfilled
and the proof is completed.

5. Striated estimates: Proof of Lemmas 2.4 and 2.5.

5.1. Proof of Lemma 2.4. Similar to [13, section 2.2] or [47, Lemma 7.1],
denote by Rq as

Rq(\alpha 1, . . . , \alpha m) :=

\int 
[0,1]m

\int 
\BbbR d

m\prod 
i=1

\alpha i(x+ fi(\tau )2
 - qy)h(\tau , y)dyd\tau ,(5.1)

where q \in \BbbN , h \in C([0, 1]m;\scrS (\BbbR d)), fi \in L\infty ([0, 1]m), fi(\tau ) \not = 0 for every \tau \in (0, 1)m.
Note that when fi \equiv 0 and

\int 
\BbbR d h(\tau , y)dy = 1, one has Rq(\alpha 1, . . . , \alpha m) =

\prod m
i=1 \alpha i(x).

We first have the following crucial result, and its detailed proof is postponed to sub-
section A.1.
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Lemma 5.1. Let k \in \BbbZ +, \sigma \in (0, 1), N \in \BbbZ +, and \scrW = \{ Wi\} 1\leq i\leq N be a set of
regular divergence-free vector fields of \BbbR d satisfying that

\| \scrW \| \widetilde \scrB 1+\sigma ,k - 1
\infty ,\scrW 

:=

k - 1\sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \scrW \| B1+\sigma 
\infty ,\infty 

=

k - 1\sum 
\lambda =0

\sum 
\lambda 1+\cdot \cdot \cdot \lambda N=\lambda 

\| (TW1\cdot \nabla )\lambda 1 \cdot \cdot \cdot (TWN \cdot \nabla )\lambda N\scrW \| B1+\sigma 
\infty ,\infty 

<\infty .

(5.2)

Let \alpha i (i = 1, . . . ,m) be such that supp \widehat \alpha i \subset B(0, Ci2
q), and let \psi be a smooth function

with compact support in a ball. Then we have that for every s \in \BbbR , (p, r) \in [1,\infty ]2

and \ell \in \{ 0, 1, . . . , k\} ,\bigm\| \bigm\| (T\scrW \cdot \nabla )\ell Rq(\alpha 1, . . . , \alpha m)
\bigm\| \bigm\| 
Lp

\lesssim min
1\leq i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j\leq m,j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
,(5.3)

with \mu = (\mu 1, . . . , \mu m) and | \mu | = \mu 1 + \cdot \cdot \cdot + \mu m, and

(5.4) \| (T\scrW \cdot \nabla )\ell \psi (2 - qD)\phi \| Lp \lesssim 
\ell \sum 

\lambda =0

\| (T\scrW \cdot \nabla )\lambda \phi \| Lp ,

and \bigm\| \bigm\| \bigl\{ 2qs\| (T\scrW \cdot \nabla )\ell \Delta q\phi \| Lp

\bigr\} 
q\geq  - 1

\bigm\| \bigm\| 
\ell r

+
\bigm\| \bigm\| \bigl\{ 2q(s - 1)\| (T\scrW \cdot \nabla )\ell \nabla \Delta q\phi \| Lp

\bigr\} 
q\geq  - 1

\bigm\| \bigm\| 
\ell r

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

,
(5.5)

and

(5.6) \| \nabla \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s+1,\ell 
p,r,\scrW 

.

In the above all the hidden constants depend on \| \scrW \| \widetilde \scrB 1+\sigma ,k - 1
\infty ,\scrW 

.

Based on Lemma 5.1, we get the following useful striated estimates, whose proof
is given in subsection A.2.

Lemma 5.2. Let \scrW = \{ Wi\} 1\leq i\leq N (N \in \BbbZ +) be a set of regular divergence-free
vector fields of \BbbR d satisfying (5.2) with k \in \BbbZ +, \sigma \in (0, 1). Let m(D) be a zero-
order pseudodifferential operator with m(\xi ) \in C\infty (\BbbR d \setminus \{ 0\} ). Then there exist positive
constants depending on \| \scrW \| \widetilde \scrB 1+\sigma ,k - 1

\infty ,\scrW 
such that the following statements hold true for

every \ell \in \{ 0, 1, . . . , k\} .
(1) We have that for every q \geq  - 1,

\| \Delta q(T\scrW \cdot \nabla )\ell \nabla m(D)\phi \| Lp \lesssim 
\ell \sum 

\lambda =0

2q\| (T\scrW \cdot \nabla )\lambda \phi \| Lp ,(5.7)

and for every q \in \BbbN ,

2q\| (T\scrW \cdot \nabla )\ell \Delta q\phi \| Lp \lesssim 
\sum 

q1\in \BbbN ,| q1 - q| \leq N\ell 

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \Delta q1\nabla \phi \| Lp ,(5.8)

with N\ell \in \BbbN depending only on \ell .

D
ow

nl
oa

de
d 

07
/1

3/
22

 to
 2

19
.1

42
.9

9.
20

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

TEMPERATURE FRONTS FOR 2D BOUSSINESQ SYSTEM 4073

(2) We have that for every s < 0,

(5.9) \| Tvw\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim min

\biggl\{ \ell \sum 
\mu =0

\| v\| \widetilde \scrB 0,\mu 
\scrW 

\| w\| \widetilde \scrB s,\ell  - \mu 
p,r,\scrW 

,

\ell \sum 
\mu =0

\| v\| \widetilde \scrB s,\mu 
p,r,\scrW 

\| w\| \widetilde \scrB 0,\ell  - \mu 
\scrW 

\biggr\} 

and

(5.10) \| Tvw\| \widetilde \scrB 0,\ell 
p,r,\scrW 

\lesssim 
\ell \sum 

\mu =0

\| v\| \widetilde \scrB 0,\mu 
\scrW 

\| w\| \widetilde \scrB 0,\ell  - \mu 
p,r,\scrW 

,

and for every s < 1,

(5.11) \| T\nabla wv\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim 
\ell \sum 

\mu =0

\| w\| \widetilde \scrB s,\mu 
\infty ,\scrW 

\| v\| \widetilde \scrB 1,\ell  - \mu 
p,r,\scrW 

,

and for every s \in \BbbR ,

(5.12) \| T\nabla wv\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim 
\ell \sum 

\mu =0

\| \nabla w\| \widetilde \scrB 0,\mu 
\scrW 

\| v\| \widetilde \scrB s,\ell  - \mu 
p,r,\scrW 

.

(3) Assume that v is a divergence-free vector field of \BbbR d; then we have that for every
s >  - 1,

\| R(v\cdot ,\nabla w)\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim min

\biggl\{ \ell \sum 
\mu =0

\| v\| \widetilde \scrB 0,\mu 
\scrW 

\| \nabla w\| \widetilde \scrB s,\ell  - \mu 
p,r,\scrW 

,

\ell \sum 
\mu =0

\| v\| \widetilde \scrB s,\mu 
p,r,\scrW 

\| \nabla w\| \widetilde \scrB 0,\ell  - \mu 
\scrW 

,

\ell \sum 
\mu =0

\| v\| \widetilde \scrB 1,\mu 
\scrW 

\| w\| \widetilde \scrB s,\ell  - \mu 
p,r,\scrW 

\biggr\} 
.

(5.13)

(4) We have that for every s \in ( - 1, 1),

(5.14) \| \phi \| \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell 
p,r,\scrW 

and

(5.15) \| \phi \| \scrB 1,\ell 
\scrW 

\lesssim \| \phi \| \widetilde \scrB 1,\ell 
\scrW 

\lesssim \| \phi \| \scrB 1,\ell 
\scrW 
,

and for every s >  - 1,

\| \scrW \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \scrW \| \scrB s,\ell 
p,r,\scrW 

,(5.16)

and for every s \geq 1,

\| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell 
p,r,\scrW 

+ \| \phi \| \scrB 1,\ell 
\scrW 
\| \scrW \| \scrB s,\ell 

p,r,\scrW 
.(5.17)

Now we turn to the proof of Lemma 2.4.
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Proof of Lemma 2.4. (1) By using Bony's decomposition and (5.14), (5.9), (5.13),
we get

\| u \cdot \nabla \phi \| \scrB  - \epsilon ,k
p,r,\scrW 

\lesssim \| u \cdot \nabla \phi \| \widetilde \scrB  - \epsilon ,k
p,r,\scrW 

\lesssim \| Tu\cdot \nabla \phi \| \widetilde \scrB  - \epsilon ,k
p,r,\scrW 

+ \| T\nabla \phi \cdot u\| \widetilde \scrB  - \epsilon ,k
p,r,\scrW 

+ \| R(u\cdot ,\nabla \phi )\| \widetilde \scrB  - \epsilon ,k
p,r,\scrW 

\lesssim min
\Bigl\{ k\sum 

\mu =0

\| u\| \widetilde \scrB 0,\mu 
\scrW 

\| \nabla \phi \| \widetilde \scrB  - \epsilon ,k - \mu 
p,r,\scrW 

,

k\sum 
\mu =0

\| u\| \widetilde \scrB  - \epsilon ,\mu 
p,r,\scrW 

\| \nabla \phi \| \widetilde \scrB 0,k - \mu 
\scrW 

\Bigr\} 

\lesssim min
\Bigl\{ k\sum 

\mu =0

\| u\| \scrB 0,\mu 
\scrW 

\| \nabla \phi \| \scrB  - \epsilon ,k - \mu 
p,r,\scrW 

,

k\sum 
\mu =0

\| u\| \scrB  - \epsilon ,\mu 
p,r,\scrW 

\| \nabla \phi \| \scrB 0,k - \mu 
\scrW 

\Bigr\} 
.

(2) We are devoted to proving (2.14) by induction on the index k. For k = 0,
(2.14) is explicitly estimated by (2.18) where C > 0 is a universal constant (the norm
\| \scrW \| \scrB 1+\sigma ,k - 1

\infty ,\scrW 
plays no role).

Assume that (2.14) holds for \ell \in \{ 0, 1, . . . , k  - 1\} (when k = 0 for \ell = 0) with \ell 
in place of the k-index; we intend to show that it also holds for \ell +1. By using (2.11)
and (5.14), we see that

\| m(D)\phi \| \scrB  - \epsilon ,\ell +2
p,r,\scrW 

= \| \partial \scrW (m(D)\phi )\| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| m(D)\phi \| B - \epsilon 
p,r

\lesssim \| \scrW \cdot \nabla (m(D)\phi )\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| \phi \| B - \epsilon 
p,r

+ \| \Delta  - 1m(D)\phi \| Lp .(5.18)

Noting that there exists a bump function \widetilde \psi \in C\infty 
c (\BbbR d) supported on an annulus so

that Sj - 1\scrW \cdot \Delta jf = \widetilde \psi (2 - jD)(Sj - 1\scrW \cdot \Delta jf) for every j \in \BbbN , we have

(T\scrW \cdot \nabla )m(D)f =
\sum 
j\in \BbbN 

Sj - 1\scrW \cdot \nabla \Delta jm(D)f

=  - 
\sum 
j\in \BbbN 

[m(D) \widetilde \psi (2 - jD), Sj - 1\scrW \cdot ]\nabla \Delta jf +m(D)(T\scrW \cdot \nabla )f,(5.19)

then Bony's decomposition yields that

\scrW \cdot \nabla (m(D)\phi ) = T\nabla m(D)\phi \cdot \scrW +R(\scrW \cdot ,\nabla m(D)\phi ) + (T\scrW \cdot \nabla )(m(D)\phi )

= T\nabla m(D)\phi \cdot \scrW +R(\scrW \cdot ,\nabla m(D)\phi ) - 
\sum 
j\in \BbbN 

[m(D) \widetilde \psi (2 - jD), Sj - 1\scrW \cdot ]\nabla \Delta j\phi 

+m(D)(T\scrW \cdot \nabla )\phi 

=: \Xi 1 + \Xi 2 + \Xi 3 + \Xi 4.(5.20)

In view of (5.11), (5.13), and the induction assumption, we find

\| \Xi 1\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| \Xi 2\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| m(D)\phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\| \scrW \| \widetilde \scrB 1,\ell +1
\scrW 

\lesssim \| m(D)\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\| \scrW \| \scrB 1,\ell +1
\scrW 

\lesssim 
\Bigl( 
\| \phi \| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
+
\bigl( 
1 + \| \scrW \| \scrB 1,\ell 

\scrW 

\bigr) \bigl( 
\| \phi \| \scrB  - \epsilon ,\ell 

p,r,\scrW 
+ \| \Delta  - 1m(D)\phi \| Lp

\bigr) \Bigr) 
\| \scrW \| \scrB 1,\ell +1

\scrW 

\lesssim 
\bigl( 
\| \phi \| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
+ \| \Delta  - 1m(D)\phi \| Lp

\bigr) 
\| \scrW \| \scrB 1,\ell +1

\scrW 
,(5.21)
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where in the last line we have used the fact that \| \scrW \| \scrB 1,\ell 
\scrW 

\leq \| \scrW \| \scrB 1,k - 1
\scrW 

\lesssim 1. Noticing

that m(D) \widetilde \psi (2 - jD) = 2jd\widetilde h(2j \cdot )\ast with \widetilde h = \scrF  - 1(m \widetilde \psi ) \in \scrS (\BbbR d), we infer that

[m(D) \widetilde \psi (2 - jD), Sj - 1\scrW \cdot ]\nabla \Delta j\phi (x)

=

\int 
\BbbR d

\widetilde h(y)\bigl( Sj - 1\scrW (x+ 2 - jy) - Sj - 1\scrW (x)
\bigr) 
\cdot \nabla \Delta j\phi (x+ 2 - jy)dy

= 2 - j

\int 1

0

\int 
\BbbR d

\widetilde h(y)y \cdot \nabla Sj - 1\scrW (x+ \tau 2 - jy) \cdot \nabla \Delta j\phi (x+ 2 - jy)dyd\tau ,(5.22)

and by applying Lemmas 5.1 and 5.2 we obtain that for every \lambda \in \{ 0, 1, . . . , \ell + 1\} ,

2 - q\epsilon \| \Delta q(T\scrW \cdot \nabla )\lambda \Xi 3\| Lp

\lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,j\sim q

\| \Delta q(T\scrW \cdot \nabla )\lambda 
\bigl( 
[m(D) \widetilde \psi (2 - jD), Sj - 1\scrW \cdot ]\nabla \Delta j\phi 

\bigr) 
\| Lp

\lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,j\sim q

\sum 
\lambda 1+\lambda 2\leq \lambda 

2 - j\| (T\scrW \cdot \nabla )\lambda 1\nabla Sj - 1\scrW \| L\infty \| (T\scrW \cdot \nabla )\lambda 2\nabla \Delta j\phi \| Lp

\lesssim 
\sum 

j\in \BbbN ,j\sim q

\sum 
\lambda 1+\lambda 2\leq \lambda 

\Bigl( \sum 
j\prime \leq j - 1

\| (T\scrW \cdot \nabla )\lambda 1\nabla \Delta j\prime \scrW \| L\infty 

\Bigr) 
2 - j - j\epsilon \cdot 

\cdot \| (T\scrW \cdot \nabla )\lambda 2\Delta j\nabla \phi \| Lp

\lesssim cq

\ell +1\sum 
\lambda 1=0

\| \nabla \scrW \| \widetilde \scrB 0,\lambda 1
\scrW 

\Bigl( \ell +1 - \lambda 1\sum 
\mu 2=0

\| (T\scrW \cdot \nabla )\mu 2\nabla \phi \| B - 1 - \epsilon 
p,r

\Bigr) 

\lesssim cq

\ell +1\sum 
\lambda 1=0

\| \nabla \scrW \| \widetilde \scrB 0,\lambda 1
\scrW 

\| \nabla \phi \| \widetilde \scrB  - 1 - \epsilon ,\ell +1 - \lambda 1
p,r,\scrW 

\lesssim cq

\ell +1\sum 
\lambda 1=0

\| \scrW \| \widetilde \scrB 1,\lambda 1
\scrW 

\| \phi \| \widetilde \scrB  - \epsilon ,\ell +1 - \lambda 1
p,r,\scrW 

\lesssim cq\| \scrW \| \scrB 1,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

(5.23)

with \{ cq\} q\geq  - 1 satisfying \| cq\| \ell r = 1. It immediately leads to

\| \Xi 3\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \scrW \| \scrB 1,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.24)

For the remaining term \Xi 4, Lemma 5.2 together with the induction assumption ensures
that

\| \Xi 4\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| m(D)(T\scrW \cdot \nabla )\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| (T\scrW \cdot \nabla )\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ (1 + \| \scrW \| \scrB 1,\ell 
\scrW 
)
\bigl( 
\| (T\scrW \cdot \nabla )\phi \| \scrB  - \epsilon ,\ell 

p,r,\scrW 
+ \| \Delta  - 1m(D)\phi \| Lp

\bigr) 
\lesssim \| \partial \scrW \phi \| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
+ \| T\nabla \phi \cdot \scrW \| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
+ \| R(\scrW \cdot ,\nabla \phi )\| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
+ \| \Delta  - 1m(D)\phi \| Lp

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +2
p,r,\scrW 

+ \| T\nabla \phi \cdot \scrW \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| R(\scrW \cdot ,\nabla \phi )\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| \Delta  - 1m(D)\phi \| Lp

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +2
p,r,\scrW 

+ \| \phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\| \scrW \| \widetilde \scrB 1,\ell +1
\scrW 

+ \| \Delta  - 1m(D)\phi \| Lp

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +2
p,r,\scrW 

+ \| \scrW \| \scrB 1,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| \Delta  - 1m(D)\phi \| Lp .

(5.25)
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Inserting estimates (5.20)--(5.25) into (5.18) yields (2.14) in the (\ell +1)-case, and thus
the induction method guarantees the desired inequality (2.14).

(3) We prove (2.15) also by induction on the index k. Note that for k = 0, (2.15)
follows from (2.19) with C > 0 a universal constant (the norm \| \scrW \| \scrB 1+\sigma ,k - 1

\infty ,\scrW 
plays no

role).
Now suppose that (2.15) is satisfied for every \ell \in \{ 0, 1, . . . , k  - 1\} (when k = 0,

for \ell = 0) with \ell in place of k-index; we intend to show that it also holds for \ell + 1.
Using the decomposition (5.54) and (5.59) below, we have

[m(D), u \cdot \nabla ]\phi =
\sum 
j\in \BbbN 

[m(D), Sj - 1u \cdot \nabla ]\Delta j\phi +
\sum 
j\in \BbbN 

[m(D),\Delta ju \cdot \nabla ]Sj - 1\phi 

+
\sum 
j\geq 3

m(D) div(\Delta ju \widetilde \Delta j\phi ) - 
\sum 
j\geq 3

div(\Delta jum(D)\widetilde \Delta j\phi )

+
\sum 

 - 1\leq j\leq 2

[m(D),\Delta ju \cdot \nabla ]\widetilde \Delta j\phi 

=: \scrI + \scrI \scrI + \scrI \scrI \scrI 1 + \scrI \scrI \scrI 2 + \scrI \scrI \scrI 3.(5.26)

It follows from (5.14) that

\| [m(D), u \cdot \nabla ]\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| (\scrI , \scrI \scrI , \scrI \scrI \scrI 1, \scrI \scrI \scrI 2, \scrI \scrI \scrI 3)\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.27)

The estimation of \scrI is quite similar to that of \Xi 3 in (5.23)--(5.24) (where u plays a
role as \scrW ), and one gets

\| \scrI \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim 
\ell +1\sum 
\lambda 1=0

\| \nabla u\| \widetilde \scrB 0,\lambda 1
\scrW 

\| \phi \| \widetilde \scrB  - \epsilon ,\ell +1 - \lambda 1
p,r,\scrW 

\lesssim \| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.28)

Noting that [m(D),\Delta ju \cdot \nabla ]Sj - 1\phi has the expression formula (5.56) below, and by
arguing as in (5.23), we find that for every \lambda \in \{ 0, 1, . . . , \ell + 1\} ,

2 - q\epsilon \| \Delta q(T\scrW \cdot \nabla )\lambda \scrI \scrI \| Lp

\lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,j\sim q

\| \Delta q(T\scrW \cdot \nabla )\lambda ([m(D) \widetilde \psi (2 - jD),\Delta ju \cdot \nabla ]Sj - 1\phi )\| Lp

\lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,j\sim q

\sum 
\lambda 1+\lambda 2\leq \lambda 

2 - j\| (T\scrW \cdot \nabla )\lambda 1\nabla \Delta ju\| L\infty \| (T\scrW \cdot \nabla )\lambda 2\nabla Sj - 1\phi \| Lp

\lesssim 
\sum 

j\in \BbbN ,j\sim q

\sum 
\lambda 1+\lambda 2\leq \lambda 

2 - j(1+\epsilon )\| (T\scrW \cdot \nabla )\lambda 1\Delta j\nabla u\| L\infty 

\Bigl( \sum 
j\prime \leq j - 1

\| (T\scrW \cdot \nabla )\lambda 2\nabla \Delta j\prime \phi \| Lp

\Bigr) 

\lesssim cq
\sum 

\lambda 1+\lambda 2\leq \lambda 

\Bigl( \lambda 1\sum 
\mu 1=0

\| (T\scrW \cdot \nabla )\mu 1\nabla u\| B0
\infty ,1

\Bigr) 
\cdot 

\cdot 
\bigm\| \bigm\| \bigm\| \sum 

j\prime \leq j - 1

2(j
\prime  - j)(1+\epsilon )2 - j\prime (1+\epsilon )\| (T\scrW \cdot \nabla )\lambda 2\nabla \Delta j\prime \phi \| Lp

\bigm\| \bigm\| \bigm\| 
\ell r

\lesssim cq\| \nabla u\| \widetilde \scrB 0,\ell +1
\scrW 

\lambda \sum 
\lambda 2=0

\| \nabla \phi \| \widetilde \scrB  - 1 - \epsilon ,\lambda 2
p,r,\scrW 

\lesssim cq\| \nabla u\| \widetilde \scrB 0,\ell +1
\scrW 

\| \phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim cq\| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 
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with \{ cq\} q\geq  - 1 satisfying \| cq\| \ell r = 1. Then it directly leads to

\| \scrI \scrI \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.29)

For \scrI \scrI \scrI 1, by applying Lemmas 5.1 and 5.2, we deduce that for every \lambda \in \{ 0, 1, . . . , \ell +
1\} ,

2 - q\epsilon \| \Delta q(T\scrW \cdot \nabla )\lambda \scrI \scrI \scrI 1\| Lp

\lesssim 2 - q\epsilon 
\sum 

j\geq max\{ 3,q - N\lambda \} 

\| \Delta q(T\scrW \cdot \nabla )\lambda \nabla m(D)(\Delta ju \widetilde \Delta j\phi )\| Lp

\lesssim 2q(1 - \epsilon )
\lambda \sum 

\lambda 1=0

\Bigl( \sum 
j\geq max\{ 3,q - N\lambda \} 

\| (T\scrW \cdot \nabla )\lambda 1(\Delta ju \widetilde \Delta j\phi )\| Lp

\Bigr) 

\lesssim 2q(1 - \epsilon )
\lambda \sum 

\lambda 1=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

\sum 
\lambda 2+\lambda 3\leq \lambda 1

\| (T\scrW \cdot \nabla )\lambda 2\Delta ju\| L\infty \| (T\scrW \cdot \nabla )\lambda 3 \widetilde \Delta j\phi \| Lp

\lesssim 
\sum 

\lambda 2+\lambda 3\leq \ell +1

\sum 
j\geq max\{ 3,q - N\lambda \} 

2(q - j)(1 - \epsilon )2j\| (T\scrW \cdot \nabla )\lambda 2\Delta ju\| L\infty 2 - j\epsilon \| (T\scrW \cdot \nabla )\lambda 3 \widetilde \Delta j\phi \| Lp

\lesssim 
\ell +1\sum 
\lambda 2=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

2(q - j)(1 - \epsilon )
\Bigl( \sum 

j1\sim j

\lambda 2\sum 
\mu 2=0

\| (T\scrW \cdot \nabla )\mu 2\Delta j1\nabla u\| L\infty 

\Bigr) 
\| \phi \| \widetilde \scrB  - \epsilon ,\ell +1

p,\infty ,\scrW 

\lesssim cq\| \nabla u\| \widetilde \scrB 0,\ell +1
\scrW 

\| \phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim cq\| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

,

which guarantees that

\| \scrI \scrI \scrI 1\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.30)

For \scrI \scrI \scrI 2, noting that \widetilde \Delta jS1 = 0 for every j \geq 3 (with S1 defined by (2.2)), similarly
as above we infer that for each \lambda \in \{ 0, 1, . . . , \ell + 1\} ,

2 - q\epsilon \| \Delta q(T\scrW \cdot \nabla )\lambda \scrI \scrI \scrI 2\| Lp

\lesssim 2 - q\epsilon 
\sum 

j\geq max\{ 3,q - N\lambda \} 

\| \Delta q(T\scrW \cdot \nabla )\lambda div(\Delta ju \widetilde \Delta jm(D)\phi )\| Lp

\lesssim 2q(1 - \epsilon )
\lambda \sum 

\lambda 1=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

\| (T\scrW \cdot \nabla )\lambda 1(\Delta ju \widetilde \Delta jm(D)\phi )\| Lp

\lesssim 2q(1 - \epsilon )
\lambda \sum 

\lambda 1=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

\sum 
\lambda 2+\lambda 3\leq \lambda 

\| (T\scrW \cdot \nabla )\lambda 2\Delta ju\| L\infty \| (T\scrW \cdot \nabla )\lambda 3 \widetilde \Delta jm(D)\phi \| Lp

\lesssim 
\ell +1\sum 

\lambda 2+\lambda 3=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

2(q - j)(1 - \epsilon )2j\| (T\scrW \cdot \nabla )\lambda 2\Delta ju\| L\infty \cdot 

\cdot 2 - j\epsilon \| (T\scrW \cdot \nabla )\lambda 3 \widetilde \Delta jm(D)\phi \| Lp

\lesssim 
\ell +1\sum 
\lambda 2=0

\sum 
j\geq max\{ 3,q - N\lambda \} 

2(q - j)(1 - \epsilon )
\Bigl( \sum 

j1\sim j

\lambda 2\sum 
\mu 2=0

\| (T\scrW \cdot \nabla )\mu 2\Delta j1\nabla u\| L\infty 

\Bigr) 
\cdot 

\cdot \| m(D)(Id - S1)\phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim cq\| \nabla u\| \widetilde \scrB 0,\ell +1
\scrW 

\| m(D)(Id - S1)\phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim cq\| \nabla u\| \scrB 0,\ell +1
\scrW 

\| m(D)(Id - S1)\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

,
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and by using (2.14) and the fact that \Delta  - 1(Id - S1) = 0,

\| m(D)(Id - S1)\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| (Id - S1)\phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| S1\phi \| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+
\sum 

l= - 1,0

N\ell \sum 
q= - 1

\ell +1\sum 
\lambda =0

\| \Delta q(T\scrW \cdot \nabla )\lambda \Delta l\phi \| Lp

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+ \| \scrW \| L\infty 

\sum 
l= - 1,0

N\ell \sum 
q= - 1

\sum 
q1\sim q

\ell +1\sum 
\lambda =1

\| \Delta q1(T\scrW \cdot \nabla )\lambda  - 1\Delta l\phi \| Lp

\lesssim \| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

+
\sum 

l= - 1,0

\| \Delta l\phi \| Lp \lesssim \| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

,(5.31)

thus the above two estimates yield that

\| \scrI \scrI \scrI 2\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim \| \nabla u\| \scrB 0,\ell +1
\scrW 

\| \phi \| \scrB  - \epsilon ,\ell +1
p,r,\scrW 

.(5.32)

Arguing as in (5.31) and using the fact (see, e.g., Proposition 3.1 of [38]) that

\nabla \Delta  - 1m(D) is bounded on Lp for every p \in [1,\infty ],(5.33)

the term \scrI \scrI \scrI 3 can be directly estimated as follows:

\| \scrI \scrI \scrI 3\| \widetilde \scrB  - \epsilon ,\ell +1
p,r,\scrW 

\lesssim 
N\ell \sum 

q= - 1

\ell +1\sum 
\lambda =0

2\sum 
j= - 1

\Bigl( 
\| \Delta q(T\scrW \cdot \nabla )\lambda m(D) div(\Delta ju \widetilde \Delta j\phi )\| Lp

+ \| \Delta q(T\scrW \cdot \nabla )\lambda (\Delta ju \cdot \nabla m(D)\widetilde \Delta j\phi )\| Lp

\Bigr) 
\lesssim 

2\sum 
j= - 1

\Bigl( 
\| m(D) div(\Delta ju \widetilde \Delta j\phi )\| Lp + \| \Delta ju \cdot \nabla m(D)\widetilde \Delta j\phi \| Lp

\Bigr) 
\lesssim \| u\| L\infty 

\Bigl( \sum 
 - 1\leq j\leq 2

\| \widetilde \Delta j\phi \| Lp

\Bigr) 
\lesssim \| u\| L\infty \| \phi \| \scrB  - \epsilon ,\ell +1

p,r,\scrW 
.(5.34)

Hence, gathering the above estimates (5.26)--(5.34) leads to the desired inequality
(2.15).

5.2. Proof of Lemma 2.5. In the k = 1 case of Lemmas 5.1 and 5.2, we can
show the explicit dependence of constant C on \| W\| B1

\infty ,1
as follows, and one can see

subsection A.3 for the proof.

Lemma 5.3. Let \scrW = \{ Wi\} 1\leq i\leq N (N \in \BbbZ +) be a set of regular divergence-free
vector fields of \BbbR d. Let (p, r) \in [1,\infty ]2. The following statements are satisfied.
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(1) Let \alpha i (i = 1, . . . ,m) be a function satisfying that supp \widehat \alpha i \subset B(0, Ci2
q), q \in \BbbN .

Then we have\bigm\| \bigm\| (T\scrW \cdot \nabla )Rq(\alpha 1, . . . , \alpha m)
\bigm\| \bigm\| 
Lp

\leq C

m\sum 
i=1

min

\biggl\{ 
\| (T\scrW \cdot \nabla )\alpha i\| Lp

\prod 
j \not =i

\| \alpha j\| L\infty ,

\| (T\scrW \cdot \nabla )\alpha i\| L\infty min
1\leq j\leq m,j \not =i

\Bigl( 
\| \alpha j\| Lp

\prod 
l \not =i,j

\| \alpha l\| L\infty 

\Bigr) \biggr\} 
+ C\| \scrW \| B1

\infty ,1
min

1\leq i\leq m

\Bigl( 
\| \alpha i\| Lp

\prod 
j \not =i

\| \alpha j\| L\infty 

\Bigr) 
.(5.35)

(2) We have that for every s \in \BbbR ,\bigm\| \bigm\| \{ 2qs\| (T\scrW \cdot \nabla )\Delta q\phi \| Lp\} q\geq  - 1

\bigm\| \bigm\| 
\ell r

+
\bigm\| \bigm\| \{ 2q(s - 1)\| (T\scrW \cdot \nabla )\nabla \Delta q\phi \| Lp\} q\geq  - 1

\bigm\| \bigm\| 
\ell r

\leq C\| (T\scrW \cdot \nabla )\phi \| Bs
p,r

+ C\| \scrW \| W 1,\infty \| \phi \| Bs
p,r
,

(5.36)

and for every s < 0,

\bigm\| \bigm\| \{ 2qs\| (T\scrW \cdot \nabla )Sq - 1\phi \| Lp\} q\in \BbbN 
\bigm\| \bigm\| 
\ell r

\leq C
\bigl( 
\| (T\scrW \cdot \nabla )\phi \| Bs

p,r
+ \| \scrW \| W 1,\infty \| \phi \| Bs

p,r

\bigr) 
,

(5.37)

and for every q \geq  - 1,

\| \Delta q(T\scrW \cdot \nabla )\nabla \phi \| Lp

\leq C2q\| \Delta q(T\scrW \cdot \nabla )\phi \| Lp + C2q\| \scrW \| W 1,\infty 

\Bigl( \sum 
q1\in \BbbN ,| q1 - q| \leq 5

\| \Delta q1\phi \| Lp

\Bigr) 
,(5.38)

and for every q \in \BbbN ,

2q\| (T\scrW \cdot \nabla )\Delta q\phi \| Lp

\leq C
\sum 

q1\in \BbbN ,| q1 - q| \leq 5

\Bigl( 
\| (T\scrW \cdot \nabla )\Delta q1\nabla \phi \| Lp + \| \scrW \| W 1,\infty \| \Delta q1\nabla \phi \| Lp

\Bigr) 
.(5.39)

(3) We have that for every s < 0,

(5.40) \| (T\scrW \cdot \nabla )T\nabla \phi \cdot u\| Bs
p,r

+ \| (T\scrW \cdot \nabla )Tu\cdot \nabla \phi \| Bs
p,r

\leq C
\bigl( 
B1(s) +B2(s) +B3(s)

\bigr) 
with

B1(s) :=min
\bigl\{ 
\| u\| B0

\infty ,1
\| (T\scrW \cdot \nabla )\nabla \phi \| Bs

p,r
, \| u\| Bs

p,r
\| (T\scrW \cdot \nabla )\nabla \phi \| B0

\infty ,1

\bigr\} 
,(5.41)

B2(s) :=min
\bigl\{ 
\| (T\scrW \cdot \nabla )u\| B0

\infty ,1
\| \nabla \phi \| Bs

p,r
, \| (T\scrW \cdot \nabla )u\| Bs

p,r
\| \nabla \phi \| B0

\infty ,1

\bigr\} 
,(5.42)

B3(s) :=\| \scrW \| B1
\infty ,1

min
\bigl\{ 
\| u\| B0

\infty ,1
\| \nabla \phi \| Bs

p,r
, \| u\| Bs

p,r
\| \nabla \phi \| B0

\infty ,1

\bigr\} 
.(5.43)

(4) Assume that u is a divergence-free vector field of \BbbR d; then we have that for every
s >  - 1,

\| (T\scrW \cdot \nabla )R(u\cdot ,\nabla \phi )\| Bs
p,r

\leq C
\bigl( 
B1(s) +B2(s) +B3(s)

\bigr) 
.(5.44)
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(5) For every s \in ( - 1, 1), we have

(5.45) \| \partial \scrW \phi  - (T\scrW \cdot \nabla )\phi \| Bs
p,r

\leq C\| \scrW \| W 1,\infty \| \phi \| Bs
p,r
.

Now relying on Lemma 5.3, we present the proof of Lemma 2.5.

Proof of Lemma 2.5. (1) Bony's decomposition gives u \cdot \nabla \phi = Tu\cdot \nabla \phi + T\nabla \phi \cdot u+
R(u\cdot ,\nabla \phi ). For the paraproduct terms, by using the spectrum support property and
the inequality that for every \epsilon > 0, \| \{ 2 - j\epsilon \| Sj - 1f\| Lp\} j\geq  - 1\| \ell r \leq C\| f\| B - \epsilon 

p,r
, we have

2 - q\epsilon \| \Delta q(Tu \cdot \nabla \phi )\| Lp \leq 2 - q\epsilon 
\sum 

j\in \BbbN ,| j - q| \leq 4

\| \Delta q(Sj - 1u \cdot \nabla \Delta j\phi )\| Lp

\lesssim 
\sum 

j\in \BbbN ,| j - q| \leq 4

2 - j\epsilon min
\bigl\{ 
\| Sj - 1u\| Lp\| \nabla \Delta j\phi \| L\infty , \| Sj - 1u\| L\infty \| \nabla \Delta j\phi \| Lp

\bigr\} 
\lesssim cq min

\Bigl\{ 
\| u\| B - \epsilon 

p,r
\| \nabla \phi \| L\infty , \| u\| L\infty \| \nabla \phi \| B - \epsilon 

p,r

\Bigr\} 
(5.46)

and

2 - q\epsilon \| \Delta q(T\nabla \phi \cdot u)\| L\infty \leq 2 - q\epsilon 
\sum 

j\in \BbbN ,| j - q| \leq 4

\| \Delta q(\Delta ju \cdot \nabla Sj - 1\phi )\| L\infty 

\lesssim cq min
\Bigl\{ 
\| u\| B - \epsilon 

p,r
\| \nabla \phi \| L\infty , \| u\| L\infty \| \nabla \phi \| B - \epsilon 

p,r

\Bigr\} 
,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. For the reminder term, thanks to the
divergence-free property of u, we get that for every \epsilon < 1,

2 - q\epsilon \| \Delta qR(u\cdot ,\nabla \phi )\| Lp = 2 - q\epsilon \| \Delta q divR(u, \phi )\| Lp

\lesssim 2q(1 - \epsilon )
\sum 

j\geq 2,j\geq q - 3

\| \Delta q(\Delta ju\widetilde \Delta j\phi )\| Lp + 2 - q\epsilon 
\sum 

j\leq 2,j\geq q - 3

\| \Delta q(\Delta ju \cdot \nabla \widetilde \Delta j\phi )\| Lp

\lesssim 
\sum 

j\geq q - 3,j\geq 2

2(q - j)(1 - \epsilon )2 - j\epsilon min
\bigl\{ 
\| \Delta ju\| Lp\| \nabla \widetilde \Delta j\phi \| L\infty , \| \Delta ju\| L\infty \| \nabla \widetilde \Delta j\phi \| Lp

\bigr\} 
+

\sum 
j\geq q - 3,j\leq 2

2 - j\epsilon min
\bigl\{ 
\| \Delta ju\| Lp\| \nabla \widetilde \Delta j\phi \| L\infty , \| \Delta ju\| L\infty \| \nabla \widetilde \Delta j\phi \| Lp

\bigr\} 
\lesssim cq min

\Bigl\{ 
\| u\| B - \epsilon 

p,r
\| \nabla \phi \| L\infty , \| u\| L\infty \| \nabla \phi \| B - \epsilon 

p,r

\Bigr\} 
.(5.47)

Hence gathering the above estimates yields (2.16).
(2) Owing to (5.40), (5.44), and Bony's decomposition, we see that

\| (T\scrW \cdot \nabla )(u \cdot \nabla \phi )\| B - \epsilon 
p,r

\leq \| (T\scrW \cdot \nabla )(Tu\cdot \nabla \phi )\| B - \epsilon 
p,r

+ \| (T\scrW \cdot \nabla )(T\nabla \phi \cdot u)\| B - \epsilon 
p,r

+ \| (T\scrW \cdot \nabla )R(u\cdot ,\nabla \phi )\| B - \epsilon 
p,r

\leq C
\bigl( 
B1( - \epsilon ) +B2( - \epsilon ) +B3( - \epsilon )

\bigr) 
\leq Cmin

\Bigl\{ 
\| u\| B0

\infty ,1

\bigl( 
\| \partial \scrW \nabla \phi \| B - \epsilon 

p,r
+ \| \scrW \| B1

\infty ,1
\| \nabla \phi \| B - \epsilon 

p,r

\bigr) 
,

\| u\| B - \epsilon 
p,r

\bigl( 
\| \partial \scrW \nabla \phi \| B0

\infty ,1
+ \| \scrW \| B1

\infty ,1
\| \nabla \phi \| B0

\infty ,1

\bigr) \Bigr\} 
+ Cmin

\Bigl\{ \bigl( 
\| \partial \scrW u\| B0

\infty ,1
+ \| \scrW \| B1

\infty ,1
\| u\| B0

\infty ,1

\bigr) 
\| \nabla \phi \| B - \epsilon 

p,r
,\bigl( 

\| \partial \scrW u\| B - \epsilon 
p,r

+ \| \scrW \| B1
\infty ,1

\| u\| B - \epsilon 
p,r

\bigr) 
\| \nabla \phi \| B0

\infty ,1

\Bigr\} 
\leq Cmin\{ A1, A2, A3\} ,(5.48)

where B1, B2, B3 are given by (5.41)--(5.43) and A1, A2, A3 are defined after (2.17).
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By using (2.16), (5.48), and (5.45), we directly deduce that

\| \partial \scrW (u \cdot \nabla \phi )\| B - \epsilon 
p,r

\leq \| (T\scrW \cdot \nabla )(u \cdot \nabla \phi )\| B - \epsilon 
p,r

+ \| \partial \scrW (u \cdot \nabla \phi ) - (T\scrW \cdot \nabla )(u \cdot \nabla \phi )\| B - \epsilon 
p,r

\leq Cmin\{ A1, A2, A3\} + CB3( - \epsilon ) \leq Cmin\{ A1, A2, A3\} .

(3) Arguing as the proof of (5.45) and using the fact (5.33), we see that

\| \partial \scrW (m(D)\phi )\| B - \epsilon 
p,r

\leq \| (T\scrW \cdot \nabla )m(D)\phi \| B - \epsilon 
p,r

+ \| T\nabla m(D)\phi \scrW \| B - \epsilon 
p,r

+ \| R(\scrW \cdot ,\nabla m(D)\phi )\| B - \epsilon 
p,r

\leq \| (T\scrW \cdot \nabla )m(D)\phi \| B - \epsilon 
p,r

+ C\| \scrW \| W 1,\infty \| \phi \| B - \epsilon 
p,r
.(5.49)

Note that there exists a bump function \widetilde \psi \in C\infty 
c (\BbbR d) supported on an annulus so

that (5.19) holds; thus we have that for every q \geq  - 1,

2 - q\epsilon \| \Delta q(T\scrW \cdot \nabla )m(D)\phi \| Lp

\lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,| j - q| \leq 4

\| \Delta q

\bigl( 
[m(D) \widetilde \psi (2 - jD), Sj - 1\scrW \cdot \nabla ]\Delta j\phi 

\bigr) 
\| Lp

+ 2 - q\epsilon 
\bigm\| \bigm\| \Delta qm(D)(T\scrW \cdot \nabla )\phi 

\bigm\| \bigm\| 
Lp =: J1,q + J2,q.(5.50)

Thanks to (5.22), we immediately get

J1,q \lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,| j - q| \leq 4

2 - j\| \nabla Sj - 1\scrW \| L\infty \| \nabla \Delta j\phi \| Lp \lesssim cq\| \scrW \| W 1,\infty \| \phi \| B - \epsilon 
p,r

(5.51)

with \{ cq\} q\geq  - 1 satisfying \| cq\| \ell r = 1. For J2,q, by virtue of (5.33) and (5.45) again,
we find

\| J2,q\| \ell r(q\geq  - 1) \lesssim \| m(D)(T\scrW \cdot \nabla )\phi \| B - \epsilon 
p,r

\lesssim 
\sum 

0\leq j\leq 3

\| \Delta  - 1m(D)div
\bigl( 
Sj - 1\scrW \Delta j\phi 

\bigr) 
\| Lp + \| (T\scrW \cdot \nabla )\phi \| B - \epsilon 

p,r

\lesssim \| \scrW \| W 1,\infty \| \phi \| B - \epsilon 
p,r

+ \| \partial \scrW \phi \| B - \epsilon 
p,r
.(5.52)

Combining (5.51) and (5.52) leads to

\| (T\scrW \cdot \nabla )m(D)\phi \| B - \epsilon 
p,r

\lesssim \| \scrW \| W 1,\infty \| \phi \| B - \epsilon 
p,r

+ \| \partial \scrW \phi \| B - \epsilon 
p,r
,(5.53)

which together with (5.49) guarantees the desired estimate (2.18).
(4) Bony's decomposition gives that

[m(D), u \cdot \nabla ]\phi =
\sum 
j\in \BbbN 

[m(D), Sj - 1u \cdot \nabla ]\Delta j\phi +
\sum 
j\in \BbbN 

[m(D),\Delta ju \cdot \nabla ]Sj - 1\phi 

+
\sum 
j\geq  - 1

[m(D),\Delta ju \cdot \nabla ]\widetilde \Delta j\phi 

=: \scrI + \scrI \scrI + \scrI \scrI \scrI .(5.54)

Similarly as (5.19), (5.22), there exists \widetilde h \in \scrS (\BbbR d) so that

[m(D), Sj - 1u \cdot \nabla ]\Delta j\phi 

= 2 - j

\int 1

0

\int 
\BbbR d

\widetilde h(y)y \cdot \nabla Sj - 1u(x+ \delta 2 - jy) \cdot \nabla \Delta j\phi (x+ 2 - jy)dyd\delta 
(5.55)
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and

[m(D),\Delta ju \cdot \nabla ]Sj - 1\phi 

= 2 - j

\int 1

0

\int 
\BbbR d

\widetilde h(y)y \cdot \nabla \Delta ju(x+ \delta 2 - jy) \cdot \nabla Sj - 1\phi (x+ 2 - jy)dyd\delta ;
(5.56)

thus we directly get

2 - q\epsilon \| \Delta q\scrI \| Lp \lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,| q - j| \leq 4

\| \Delta q[m(D), Sj - 1u \cdot \nabla ]\Delta j\phi \| Lp

\lesssim cq\| \nabla u\| L\infty \| \phi \| B - \epsilon 
p,r
,(5.57)

and for every \epsilon >  - 1,

2 - q\epsilon \| \Delta q\scrI \scrI \| Lp \lesssim 2 - q\epsilon 
\sum 

j\in \BbbN ,| q - j| \leq 4

\| \Delta q[m(D),\Delta ju \cdot \nabla ]Sj - 1\phi \| Lp

\lesssim \| \nabla u\| L\infty 2 - q\epsilon 
\sum 

j\in \BbbN ,| q - j| \leq 4

2 - j\| \nabla Sj - 1\phi \| Lp

\lesssim \| \nabla u\| L\infty 

\sum 
j\in \BbbN ,| j - q| \leq 4

2 - j(1+\epsilon )
\Bigl( \sum 

j\prime \leq j - 1

2j
\prime 
\| \Delta j\prime \phi \| Lp

\Bigr) 
\lesssim cq\| \nabla u\| L\infty \| \phi \| B - \epsilon 

p,r
,(5.58)

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. We further decompose the term \scrI \scrI \scrI as

\scrI \scrI \scrI =
\sum 
j\geq 2

m(D) div(\Delta ju \widetilde \Delta j\phi ) - 
\sum 
j\geq 2

div(\Delta jum(D)\widetilde \Delta j\phi )

+
\sum 

 - 1\leq j\leq 1

[m(D),\Delta ju \cdot \nabla ]\widetilde \Delta j\phi =: \scrI \scrI \scrI 1 + \scrI \scrI \scrI 2 + \scrI \scrI \scrI 3.(5.59)

For \scrI \scrI \scrI 1 and \scrI \scrI \scrI 2, thanks to (5.33) and the discrete Young's inequality, we infer
that for every \epsilon < 1,

2 - q\epsilon \| \Delta q\scrI \scrI \scrI 1\| Lp \lesssim 2 - q\epsilon 
\sum 

j\geq q - 3,j\geq 2

\| \Delta qm(D) div(\Delta ju \widetilde \Delta j\phi )\| Lp

\lesssim 2q(1 - \epsilon )
\sum 

j\geq q - 3,j\geq 2

2 - j(1 - \epsilon )2j\| \Delta ju\| L\infty 2 - j\epsilon \| \widetilde \Delta j\phi \| Lp \lesssim cq\| \nabla u\| L\infty \| \phi \| B - \epsilon 
p,r

(5.60)

and

2 - q\epsilon \| \Delta q\scrI \scrI \scrI 2\| Lp \lesssim 2q(1 - \epsilon )
\sum 

j\geq q - 3,j\geq 2

\| \Delta ju\| L\infty \| m(D)\widetilde \Delta j\phi \| Lp

\lesssim 
\sum 

j\geq q - 3,j\geq 2

2(q - j)(1 - \epsilon )\| \nabla \Delta ju\| L\infty 2 - j\epsilon \| \widetilde \Delta j\phi \| Lp \lesssim cq\| \nabla u\| L\infty \| \phi \| B - \epsilon 
p,r
.(5.61)

For term \scrI \scrI \scrI 3, we do not use the commutator structure, and by virtue of (5.33) we
find

\| \{ 2 - q\epsilon \| \Delta q\scrI \scrI \scrI 3\| Lp\} q\geq  - 1\| \ell r \lesssim 
\sum 

 - 1\leq q\leq 5

\sum 
 - 1\leq j\leq 1

\Bigl( 
\| \Delta qm(D) div(\Delta ju \widetilde \Delta j\phi )\| Lp

+ \| \Delta q(\Delta ju \cdot \nabla m(D)\widetilde \Delta j\phi )\| Lp

\Bigr) 
\lesssim 

\sum 
 - 1\leq j\leq 1

\| \Delta ju\| L\infty \| \widetilde \Delta j\phi \| Lp \lesssim \| u\| L\infty \| \phi \| B - \epsilon 
p,r
.(5.62)

Gathering the above estimates (5.57)--(5.62) leads to the desired estimate (2.19).
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Appendix A. Proof of Lemmas 5.1--5.3.

A.1. Proof of Lemma 5.1. The proof is via the induction method. It is clear
that (5.3)--(5.6) are satisfied for \ell = 0. Assume that (5.3)--(5.6) hold for all \ell \prime \in 
\{ 0, 1, . . . , \ell \} with \ell \in \{ 0, 1, . . . , k  - 1\} . Next we will prove that (5.3)--(5.6) hold for
\ell + 1 (replacing the \ell -index in (5.3)--(5.6)). Observe that

(T\scrW \cdot \nabla )Rq(\alpha 1, . . . , \alpha m) =
\sum 

 - 1\leq q1\leq q+N0

Sq1 - 1\scrW \cdot \nabla \Delta q1Rq(\alpha 1, . . . , \alpha m)

=
\sum 

 - 1\leq q1\leq q+N0

\bigl( 
Sq1 - 1\scrW  - Sq - 1\scrW 

\bigr) 
\cdot \nabla \Delta q1Rq(\alpha 1, . . . , \alpha m)

+
\sum 

 - 1\leq q1\leq q+N0

\bigl( 
Sq - 1\scrW  - Sq1 - 1\scrW 

\bigr) 
\cdot 

m\sum 
i=1

Rq(\alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

+
\sum 

 - 1\leq q1\leq q+N0

Sq1 - 1\scrW \cdot 
m\sum 
i=1

Rq(\alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

=: R1
q +R2

q +R3
q .(A.1)

Note that

Sq1 - 1\scrW (x) = Sq1 - 1\scrW (x+ 2 - qfi(\tau )y)

 - 
\int 1

0

2 - qfi(\tau )y \cdot \nabla Sq1 - 1\scrW (x+ \delta 2 - qfi(\tau )y)d\delta ,

we can further decompose R3
q as

R3
q =

m\sum 
i=1

Rq(\alpha 1, . . . , (T\scrW \cdot \nabla )\alpha i, . . . , \alpha m)

+
\sum 

 - 1\leq q1\leq q+N0

m\sum 
i=1

R(i)
q (\nabla Sq1 - 1\scrW , \alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

=: R4
q +R5

q(A.2)

with

R(i)
q (\nabla Sq1 - 1\scrW , \alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

:=

\int 1

0

\int 
[0,1]m

\int 
\BbbR d

\nabla Sq1 - 1\scrW (x+ \delta 2 - qfi(\tau )y) \cdot \nabla \Delta q1\alpha i(x+ 2 - qfi(\tau )y)

\times 
\prod 
j \not =i

\alpha j(x+ 2 - qfj(\tau )y) \cdot 2 - qyfi(\tau )h(\tau , y) dyd\tau d\delta .

We first consider (TW \cdot \nabla )\ell R1
q . Denoting \nabla \Delta q1 = iD\varphi (2 - q1D) =: i2q1\varphi 1(2

 - q1D)
for every q1 \in \BbbN , we infer that

\| (T\scrW \cdot \nabla )\ell R1
q\| Lp

\leq 
\sum 

 - 1\leq q1\leq q+N0

\bigm\| \bigm\| \bigm\| (T\scrW \cdot \nabla )\ell 
\Bigl( \bigl( 
Sq1 - 1\scrW  - Sq - 1\scrW 

\bigr) 
\cdot \nabla \Delta q1Rq(\alpha 1, . . . , \alpha m)

\Bigr) \bigm\| \bigm\| \bigm\| 
Lp
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\lesssim 
\sum 

 - 1\leq q1\leq q+N0

\sum 
\ell 1+\ell 2\leq \ell 

\| (T\scrW \cdot \nabla )\ell 1(Sq1 - 1\scrW  - Sq - 1\scrW )\| L\infty 

\cdot \| (T\scrW \cdot \nabla )\ell 2\nabla \Delta q1Rq(\alpha 1, . . . , \alpha m)\| Lp

\lesssim 
\sum 

q1= - 1,\ell 1+\ell 2\leq \ell 

\| (T\scrW \cdot \nabla )\ell 1Sq - 1\scrW \| L\infty \| (T\scrW \cdot \nabla )\ell 2\nabla \Delta  - 1Rq(\alpha 1, . . . , \alpha m)\| Lp

+
\sum 

0\leq q1\leq q - 1

\sum 
\ell 1+\ell 2\leq \ell 

q - 1\sum 
q2=q1

\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\cdot 2q1\| (T\scrW \cdot \nabla )\ell 2\varphi 1(2
 - q1D)Rq(\alpha 1, . . . , \alpha m)\| Lp

+
\sum 

q+1\leq q1\leq q+N0

\sum 
\ell 1+\ell 2\leq \ell 

q1 - 1\sum 
q2=q

\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\cdot 2q1\| (T\scrW \cdot \nabla )\ell 2\varphi 1(2
 - q1D)Rq(\alpha 1, . . . , \alpha m)\| Lp

=: R11
q +R12

q +R13
q .

For R11
q , by using the induction assumptions (5.3)--(5.5), it follows that

\| (TW \cdot \nabla )\ell 1Sq - 1\scrW \| L\infty \leq 
q - 1\sum 

q2= - 1

\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\lesssim 
q - 1\sum 

q2= - 1

2 - q2(1+\sigma )
\bigl( 
2q2(1+\sigma )\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\bigr) 
\lesssim \| \scrW \| \widetilde \scrB 1+\sigma ,\ell 1

\infty ,\scrW 
<\infty 

(A.3)

and

\| (T\scrW \cdot \nabla )\ell 2\nabla \Delta  - 1Rq(\alpha 1, . . . , \alpha m)\| Lp \lesssim 
\ell 2\sum 

\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2Rq(\alpha 1, . . . , \alpha m)\| Lp

\lesssim min
1\leq i\leq m

\Bigl( \ell 2\sum 
\lambda 2=0

\sum 
| \mu | \leq \lambda 2

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
\lesssim min

1\leq i\leq m

\Bigl( \sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
;

thus we get

| R11
q | \lesssim min

1\leq i\leq m

\Bigl( \sum 
\ell 1+\ell 2\leq \ell 

\sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
\lesssim min

1\leq i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
.

For R12
q , observe that for every q1 \in \BbbN ,

2q1
q - 1\sum 

q2=q1

\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\lesssim 2q1
q - 1\sum 

q2=q1

2 - q2(1+\sigma )
\Bigl( 
sup
q2\in \BbbN 

2q2(1+\sigma )\| (T\scrW \cdot \nabla )\ell 1\Delta q2\scrW \| L\infty 

\Bigr) 
\lesssim 2 - q1\sigma \| \scrW \| \widetilde \scrB 1+\sigma ,\ell 1

\infty ,\scrW 
<\infty (A.4)
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and

\| (T\scrW \cdot \nabla )\ell 2\varphi 1(2
 - q1D)Rq(\alpha 1, . . . , \alpha m)\| Lp \lesssim 

\ell 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2Rq(\alpha 1, . . . , \alpha m)\| Lp

\lesssim min
1\leq i\leq m

\Bigl( \ell 2\sum 
\lambda 2=0

\sum 
| \mu | \leq \lambda 2

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
,

thus we find

\| R12
q \| Lp \lesssim min

1\leq i\leq m

\biggl( \sum 
0\leq q1\leq q - 1

\sum 
\ell 1+\ell 2\leq \ell 

\sum 
| \mu | \leq \ell 2

2 - q1\sigma \| \scrW \| \widetilde \scrB 1+\sigma ,\ell 1
\infty ,\scrW 

\cdot \| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\biggr) 
\lesssim min

1\leq i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
.

The estimation of R13
q is almost identical to that of R12

q , and one also gets

\| R13
q \| Lp \lesssim min

1\leq i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty 

\Bigr) 
.

The term R2
q can be estimated in an analogous manner, and we infer that

\| (T\scrW \cdot \nabla )\ell R2
q\| Lp

\lesssim 
\sum 

 - 1\leq q1\leq q+N0

m\sum 
i=1

\bigm\| \bigm\| \bigm\| (T\scrW \cdot \nabla )\ell 
\Bigl( \bigl( 
Sq1 - 1\scrW  - Sq - 1\scrW 

\bigr) 
\cdot Rq(\alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

\Bigr) \bigm\| \bigm\| \bigm\| 
Lp

\lesssim 
m\sum 
i=1

\sum 
 - 1\leq q1\leq q+N0,\ell 1+\ell 2\leq \ell 

\| (T\scrW \cdot \nabla )\ell 1(Sq1 - 1\scrW  - Sq - 1\scrW )\| L\infty 

\cdot \| (T\scrW \cdot \nabla )\ell 2Rq(\alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)\| Lp

\lesssim 
m\sum 
i=1

\sum 
q1= - 1,\ell 1+\ell 2\leq \ell 

\| (T\scrW \cdot \nabla )\ell 1Sq - 1\scrW \| L\infty \| (T\scrW \cdot \nabla )\ell 2Rq(\alpha 1, . . . ,\nabla \Delta  - 1\alpha i, . . . , \alpha m)\| Lp

+

m\sum 
i=1

\sum 
0\leq q1\leq q+N0

\sum 
\ell 1+\ell 2\leq \ell 

\| (T\scrW \cdot \nabla )\ell 1(Sq1 - 1\scrW  - Sq - 1\scrW )\| L\infty 2q1

\cdot \| (T\scrW \cdot \nabla )\ell 2Rq(\alpha 1, . . . , \varphi 1(2
 - q1D)\alpha i, . . . , \alpha m)\| Lp

=: R21
q +R22

q .

For R21
q , noting that

m\sum 
i=1

\| (T\scrW \cdot \nabla )\ell 2Rq(\alpha 1, . . . ,\nabla \Delta  - 1\alpha i, . . . , \alpha m)\| Lp

\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu i\nabla \Delta  - 1\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp\| (T\scrW \cdot \nabla )\mu i\nabla \Delta  - 1\alpha i\| L\infty 

\prod 
l \not =i,j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} D
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\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \mu | \leq \ell 2

\mu i\sum 
\lambda i=0

\| (T\scrW \cdot \nabla )\lambda i\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \mu | \leq \ell 2

\mu i\sum 
\lambda i=0

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp\| (T\scrW \cdot \nabla )\lambda i\alpha i\| L\infty 

\prod 
l \not =i,j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 

\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \~\mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\~\mu i\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\~\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \~\mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\~\mu j\alpha j\| Lp

\prod 
l \not =j

\| (T\scrW \cdot \nabla )\~\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 
\lesssim min

1\leq j\leq m

\Bigl( \sum 
| \~\mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\~\mu j\alpha j\| Lp

\prod 
l \not =j

\| (T\scrW \cdot \nabla )\~\mu l\alpha l\| L\infty 

\Bigr) 
,

where in the above third inequality we have denoted \~\mu = (\~\mu 1, . . . , \~\mu m) \in \BbbN m as
\~\mu j = \mu j for every j \not = i and \~\mu i = \lambda i. Then by using (A.3) and the induction
assumptions, we obtain

R21
q \lesssim min

1\leq j\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
1\leq l \not =j\leq m

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) 
.

For R22
q , similarly as treating R21

q above, we see that for every 0 \leq q1 \leq q +N0,

m\sum 
i=1

\| (T\scrW \cdot \nabla )\ell 2Rq(\alpha 1, . . . , \varphi 1(2
 - q1D)\alpha i, . . . , \alpha m)\| Lp

\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu i\varphi 1(2
 - q1D)\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
j \not =i

\Bigl( \sum 
| \mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\mu i\varphi 1(2
 - q1D)\alpha i\| L\infty \| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
l \not =i,j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 

\lesssim min
1\leq j\leq m

\Bigl( \sum 
| \~\mu | \leq \ell 2

\| (T\scrW \cdot \nabla )\~\mu j\alpha j\| Lp

\prod 
l \not =j

\| (T\scrW \cdot \nabla )\~\mu l\alpha l\| L\infty 

\Bigr) 
,

(A.5)

and thus by using (A.4), we deduce that

R22
q \lesssim min

1\leq j\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
1\leq l \not =j\leq m

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) 
.

Next we consider (T\scrW \cdot \nabla )\ell R4
q , and by applying (5.3), one gets

\| (T\scrW \cdot \nabla )\ell R4
q\| Lp \leq 

m\sum 
i=1

\bigm\| \bigm\| \bigm\| (T\scrW \cdot \nabla )\ell Rq(\alpha 1, . . . , (T\scrW \cdot \nabla )\alpha i, . . . , \alpha m)
\bigm\| \bigm\| \bigm\| 
Lp

\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu i+1\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp\| (T\scrW \cdot \nabla )\mu i+1\alpha i\| L\infty 

\prod 
1\leq l\leq m,l \not =i,j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} D
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\lesssim 
m\sum 
i=1

min

\biggl\{ \sum 
| \mu | \leq \ell +1

\| (T\scrW \cdot \nabla )\mu i\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \mu | \leq \ell +1

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
1\leq l\leq m,l \not =j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 
\lesssim min

1\leq j\leq m

\Bigl( \sum 
| \mu | \leq \ell +1

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
1\leq l \not =j\leq m

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) 
.

For the last term (T\scrW \cdot \nabla )\ell R5
q , notice that for every 0 \leq \mu m+1 \leq \ell ,

\| (T\scrW \cdot \nabla )\mu m+1\nabla Sq1 - 1\scrW \| L\infty \leq 
q1 - 1\sum 
q2= - 1

2 - q2\sigma 
\bigl( 
2q2\sigma \| (T\scrW \cdot \nabla )\mu m+1\Delta q2\nabla \scrW \| L\infty 

\bigr) 
\lesssim \| \nabla \scrW \| \widetilde \scrB \sigma ,\mu m+1

\infty ,\scrW 
\lesssim \| \scrW \| \widetilde \scrB 1+\sigma ,\mu m+1

\infty ,\scrW 
<\infty ;(A.6)

then by applying the induction assumptions and arguing as in (A.5), we have

\| (T\scrW \cdot \nabla )\ell R5
q\| Lp \lesssim 

m\sum 
i=1

q+N0\sum 
q1=0

\bigm\| \bigm\| \bigm\| (T\scrW \cdot \nabla )\ell R(i)
q (\nabla Sq1 - 1\scrW , \alpha 1, . . . ,\nabla \Delta q1\alpha i, . . . , \alpha m)

\bigm\| \bigm\| \bigm\| 
Lp

\lesssim 
m\sum 
i=1

q+N0\sum 
q1=0

min

\biggl\{ \sum 
\mu 1+\cdot \cdot \cdot +\mu m+1\leq \ell 

2 - q\| (T\scrW \cdot \nabla )\mu m+1\nabla Sq1 - 1\scrW \| L\infty \cdot 

\cdot 2q1\| (T\scrW \cdot \nabla )\mu i\varphi 1(2
 - q1D)\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
\mu 1+\cdot \cdot \cdot +\mu m+1\leq \ell 

2 - q\| (T\scrW \cdot \nabla )\mu m+1\nabla Sq1 - 1\scrW \| L\infty 

\cdot 2q1\| (T\scrW \cdot \nabla )\mu i\varphi 1(2
 - q1D)\alpha i\| L\infty \| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
l \not =i,j

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 

\lesssim 
m\sum 
i=1

q+N0\sum 
q1=0

2q1 - q min

\biggl\{ \sum 
| \mu | \leq \ell 

\mu i\sum 
\lambda i=0

\| (T\scrW \cdot \nabla )\lambda i\alpha i\| Lp

\prod 
j \not =i

\| (T\scrW \cdot \nabla )\mu j\alpha j\| L\infty ,

min
1\leq j \not =i\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\mu i\sum 
\lambda i=0

\| (T\scrW \cdot \nabla )\lambda i\alpha i\| L\infty \| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
l \not =j,i

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) \biggr\} 
\lesssim min

1\leq j\leq m

\Bigl( \sum 
| \mu | \leq \ell 

\| (T\scrW \cdot \nabla )\mu j\alpha j\| Lp

\prod 
1\leq l \not =j\leq m

\| (T\scrW \cdot \nabla )\mu l\alpha l\| L\infty 

\Bigr) 
.

Collecting the above estimates concludes estimate (5.3) at the (\ell + 1)-case.
Now we prove (5.4)--(5.6) at the (\ell + 1)-case. We see that

\| (T\scrW \cdot \nabla )\ell +1\psi (2 - qD)\phi \| Lp

\leq \| (T\scrW \cdot \nabla )\ell \psi (2 - qD)(T\scrW \cdot \nabla \phi )\| Lp + \| (T\scrW \cdot \nabla )\ell [\psi (2 - qD), T\scrW \cdot \nabla ]\phi \| Lp .

The induction assumption guarantees that

\| (T\scrW \cdot \nabla )\ell \psi (2 - qD)(T\scrW \cdot \nabla \phi )\| Lp \lesssim 
\ell \sum 

\lambda =0

\| (T\scrW \cdot \nabla )\lambda +1\phi \| Lp \lesssim 
\ell +1\sum 
\lambda =1

\| (T\scrW \cdot \nabla )\lambda \phi \| Lp .(A.7)
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4088 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

Noting that

[\psi (2 - qD), T\scrW \cdot \nabla ]\phi =
\sum 

q1\in \BbbN ,q1\lesssim q

[\psi (2 - qD), Sq1 - 1\scrW \cdot \nabla ]\Delta q1\phi (A.8)

=
\sum 

q1\in \BbbN ,q1\lesssim q

\int 
\BbbR d

\scrF  - 1\psi (y)(Sq1 - 1\scrW (x+ 2 - qy) - Sq1 - 1\scrW (x)) \cdot \nabla \Delta q1\phi (x+ 2 - qy)dy

=
\sum 

q1\in \BbbN ,q1\lesssim q

2 - q

\int 1

0

\int 
\BbbR d

\bigl( 
\scrF  - 1\psi (y)

\bigr) 
y \cdot \nabla Sq1 - 1\scrW (x+ \delta 2 - qy) \cdot \nabla \Delta q1\phi (x+ 2 - qy)dyd\delta ,

where q1 \lesssim q means that q1 \leq q+N0 with some N0 \in \BbbN , we then use (5.3) and (A.6)
to get

\| (T\scrW \cdot \nabla )\ell [\psi (2 - qD), T\scrW \cdot \nabla ]\phi \| Lp

\lesssim 2 - q
\sum 

q1\in \BbbN ,q1\lesssim q

\sum 
\mu 1+\mu 2\leq \ell 

\| (T\scrW \cdot \nabla )\mu 1\nabla Sq1 - 1\scrW \| L\infty \| (TW \cdot \nabla )\mu 2\nabla \Delta q1\phi \| Lp

\lesssim 
\sum 

q1\in \BbbN ,q1\lesssim q

\sum 
\mu 1+\mu 2\leq \ell 

2q1 - q\| \scrW \| \widetilde \scrB 1+\sigma ,\mu 1
\infty ,\scrW 

\| (T\scrW \cdot \nabla )\mu 2\varphi 1(2
 - q1D)\phi \| Lp

\lesssim 
\sum 

0\leq \mu 2\leq \ell 

\mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\phi \| Lp \lesssim 
\ell \sum 

\lambda =0

\| (T\scrW \cdot \nabla )\lambda \phi \| Lp .(A.9)

Combining (A.7) with (A.9) leads to the desired estimate (5.4) in the (\ell + 1)-case.
Concerning (5.5), note that for q =  - 1,

\| (T\scrW \cdot \nabla )\ell +1\Delta  - 1\phi \| Lp + \| (T\scrW \cdot \nabla )\ell +1\nabla \Delta  - 1\phi \| Lp

\lesssim 
\sum 

q1\leq N\ell 

\| Sq1 - 1\scrW \cdot \nabla \Delta q1(T\scrW \cdot \nabla )\ell \Delta  - 1\phi \| Lp

+
\sum 

q1\leq N\ell 

\| Sq1 - 1\scrW \cdot \nabla \Delta q1(T\scrW \cdot \nabla )\ell \nabla \Delta  - 1\phi \| Lp

\lesssim \| \scrW \| L\infty 
\bigl( 
\| (T\scrW \cdot \nabla )\ell \Delta  - 1\phi \| Lp + \| (T\scrW \cdot \nabla )\ell \nabla \Delta  - 1\phi \| Lp

\bigr) 
\lesssim \| \phi \| \widetilde \scrB s,\ell 

p,r,\scrW 
,(A.10)

and for every q \in \BbbN ,

2qs\| (T\scrW \cdot \nabla )\ell +1\Delta q\phi \| Lp + 2q(s - 1)\| (T\scrW \cdot \nabla )\ell +1\nabla \Delta q\phi \| Lp

\leq 2qs\| (T\scrW \cdot \nabla )\ell \Delta q(T\scrW \cdot \nabla \phi )\| Lp + 2q(s - 1)\| (T\scrW \cdot \nabla )\ell \nabla \Delta q(T\scrW \cdot \nabla \phi )\| Lp

+ 2qs\| (T\scrW \cdot \nabla )\ell [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp + 2q(s - 1)\| (T\scrW \cdot \nabla )\ell [\nabla \Delta q, T\scrW \cdot \nabla ]\phi \| Lp .(A.11)

The induction assumption implies that

2qs\| (T\scrW \cdot \nabla )\ell \Delta q(T\scrW \cdot \nabla \phi )\| Lp + 2q(s - 1)\| (T\scrW \cdot \nabla )\ell \nabla \Delta q(T\scrW \cdot \nabla \phi )\| Lp

\lesssim cq\| (T\scrW \cdot \nabla )\phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim cq\| \phi \| \widetilde \scrB s,\ell +1
p,r,\scrW 

,

where \{ cq\} q\in \BbbN is such that \| cq\| \ell r = 1. For every q \in \BbbN , according to the formulas
(analogous to (A.8))

[\Delta q, T\scrW \cdot \nabla ]\phi =
\sum 

q1\in \BbbN ,q1\sim q

[\varphi (2 - qD), Sq1 - 1\scrW ] \cdot \nabla \Delta q1\phi (A.12)

=
\sum 

q1\in \BbbN ,q1\sim q

2 - q

\int 1

0

\int 
\BbbR d

\bigl( 
\scrF  - 1\varphi (y)

\bigr) 
y \cdot \nabla Sq1 - 1\scrW (x+ \delta 2 - qy) \cdot \nabla \Delta q1\phi (x+ 2 - qy)dyd\delta 
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and

[\nabla \Delta q, T\scrW \cdot \nabla ]\phi = 2q[\varphi 1(2
 - qD), T\scrW \cdot \nabla ]\phi (A.13)

=
\sum 

q1\in \BbbN ,q1\sim q

\int 1

0

\int 
\BbbR d

\bigl( 
\scrF  - 1\varphi 1(y)

\bigr) 
y \cdot \nabla Sq1 - 1\scrW (x+ \delta 2 - qy) \cdot \nabla \Delta q1\phi (x+ 2 - qy)dyd\delta ,

we can apply (5.3) and (A.6) to get

2qs\| (T\scrW \cdot \nabla )\ell [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp + 2q(s - 1)\| (T\scrW \cdot \nabla )\ell [\nabla \Delta q, T\scrW \cdot \nabla ]\phi \| Lp

\lesssim 2q(s - 1)
\sum 

q1\in \BbbN ,q1\sim q

\sum 
\mu 1+\mu 2\leq \ell 

\| (T\scrW \cdot \nabla )\mu 1\nabla Sq1 - 1\scrW \| L\infty \| (T\scrW \cdot \nabla )\mu 2\nabla \Delta q1\phi \| Lp

\lesssim 
\sum 

q1\in \BbbN ,q1\sim q

\sum 
\mu 1+\mu 2\leq \ell 

\| \scrW \| \widetilde \scrB 1+\sigma ,\mu 1
\infty ,\scrW 

2q1(s - 1)\| (T\scrW \cdot \nabla )\mu 2\nabla \Delta q1\phi \| Lp

\lesssim cq

\ell \sum 
\mu 2=0

\| \phi \| \widetilde \scrB s,\mu 2
p,r,\scrW 

\lesssim cq\| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

Gathering the above estimates implies (5.5) in the (\ell + 1)-case.
We then consider (5.6). In view of the induction assumption and (5.5), (A.6), we

have

2qs\| \Delta q(T\scrW \cdot \nabla )\ell +1\nabla \phi \| Lp

\lesssim 2qs\| \Delta q(T\scrW \cdot \nabla )\ell \nabla (T\scrW \cdot \nabla \phi )\| Lp + 2qs
\sum 

j\in \BbbN ,j\sim q

\| \Delta q(T\scrW \cdot \nabla )\ell (\nabla Sj - 1\scrW \cdot \nabla \Delta j\phi )\| Lp

\lesssim cq\| \nabla (T\scrW \cdot \nabla \phi )\| \widetilde \scrB s,\ell 
p,r,\scrW 

+ 2qs
\sum 

j\in \BbbN ,j\sim q

\sum 
\mu 1+\mu 2\leq \ell 

\| (T\scrW \cdot \nabla )\mu 1(\nabla Sj - 1\scrW )\| L\infty \| (T\scrW \cdot \nabla )\mu 2(\nabla \Delta j\phi )\| Lp

\lesssim cq\| (T\scrW \cdot \nabla )\phi \| \widetilde \scrB s+1,\ell 
p,r,\scrW 

+
\sum 

j\in \BbbN ,j\sim q

\sum 
\mu 1+\mu 2\leq \ell 

2js\| \scrW \| \widetilde \scrB 1+\sigma ,\mu 1
\infty ,\scrW 

\| (T\scrW \cdot \nabla )\mu 2(\Delta j\nabla \phi )\| Lp

\lesssim cq\| \phi \| \widetilde \scrB s+1,\ell +1
p,r,\scrW 

+ cq\| \scrW \| \widetilde \scrB 1+\sigma ,\ell 
\infty ,\scrW 

\| \nabla \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim cq\| \phi \| \widetilde \scrB s+1,\ell +1
p,r,\scrW 

+ cq\| \phi \| \widetilde \scrB s+1,\ell 
p,r,\scrW 

\lesssim cq\| \phi \| \widetilde \scrB s+1,\ell +1
p,r,\scrW 

with \{ cq\} q\geq  - 1 satisfying \| cq\| \ell r = 1, and it clearly leads to \| (T\scrW \cdot \nabla )\ell +1\nabla \phi \| Bs
p,r

\lesssim 
\| \phi \| \widetilde \scrB s+1,\ell +1

p,r,\scrW 
. Hence, we find

\| \nabla \phi \| \widetilde \scrB s,\ell +1
p,r,\scrW 

= \| (T\scrW \cdot \nabla )\ell +1\nabla \phi \| Bs
p,r

+ \| \nabla \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s+1,\ell +1
p,r,\scrW 

,(A.14)

which corresponds to (5.6) in the (\ell + 1)-case.
Finally, based on the above deduction, the induction method completes the proof

of (5.3)--(5.6).

A.2. Proof of Lemma 5.2. (1) We prove estimates (5.7)--(5.8) by the induction
method. It is obvious that (5.7)--(5.8) are correct for \ell = 0. Assuming they hold for
every \ell \prime \in \{ 0, . . . , \ell \} with some \ell \in \{ 0, 1, . . . , k - 1\} , we show that (5.7)--(5.8) are also
satisfied for the (\ell + 1)-case.
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Concerning (5.7) in the (\ell + 1)-case, noticing that (similar to (5.19) and (5.22))

(T\scrW \cdot \nabla )m(D)\nabla f =
\sum 
q1\in \BbbN 

Sq1 - 1\scrW \cdot \nabla m(D) \widetilde \psi (2 - q1D)\nabla \Delta q1f

=  - 
\sum 
q1\in \BbbN 

[m(D) \widetilde \psi (2 - q1D)\nabla , Sq1 - 1\scrW \cdot \nabla ]\Delta q1f +m(D)\nabla (T\scrW \cdot \nabla )f(A.15)

and

[m(D) \widetilde \psi (2 - q1D)\nabla , Sq1 - 1\scrW \cdot \nabla ]\Delta q1f

= 2q1
\int 
\BbbR d

\nabla \widetilde h(y)\bigl( Sq1 - 1\scrW (x+ 2 - q1y) - Sq1 - 1\scrW (x)
\bigr) 
\cdot \nabla \Delta q1f(x+ 2 - q1y)dy

=

\int 1

0

\int 
\BbbR d

\nabla \widetilde h(y)y \cdot \nabla Sq1 - 1\scrW (x+ \delta 2 - q1y) \cdot \nabla \Delta q1f(x+ 2 - q1y)dyd\delta ,(A.16)

and by using the induction assumption, Lemma 5.1, and (A.6), we see that for every
q \geq  - 1,

\| \Delta q(T\scrW \cdot \nabla )\ell +1\nabla m(D)\phi \| Lp

\leq \| \Delta q(T\scrW \cdot \nabla )\ell \nabla m(D)(T\scrW \cdot \nabla \phi )\| Lp + \| \Delta q(T\scrW \cdot \nabla )\ell ([m(D)\nabla , T\scrW \cdot \nabla ]\phi )\| Lp

\lesssim 2q
\ell \sum 

\lambda =0

\| (T\scrW \cdot \nabla )\lambda +1\phi \| Lp

+
\sum 

q1\in \BbbN ,q1\sim q

\sum 
\mu 1+\mu 2\leq \ell 

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1\nabla \scrW \| L\infty \| (T\scrW \cdot \nabla )\mu 2\nabla \Delta q1\phi \| Lp

\lesssim 
\ell +1\sum 
\lambda =1

2q\| (T\scrW \cdot \nabla )\lambda \phi \| Lp +

\ell \sum 
\lambda =0

2q\| (T\scrW \cdot \nabla )\lambda \phi \| Lp \lesssim 
\ell +1\sum 
\lambda =0

2q\| (T\scrW \cdot \nabla )\lambda \phi \| Lp ,

as desired. Hence the induction method guarantees (5.7).
For (5.8) in the (\ell + 1)-case, the induction assumption ensures that for every

q \in \BbbN ,

2q\| (T\scrW \cdot \nabla )\ell +1\Delta q\phi \| Lp \leq 2q\| (T\scrW \cdot \nabla )\ell \Delta q(T\scrW \cdot \nabla \phi )\| Lp + 2q\| (T\scrW \cdot \nabla )\ell [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp

\lesssim 
\sum 

q1\in \BbbN ,| q1 - q| \leq N\ell 

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \Delta q1(T\nabla \scrW \cdot \nabla \phi )\| Lp

+
\sum 

q1\in \BbbN ,| q1 - q| \leq N\ell 

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda +1\Delta q1\nabla \phi \| Lp

+
\sum 

q1\in \BbbN ,| q1 - q| \leq N\ell 

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda ([\Delta q1 , T\scrW \cdot \nabla ]\nabla \phi )\| Lp + 2q\| (T\scrW \cdot \nabla )\ell [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp

=: \scrI 1
q + \scrI 2

q + \scrI 3
q + \scrI 4

q .
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By virtue of (5.3)--(5.4), we treat \scrI 1
q as follows:

\scrI 1
q \lesssim 

\sum 
q1\in \BbbN ,| q1 - q| \leq N\ell 

\sum 
q2\in \BbbN ,| q2 - q1| \leq 4

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \Delta q1(Sq2 - 1\nabla \scrW \cdot \nabla \Delta q2\phi )\| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda (Sq2 - 1\nabla \scrW \cdot \nabla \Delta q2\phi )\| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

\sum 
\lambda 1+\lambda 2\leq \lambda 

\| (T\scrW \cdot \nabla )\lambda 1Sq2 - 1\nabla \scrW \| L\infty \| (T\scrW \cdot \nabla )\lambda 2\nabla \Delta q2\phi \| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \Delta q2\nabla \phi \| Lp .

The estimation of \scrI 2
q and \scrI 4

q is relatively easy:

\scrI 2
q \lesssim 

\sum 
q1\in \BbbN ,| q1 - q| \leq N\ell 

\ell +1\sum 
\lambda =1

\| (T\scrW \cdot \nabla )\lambda \Delta q1\nabla \phi \| Lp ,

\scrI 4
q \lesssim 

\sum 
q1\in \BbbN ,| q1 - q| \leq 4

\sum 
\mu 1+\mu 2\leq \ell 

\| (T\scrW \cdot \nabla )\mu 1\nabla Sq1 - 1\scrW \| L\infty \| (T\scrW \cdot \nabla )\mu 2\nabla \Delta q1\phi \| Lp

\lesssim 
\sum 

q1\in \BbbN ,| q1 - q| \leq 4

\ell \sum 
\mu 2=0

\| (T\scrW \cdot \nabla )\mu 2\Delta q1\nabla \phi \| Lp .

For \scrI 3
q , noting that for every q2 \in \BbbN , \Delta q2 = \Delta q2 \widetilde \varphi (2 - q2D) and \nabla \widetilde \varphi (2 - q2D) =

iD\widetilde \varphi (2 - q2D) =: i2q2 \widetilde \varphi 1(2
 - q2D) with \widetilde \varphi \in \scrS (\BbbR d) supported in an annulus, and us-

ing (5.4), (A.6), (A.12), we get

\scrI 3
q \lesssim 

\sum 
q2\in \BbbN ,| q2 - q| \leq N\ell +4

\sum 
\lambda 1+\lambda 2\leq \lambda \leq \ell 

2 - q2\| (T\scrW \cdot \nabla )\lambda 1Sq2 - 1\nabla \scrW \| L\infty \| (T\scrW \cdot \nabla )\lambda 2\nabla \Delta q2\nabla \phi \| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

2 - q2\| (T\scrW \cdot \nabla )\lambda \nabla \Delta q2\nabla \phi \| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \widetilde \varphi 1(2
 - q2D)\Delta q2\nabla \phi \| Lp

\lesssim 
\sum 

q2\in \BbbN ,| q2 - q| \leq N\ell +4

\ell \sum 
\lambda =0

\| (T\scrW \cdot \nabla )\lambda \Delta q2\nabla \phi \| Lp .

Collecting the above estimates yields (5.8) in the (\ell + 1)-case and thus finishes the
proof of (5.8).

(2) We first consider (5.9) with s < 0. In light of the Fourier support property,
for every \lambda \in \BbbN , there exists a positive integer N\lambda \in \BbbN such that

\Delta q(T\scrW \cdot \nabla )\lambda Tvw =
\sum 

q1\in \BbbN ,| q1 - q| \leq N\lambda 

\Delta q(T\scrW \cdot \nabla )\lambda (Sq1 - 1v\Delta q1w).

D
ow

nl
oa

de
d 

07
/1

3/
22

 to
 2

19
.1

42
.9

9.
20

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

4092 DONGHO CHAE, QIANYUN MIAO, AND LIUTANG XUE

By virtue of (5.3), and using the estimates that for q1 \in \BbbN ,

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1v\| L\infty \leq 
\sum 

q\prime \leq q1 - 1

\| (T\scrW \cdot \nabla )\mu 1\Delta q\prime v\| L\infty \lesssim \| v\| \widetilde \scrB 0,\mu 1
\scrW 

,(A.17)

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1v\| Lp \leq 
\sum 

q\prime \leq q1 - 1

\| (T\scrW \cdot \nabla )\mu 1\Delta q\prime v\| Lp

\lesssim 
\sum 

q\prime \leq q1 - 1

2 - q\prime s
\bigl( 
2q

\prime s\| (T\scrW \cdot \nabla )\mu 1\Delta q\prime v\| Lp

\bigr) 
\lesssim 2 - q1s\| v\| \widetilde \scrB s,\mu 1

p,\infty ,\scrW 
,

we get that for every \lambda \in \{ 0, 1, . . . , \ell \} ,

2qs\| \Delta q(T\scrW \cdot \nabla )\lambda Tvw\| Lp

\lesssim 
\sum 

| q1 - q| \leq N\lambda 

min

\biggl\{ \sum 
\mu 1+\mu 2\leq \lambda 

2q1s\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1v\| L\infty \| (T\scrW \cdot \nabla )\mu 2\Delta q1w\| Lp ,

\sum 
\mu 1+\mu 2\leq \lambda 

2q1s\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1v\| Lp\| (T\scrW \cdot \nabla )\mu 2\Delta q1w\| L\infty 

\biggr\} 

\lesssim cq min

\biggl\{ \ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB 0,\mu 1
\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2w\| Bs
p,r

\Bigr) 
,

\ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB s,\mu 1
p,r,\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2w\| B0
\infty ,1

\Bigr) \biggr\} 

\lesssim cq min
\Bigl\{ \ell \sum 

\mu 1=0

\| v\| \widetilde \scrB 0,\mu 1
\scrW 

\| w\| \widetilde \scrB s,\ell  - \mu 1
p,r,\scrW 

,

\ell \sum 
\mu 1=0

\| v\| \widetilde \scrB s,\mu 1
p,r,\scrW 

\| w\| \widetilde \scrB 0,\ell  - \mu 1
\scrW 

\Bigr\} 
,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. By taking the \ell r-norm and summing \lambda from
0 to \ell , we finish the proof of (5.9) with s < 0.

The estimation of (5.10) is quite similar, and from (5.3) and (A.17), we easily see
that

\| Tvw\| \widetilde \scrB 0,\ell 
p,r,\scrW 

\lesssim 
\ell \sum 

\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB 0,\mu 1
\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2w\| B0
p,r

\Bigr) 
\lesssim 

\ell \sum 
\mu 1=0

\| v\| \widetilde \scrB 0,\mu 1
\scrW 

\| w\| \widetilde \scrB 0,\ell  - \mu 1
p,r,\scrW 

.

We then consider (5.11) for every s < 1. Note that

\Delta q(T\scrW \cdot \nabla )\lambda T\nabla wv =
\sum 

q1\in \BbbN ,| q1 - q| \leq N\lambda 

\Delta q(T\scrW \cdot \nabla )\lambda (Sq1 - 1\nabla w\Delta q1v),

with N\lambda \in \BbbN an integer, and using the estimate (thanks to (5.7) and (5.5))

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1\nabla w\| L\infty \leq 
\sum 

q\prime \leq q1 - 1

\| (T\scrW \cdot \nabla )\mu 1\Delta q\prime \nabla w\| L\infty 

\lesssim 
\sum 

q\prime \leq q1 - 1

\mu 1\sum 
\lambda 1=0

2q
\prime 
\| (T\scrW \cdot \nabla )\lambda 1\Delta q\prime w\| L\infty 

\lesssim 2q1(1 - s)

\mu 1\sum 
\lambda 1=0

\| (T\scrW \cdot \nabla )\lambda 1w\| Bs
\infty ,\infty 

\lesssim 2q1(1 - s)\| w\| \widetilde \scrB s,\mu 1
\infty ,\scrW 

,
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we deduce that for every \lambda \in \{ 0, . . . , \ell \} ,

2qs\| \Delta q(T\scrW \cdot \nabla )\lambda T\nabla wv\| Lp

\lesssim 2qs
\sum 

| q1 - q| \leq N\lambda 

\sum 
\mu 1+\mu 2\leq \lambda 

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1\nabla w\| L\infty \| (T\scrW \cdot \nabla )\mu 2\Delta q1v\| Lp

\lesssim 
\sum 

\mu 1+\mu 2\leq \ell 

\sum 
q1\in \BbbN ,| q1 - q| \leq N\ell 

2q1\| (T\scrW \cdot \nabla )\mu 2\Delta q1v\| Lp\| w\| \widetilde \scrB s,\mu 1
\infty ,\scrW 

\lesssim cq

\ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2v\| B1
p,r

\Bigr) 
\| w\| \widetilde \scrB s,\mu 1

\infty ,\scrW 
\lesssim cq

\ell \sum 
\mu 1=0

\| v\| \widetilde \scrB 1,\ell  - \mu 1
p,r,\scrW 

\| w\| \widetilde \scrB s,\mu 1
\infty ,\scrW 

,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. Then it directly implies the desired estimate
(5.11).

For the estimation of (5.12), noticing that

\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1\nabla w\| L\infty \leq 
\sum 

q\prime \leq q1 - 1

\| (T\scrW \cdot \nabla )\mu 1\Delta q\prime \nabla w\| L\infty \lesssim \| \nabla w\| \widetilde \scrB 0,\mu 1
\scrW 

,(A.18)

we obtain that for every s \in \BbbR and \lambda \in \{ 0, 1, . . . , \ell \} ,

2qs\| \Delta q(T\scrW \cdot \nabla )\lambda T\nabla wv\| Lp

\lesssim 
\sum 

\mu 1+\mu 2\leq \mu 

\sum 
q1\in \BbbN ,q1\sim q

2q1s\| (T\scrW \cdot \nabla )\mu 2\Delta q1v\| Lp\| (T\scrW \cdot \nabla )\mu 1Sq1 - 1\nabla w\| L\infty 

\lesssim cq

\ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2v\| Bs
p,r

\Bigr) 
\| \nabla w\| \widetilde \scrB 0,\mu 1

\scrW 
\lesssim cq

\ell \sum 
\mu 1=0

\| \nabla w\| \widetilde \scrB 0,\mu 1
\scrW 

\| v\| \widetilde \scrB s,\ell  - \mu 1
p,r,\scrW 

,

then taking the \ell r-norm on \{ q \geq  - 1\} and summing over \lambda lead to the estimate (5.12).
(3) For every \lambda \in \BbbN , there exists an integer N \prime 

\lambda > 0 such that

\Delta q(T\scrW \cdot \nabla )\lambda R(v\cdot ,\nabla w) =
\sum 

q1\geq max\{ q - N \prime 
\lambda , - 1\} 

\Delta q(T\scrW \cdot \nabla )\lambda (\Delta q1v \cdot \nabla \widetilde \Delta q1w)

=
\sum 

q1\geq max\{ q - N \prime 
\lambda ,3\} 

\Delta q(T\scrW \cdot \nabla )\lambda \nabla \cdot (\Delta q1v
\widetilde \Delta q1w)

+
\sum 
q1\leq 3

1\{ q\leq N \prime 
\lambda +3\} \Delta q(T\scrW \cdot \nabla )\lambda (\Delta q1v \cdot \nabla \widetilde \Delta q1w)

=: \Upsilon 1
q,\lambda +\Upsilon 2

q,\lambda .(A.19)

By applying (5.7) and Lemma 5.1, we find that for every \lambda \in \{ 0, 1, . . . , \ell \} ,

2qs\| \Upsilon 1
q,\lambda \| Lp \leq 2qs

\sum 
q1\geq max\{ q - N \prime 

\lambda ,3\} 

\| \Delta q(T\scrW \cdot \nabla )\lambda \nabla \cdot (\Delta q1v
\widetilde \Delta q1w)\| Lp

\lesssim 
\sum 

q1\geq max\{ q - N \prime 
\lambda ,3\} 

\lambda \sum 
\mu =0

2q(1+s)\| (T\scrW \cdot \nabla )\mu (\Delta q1v
\widetilde \Delta q1w)\| Lp
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\lesssim 
\sum 

q1\geq max\{ q - N \prime 
\lambda ,3\} 

2(q - q1)(1+s)

\cdot min

\biggl\{ \sum 
\mu 1+\mu 2\leq \ell 

2q1(1+s)\| (T\scrW \cdot \nabla )\mu 1\Delta q1v\| Lp\| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| L\infty ,

\sum 
\mu 1+\mu 2\leq \ell 

2q1(1+s)\| (T\scrW \cdot \nabla )\mu 1\Delta q1v\| L\infty \| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| Lp

\biggr\} 

\lesssim cq min

\biggl\{ \sum 
\mu 1+\mu 2\leq \ell 

\bigm\| \bigm\| \bigm\| 2q1(1+s)\| (T\scrW \cdot \nabla )\mu 1\Delta q1v\| Lp\| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| L\infty 

\bigm\| \bigm\| \bigm\| 
\ell r(\{ q1\geq 3\} )

,

\sum 
\mu 1+\mu 2\leq \ell 

\bigm\| \bigm\| \bigm\| 2q1(1+s)\| (T\scrW \cdot \nabla )\mu 1\Delta q1v\| L\infty \| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| Lp

\bigm\| \bigm\| \bigm\| 
\ell r(\{ q1\geq 3\} )

\biggr\} 
,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. Thanks to estimates (5.5) and (5.8), we
deduce that\bigm\| \bigm\| 2q1\| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| L\infty 

\bigm\| \bigm\| 
\ell \infty (\{ q\geq 3\} )

\lesssim 
\bigm\| \bigm\| 2q1\| (T\scrW \cdot \nabla )\mu 2\Delta q1w\| L\infty 

\bigm\| \bigm\| 
\ell \infty (\{ q1\geq 2\} )

\lesssim 
\bigm\| \bigm\| \bigm\| \sum 

q2\in \BbbN ,q2\sim q1

\mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\Delta q2\nabla w\| L\infty 

\bigm\| \bigm\| \bigm\| 
\ell \infty (\{ q1\geq 2\} )

\lesssim 
\mu 2\sum 

\lambda 2=0

\bigm\| \bigm\| \| (T\scrW \cdot \nabla )\lambda 2\Delta q2\nabla w\| L\infty 
\bigm\| \bigm\| 
\ell \infty (\{ q2\in \BbbN \} ) \lesssim 

\mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\nabla w\| 
B

0,\ell  - \mu 1 - \lambda 2
\infty ,\infty 

,

and

\bigm\| \bigm\| 2q1(1+s)\| (T\scrW \cdot \nabla )\mu 2 \widetilde \Delta q1w\| Lp

\bigm\| \bigm\| 
\ell r(\{ q1\geq 3\} ) \lesssim 

\mu 2\sum 
\lambda 2=0

\bigm\| \bigm\| 2q2s\| (T\scrW \cdot \nabla )\lambda 2\Delta q2\nabla w\| Lp

\bigm\| \bigm\| 
\ell r(\{ q2\in \BbbN \} )

\lesssim 
\mu 2\sum 

\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\nabla w\| Bs
p,r
,

and \bigm\| \bigm\| 2q1\| (T\scrW \cdot \nabla )\mu 1\Delta q1v\| L\infty 
\bigm\| \bigm\| 
\ell \infty (\{ q1\geq 3\} ) \lesssim \| v\| \widetilde \scrB 1,\mu 1

\infty ,\scrW 
,

which immediately leads to that

2qs\| \Upsilon 1
q,\lambda \| Lp \lesssim cq min

\biggl\{ \ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB 0,\mu 1
\infty ,\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\nabla w\| Bs
p,r

\Bigr) 
,

\ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB s,\mu 1
p,r,\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2\nabla w\| B0
\infty ,\infty 

\Bigr) 
,

\ell \sum 
\mu 1=0

\ell  - \mu 1\sum 
\mu 2=0

\| v\| \widetilde \scrB 1,\mu 1
\infty ,\scrW 

\Bigl( \mu 2\sum 
\lambda 2=0

\| (T\scrW \cdot \nabla )\lambda 2w\| Bs
p,r

\Bigr) \biggr\} D
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\lesssim cq min

\biggl\{ \ell \sum 
\mu 1=0

\| v\| \widetilde \scrB 0,\mu 1
\infty ,\scrW 

\| \nabla w\| \widetilde \scrB s,\ell  - \mu 1
p,r,\scrW 

,

\ell \sum 
\mu 1=0

\| v\| \widetilde \scrB s,\mu 1
p,r,\scrW 

\| \nabla w\| \widetilde \scrB 0,\ell  - \mu 1
\infty ,\scrW 

,

\ell \sum 
\mu 1=0

\| v\| \widetilde \scrB 1,\mu 1
\infty ,\scrW 

\| w\| \widetilde \scrB s,\ell  - \mu 1
p,r,\scrW 

\biggr\} 
.(A.20)

On the other hand, we argue as in (5.31) to infer that for every \lambda \in \{ 0, 1, . . . , \ell \} ,\bigm\| \bigm\| \{ 2qs\| \Upsilon 2
q,\lambda \| Lp\} q\geq  - 1

\bigm\| \bigm\| 
\ell r

\lesssim 
\sum 

 - 1\leq q1\leq 3

\| (T\scrW \cdot \nabla )\lambda (\Delta q1v \cdot \nabla \widetilde \Delta q1w)\| Lp

\lesssim 
\sum 

 - 1\leq q1\leq 3

min
\Bigl\{ 
\| \Delta q1v\| Lp\| \widetilde \Delta q1\nabla w\| L\infty , \| \Delta q1v\| L\infty \| \widetilde \Delta q1\nabla w\| Lp

\Bigr\} 
\lesssim min

\Bigl\{ 
\| v\| B0

\infty ,\infty 
\| \nabla w\| Bs

p,r
, \| v\| Bs

p,r
\| \nabla w\| B0

\infty ,\infty 
, \| v\| B0

\infty ,\infty 
\| w\| Bs

p,r

\Bigr\} 
.(A.21)

Hence, collecting the above estimates (A.19)--(A.21) yields the desired inequality
(5.13).

(4) We prove (5.14) by the induction method. Suppose that (5.14) holds for \ell \in 
\{ 0, 1, . . . , k - 1\} ; we next prove that it holds for the (\ell +1)-case. Bony's decomposition
gives

(T\scrW \cdot \nabla )\ell +1\phi = (T\scrW \cdot \nabla )\ell (T\scrW \cdot \nabla  - \partial \scrW )\phi + (T\scrW \cdot \nabla )\ell \partial \scrW \phi 

=  - (T\scrW \cdot \nabla )\ell (T\nabla \phi \cdot \scrW ) - (T\scrW \cdot \nabla )\ell R(\scrW \cdot ,\nabla \phi ) + (T\scrW \cdot \nabla )\ell \partial \scrW \phi .(A.22)

According to (5.11), (5.13), and the induction assumption, we get

\| (T\scrW \cdot \nabla )\ell (T\nabla \phi \cdot \scrW )\| Bs
p,r

\lesssim \| T\nabla \phi \cdot \scrW \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\| \scrW \| \widetilde \scrB 1,\ell 
\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell 
p,r,\scrW 

(A.23)

and

\| (T\scrW \cdot \nabla )\ell R(\scrW \cdot ,\nabla \phi )\| Bs
p,r

\lesssim \| R(\scrW \cdot ,\nabla \phi )\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \scrW \| \widetilde \scrB 1,\ell 
\scrW 
\| \phi \| \widetilde \scrB s,\ell 

p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell 
p,r,\scrW 

,

where in the above we have used the fact \| \scrW \| \widetilde \scrB 1,\ell 
\scrW 

\leq \| \scrW \| \widetilde \scrB 1,k - 1
\scrW 

<\infty . The induction

assumption also guarantees that

\| (T\scrW \cdot \nabla )\ell \partial \scrW \phi \| Bs
p,r

\lesssim \| \partial \scrW \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim 
\ell \sum 

\lambda =0

\| \partial \lambda +1
\scrW \phi \| Bs

p,r
\lesssim 

\ell +1\sum 
\lambda =1

\| \partial \lambda \scrW \phi \| Bs
p,r

\lesssim \| \phi \| \scrB s,\ell +1
p,r,\scrW 

.

Gathering the above estimates leads to

\| \phi \| \widetilde \scrB s,\ell +1
p,r,\scrW 

= \| (T\scrW \cdot \nabla )\ell +1\phi \| Bs
p,r

+ \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell +1
p,r,\scrW 

.(A.24)

For the second part of (5.14), note that

\partial \ell +1
\scrW \phi = \partial \ell \scrW (T\nabla \phi \cdot \scrW ) + \partial \ell \scrW R(\scrW \cdot ,\nabla \phi ) + \partial \ell \scrW (T\scrW \cdot \nabla )\phi .
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Thanks to (5.11), (5.13), and the induction assumption, we find

\| \partial \ell \scrW (T\nabla \phi \cdot \scrW )\| Bs
p,r

\leq \| T\nabla \phi \cdot \scrW \| \scrB s,\ell 
p,r,\scrW 

\lesssim \| T\nabla \phi \cdot \scrW \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\| \scrW \| \widetilde \scrB 1,\ell 
\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

,

and

\| \partial \ell \scrW R(\scrW \cdot ,\nabla \phi )\| Bs
p,r

\lesssim \| R(\scrW \cdot ,\nabla \phi )\| \scrB s,\ell 
p,r,\scrW 

\lesssim \| R(\scrW \cdot ,\nabla \phi )\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \scrW \| \widetilde \scrB 1,\ell 
\scrW 
\| \phi \| \widetilde \scrB s,\ell 

p,r,\scrW 
\lesssim \| \phi \| \widetilde \scrB s,\ell 

p,r,\scrW 
,

and

\| \partial \ell \scrW (T\scrW \cdot \nabla )\phi \| Bs
p,r

\lesssim \| (T\scrW \cdot \nabla )\phi \| \scrB s,\ell 
p,r,\scrW 

\lesssim \| (T\scrW \cdot \nabla )\phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell +1
p,r,\scrW 

.

Collecting the above estimates yields

\| \phi \| \scrB s,\ell +1
p,r,\scrW 

= \| \partial \ell +1
\scrW \phi \| Bs

p,r
+ \| \phi \| \scrB s,\ell 

p,r,\scrW 
\lesssim \| \phi \| \widetilde \scrB s,\ell +1

p,r,\scrW 
.(A.25)

Hence (A.24), (A.25) and the induction method ensure the desired estimate (5.14).
By using (5.10) in place of (5.11), the estimation of (5.15) is almost identical to

the proof of (5.14) with (s, p, r) replaced by (1,\infty , 1), and thus we omit the details.
Now we consider (5.16). By using (5.12), the estimate (A.23) with \phi =W can be

improved to hold for every s >  - 1:

\| (T\scrW \cdot \nabla )\ell (T\nabla \scrW \cdot \scrW )\| Bs
p,r

\lesssim \| T\nabla \scrW \cdot \scrW \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \nabla \scrW \| \widetilde \scrB 0,\ell 
\scrW 
\| \scrW \| \widetilde \scrB s,\ell 

p,r,W
\lesssim \| \scrW \| \widetilde \scrB s,\ell 

p,r,\scrW 
;

thus along the same lines as proving (A.24), we can easily verify (5.16).
We then prove (5.17) by the induction method. Clearly it holds for \ell = 0. Suppose

that (5.17) holds for \ell \in \{ 0, 1, . . . , k  - 1\} ; we intend to prove it for the (\ell + 1)-case.
In view of (A.22), and by applying (5.12), (5.13), (5.15)--(5.16), and the induction
assumption, we infer that for every s \geq 1,

\| (T\scrW \cdot \nabla )\ell (T\nabla \phi \cdot \scrW )\| Bs
p,r

\leq \| T\nabla \phi \scrW \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB 1,\ell 
\scrW 
\| \scrW \| \widetilde \scrB s,\ell 

p,r,\scrW 
\lesssim \| \phi \| \scrB 1,\ell 

\scrW 
\| \scrW \| \scrB s,\ell 

p,r,\scrW 
,

and

\| (T\scrW \cdot \nabla )\ell R(\scrW \cdot ,\nabla \phi )\| Bs
p,r

\lesssim \| R(\scrW \cdot ,\nabla \phi )\| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \scrW \| \widetilde \scrB 1,\ell 
\scrW 
\| \phi \| \widetilde \scrB s,\ell 

p,r,\scrW 

\lesssim \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell 
p,r,\scrW 

+ \| \phi \| \scrB 1,\ell 
\scrW 
\| \scrW \| \scrB s,\ell 

p,r,\scrW 
,

and

\| (T\scrW \cdot \nabla )\ell \partial \scrW \phi \| Bs
p,r

\leq \| \partial \scrW \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \partial \scrW \phi \| \scrB s,\ell 
p,r,\scrW 

+ \| \partial \scrW \phi \| \scrB 1,\ell 
\scrW 
\| \scrW \| \scrB s,\ell 

p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell +1
p,r,\scrW 

+ \| \phi \| \scrB 1,\ell +1
\scrW 

\| \scrW \| \scrB s,\ell 
p,r,W

.

Gathering the above estimates gives

\| \phi \| \widetilde \scrB s,\ell +1
p,r,\scrW 

= \| (T\scrW \cdot \nabla )\ell +1\phi \| Bs
p,r

+ \| \phi \| \widetilde \scrB s,\ell 
p,r,\scrW 

\lesssim \| \phi \| \scrB s,\ell +1
p,r,\scrW 

+ \| \phi \| \scrB 1,\ell +1
\scrW 

\| \scrW \| \scrB s,\ell +1
p,r,\scrW 

,

which corresponds to (5.17) at the (\ell + 1)-case, and thus the desired estimate (5.17)
is proved.
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A.3. Proof of Lemma 5.3. (1) Recalling that the quantities Ri
q (i = 1, 2, 4, 5)

are given by (A.1)--(A.2), and noting that\sum 
 - 1\leq q1\leq q+N0

2q1\| Sq1 - 1\scrW  - Sq - 1\scrW \| L\infty 

\leq 2 - 1\| Sq - 1\scrW \| L\infty +

q - 1\sum 
q1=0

2q1
q - 1\sum 

q2=q1

\| \Delta q2\scrW \| L\infty +

q+N0\sum 
q1=q+1

2q1
q1 - 1\sum 
q2=q

\| \Delta q2\scrW \| L\infty 

\leq C0\| \scrW \| W 1,\infty +

q - 1\sum 
q2=0

\Bigl( q2\sum 
q1=0

2q1
\Bigr) 
\| \Delta q2\scrW \| L\infty \leq C\| \scrW \| B1

\infty ,1
,(A.26)

it is obvious to see that

\| R1
q\| Lp + \| R2

q\| Lp + \| R5
q\| Lp \leq C\| \scrW \| B1

\infty ,1
min

1\leq i\leq m

\Bigl( 
\| \alpha i\| Lp

\prod 
1\leq j \not =i\leq m

\| \alpha j\| L\infty 

\Bigr) 
,(A.27)

| R4
q | \leq C

m\sum 
i=1

min

\biggl\{ 
\| (T\scrW \cdot \nabla )\alpha i\| Lp

\prod 
j \not =i

\| \alpha j\| L\infty ,

\| (T\scrW \cdot \nabla )\alpha i\| L\infty min
1\leq j \not =i\leq m

\Bigl( 
\| \alpha j\| Lp

\prod 
l \not =i,j

\| \alpha l\| L\infty 

\Bigr) \biggr\} 
.

(A.28)

Combining (A.27) with (A.28) leads to the desired estimate (5.35).
(2) Thanks to (A.8) and (A.13), we get that for every s \in \BbbR ,\bigm\| \bigm\| \{ 2qs\| [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp\} q\geq  - 1

\bigm\| \bigm\| 
\ell r

+
\bigm\| \bigm\| \{ 2q(s - 1)\| [\nabla \Delta q, T\scrW \cdot \nabla ]\phi \| Lp\} q\geq  - 1

\bigm\| \bigm\| 
\ell r

\leq C
\bigm\| \bigm\| \bigm\| 2qs \sum 

q1\in \BbbN ,q1\sim q

\| \nabla \scrW \| L\infty \| \Delta q1\phi \| Lp

\bigm\| \bigm\| \bigm\| 
\ell r(\{ q\geq  - 1\} )

\leq C\| \scrW \| W 1,\infty \| \phi \| Bs
p,r
,

and for every s < 0 we find\bigm\| \bigm\| \{ 2qs\| [Sq - 1, T\scrW \cdot \nabla ]\phi \| Lp\} q\in \BbbN 
\bigm\| \bigm\| 
\ell r

\leq C
\bigm\| \bigm\| \bigm\| 2qs\Bigl( \sum 

q1\leq q - 1

\| [\Delta q1 , T\scrW \cdot \nabla ]\phi \| Lp

\Bigr) \bigm\| \bigm\| \bigm\| 
\ell r(\{ q\in \BbbN \} )

\leq C
\bigm\| \bigm\| \bigm\| \sum 

q1\leq q - 1

2(q - q1)s
\Bigl( 
2q1s(q1 + 2)n\| [\Delta q1 , T\scrW \cdot \nabla ]\phi \| Lp

\Bigr) \bigm\| \bigm\| \bigm\| 
\ell r(\{ q\in \BbbN \} )

\leq C
\bigm\| \bigm\| 2q1s\| [\Delta q1 , T\scrW \cdot \nabla ]\phi \| Lp

\bigm\| \bigm\| 
\ell r(\{ q1\geq  - 1\} ) \leq C\| \scrW \| W 1,\infty \| \phi \| Bs

p,r
,

thus the desired estimates (5.36)--(5.37) follow from a direct computation.
Similarly, observing that

\| \Delta q[\nabla , T\scrW \cdot \nabla ]\phi \| L\infty \lesssim 
\sum 

q1\in \BbbN ,| q1 - q| \leq 5

\| \Delta q(\nabla Sq1 - 1\scrW \cdot \nabla \Delta q1\phi )\| L\infty 

\lesssim \| \scrW \| W 1,\infty 

\sum 
q1\in \BbbN ,| q1 - q| \leq 5

2q1\| \Delta q1\phi \| L\infty 

and

2q\| [\Delta q, T\scrW \cdot \nabla ]\phi \| Lp \lesssim 2q
\sum 

q1\in \BbbN ,| q1 - q| \leq 5

2 - q1\| \scrW \| W 1,\infty \| \nabla \Delta q1\phi \| Lp

\lesssim \| \scrW \| W 1,\infty 

\sum 
q1\in \BbbN ,| q1 - q| \leq 5

\| \nabla \Delta q1\phi \| Lp ,

we can obtain (5.38)--(5.39) as desired.
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(3) By using (5.35)--(5.37) we deduce that

2qs\| \Delta q(T\scrW \cdot \nabla )(Tu\cdot \nabla \phi )\| Lp

\leq C2qs
\sum 

q1\in \BbbN ,| q1 - q| \leq N1

\| \Delta q(T\scrW \cdot \nabla )
\bigl( 
Sq1 - 1u\Delta q1\nabla \phi 

\bigr) 
\| Lp

\leq C2qs
\sum 

q1\in \BbbN ,| q1 - q| \leq N1

min
\Bigl\{ 
\| (T\scrW \cdot \nabla )Sq1 - 1u\| Lp\| \Delta q1\nabla \phi \| L\infty ,

\| (T\scrW \cdot \nabla )Sq1 - 1u\| L\infty \| \Delta q1\nabla \phi \| Lp

\Bigr\} 
+ C2qs

\sum 
q1\in \BbbN ,| q1 - q| \leq N1

min
\Bigl\{ 
\| Sq1 - 1u\| Lp\| (T\scrW \cdot \nabla )\Delta q1\nabla \phi \| L\infty ,

\| Sq1 - 1u\| L\infty \| (T\scrW \cdot \nabla )\Delta q1\nabla \phi \| Lp

\Bigr\} 
+ C2qs

\sum 
q1\in \BbbN ,| q1 - q| \leq N1

\| \scrW \| B1
\infty ,1

min
\Bigl\{ 
\| Sq1 - 1u\| Lp\| \Delta q1\nabla \phi \| L\infty , \| Sq1 - 1u\| L\infty \| \Delta q1\nabla \phi \| Lp

\Bigr\} 
\leq Ccq min

\Bigl\{ \bigm\| \bigm\| 2q1s\| (T\scrW \cdot \nabla )Sq1 - 1u\| Lp

\bigm\| \bigm\| 
\ell r(q1\in \BbbN )\| \nabla \phi \| L\infty , sup

q1\in \BbbN 
\| (T\scrW \cdot \nabla )Sq1 - 1u\| L\infty \| \nabla \phi \| Bs

p,r

\Bigr\} 
+ Ccq min

\Bigl\{ 
\| u\| Bs

p,r

\sum 
q1\in \BbbN 

\| (T\scrW \cdot \nabla )\Delta q1\nabla \phi \| L\infty , \| u\| B0
\infty ,1

\bigm\| \bigm\| 2q1s\| (T\scrW \cdot \nabla )\Delta q1\nabla \phi \| Lp

\bigm\| \bigm\| 
\ell r(\{ q1\in \BbbN \} )

\Bigr\} 
+ Ccq\| \scrW \| B1

\infty ,1
min

\bigl\{ 
\| u\| Bs

p,r
\| \nabla \phi \| B0

\infty ,1
, \| u\| B0

\infty ,1
\| \nabla \phi \| Bs

p,r

\bigr\} 
\leq Ccq

\bigl( 
B1(s) +B2(s) +B3(s)

\bigr) 
,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1 and B1, B2, B3 are given by (5.41)--(5.43).
Similarly, we can get the same estimate about 2qs\| \Delta q(T\scrW \cdot \nabla )(T\nabla \phi \cdot u)\| Lp .

(4) Notice that

2qs\| \Delta q(T\scrW \cdot \nabla )R(u\cdot ,\nabla \phi )\| Lp \leq C2qs
\sum 

q1\geq max\{ 3,q - 5\} 

\| \Delta q(T\scrW \cdot \nabla )\nabla \cdot 
\bigl( 
\Delta q1u

\widetilde \Delta q1\phi 
\bigr) 
\| Lp

+ C2qs1\{ q\leq 7\} 
\sum 

 - 1\leq q1\leq 2

\| \Delta q(T\scrW \cdot \nabla )
\bigl( 
\Delta q1u \cdot \widetilde \Delta q1\nabla \phi 

\bigr) 
\| Lp =: I1,q + I2,q.

For I1,q, thanks to (5.38) and (5.39) we infer that for every s >  - 1,

I1,q \lesssim 2q(s+1)
\sum 

q1\geq max\{ 3,q - 5\} 

\| \Delta q(T\scrW \cdot \nabla )
\bigl( 
\Delta q1u \widetilde \Delta q1\phi 

\bigr) 
\| Lp

+ \| \scrW \| W1,\infty 2q(s+1)
\sum 

q1\geq max\{ 3,q - 5\} 

\| \Delta q1u \widetilde \Delta q1\phi \| Lp

\lesssim 2q(s+1)
\sum 

q1\geq max\{ 3,q - 5\} 

min
\Bigl\{ 
\| (T\scrW \cdot \nabla )\Delta q1u\| Lp\| \widetilde \Delta q1\phi \| L\infty , \| (T\scrW \cdot \nabla )\Delta q1u\| L\infty \| \widetilde \Delta q1\phi \| Lp

\Bigr\} 
+ 2q(s+1)

\sum 
q1\geq max\{ 3,q - 5\} 

min
\Bigl\{ 
\| \Delta q1u\| Lp\| (T\scrW \cdot \nabla )\widetilde \Delta q1\phi \| L\infty , \| \Delta q1u\| L\infty \| (T\scrW \cdot \nabla )\widetilde \Delta q1\phi \| Lp

\Bigr\} 
+ \| \scrW \| B1

\infty ,1
2q(s+1)

\sum 
q1\geq max\{ 3,q - 5\} 

min
\Bigl\{ 
\| \Delta q1u\| Lp\| \widetilde \Delta q1\phi \| L\infty , \| \Delta q1u\| L\infty \| \widetilde \Delta q1\phi \| Lp

\Bigr\} 
\lesssim 

\sum 
q1\geq max\{ 3,q - 5\} 

2(q - q1)(s+1)

\cdot min
\Bigl\{ 
2q1s\| (T\scrW \cdot \nabla )\Delta q1u\| Lp\| \widetilde \Delta q1\nabla \phi \| L\infty , \| (T\scrW \cdot \nabla )\Delta q1u\| L\infty 2q1s\| \widetilde \Delta q1\nabla \phi \| Lp
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+
\sum 

q1\geq max\{ 3,q - 5\} 

2(q - q1)(s+1)2q1s min

\biggl\{ 
\| \Delta q1u\| Lp

\Bigl( \sum 
| q2 - q1| \leq 7

\| (T\scrW \cdot \nabla )\Delta q2\nabla \phi \| L\infty 

\Bigr) 
,

\| \Delta q1u\| L\infty 

\Bigl( \sum 
| q2 - q1| \leq 7

\| (T\scrW \cdot \nabla )\Delta q2\nabla \phi \| Lp

\Bigr) \biggr\} 
+ \| \scrW \| B1

\infty ,1

\sum 
q1\geq max\{ 3,q - 5\} 

2(q - q1)(s+1)

\cdot min

\biggl\{ 
2q1s\| \Delta q1u\| Lp

\Bigl( \sum 
| q2 - q1| \leq 7

\| \Delta q2\nabla \phi \| L\infty 

\Bigr) 
, \| \Delta q1u\| L\infty 2q1s

\Bigl( \sum 
| q2 - q1| \leq 7

\| \Delta q2\nabla \phi \| Lp

\Bigr) \biggr\} 
\lesssim cq min

\Bigl\{ \bigm\| \bigm\| 2q1s\| (T\scrW \cdot \nabla )\Delta q1u\| Lp

\bigm\| \bigm\| 
\ell r
\| \nabla \phi \| B0

\infty ,1
,
\sum 

q1\geq  - 1

\| (T\scrW \cdot \nabla )\Delta q1u\| L\infty \| \nabla \phi \| Bs
p,r

\Bigr\} 
+ cq min

\Bigl\{ 
\| u\| B0

\infty ,1

\bigm\| \bigm\| 2q2s\| (T\scrW \cdot \nabla )\Delta q2\nabla \phi \| Lp

\bigm\| \bigm\| 
\ell r
, \| u\| Bs

p,r

\sum 
q2\geq  - 1

\| (T\scrW \cdot \nabla )\Delta q2\nabla \phi \| L\infty 

\Bigr\} 
+ cq\| \scrW \| B1

\infty ,1
min

\Bigl\{ 
\| u\| Bs

p,r
\| \nabla \phi \| B0

\infty ,1
, \| u\| B0

\infty ,1
\| \nabla \phi \| Bs

p,r

\Bigr\} 
\leq Ccq

\bigl( 
B1(s) +B2(s) +B3(s)

\bigr) 
,

where \{ cq\} q\geq  - 1 is such that \| cq\| \ell r = 1. For I2,q, by applying Bernstein's inequality,
one gets

\| I2,q\| \ell r \leq C\| \scrW \| B1
\infty ,1

sup
 - 1\leq q1\leq 2

2q1s min
\Bigl\{ 
\| \Delta q1u\| Lp\| \widetilde \Delta q1\nabla \phi \| L\infty , \| \Delta q1u\| L\infty \| \widetilde \Delta q1\nabla \phi \| Lp

\Bigr\} 
\leq C\| \scrW \| B1

\infty ,1
min

\Bigl\{ 
\| u\| Bs

p,r
\| \nabla \phi \| B0

\infty ,1
, \| u\| B0

\infty ,1
\| \nabla \phi \| Bs

p,r

\Bigr\} 
.

Hence, gathering the above estimates on I1,q and I2,q leads to the desired estimate
(5.44).

(5) By arguing as (5.46) and (5.47), we easily find that for every s \in ( - 1, 1),

\| \partial \scrW \phi  - T\scrW \cdot \nabla \phi \| Bs
p,r

\leq \| T\nabla \phi \cdot \scrW \| Bs
p,r

+ \| R(\scrW \cdot ,\nabla \phi )\| Bs
p,r

\leq C\| \scrW \| W 1,\infty \| \phi \| Bs
p,r
.

(A.29)

Appendix B. Proof of the global \bfitW \bfthree ,\bfitr -persistence result. We indeed
shall prove that for \theta 0 = \=\theta 0 1D0(x) with \partial D0 \in W 2,\infty \cap W 3,r and \=\theta 0 \in C\mu \cap W 1,r(D0),
\mu \in (0, 1), u0 \in H1 \cap W 1,p, p > 2, we have that for any T > 0, \partial D(t) \in L\infty 

T (W 3,r)

with the level-set function \varphi satisfying \| \varphi \| L\infty 
T (W 3,r) \leq CeC(1+T )3 .

In view of (3.37), we get

\partial t(\nabla 2W )+u \cdot \nabla (\nabla 2W ) = \partial W\nabla 2u+2\nabla W \cdot \nabla 2u+\nabla 2W \cdot \nabla u - \nabla 2u \cdot \nabla W  - 2\nabla u \cdot \nabla 2W.

The Lr-estimate of (3.37) and the above transport equation give that

\| \nabla 2W (t)\| Lr \leq \| \nabla 2W0\| Lr +

\int t

0

\| \partial W\nabla 2u\| Lrd\tau + C

\int t

0

\| \nabla 2W (\tau )\| Lr\| \nabla u(\tau )\| L\infty d\tau 

+ C\| W\| L\infty 
t (W 1,\infty )\| \nabla 2u\| L1

t (L
r)(B.1)

and

\| W (t)\| Lr \leq \| W0\| Lr +

\int t

0

\| W (\tau )\| Lr\| \nabla u(\tau )\| L\infty d\tau .(B.2)

We first consider the L1
t (L

r)-estimate of \nabla 2u with r \geq 2. For r > 2, from (3.24),
we know that \Gamma \in L1

T (B
2
\~r,\infty ) for every 2 < \~r \leq p with \| \Gamma \| L1

T (B2
\~r,\infty ) \leq C(1 + T )3,
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which together with the embedding B2
r,\infty \lhook \rightarrow B\gamma \prime +1

r,1 and B2
p,\infty \lhook \rightarrow B\gamma \prime +1

\infty ,1 implies that

\Gamma \in L1
T (B

\gamma \prime +1
r,1 ) for every 2 < r <\infty and 0 < \gamma \prime < 1 - 2

p with

\| \Gamma \| 
L1

T (B\gamma \prime +1
r,1 )

\leq C(1 + T )3;(B.3)

thus from relation (3.18) and the Calder\'on--Zygmund theorem, we deduce that

(B.4) \| \nabla 2u\| L1
t (L

r) \leq C\| \nabla \Gamma \| L1
t (L

r) + C\| \theta \| L1
t (L

r) \leq C(1 + t)3.

For r = 2, we still have (B.4) from the energy estimate (3.9), and although (B.3) with
r = 2 is not available, by using (3.9)--(3.11), we will instead have \| \nabla \Gamma \| 

L1
T (B\gamma \prime 

2,1)
\leq 

C(1 + T )3 with 0 < \gamma \prime < 1, which is sufficient for our purpose.
Next we tackle the L1

t (L
r)-estimate of \partial 2W\nabla 2u. By virtue of (3.18) again, we have

\| \partial W\nabla 2u\| L1
t (L

r) \leq \| \partial W\nabla 2\nabla \bot \Lambda  - 2\Gamma \| L1
t (L

r) + \| \partial W\nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (L
r).(B.5)

For the \theta -term of the above inequality, thanks to (2.19) and the Calder\'on--Zygmund
theorem, we find

\| \partial W\nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (L
r)

\leq \| \nabla 2\nabla \bot \partial 1\Lambda 
 - 4\partial W \theta \| L1

t (L
r) + \| [\nabla 2\nabla \bot \partial 1\Lambda 

 - 4,W \cdot \nabla ]\theta \| L1
t (L

r)

\leq C\| \partial W \theta \| L1
t (L

r) + C\| \nabla W\| L\infty 
t (L\infty )\| \theta \| L1

t (B
0
r,1)
.

As for the considered temperature front initial data, we infer that \partial W0\theta 0 \in Lr(\BbbR 2)
(arguing as Lemma 2.6) and \theta 0 \in B0

r,1(\BbbR 2); thus in combination with (2.26) and
(3.17), we get

(B.6) \| \partial W\nabla 2\nabla \bot \partial 1\Lambda 
 - 4\theta \| L1

t (L
r) \leq CeC(1+t)2 .

For the \Gamma -term of inequality (B.5), by using (2.19) and (B.3) we see that

\| \partial W\nabla 2\nabla \bot \Lambda  - 2\Gamma \| L1
t (L

r) \leq \| \nabla \nabla \bot \Lambda  - 2\partial W (\nabla \Gamma )\| L1
t (L

r) + \| [\nabla \nabla \bot \Lambda  - 2,W \cdot \nabla ]\nabla \Gamma \| L1
t (L

r)

\leq C\| \partial W\nabla \Gamma \| L1
t (L

r) + C\| \nabla W\| L\infty 
t (L\infty )\| \nabla \Gamma \| L1

t (B
0
r,1)

\leq C\| \partial W\Gamma \| L1
t (W

1,r) + CeC(1+t)2 .

Now we use (3.41) to estimate \partial W\Gamma . According to (2.27), we obtain that for every
0 < \gamma \prime < 1 - 2

p ,

\| \partial W\Gamma \| 
L\infty 

t (B\gamma \prime  - 1
r,1 )

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
r,1 )

\leq C(1 + t)

\biggl( 
\| \partial W0\Gamma 0\| B\gamma \prime  - 1

r,1

+

\int t

0

\| \nabla u\| L\infty \| \partial W\Gamma (\tau )\| 
B\gamma \prime  - 1

r,1

d\tau + \| \Delta W \cdot \nabla \Gamma \| 
L1

t (B
\gamma \prime  - 1
r,1 )

+ \| \nabla W : \nabla 2\Gamma \| 
L1

t (B
\gamma \prime  - 1
r,1 )

+ \| \partial W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
r,1 )

\biggr) 
.

From \Gamma 0 = \omega 0 + \scrR  - 1\theta 0 = \omega 0 + \partial 1\Lambda 
 - 2\theta 0 and the embedding W 1,p \subset B\gamma \prime 

\infty ,1 with

0 < \gamma \prime < 1 - 2
p , we get

\| \partial W0
\Gamma 0\| B\gamma \prime  - 1

r,1

\leq \| \partial W0
\nabla u0\| B\gamma \prime  - 1

r,1

+ \| \partial W0
\scrR  - 1\theta 0\| B\gamma \prime  - 1

r,1

\leq C\| \partial W0
u0\| B\gamma \prime 

r,1

+ C\| \nabla W0\| L\infty \| \nabla u0\| B\gamma \prime  - 1
r,1

+ C\| W0\| L\infty \| \nabla \scrR  - 1\theta 0\| B\gamma \prime  - 1
r,1

\leq C\| \partial W0u0\| H1\cap W 1,p + C\| \varphi 0\| W 2,\infty \| u0\| H1\cap W 1,p + C\| \varphi 0\| W 1,\infty \| \theta 0\| L2\cap L\infty <\infty .
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Estimates (2.16), (3.17), and (B.3) guarantee that

\| \nabla W : \nabla 2\Gamma \| 
L1

t (B
\gamma \prime  - 1
r,1 )

\leq C\| \nabla W\| L\infty 
t (L\infty )\| \nabla \Gamma \| 

L1
t (B

\gamma \prime 
r,1)

\leq CeC(1+t)2 ,

\| \Delta W \cdot \nabla \Gamma \| 
L1

t (B
\gamma \prime  - 1
r,1 )

\leq C

\int t

0

\| \Delta W\| 
B\gamma \prime  - 1

r,1

\| \nabla \Gamma \| L\infty d\tau \leq C

\int t

0

\| W\| W 2,r\| \nabla \Gamma \| L\infty d\tau .

In a similar estimation as deriving (3.45), we deduce that \| [\scrR  - 1, u \cdot \nabla ]\theta \| L1
t (B

1
\~r,\infty ) \leq 

C(1 + t)2 for every \~r \in [2, p], and thus

\| \partial W ([\scrR  - 1, u \cdot \nabla ]\theta )\| 
L1

t (B
\gamma \prime  - 1
r,1 )

\leq C\| W\| L\infty 
t (L\infty )\| [\scrR  - 1, u \cdot \nabla ]\theta \| 

L1
t (B

\gamma \prime 
r,1)

\leq C\| W\| L\infty 
t (L\infty )\| [\scrR  - 1, u \cdot \nabla ]\theta \| L1

t (B
1
2,\infty \cap B1

p,\infty ) \leq CeC(1+t)2 .

Gathering the above estimates yields

\| \partial W\Gamma (t)\| 
B\gamma \prime  - 1

r,1

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
r,1 )

\leq CeC(1+t)2 + C(1 + t)

\int t

0

\Bigl( 
\| \nabla u\| L\infty \| \partial W\Gamma \| 

B\gamma \prime  - 1
r,1

+ \| W\| W 2,r\| \nabla \Gamma \| L\infty 

\Bigr) 
d\tau .

(B.7)

Moreover, collecting (B.1)-(B.2) and (B.4)-(B.7) we infer that

\| W (t)\| W 2,r + \| \partial W\Gamma (t)\| 
B\gamma \prime  - 1

r,1

+ \| \partial W\Gamma \| 
L1

t (B
\gamma \prime +1
r,1 )

+ \| \partial W\nabla 2u\| L1
t (L

r)

\leq CeC(1+t)2 + C(1 + t)

\int t

0

\Bigl( 
\| \partial W\Gamma \| 

B\gamma \prime  - 1
r,1

+ \| W\| W 2,r

\Bigr) \Bigl( 
\| \nabla u\| L\infty + \| \nabla \Gamma \| L\infty 

\Bigr) 
d\tau .

Gronwall's inequality and (3.15), (3.44) ensure that for r \geq 2 and for any T > 0,

\| W\| L\infty 
T (W 2,r) + \| \partial W\Gamma \| 

L1
T (B\gamma \prime  - 1

r,1 )
+ \| \partial W\Gamma \| 

L1
T (B\gamma \prime +1

r,1 )
+ \| \partial W\nabla 2u\| L1

T (Lr)

\leq CeC(1+T )3 ,
(B.8)

which clearly implies the global W 3,r-persistence result of the temperature front
boundary \partial D(t).
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