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Abstract

We study the Cauchy problem of the compressible Euler system with strongly singular velocity align-
ment. We establish a global well-posedness theory for the system with small smooth initial data. Addition-
ally, we derive asymptotic emergent behaviors for the system, providing time decay estimates with optimal
decay rates. Notably, the optimal decay rate we obtain does not align with the corresponding fractional heat
equation within our considered range, where the parameter o € (0, 1). This highlights the distinct feature of
the alignment operator.
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1. Introduction

We consider the Cauchy problem of the following Euler-alignment system in R, x R,

d;p +div(pu) =0,
0 (pu) + div(pu @ u) + VP(p) = D(u, p), (1.1)
(0, u)|t=0 = (po, uo).

Here, p is the density, and u = (u1, --- , uy) is the velocity field. P(p) stands for the pressure,
given by the power law

P(p)=p", y=1 (1.2)

The pressure is known as isothermal when y = 1, and isentropic when y > 1. The term D(u, p)
represents the nonlocal velocity alignment. It takes the form:

D(u, p)(t,x) = —p(t, x) / ¢ (x — y)(ut, x) —u(t, y))p(t, y)dy, (1.3)
RN

where ¢ is called the communication protocol, which models the strength of the pairwise align-
ment interaction.

The Euler-alignment system, represented by (1.1), serves as a model for capturing the col-
lective behaviors exhibited by animal swarms. Over the past decade, there has been a growing
interest in the literature regarding the analysis of the Euler-alignment system, including global
wellposedness and the large time flocking behavior. See e.g. [37,4,12,7,38,30,18,20,3].

We are particularly interested in a specific family of communication protocols known as
strongly singular communication, wherein the function ¢ exhibits a non-integrable singularity
at the origin. A prototypical instance of such protocols is given by:

. _ CaN _2or (M)
PO =da) =p g, where w>0. can =iy @€, (4

It is evident that the velocity alignment term D(u, p) can be expressed in a commutator form:

D(u, p) = —pp(A*(pu) — uh®p). (1.5)

The presence of the singularity introduces dissipative characteristics to the system. Specifically,
when we enforce p = 1, the alignment term transforms into the fractional Laplacian:

ux) —u(y)

— [0 2SP R
D@u,1) = —pA%u:=pucon P

)

resulting in a regularization effect on the solution. The corresponding system
Ou+u-Vu=—uA*u (1.6)
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is recognized as the fractal Burgers equation. This equation has been extensively studied in [14],
where global well-posedness is established for o € [1, 2), while solutions may exhibit shock
formations for o € (0, 1).

The regularization effect of (1.5) was explored in [11,31,33] for a one-dimensional periodic
domain T, under the assumption of no pressure (i.e., P =01in (1.1)). An intriguing discovery is
the global well-posedness of the system for any « € (0, 2). Particularly, when « € (0, 1), in con-
trast to (1.6), the regularization effect of (1.5) is strong enough to ensure global regularity for all
smooth initial data. Extensions are made in [15,26] considering general singular communication
protocols.

The understanding of the theory for the pressure-less Euler-alignment system becomes more
intricate in multi-dimensions. Global well-posedness has been established mostly for small initial
data perturbed around p = 1. See the recent result of Shvydkoy [29] considering the periodic
domain T¥ with « € (0,2), and Danchin et al. [10] on the whole space RY with « € (1,2).
Global regularity for generic initial data is available only for uni-directional flows [17,16,22]
with « € [1, 2).

We are interested in examining the Euler-alignment system (1.1) with pressure (1.2). The
introduction of pressure disrupts certain conserved quantities pivotal for establishing a global
well-posedness theory in the pressure-less system.

In the context of one-dimensional torus T, Constantin et al. [8] established a global well-
posedness theory for sufficiently large o € (2,2). Their result requires an additional strong local
dissipation term of the type (1 (p)uy)y to be incorporated into the system.

In higher dimensions, existing global regularity results generally rely on imposing small-
ness conditions on the initial data. Chen et al. [5] established global well-posedness for smooth
initial data under smallness assumptions in the spatial domain TN for « € (0, 2). For the Euler-
alignment system (1.1)-(1.2) in RY, global well-posedness has been studied by the authors [2],
considering small initial data in an appropriate critical Besov space:

~N N Ny . N Ny
Ftl-—a,5 A p2 2 2
p—1leB? 2 _Bz’1 mBz,1 and ueBl1 ,

when « € (1,2). The scaling invariant hybrid Besov space B FHl-ad (with o = 2) was first
introduced by Danchin [9] on the barotropic compressible Navier-Stokes system, wherein the
alignment term is replaced by

DI () = 1 Au+ pupVdive,  with g >0, w4 pa > 0. (1.7)

As a companion to [2], our first result focuses on the global well-posedness of the Euler-
alignment system (1.1) in R", considering the parameter range o € (0, 1].

Theorem 1.1 (Global well-posedness). Let s > % + 1. Consider the Euler-alignment system (1.1)

with pressure (1.2), alignment interaction (1.5) with 0 < « < 1, and initial data (pg — 1, up) €
H*(RN). There exists a small constant ¢ > 0 such that if

lCoo — 1, uo) | s < e, (1.8)
then the Euler-alignment system (1.1) has a global unique strong solution (p, u) such that
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p>0in Ry xRN, (o—1,u)eCp(Ry; H'RY)),

o

a (1.9)

ATIpe PRy HT I RY)),  AZue L*(Ry: HS(RY)).
Remark 1.1. A notable distinction in the case where o < 1 is the absence of the scaling invariant
critical space that was utilized in [2]. It is unclear how to formulate a scaling critical Banach space
within our setup. Consequently, we opt to work with general Sobolev spaces that are scaling

subcritical. Our result extends the work in [5] from the periodic domain T¥ to the whole space
RV,

Our next result focuses on the asymptotic behavior of the solution to the Euler-alignment
system (1.1). For initial data satisfying (1.8), it is known that the solution (p, u) converges to the
steady state (1, 0). In particular, the limit

u(t,x) —>u

illustrates the phenomenon of velocity alignment, a collective behavior that has been extensively
studied recently [37,32,5,20]. Given the translation invariance inherent in the system, we proceed
under the assumption # = 0 without loss of generality.

Our goal is to quantify the convergence rate of the solution towards equilibrium. In the context
of barotropic compressible Navier-Stokes system (1.7), the asymptotic behavior has been well-
studied in the literature, e.g. [28,27,35,41,24,25,9]. Notably, in R3, the optimal decay rate has
been demonstrated (e.g., [24]):

1o — Lu)(®)ll 2 ~ (1), (1.10)

where the notation (f) = 1 + ¢ is used.
For the Euler-alignment system (1.1), a similar optimal decay rate was obtained in [2] for
ae(1,2):

1o = L) (®) g2 ~ ()" 2. (1.11)

The decay rate agrees with (1.10) when we take « — 2 and N = 3. Moreover, the decay rate
on |lu|l; 2 matches with the rate observed for the fractal Burgers equation (1.6), as well as the
fractional heat equation

O =—uA%u.
This indicates that the alignment operator D(u, p) has a similar regularization effect as D(u, 1).
However, this similarity does not hold when o < 1. To illustrate this difference, let’s consider

a special case when « — 0. In this scenario, the alignment operator formally transforms into a
local damping term:

D(u, p) = —up(A“u +A%((p— Du) —uA*(p — 1)) — —upu, asa— 0.
System (1.1) then resembles the compressible Euler system with damping. Extensive studies in
the literature [42,39,34,40,6] have investigated the global well-posedness and asymptotic behav-

jor of this system. Particularly in R3, optimal decay rates have been observed (e.g., [40]):
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ESNIVY

@) = Uiz~ 077, Ju@le~ )~ (1.12)

The rate notably differs from (1.11). Indeed, when o« — 0, the fractional heat equation becomes
o;u = —uu, leading to an exponential decay over time. This clearly demonstrates that the behav-
ior of the alignment operators D(u, p) does not mirror that of the fractional Laplacian D(u, 1),
when « is close to zero.

We present the following result concerning the asymptotic behavior of the solution to the
Euler-alignment system (1.1), with optimal decay rates, for o € (0, 1].

Theorem 1.2 (Asymptotic behavior). Let N >2, 0 <o < 1 and s > % + 1. Suppose that (pg —

1, uo) € H* N LYRYN) and (p, u) is a global solution of the Euler-alignment system (1.1) such
that

sup (o) = Ul s + u(0)ll as) < +oo.
120

Then we have the following estimates for the solution (p, u):

(1) Decay estimates in L* norm:

__N _N£20-a)
lo@) — 2 S 200, Ju@ll2 () 0. (1.13)
(2) Decay estimates in other norms:
_ N _ N2 o __N+2
(o —Lwy®llee SO 2%, V@l () 29, [[A%u@)ll2 S () 2.
(1.14)
(3) Decay estimates for the incompressible part Pu=u — VA~ divu:
_N
Pu)| 2 S () 2, (1.15)

fora e [%, 1].
(4) Lower bounds: for a € (0, 1), assuming fRN (,00 — 1)dx #0and fRN pouopdx # 0, we have

__N _ N+2(1-0)
lo@) — g2 Z () @, Ju@®lip2 2 () o . (1.16)

Remark 1.2. The decay rates we obtained in (1.13) are optimal. Indeed, the lower bounds offered
in (1.16) have the same rate. We have

o) — U2 ~ ()@ and  Jlu(®)|l 2~ (1)@,

with the rates

ri(@) = ype;  and rﬂa):%, fora € (0, 1.

The result is in companion with the optimal decay rates (1.12) obtained in [2, Theorem 1.2],
where
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r(a) r(a)

Fig. 1. The optimal decay rates.

rife) =r(a)=4L, forae(l,2).

Fig. 1 illustrates the optimal decay rates ri(«) and ry(«) for the whole range « € (0,2). In
particular, when o — 0, we recover the optimal decay rates for the compressible Euler system
with damping (1.12); and when o — 1, the rates in (1.13) align with the decay rate for the
fractional heat equation (1.11) with @ = 1.

Remark 1.3. The estimate (1.15) reveals that the incompressible part exhibits the same decay
rate as the fractional heat equation (1.11). This suggests that the predominant factor contribut-
ing to the varied decay rates in the o < 1 case is the density stretching, i.e., the compressible
component of the dynamics.

The rest of the paper is organized as follows. In Section 2, we provide several auxiliary lem-
mas to be used in the subsequent sections. Section 3 is devoted to the proof of Theorem 1.1 by
mainly establishing the global a priori estimates. In Section 4, we prove Theorem 1.2 concerning
the optimal decay estimates for the constructed global-in-time solution.

2. Preliminary

In this section we compile several useful tools including some product, commutator and com-
position estimates, and the decay estimates associated with the fractional heat operator, and an
inequality of a convolutional integral.

We first recall the following fractional Leibniz rule (see e.g. [21, Theorem 1.2]).

Lemma 2.1. Let s > 0, | < p < oo and 1 < py, pa.q1,q2 < o0 with 1 = % +é = qil +qiz.
Then there exists a constant C = C(s, p, p1, P2, 41,92, N) such that
IA° @v)llLe < CIA ullpr lvllze + 1A VI Lo lullza2)- (2.1)

The following estimates can be derived by Bony’s decomposition. See [1, Equation (2.29),
Theorems 2.47 and 2.52].
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Lemma 2.2. Let u : RN — RY be a vector field of RN and f : RN — R be a function. Then for
every s > 0, we have

lu - Vullgs < Cllull Lo | Vull s,
and

-V fllgs +l1(diva) £ll e < C(lullzoe Ul ser 4 luell s |l fllzoe)-

The next lemma provides some commutator estimates that can be found in [21, Theorem 5.1].
These estimates will be useful in dealing with the alignment term.

Lemma 2.3 (Commutator estimates). For s > 1, there exists a constant C = C (s, N) such that

IA°(f&) = fA gl < CAA* Fllaliglzee + IV £l A gll2), (2.2
IA°(f@) — fA g —gA’ Flle SCUA T Fll2lVellie + 1V il ll A gllz2). (23)

For s € (0, 1], there exists a constant C = C (s, N) such that

IA*(fg) — fA gl 2 < CIAS fll2llglres, (2.4)
IAS(fg) — fASg —gAS fll 2 S CIAS fllrllA gl 2, 2.5)
IAS(fg) — FA gl < CIAS fll2llgll2- (2.6)

The following lemma states some composition estimates. Denote [s7 to be the smallest integer
that is bigger than or equal to s.

Lemma 2.4 (Composition estimates). Let u € L¥(RN) and F € C*®(Range(u)) such that
F(0) = 0. Then the following statements hold.

(1) Ifu € LARY), we have

IF @)l g2 < I F'll Lo° Rangequ el .2

2) Ifue HS (RN with s > 0, there exist a positive constant C depend on || F|| crs (Range(u)) and
||| oo such that

IF @)l gs < Cllull gs-
(3) Ifu € H'(RN) with 51 > %, we have
IF@)lgr < Cllull sl
where C depends only on ”F”C“ﬂ“(Range(u)) and ||u|| p.
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Proof of Lemma 2.4. From F'(0) =0, we have

1
Fw)=uG(), with G(u):/F’(Hu)d@.
0

Then Holder’s inequality gives the statement (1). We can exactly obtain (2) from [19, Lemma
2.1]. By Young’s inequality and the continuous embedding, we see that

IFE@) I < Nullp IG@) I < Cllull |G @)l gt -
Thus the statement (3) follows from (1) and (2). O

The next two lemmas provide some explicit decay estimates associated with the fractional
heat semigroup operator.

Lemma2.5. Letv>0,8>0,s >0and f € HS @®RYYN LYRM). Let A(D) be a smooth homo-
geneous multiplier operator of degree 0 (e.g. A(D) = VA~ div or A~!div). Then

A A D) Fll s s < CEY 2 | £l 2.7
lle ( )f”HS(]RN) < C(t) “f”H-rle(]RN)- 2.7)

Proof of Lemma 2.5. Fort < 1, we have

_utAB —vt|g|P i — s

Fort > 1, we get

_uiAB _ B -~ _ B -~ _N+2s
le ™" A" AD) fll gs < Cle ™ EIEF Fll 2 < CUEF e BV 21l Flle < Ct7 % (Il
(2.9)
Combining (2.8) and (2.9) leads to the desired result. O
Lemma 2.6. Let v > 0 and f, f € L'(RY). Then
_ B~ _N _~
e IE] Flioiwyy S C@ P ALf @y + 1F L @ay)- (2.10)

Proof of Lemma 2.6. For ¢ < 1, it is obvious to see that [e="§/” f]|,1 < C||f]l1. Fort > 1,
we have

—vt|Elf A —vr|E|B =~ -y
le™ 7l < Clle™ Sl Fllee < CL 7 I f N
The desired inequality follows by combining both casest < landz > 1. O
Finally we state an elementary inequality on a convolutional integral, which will be repeat-
edly used in the proof of asymptotic behavior. For the proof, it can be directly deduced by [36,

Proposition 4.5], thus we omit the details.
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Lemma 2.7. Let «y, ap > 0. Then we have

! (¢)~ minfar.cz), max{a, a2} > 1,
f (t—7)7"(r) " de < C | ()™l log(1 4 (1),  max{er,m}=1, (2.11)
0 ()1 —o—ez max{oy, a} < 1.

3. Global well-posedness

In this section, we establish the global well-posedness result of the Euler-alignment system
(1.1) with small initial data.

First we shall provide a spectral analysis for the linearized system in the first subsection. Then,
based on the spectral result, we establish the global a priori estimates of the strong solution.
Furthermore, we prove Theorem 1.1 concerning the existence and uniqueness result with small
initial data.

Denote a £ p — 1 and ag £ pg — 1. Then the Euler-alignment system (1.1) recasts

0ra + divu = —div(au),
ou+ uA%u+yVa = u(uAaa — A“(au)) —u-Vu—y(p'?=1)Va, (3.1)
(a,u)|i=0 = (ao, uo).

3.1. Spectral analysis of the linearized system
Denote by
vE2 A 'divu, and P21d— VA~ ldiv, (3.2)
then u = —VA~'v 4+ Pu. In light of (3.1), (a, v, Pu) satisfies the following system:

ora+Av=_F,
v+ uA®v —yAa=G, (3.3)
0 Pu+ uA“Pu=H,

where (F, G, H) is given by

F 2 —div(au), (3.4)
G2 pA~ div(uA®a — A%aw)) — A" div(u - Vu) — y A7 div ((07 72 = DVa),  (3.5)
H=EuP (uA“a - A“(au)) —Pu-Vu). (3.6)

Clearly, Pu has the «-order fractional dissipation effect. Next let us consider the situation of
(a, v). By taking Fourier transform with respect to x-variable, we see that

a\_ L (a\_(F\ .. s( 0 gl
W(D)-a(2)=(E) win a2( SEL). e
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It is easy to check that the eigenvalues of matrix A are

o —HIEI* FVRAEP* —AyIE1F  —plEl 2 e 2—2a
e 2 . == (1:|:‘/1—?|§| ) (3.8)

We divide the discussion into three cases according to the value of « € (0, 2).

Casel: 1l <a <2.

e For the low-frequency regime |£|*~! < 2./v /1, the eigenvalues can be rewritten as

__/'L|§|a . [4y 22«
A =5 (1i"/ﬁ|§| —1).

Hence, we expect a and v to have parabolic damping.
e For the high-frequency regime |£[*~! > 2./Y /i, the eigenvalues become

__M|$|a 4y 1 £12—2 [
ho= = (1 1= 1622 ) ~ —plel”,

. e 3

14 _
~ =g

2 p+Vpr—dyEPe w

We expect that a has the fractional dissipation of order 2 — « and v has the fractional dissi-
pation of order «.

Case 2: o = 1.

e For ,./y/u < 1/2, the eigenvalues are

Thus the parabolic damping of a and v is expected.
e For /y/u > 1/2, the eigenvalues read as

1 O s
We expect that (a, v) will show the one-order fractional dissipation effect.

Case3:0<a < 1.

e For low frequencies |& = <y (2,/7), the eigenvalues are

—ulg |
ho= = (14 1= g P2 ~ —uigl”,

s 4 22w
Ll ]

(3.9)

~Ligpe,
2 pyu?—dylEe op
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Thus we expect that a enjoys the 2 — o order fractional dissipation and v has the «-order
fractional dissipation.
e For high frequencies |£]'™% > u/ (2/7), the eigenvalues read as

xi=%w(1ii‘/i—g|g|2—2a—1). (3.10)

We expect that a and v have the parabolic damping.
In short, based on the above analysis, we may expect that a (or u) behaves the 2 — o (or «)

order fractional dissipation effect in the L? estimate and (a, u) enjoys the a-order dissipation in
the H® estimate when 0 <« < 1.

3.2. A priori estimates

In this subsection, we establish the global a priori estimates for the smooth solution of system
(3.1) with small initial data.

Proposition 3.1. Let « € (0, 1] and s > % + 1 — 5. Assume that (a,u) is a smooth solution of
system (3.1). There exists a constant € > 0 such that if

(a0, uo) | ms < e, 3.11)
then for every T > 0 we have
T
Mmun@$w”+:/(uA“%mﬁﬁw4+nA%szdr<cummuwﬁp. (3.12)
0

To prove Proposition 3.1, controlling complicated terms such as y (p? =2 — 1)Va in a direct
energy estimate for the system (3.1) poses a challenge. To overcome this difficulty, we adopt the
approach from [34] and introduce an auxiliary quantity o, defined as follows:

Inp for y =1, In po for y =1,
o214, i and o9 = y=I (3.13)
ry—1 = r—1 .
BT -1 fory>1, 2 (py7 —1) fory > 1.
Conversely, a = p — 1 can be expressed by
e’ —1 for y =1,
a= 3 2 (3.14)
(gT;UH)V‘—l for y > 1.

If p > 0, the system (1.1) (or (3.1), equivalently) is transformed into the following system

279



X. Bai, C. Tan and L. Xue Journal of Differential Equations 407 (2024) 269-310
00+ ydivu=—u-Vo — VT_IO' divu,
u+ uA*u+ /yVo = ,u(uA"‘a — A” (au)) —u-Vu — VT_IJVU, (3.15)
(o, u)|t=0 = (00, uo).

For the smooth solution (o, ©) of system (3.15), we can get the following a priori estimate.

Proposition 3.2. Let a € (0, 1] and s > % +1- % Assume that (o, u) is a smooth solution of
system (3.15). Then there exists a constant ' > 0 such that if

Il (00, uo) | s < &, (3.16)

then it holds

o

T
1@, 1013 s, + / (N3 ulye + 1A' 501201 )dr < Cll0, u0) I (3.17)
0

With Proposition 3.2 at our disposal, we can immediately show the proof of Proposition 3.1.

Proof of Proposition 3.1. By letting 0 < & < 1 small enough, the initial assumption (3.11) and
Lemma 2.4 ensure (3.16). Then according to Proposition 3.2, we obtain the a priori estimate
(3.17) of (o, u). For small enough ¢, we see that

. 2y
ol < Cllollzgams <min {25, 1}

Hence, using (3.14) and Lemma 2.4 again, we get the desired estimate (3.12). O

Now we turn to the proof of Proposition 3.2.

Proof of Proposition 3.2. We divide the proof into three steps.

Step~1: Lz;estimate. We shall prove that there exist two positive constants C = C(«a, s, N, y, 1)
and C; = Ci(«, s, N) such that for every s > % +1-7,

T
o, u)uimz)+/(81W||A‘*%a||iz+u||A%u||§z)dt
0

< Clio. uo) s + Cr81 1A 170 )
T

T
+5161/||A%+Su||izdz+C||(a,u>||L;O(H.v>/(||A“fa||i,s+m +||Afu||%,s)dz,
0 0
(3.18)

where 0 < §; < min{l, %} is a constant chosen later.
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Taking the L? inner product of the first equation of (3.15) with o and performing the integra-
tions by parts, we see that

d 2—
EEHUHiz-F\/?/Gdivudx:Ty/szivudxél. (3.19)
RN

A similar L?-energy argument of u gives

d . .
5 3 i3 + A ful, —ﬁ/ o divudx
RN

\ (3.20)

=fu2divudx+u/ (A“|u| —u-A%u )dx——/o dlvudx—ZJ]

RN RN RN J=1

In order to get the smoothing effect of o, we consider the following quantity fR vu-VA ™%odx
(recalling the spectral analysis in low frequencies). By taking the L2 inner product of the first
and second equations of (3.15) with A!~%v = A~*divu and VA %o respectively, and summing
them up, we obtain

d o o
5/u~VA_°‘odx+\/7||A1_70||iz—M/adivudx—ﬁ||A_7 divul?,

RN RN
— T y —1 . —a y —1 2 2w
=) u-VoA %divudx + —— | odivu A" %divudx — — | o0“A“" %0
2 4 3.21)
RN RN RN
5
+u/ (uAa — A%(au)) - VA %o dx — / u-Vu) VAo dx £ K.
RN RN Jj=1

Since s > 1 — «, taking advantage of Holder’s inequality and the interpolation inequality, we
deduce that there exists a constant C; > 0 depending only on «, s such that

sta—1 l=g
/M'VA_“de lull 2IVA™ o [l 2 < Cllull2lloll, ||A ol
N (3.22)

1
< il + =212, + 52 1A% 1),

and

2(s+a—1) 2(1—a)

SPIA S divul?, <CYpIATul, AT ul

(3.23)
<OV (St IA S, + A uld, ).
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We set 0 < §; < min{1, f} to be a constant chosen later and

) -
Y02 (14 53 )o@+ I + o [ w0 va~onas.
N

Thanks to (3.22), it is obvious to get

1—a)é
T2, + lul?,) — S22 A% |2, < Y (1)

(3.24)
C(lo 2, + llull?,) + L5220 A |12,
Collecting the equations (3.19)-(3.21), and using (3.23), we have
1d ) _a
——Y(t)+—||A2u||L2+ A S o2,
2 dt
) 1—
<|1|+Z|J|+Z|K |) AT AT 2, (3.25)

Next we estimate the right-hand side of (3.25) one by one. For the terms I and J3, by virtue
of the L? boundedness of the Riesz transform and Lemma 2.1, we have

1+ 151 < CIA 50?2 AT divull 2 < Cllolls A 2ol 2 1A Sull2. (3.26)
A similar argument gives
= [ ol divuds] < Clulis 1A Sul 21 A Sl
RN

For J> given by (3.20), using (3.14) and Lemmas 2.3 and 2.4, we have that for every « € (0, 1),

|2l < Cllall 2 1A [ul* — u - A%ull 2 < Clio | 2 1A% ull 2 llull Lo,
and foroa =1,

|J2|:‘M/a(A“|u|2—2u-A°‘u)dx+u/A%(au)-A%udx

RN RN

o 2 3 o
SClallp=llAzull;, + Cllull2[lAZallLo | A2ul 2
« 5 o 2
SClolleellA2ull;2 + Cllull2|AZo || gsra-1 [ A2ul 12,
where in the last line we have used the embedding H =1y [ for every s’ > % +1-3.
By the L2-boundedness of the Riesz transform and Lemma 2.1, we can estimate K; and K3 as

follows:
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K1l S CIA2(u A diva) || 2[IVAT 20|12
B 1— 1-¢ 1—2
SC(IAZullpoe | A " ull 2 + llull Lo lIA " 2ull2) 1A 20 || 2,
and
1-2 2 -< 2
K3l < CIA 20?2 A 202 < Cllo |l | A 20 |172-
For K>, by applying Lemma 2.1 again, we find that for every % <a<l,
|Ka| < CIIAT" 2 (e A divan) [ 2| AT divau] 2
1-% 1— 3 o
C(IA 2ol A ™ ull 2 4 llo o 1A% 2 ull2) [ A2 ull 2,
andforevery0<a<%,
|Ka2| < Cllo el divull 2 [AT divul| 2
1—
< CllolizellAull 2 (1A ull 2.

The term K} is treated in a similar way as J: owing to Lemmas 2.3 and 2.4, we see that for
every a € (0, 1),

|Kal < Cllall 2l A% (u - VA™0) —u- Vo)l 2 < Cllall 2| A%ull 2 | A0 | 2,

and fora =1,

|Ky4| = ‘M/(uA“a—AZ(uAZa)) VA~ crdx—l—,u/(uAZa—AZ(ua)) VA Zodx
RN
<anl*‘”a||Lz||Afu||Lz||Afa||Loo+anl*fouLz||Afu||Lz||a||Loo
SCIA 02 lAZull 2| A0 |lgs + CIA ™20 |l 21 A 2 ull 2l || e

For K35, in light of Lemma 2.1, we obtain

CIIA™28;u/ | 2]|A% ('3, A™%0)]| 12

|Ks| <
1-Z & 1— -«
<CllA 2M||L2(||A2M||L°O||A Yollp2 + llullL= A 2<7||L2),

where we have used the Einstein summation convention on repeated indices.

Note that via the Sobolev embedding and the interpolation inequality, the following inequali-
ties hold that for every s > s’ > % +1-35

lollzee + llullze + 1A ™0 [l 2 + A ull 2 < Cllo, ) 1 (3.27)

1A Zull 2 + A% 2 + | Aull 2 < CIAZull o (3.28)

1A % ull 2 <CUASul e, forael?, 1],

- o P (3.29)
IA " ullp2 < ClIAZull gy,  fora € (0, 3),
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and for every o € (0, 1),
IA 0 e < CIA S0l yyvarrs Nl < CIASull 0. (3.30)

Inserting the above estimates on |/, |J;|, | K| into (3.25) and using (3.27)-(3.30), we get

d b _a
S YO+ ulaZull, + 2 A o,
(3.31)

¢ 9 ) S /y(—a)
<Cllosw)llas (1A 730 1 as + 1A TulF) + 1f AT T,

Integrating (3.31) over the time variable and using inequality (3.24), we obtain the estimate
(3.18).

Step 2: H *-estimate. We shall prove that there exist two positive constants C = C(e, s, N, 7, )
and C; = Cy(«, s, N) for every s > % +1- %,

T

(A%, A2, + / (RIA 5wl + 27 IA o112, )dr
0

<Cll(00, u0) I 7zs + Cadallull o 12,
T

T
C 2 o o _a
+ Cob /||A2u||izdz+C||<o,u>||Loc<Hs>/(||A2u||%,s+||A1 012 s )1
0

(3.32)

where 0 < § < min{1, */77, %} is a constant chosen later.

Multiplying the first and second equation of (3.15) with A>o and A u respectively, inte-
grating over RY and summing them up, we get

d . _ .
53 (1A + 1A% ,) + A Ful ) = Iy / (a divuAZo + A%u - (aVa))dx
RN

4
- / u-VoA*odx — / u-Vu-APudx +p / (uA“a - A“(au)) A¥udx & ZINJ
RN RN RN Jj=1
(3.33)
In order to develop the smoothing effect of o, we consider the quantity ]R v - VABTE25dx
(this is in accordance with the spectral analysis in high-frequencies). Arguing as (3.21), we infer
that

d o
o f u-VA* T 2o dx + /yIIA T 207,
RN
+;L/u.VA2<S+“—1)adx—ﬁ||AS+%—1divu||§2
RN
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= / u-Vo A» 2 divudx + VT_I / o divu A2 divudx — yT_l / o2 A>Ty dx
RN RN RN

5

+u/ (uA“a — A*(au)) - VAZ T 2crdx—/(u Vu) - VAFT* 25 éz

RN RN j=1
(3.34)

Through the interpolation inequality and the L2-boundedness of Riesz transform, there exists a
constant C» > 0 depending only on «, s such that

—l+ta

/ - VAT 20 dx| < AT dival| 2| Aol 2 < C||u||L2 IAl L A
N (3.35)

<G

1 2 1 2
SR AuI, + 31A 1, ),

and
o 3a
w fu.vz\ﬂ““—‘)odx Sul AT 20 2| A2 "2 divu| 2
N

2 o
1% l—a 52 s— H—oc s+ f s+%
<C2—ﬁ(—2s IAZull}2 + 1A 2M||L2>+ A 2Ulle,

(3.36)
and

JPIASHE divu)2, < L 4 A%+ S u)2,. (3.37)
Let 0 < §» < min{1, %, %} be a fixed constant chosen later, then we define

Y(O) 2 A o), + A u@®)3, + = / VAP 25 (1)dx.
RN
In view of the inequality (3.35), we see that
LUA T2, + 1A%u)2,) — 252 )2, <Y () <2(1A%0 1, + 1A% u]2,) + 202 ju||2,
(3.38)

Gathering the equations (3.33)-(3.34) and using (3.36)-(3.37), we obtain

&la

5 1
Y+ ||AS+2u||L2+ 2T A2, <CZ|1|+CZ|J,|+“Z’z&qumuLz

N =

(3.39)
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Next we estimate the terms on the right-hand side of (3.39). For every s > &5 + 1 -3, we
have

o 2s—2—N+a o 24N—a o
IVl SCUAZ fll,, >0 IAT2ZfILY < CIUAR fllas, (3.40)
—2—N+a a+N
IV Fli~ <CIAT2 3 T IATFZF175 T < CIATTT £l oot (3.41)

By virtue of Lemma 2.3 and inequalities (3.40)-(3.41), we deduce that

|1~1|=}1‘TV/(Asu.AS(aVa)JrAS(adivu)Asa)dx’
]RN
- ’“TV / (Asu C(A*(0Vo) — 6 A* Vo) — A'u - Vo Ao
RN
Ao (A (o divi) — o A® div u))dx‘
(I ull A% 20V o + Ao 13, dival o )

-2 2 L)
SCllo s (1A 720 [ sract + 1A Zull7s),

and
~ 1
|| = ‘ — / (AS(M-VO‘)—M~VASO‘)ASO’dx+ E/divu(ASo)zdx)
RN RN
s K s 2 1 . s 2
SCIVollre A ull 2N 0l 2 + CliVull L= | Ao |7, + EII divul[L=|[A’o|l},
<Cllollas (1A 2012, 0 + 1A Tulls),
and

~ 1
|I5| = ‘ / (As(u -Vu)—u- VASM) - Afudx — 5 / divu(ASu)?dx
RW RV

[
SIA - Vu) —u- VA ull 2| A ull 2 + S lHdivalpee 1A w7,

< ClIVull e ATull3,

Due to that HY < W% for o < %, > 41— % geterl s wie/2-1o0 for % <a<l1,we
get

IA%all < Cllallas + CIA' ™ Zal gssamt < Cllo|lms + CIA T 20| govamr,  (3.42)
and according to Lemmas 2.1, 2.4, we have
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< C(IA T2 @AY |12 + 1AT2 (@)l 12) 1A 2 ul 12
< C(IA " Sull 2l A%l g + ull e 1A all 2 + llall oo I AT S ull 2) A5 w2
<C

(lull s + IIGIIHA)(IIA]TUIIHW 1+ IIAZMIIHv)
For J; and J, given by (3.34), we use Lemma 2.1 and (3.40)-(3.41) to find

IAST2 = - Vo) | 2 AT 2~ divu) 2
421 s+5 s+5
(A2 | 2 I Vo o + ull L AT 2ol 2) 1A T 2ull 2

1-¢ 12 )
lall s NA'T2 0 [ 5epamr + 1A 20l 72),

NN N
a a a

and

o . o .
1AST2 Yo divu) || 2| AT~ divul| 2

¢ _q . 4 42
(IAF2 o ol divall o + [l oo AT 2wl 2) 1A 20 2

NN N
a a a

a2
lollas IAZullys.
By virtue of Lemma 2.1 and the fact that H* < L for every s > % we estimate J3 as follows:

~ o o
|BI< CIA 202 2 1A 20| 2

<C
1-¢
<Clollx Ao |7, < Cllollus 1A ™20 13-

Thanks to Lemmas 2.1, 2.4 and inequalities (3.40), (3.42), we find

1Tl < C(IA T @Aa) 2 + 1A% @)l ) 1A F o
<C(IASull 1A%l + Null el A Sall 2 + lall e | A Sul ) 1A o) 0
<C(lullms + o lm ) (1A 201 e + 1A Zully).
and
IAF I - V| 2| AT 2o 2
(A2l 2 | Vel oo + el oo AT 2]l 2) | AT 20| 2

1-% 2 <02
lallrs (1A 20 e + IAZull ).

a a a

Inserting the above estimates on 71—72; and f1—75 into (3.39), we obtain

1d )
ST O+5 DAt u@ 2, + 2 A o )12,
(3.43)
<C||<o,u>||Hs(||Afu||%p+||A1—fo||i,s+a_])+%||A2uup

By integrating the inequality (3.43) with respect to 7-variable and using (3.38), we infer that
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T
||<A‘o,ASu>||iz+u/(||AY+2u||L2+’WHAY*zon ) )dr
0
<Cll(@0. u0) s + 25 Nl o 2, (3.44)
T
+ ol “>/||A2u||L2dt+cn(a )l L) /(HA%un%p+||A1—%o||§p+a_.)dr,
0

which corresponds to the H*-estimate (3.32), as desired.

Step 3: H'-estimate. By combining (3.32) with (3.18), and letting &1, §2 > 0 be fixed constants
small enough, there exists a constant C = C(«, s, i, ¥, N) > 0 such that for s > % +1-4,

T
I, u>||i;c<Hs>+/ AT ullZs + 1A 301200 l)dr
0

T

< Clloo. w0y + Cl g [ (1A%l + 1840 1R, ) .

0
(3.45)
Denote by Xo £ [|(00, uo) [|3;s and

T
X(T) 2 N0 e + [ (1ATullys + 1A S0y )
0

From (3.45), we have
X(T) < CXo+CX2(T).

Through the continuity argument, we infer that if X < ¢ with a sufficiently small constant & > 0,
then X (T) <2CXpforany 7 >0. O

3.3. Proof of Theorem 1.1
The local well-posedness result for the system (3.1) can be established by using the stan-
dard arguments, e.g. see [5,13,23]. We present a version of local well-posedness result from [5,

Theorem 2.1] as follows.

Proposition 3.3. Let s > —|— 1. Assume that (ag, uo) € HS(RY) and inf a(x) > —1. Then
xeRN
there exists a unique solutton (a, u) of the system (3.1) such that

(a,u) € C([0, T1, H*RN)), ueL?(0,T], HT2(RN)), (3.46)
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with some T > 0. Moreover, let T* be the maximal existence time of this solution, and if T* <
+00, then there holds:

T*
[ (190l + @y ) =cc. (3.47)

0

Under the smallness assumption (1.8), or equivalently (3.11), Proposition 3.1 ensures that
(a, u) satisfies the H*-estimate (3.12). In particular, we get

€@, w3 hsy < ll(ao, uo) s < €,

for every T < 4-00. We then apply Sobolev embedding and obtain
T
/ (IVa@ll + la@llyi )dr < CT 1@, )l sy < CTe < +00,
0

with s > % + 1. In view of Proposition 3.3, we must have T* = 400, namely the solution exists
globally in time. This concludes the proof of Theorem 1.1.

4. Asymptotic behavior

In this section, we investigate the asymptotic behavior of the solution (a, u) obtained in The-
orem |.1. We demonstrate that the solution converges to a steady state:

a(t)—0, and u(t)—>0, ast— oo.

The density becomes constant due to the effect of pressure, while the velocity converges to a
constant due to alignment interactions.

We establish quantitative estimates for this convergence, including explicit decay rates as
outlined in Theorem 1.2.

We begin by investigating a linearized system of (a, v) with v = A~'divu, focusing on the
decay properties of the Green’s matrix. Subsequently, we establish decay estimates for the so-
lution (a, u) of the system (3.1). Please refer to Propositions 4.4 and 4.5 for the proof of the
estimates in Theorem 1.2 (1)-(3). Finally, to verify the optimality of the decay rate, we derive
a lower bound of ||(a, u)(¢)||;2, ensuring that the decay rate precisely coincides with the upper
bound. See Proposition 4.6 for the proof of the lower bound estimates in Theorem 1.2 (4).

4.1. Green’s matrix for the linearized system

By a direct computation (see the appendix for more details), we infer that the solution of the
ordinary differential equations (3.7) is

(2)-d0.0(2)+ fg(r sé)(g?;) 5 @
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where for |£]17% = /(2. /),

C. C. A _ Ay tA_ _ Ay
gA(Lé)é(gu gu>_ 1 (m N (e ))’ 42)

G G ay—a \ylEl(e* ) ayett —a_e-

and for |£|17% = w/2v),

=~ s Gn\_ _ﬁ,g,(wmsn —I€lr ) 3
g(”g)‘(ézl @2>‘e vl 1- 7lel) @

with A4 given by (3.8). R
Now we show the pointwise estimates for the Green matrix G(z, ).

Lemma 4.1. There exists constant C > 0 depending only on o, N, ¢, y such that the following
statements hold true.

(1) For0 < a < 1 and the low frequencies |£|'~% < w/(2/v), we have
G111, &) < Ce 1011, 8) = y1G12(1, 8)] < ClE' e CTET (4.4
1Goa(1,8)] < C (7 C1EI" 4|22 CHEP™), 4.5)

(2) For 0 < a < 1 and the high frequencies |€|'~% > w/(2,/v), we have that for every i, j =
1,2,

1Gij(1. )] < Ce™ . (4.6)
(3) For a =1, we have that for every i, j =1, 2,
1Gij (1, §)] < Ce™ Il 4.7)

Proof of Lemma 4.1. (1) We consider the low-frequency case. By virtue of Taylor’s formula,

1
=1 f ¢! O+ +(1=000-) qg (4.8)
0

ol _ the
Ay — A

Noticing that A, < —4(£|* and A_ < —%|§|2’°‘ (recalling A satisfy (3.9)), we can estimate
the above integral as follows:

1 1
t/et(0k++(l—9))\,)d9gt/6*1(9%|§|a+(1*9)%|§|270‘)d9
0

0
_Y 2—a _ _i(Hge_ Y g2—a
—e Mf|$| (%|§|a_%|%—|2—a) 1(1—6 T(’;|E| #|§| ))
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4 _ _Yy 2-a
< —fg e T
7

where in the last line we have used the fact that (1 - i—’; |& |2_2"‘)_1 < 2. From the definitions of
512 and @\21 in (4.2), we have

-~ -~ _Y 2—a
1G21(1.6)| = y1G12(2, £)| < Clg| e w1
We rewrite @1 and 522 as follows:

)\_(et)q_ _ et)\_)
Ar — Ao

. o Ay _ LtA_
R TS PO S et
oy — A

Gt &) =e" —
Hence, the triangle inequality gives

G111 &) < e Wy g PO < comCrEPT

Similarly, we can obtain (4.5) concerning the estimate of |§22|.
(2) We prove (4.6) by respectively considering the following three high-frequency cases.

o If gl =p/ (2,/7), the estimate (4.6) directly follows from (4.3).
> For u/(2/y) < e~ < /v, recalling A+ are given by (3.10), we see that

Oy + (1 — 00 = _“2@' (1 —i(l— 29)\/%),

and

1
‘ <t/ |e’(9’\++(1*9))‘—)|d9 —te T

0

ot _ pth-
Ay — A

and thus
1Ga1 (1, 6) = y1G12(1, §)| < Crlgle™ 38 < ORI < ce™@,

Noting that Re(A4+) = —# and |A_| = ,/yI&], and in view of the equality (4.9), we have
G0 6| + 1021, 6) < Ce™ 2 E" 4 Crigle 211 < ce™C,

> For |£]'7% > /v, noting that

o = Al = ulE 11622 — 1> ulg|* 21622 = By ),

and recalling that Re(Ay) = —@ and [A+| = /v 1], we have
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A A_
(At e | + [A—]

_ T e < Ce CHE L e .
Py — A IS A

1G11(2,6) <
Similarly, we can obtain the estimates of |@2|, |§’722| and |§22| as in (4.6).

(3) We prove (4.7) by analyzing the following three cases.

> If 4y < u?, we see that Ay = —|&|(n £+ /2 —4y)/2 and Ay — A_ = —/u? —4y|£|, and
thus

At

I
Ay — A

7 —CIE|t
e < Ce ,
] < o S

‘gc, and

Hence, the estimate (4.7) follows from the above inequalities and the formula of @ 7l in (4.2).
> If 4y = 2, in view of (4.3) and the fact that ||re VY5l < Ce_Tymt, we directly obtain
4.7).
> Ifdy > p?, wesee that A = —|&|(u £ i/4y — u2)/2, Ay — A = —i/4y — u2|€|, and thus

€] <
A4 —A]

At
A — A

’

_K
e+ < Ce 2,

|<C, and

which in combination with (4.2) leads to (4.7).
Hence, we complete the proof of Lemma 4.1. O

Next, based on the above pointwise estimates, we provide the following two lemmas concern-
ing the exact decay estimates related to the Green matrix G(t, £).

Lemma4.2. Let0<a<1,s>0and f € HSN LYRY). Then we have

PN -~ _ N+2s

NEFG1 @) Fll 2 < CEO 2D || £l 1mps» (4.10)
-~ o~ -~ o~ _ N42542-2a

NEFGar () Fll 2 = Y NEFG2@) Fll 2 S CU)™ 2@ || fll i (4.11)
~ ~ _ min] NA2s N42std—da

1EI G () fll 2 < Cr) min{ 257 2455 }||f||m;,s, (4.12)

where C > 0 depends only on o, s, N, i, y.

Proof of Lemma 4.2. For o = 1, the estimates (4.10)-(4.12) naturally follow from (4.7) and
Lemma 2.5. Now we consider the case 0 < o < 1. Denote by

DE{EeRN g™ <pu/Qy¥)). (4.13)
Thanks to Lemma 4.1, we have for ¢ < 1,

€ G @) Fll2 < NEL G @ Fll 2y + NEP G @) Fll 2y

e . c _ (4.14)
< Cle B oo 11EE Fll 2 + e S NEF Fll2 < CUfll s
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and for ¢t > 1,

HEE G @) Fll 2 < MEFGH @ Fll 2y + IEP G @ Fll 1206

—a o~ o~ N+2s
< ClIEPe 8P 2 Tl + e~ NIEP Fll 2 < C1 200 | £l e
4.15)
Combining (4.14) and (4.15) leads to (4.10). In a similar way, we can analogously prove the
estimates (4.11) and (4.12). O

Lemmad4.3. Let 0 <o < 1 and f, fe L! (]RN). Then we have

1GH(O) Fllr < C) 2 (1 f 1l + 17 1), (4.16)
1Go1 ) Pl = ¥ 1802 Fll2 < Co) ™ 2 (I f Il + 171 )- (4.17)
~ —~ ,min{ﬂ,w} —~

1G22 (1) Fll 1 < Clr) (| f o + 17, (4.18)

with C > 0 depending only on a, s, N, i, y.

Proof of Lemma 4.3. For o =1, (4.16)-(4.18) can be deduced from (4.7) and Lemma 2.6. Next
we treat the case 0 < o < 1. Recalling D is defined in (4.13), and in light of Lemma 4.1, we have
that forr < 1,

1G11 @) Fllr < 1G1 @) Fllg oy + 161 @) Fll L1 (e o
_ 2—a -~ _ ~ -~ '
< Clle™ B L |l + e N F Nl < CI ANl

and for ¢t > 1,

1G1 @) Fllr < NG @) Flliepy + 1§11 Fll 1) w0,
_ 2—a -~ _ -~ __N -~ '
< Cle B il Fllzee + e fllpr < Cmz=a (L £l + 1L F 1)

Combining these two estimates leads to (4.16). Similarly, we can analogously show the estimates
(4.17) and (4.18). O

4.2. Rough upper bounds
In this subsection, we shall establish a rough upper bound for the decay rate of the global

smooth solution (a, u) to the system (3.1).
Before proceeding forward we introduce some notations. Denote by

N N+28
Ug() 2 sup (2)20 ||(APa, APu)(D)| 2, (4.21)
o<t
N~
V()£ sup (1)@ )(T) .1, (4.22)
o<t
E® 2 sup [(a,uw)(@)]ps. (4.23)
0<r<r
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Our main result of this subsection is as follows.

Proposition 4.4. Let « € (0,1], N > 2 and s > % + 1. Suppose that (ag, ug) € H* N L'(RN)
and (a, u) is a global solution of system (3.1) such that

sup  (la®llms + lu®)llas) < +oo.
0<t<400

Then we have

@, 1) ()l 2 < )7, (4.24)
(@, u) @)l < C 1)~ (4.25)
I(Va, Vi) ®)ll 2 < Cle)~ 0 (4.26)

Proof of Proposition 4.4. We divide the proof into four steps.
Step 1: Estimation of Uy(#). We intend to prove that

t
Uo(t) < Cli(ao, uo)llp1n2 + C/ Wi, 1) (Uo + U (1) E(T)dz, (4.27)
0

where the weight function W is defined by

A _ N42 __N N
Wit,7) = (t — 1) 2@0 (7) 207 (1) 200

: N N+2(1-a) N+2 N
+(t— )y "l 2 | (g) T 20w (1) e

We first consider the incompressible part Pu with P 2 Id — VA~!div. Recalling that Pu
satisfies the third equation of (3.3), we deduce that

t

Pu(t) = e M2 Pug + f e MDA P H (1)dr, (4.28)
0
with
H2 p(uh®a— A% (au)) —u - Vu. (4.29)

By virtue of Lemma 2.5, the first term on the right-hand side of (4.28) can be estimated as
—utA® —ptl§” ~%
lle Puoll2 < Clle uollp2 < C(t) 2 luoll L1z (4.30)

Thanks to Lemma 2.3, we have
IH | 1nr2 < C(IIA%ull2llall p2npo + lull 2z Vullz2). (4.31)
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Using Lemma 2.5 and the above inequality, we find

t

/ e PETDA P H (1) 2dT < c/g )% |H (T)|l1472dT
0

N
<C (l —T) ™ (llA“ullellallemLm + ||VM||L2||M||L2mLoo)dT

o—_ .

N+2a
c/ (t — 1)~ % (1) 200 (EU, + EU,)(t)dr. (4.32)
0

Collecting (4.28), (4.30) and (4.32) yields

Bl < 07 (luollope + [ W0 (U + U)@E@UT). @33

Now we consider the compressible part (a, v). From the equality (4.1), we have

t

Ja@2 <190 ©a@l: + 150l + [ (181 = OF 12 + 1812 ~ 61,2 )dr

0
(4.34)

and

t

vz < 1G21 @]l 2 + 1G0Tl 2 + f (1821 = DF N2 + 1G22t = )G 12 )de
0

(4.35)
where F =div(au) and G is defined by (3.5). In view of Lemma 4.2, we get
~ ~ __N
IG11(MDaoll2 < C(r) 22 |laoll 12, (4.36)
~ R ~ . PR +2(1-0)
G120l 2 + 1§21 (a2 < CIGi2 () i, @)l 2 < C )~ ki | (o, ao)ll1nz2s
4.37)
_ N+4(l-a)
1G22 01l 12 < CllG2(idoll 2 < C{) ™ 22a ugll 12 (4.38)

Taking advantage of Lemma 4.2 and the following inequality
laull 1 < C(lullzellal g + lallzellull g1) < Clia, )l g lia, w)llz,
we infer that
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t
-~ -~ N+2
/Ilgu(t —DF(@lpdr <C [ (1 — v) 2w [ (au) (D)l 1 grdT
0

oY _

_ N+2
<C [ (t—1) 2= (lall 2 llull 2 + (@, w)ll g1l (@, w)l| L )dT

o—

N+2

<C [ (=) W (1)@ (EU + EUY ) (2)dr, (4.39)

o _

and
1 t
~ ~ _ N4202—a)
/Ilgzl(t — 1) F (1)l f2dr <C/<t —1) 29 |(au) (D) ingde
0 0
t
_N+#2 N _
< C/(t — 1) 2w (1) 20=a (EUy + EU;)()dt.  (4.40)
0
Denote by

G2 pu(un®a— A%@au)) —u-Vu —y((14+a) 2 —1)Va, (4.41)

then Lemmas 2.3 and 2.4 yield that

1Glz1nr2 < C(IAull2llall onpe + el p2nzoe IVull 2 + llall 2ngee I Vall2). (442)
Arguing as (4.39) we find

; ~ ~ ; CN+2(—a)  ~
/ 1G12(t — )G (7) | f2dT < C/(t —7) 29 ||G(D)lLinL2dT
0 0
t

_ N+2(l-a)
< [0 =07 BT (1a%ulzall s + Ve, Vil el oo

0
t

_ N+2(-w) _ N+2a
<C / (t—7)” 2@ (1) 20w (EU; + EUy)(7)dz, (4.43)
0

and

t

t
~ ~ _ N+d—da  ~
/Ilgzz(t —1)G (1) f2dT <C/<t —17) 0 |G p1ng2dT
0 0
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; _N+2(d-e)  _ N+2a
<C / (t—1) 20D (1)7200 (EU; + EUp)(v)dt.  (4.44)
0

Inserting (4.36)-(4.40) and (4.43)-(4.44) into (4.34)-(4.35), we have

e YOl < €07 (o, wo) g + [ Wie,2) (o + Ui + V)@ E(o)d).

0
(4.45)

Therefore, noticing that u = Pu — VA~lv and U, <C U(}_“ U f‘, we obtain the inequality
(4.277) by combining (4.33) with (4.45).

Step 2: Estimation of U (¢). We shall show that

Ui(@) < Cli(ao, uo)ll L1 +C/W2(l,f)U1(f)E(f)df, (4.46)

where the weight function W5 is given by

. (N+2e N+42 N+2 N+2
Wa(t, T) L (t — T)_mm{ o » 22— a)}< Y720 (1) 20

We first consider the H!-estimate of Pu which satisfies equation (4.28). It follows from (2.7)
that

o N+2
I Ae™ A Pugll 2 < C(1) % uoll iy (4.47)
By virtue of Lemmas 2.1 and 2.2, we have

CUIA@AY@)| 2+ A (au)ll 2 + lu - Vel o)
Cllullz=llall gre + llull gralalizoe + [l Lo lull g2)- (4.48)

IH | g1

NN

For N > 3, by using the interpolation inequality (e.g. see [, Proposition 2.22])

52 N/2 N/2 Yl
—s
"l

llullzee < Cllull 3 for0<s; <% <,

A% A2

we have

1— 2a 20
”u”LOO(RN)”a”HHa(RN) C”M”N1 ”u”HN/Z-H ||Cl|| N ”a”HN/z.H

< (b naly, ™) (¥ et NHH al NH)

< Clita, Wl g gyl @, Wl gs ®wy-

Similarly, we can estimate the other terms in the right side of (4.48) and get
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I 1 1 vy < CllG@s ) g ey 1 @ ) | s vy - (4.49)

For N =2, we claim that

||M||L°°(R2) C”M| il RZ)”MHE S(RZ)v V0 <€ < 1.

2)6

In fact, using the interpolation inequality and taking 6 = @s=De ¢ (0, 1), we have

1/2 172
lull oo 2y < CllullHl,g(Rz)||M||H1+9(Rz)

172 0 172
0 1-6
<C(||u||L2||u|| ) (|| ull ||;,j)

9 0

Thus, it is immediate to show that forevery 0 <€ <1 —a and N =2,

1— 1—-
C (% Nl ) (el Nl e N )
Cll(u, (1)||H1(]R2) | (u, @) ||HS(R2),

il oo 2y el g1 )

NN

and by treating the remaining terms in a similar way, we can also get the estimate (4.49) for
N = 2. On the other hand, we split Hinto H=H 1+ Hz, with

Hi 2 p(una — A%au)), and Hr 2 —u-Vu. (4.50)
By virtue of Lemma 2.1 and the interpolation inequality, we infer that

IAYHill 0 < CIAT™@A%a) || 1 + ClIA(au) ||

<€l rllall o+l 2l 1 + el g a2

<Cll@ w2 ll@ ol g, 4.51)
and

1ol =l Vall o < el 2l o *.52)

Using the above inequalities (4.49), (4.51), (4.52) and (4.31), we argue as (4.32) to derive

f [Ae MDA P H (1) 2dT

1 1

gcf(r—r)‘ f<r—r>—”z—f||ﬁz<r)||mmudr

0 0
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t
N+2a N+2

<C / (t — oy~ ) (1) e Uy (n) E(o)dr.
0

Combining the above estimate with (4.47), (4.28) leads to
t
2 _ _N+42
IPu@)|l 1 <C(I)_N2_Z||Mollmm + C(r) 2@ /Wz(t,T)Ul (DE(r)dr.  (4.53)
0

Next we consider the H !-estimate of compressible part (a, v) which satisfies (4.1). Thanks to
Lemma 4.2, we have

-~ R _ _N+2
1&1G11(Daoll 2 < C(t) 2= |laoll 1n g1 »

—~ PR ~ PN _N+22-a)
11€1G12(1) (Do, ao)ll 2 < 1§1G12(2) (o, ao)ll 2 < C{r) 2= |[(uo, ao) | 1np1s

N+2Q2—«a
22—a)

~ ~ )
11&1G22 (@) voll 2 < €G22 (Dol 2 < C(2) luoll p1ngt-

Recall that F =div(au) and G = A~' divG with G given by (4.41). By applying Lemmas 2.1,
2.2 and 2.4, and arguing as estimating the terms on the right-hand side of (4.48), we see that
IFll g < C(llu-Vallg + lladivull z)
< C(lulizellal gz + lallzellull g2) < Clia, W)l gl @, )l as, (4.54)

and

IG g1 <CIH g1 + Cll(a+ 1Y~ = 1) Vall g
< C<||M||L°°||a||f11+a + lull grsallalzoe + lullzollul g2 + llal e lal g2 + ||a||i~,1)
< Clla, )l g ll (@, u) || s (4.55)

We also split Ginto G = ﬁl + 52, with ﬁl given by (4.50) and 52 L& _y.-Vu— y((l +a)r—2—
1)Va, and we easily find that

G2l < C(lullg2llull o+ llaliz2llall 1) (4.56)
The inequalities (4.54)-(4.56) and (4.51) combined with Lemma 4.2 give

t t

/||(|é|§n<r —0)F (1), £1Ga1(t — D) F (1)) |l 12d7 <cf<t — 1) A | F () i dr
0 0
t

_ N42
<c/<r—r> 0 (1)@, w211 (Va, Vil 2 + @, )l 1 1@, )] e ) de
0
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t

_ Ng2 _ N+2
<cC / (t — 7y (o) TS Uy (1) E(r)dr,

0
and
t
/||(|s|§1z(t—r>6(r), €1G2(r — )G (D)) || 2dt
0
t t
_ _N+2 l—a 5 _ N+4-20 ~
<C [t =) 9 |AYYH (0) | gap1dT + C | (1 — 1) 220 |Go(2) | 11 dT
0 0
C/ g a> ||<a Wl 2@ w g1+ @, wll g1 lla, u>||Hs)
0
N+2
<Clu—-1)" b=y (1) 2= U (v) E(7)d1.

S— .

Gathering the above estimates yields

IOl < O™ (1@ w0l + [ Walt D@ E@NT). @57

Hence, combining (4.53) with (4.57) completes the proof of (4.46).
Step 3: Estimation of V (¢). We will prove that

V(1) < Cll(ao, uo) |l s +C(U0+U1)2(t)+C/W3(t,r)E(t)V(t)dr, (4.58)

where the weight function W3 is given by

Ws(t, 7) 2 (1 — 7)~min{

For Pu solving the equation (4.28), in view of Lemma 2.6, we have

52IZ

le 5 Pugll 1 < C ()"« (luoll 1 + Nl 11)-

Taking advantage of Young’s inequality, we estimate H (given by (4.29)) as follows:
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IFE) 1 < C(IluA%a(E) — |E[4@uE) | 1 + llu - Vall,1)

c(Hfu@—nmm“ ganan] | +||u*wnu)
C(H/u@—nns—m“

+IIMIILIIIISIM(E)||L )

C(INgl @l lia r + 1@l gl ) < Cia@lp + @l ) llullgs, (459

where in the last inequality we have used the fact that

1+ 1ED@ 1 < CHA+ 1ED" " Nl 2 llull s < Clluall s (4.60)
By using (4.31), (4.59) and Lemma 2.6, we find

t

/||e‘“("’)'§'aﬁ(f)llydf < C/U - f)_%(llﬁ(f)llu + | F(H) (@)l 1 )dr
0
t

N N
gc/g—r)—ﬂ )" (UpUy + UpUq + EV)(1)dr.
0

Combining the above estimates with (4.28) leads to

IBu)l < <>‘2L(||uo||mﬂv+/w3(r 0 (Ul + UpU + EV)()dt ).
0

Let us consider the estimation of (a, v) which solves (4.1). For the term of initial data, by
virtue of Lemma 4.3, we get

S~ N ~
IS a1 < C (1)~ (laoll 1 + ol 1),

— ~ =~ ~ _NAl—«a ~ o~
G120l + 1G21(Maolipr < Cie)™ 2« (ll(ao, uo)ll 1 + 1@, @) liz1).

1G22 0]l 1 < CllGaa il < Cley™ 2w (luoll 1t + i@l 1)-

Owing to Young’s inequality and (4.60), we see that F' = div(a u) satisfies

IF| <C (Ilu Val i+ lladivullg) < C([@ll g 1E@N L+ NEN@l g l[@l 1)
<Clla@, a)lpli(a, w)lgs. 4.61)

Similarly, noting that || F((a + Y2 -1 ;1 < Cllall;1 (from Lemma 2.4), the term G given
by (3.5) has
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Gl < C(IEIPT @l + 1@l 1IE @]+ 1@l 1@ )
SCIE D@, wl g (4.62)

The above inequalities combined with (4.42) and Lemma 4.3 give

t

f||(§n<t—r>f(r>,§21<r—r)ﬂr))nydr
0

t

< C/<r — 7)) TS (|F (@)1 + IF @)l )de
0

< c/(z —7) % (1) 7% (UpUy + EV)()dr,
0

and

1(Gi2(t = )G (x), G (t — )G (D)) || 1de

o .

t
< cf<t o RGO + 1@ )de
0

t
< Cf(t — 1) %% (1) 7% (UpU + UpUy + EV)(7)dr.
0

Hence, gathering the above estimates completes the proof of (4.58).
Step 4: Proof of the decay estimates (4.24)-(4.26). According to (4.27) and (4.46), we have

t
WUo +Un)(1) < Cli(ao, uo) | gsprt + C/(Wl(t, )+ Wa(t, D) E(1)(Uo + Up)(7)dn(4.63)
0

Gronwall’s inequality guarantees that

t
WUo+Up)(t) < Cexp (E(t) f(W1 (t, T) + Walt, t))dr).
0

N+2«a - N+2
20 7 2(2—a)

By virtue of Lemma 2.7 and noting that for every @ € (0, 1] and N > 2, we have
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t

sup / (Wi(t,7) + Wa(t, 7))dT < +00.
0<t<+ooo

Therefore, we see that (Up + U;)(t) < oo for all + € R. Inserting this estimgte into (4.58) and
using Gronwall’s inequality, Lemma 2.7 again and the fact that || f||z < || fllz1, we conclude
the decay results (4.24)-(4.26). O

4.3. Refined upper bounds for the velocity field

In this subsection we shall prove a refined decay estimate for the velocity field u.

Proposition 4.5. Under the assumptions of Proposition 4.4, we have

N+2(1—a

( )
@2 <C)~ 0@, A% 2 < Clr) T, (4.64)
In addition, we have for o € [%, 1],
IPu(t)] 2 < Cle) % (4.65)

Proof of Proposition 4.5. We recalculate the estimates (4.32), (4.40) and (4.43) as follows

t t
/ le HI=OA P H (1) 2dT < C/(t — 1) % | H ()l 1pp2dt
0 0

_N ~ ~
<C [t =075 (A%ul (a2 + 1@l) + 1Vl (el 2 + @] 1) ) de

S— .

t

< C/(t — 1) % (1) e (UpUy + UgUy + EV)(7)dt
0

< Cfn)y~ M e (UgUy + UgUn + EV) (1), (4.66)

and

~

; ~ —~ _N+2Q2-0a)
/llgzl(t —DF (@) 2dr < C/(f —1) @9 |[(au) (D) p1nprde
0 0

t _ N+2Q2-a) N 2
< C/(t — )7 0w (1) Tade(UE + EV)(1)
0

_ N+2Q2-a)

<Oy e (UG+EV)@), (4.67)
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and

1
N+2(1—a)

t
f||(312(r —1)G(1)]|j2dT < C/(t — 1) 209 ||G(1)| 1np2dT
0 0

t

_ N+2(-w) ~
<c [ =7 (1l lallz + 1@ 021V, Vil + E@I@ D )dr
0
t
_ N+2(1-a) N
gc/a—r) 2= (1) 2edt (UoUi + UpUq + EV) (1)
0

_ N2(1—a)

< C(r)” 20 (UpU; + UpUy + EV)(1). (4.68)

Noting that % <min{X N} we can gather the estimates (4.30), (4.37), (4.38), (4.66),

(4.67) and (4.68) to obtain

N+2(1—a)
sup (t) 2@ |u(t)|l 2 < Cll(ao, uo) | 12 + C(Uo + U (t) + CE@)V (1). (4.69)
0<r<t

Now denoting by

~ A N+2 o
Ua(t) = sup (7)2C= [[A%u(7)| 12,
o<t

we intend to show

l70,(t) < Cli(ao, uo)ll gsnrt + CWUo + Ul)z(t) + CE@®)V (). 4.70)
Indeed, using inequalities (4.31) and (4.48) yields

t t
/ IA%e DN P H (1) 2de < C / (t— 1) 5 | H Ol iy de
0 0
t

N2 N
< [t -0 o) dr (Uots + ol + EV)O)
0

__N+2
< C(t)" 29 (UgUy + UgUq + EV) (0); “.71)
and note that inequality (2.7) in Lemma 2.5 implies
LAY _ Nida
1A% N Pugll 2 < C(1) ™ 2 lluoll fary 1
which in combination with (4.28) and (4.71) leads to
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_N+42
|A“Pu(t)ll 2 < C(0) % (ol s + (Uols + UpUa + EV)®). 472)

For the estimation of v satisfying (4.1), Lemma 4.2 ensures that

5o P N4
1EI*Gra()aoll 2 + 1E1%Gaa () Vol 2 < C(2) ™2 || (uo, o)l 1 frocs

thanks to inequalities (4.42), (4.54), (4.55) and Lemmas 2.7, 4.2, we have that for every « €
(0, 1],

t
-~ ~ _ _N+2
/ 1EI*Ga1(t — D) F ()]l 2dT < C/(t — 1) TN F@Oll gingde
0 0

; _ _N+42 N
<C /(z — 1) 200 (1) " 2w dr (UgU; + EV) (1)
0

_ _N+42
< C() 207 (UpUr + EV)(0),
and

t

~ ~ _N¥2 o~
flllél“gzz(t —1)G (D) 2dr < C/(t = 1) NGO ginpdT

0

N+42 N
Cf (t — )72 ()" Tadr (UpU; + UgUy + EV) (1)
0

_N+2
< C (1) 2@ (UgUy + UoUyq + EV)(1);

thus we find
o __Nt2
1A“v) ]2 < €050 (Il@o, o)l 1o + (UoUa + UoUs + EV)®)). (4.73)

Hence we obtain the desired result (4.70) by combining the estimates (4.72) and (4.73).
Next for every o € [%, 1], we show that

sup (v)% [Pu(t)ll 2 < Cll(ao, uo)ll 2001 + C(UoUa + UoUs + VUL (E).  (4.74)
0<T<t

: N _ N+l
Indeed, noting that 2w S 2y

we get

for every a € [31%,%, 1], and using Lemmas 2.5, 2.7 and (4.31),
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t
/ le =DM H(z)||2dr < C | (t — )" |H (T)|l 2 1dT

o .

C/ 1= 1) % (| A%l 2 lall 2n e + Nl 2o [ Vull 2)d
0

N

<C [ (t=7) 2 () Fa dr (Uoly + V Uy + UoUs + VUI) (1)

o

N ~ ~
< C(t)" 2% (UgUq + VUqy + UgUy + VU ) (1),

with combined with the estimate (4.30) yields (4.74).
Finally, collecting (4.69), (4.70) and (4.74) and using Proposition 4.4, we deduce the desired
estimates (4.64)-(4.65). O

4.4. The lower bound

In this subsection we shall establish a lower bound of decay rate for the global solution (a, u)
associated with a class of initial data. The decay rate of the lower bound is the same with that of
the upper bound in Propositions 4.4, 4.5 and thus it is indeed optimal.

Proposition 4.6. Leta € (0, 1) and N > 2. Suppose that (ag, uo) € H* NL'(RN) with s > § +1.
If additionally fRN aodx # 0 and fRN pouodx # O, there exists a constant Co > 0 such that

N+2(1—a)

la@)l 2 = Colt) @@, and |u(®)]2 > Colr)” 0. (4.75)

In the previous subsections, we notice that the nonlinear terms decay faster than the linear
ones. For the large time, we thus expect that the influence of the linear terms dominates the
nonlinear ones. The following two lemmas provide the analysis of some linear terms.

Lemma 4.7. Let 0 < « < 1. Suppose || < w/(2\/¥), namely & € D where D is defined in
(4.13). Then we have

=~ —a P~ _ 27 g2« _ A g2

G, &) = Ce P15y, )] = Clg|' (e P el ) (4.76)
Proof of Lemma 4.7. From the definition of A+ in (3.8), we easily deduce that for every
11" < w/Qyp),

ot _ plhe

A <0, €*~>0 and —— >0.
Ay —A_

Thus by virtue of equality (4.9) and A_ > —2% |€]>~%, we have
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A )\'7 t)\.+ _ th_ 2 w
G (t.6)] = — —(i Ae ) S et 5 I
+ - —

Due to that Ay > —u|€]% and p|£]% > ‘%|g|2*a, we get

1 1
a 2—a
/et(exﬁu_e)x,)d@>/efz(9u|s| +2(1-0) 167 4o
0 0

_ 2)/ P _y 2—a _ o
=Gl = 2L eyt (R et

> Ltg e (e—%nsﬁ—“ _e—%nsﬁ—“) .
n

Inserting the above estimate into (4.8) and (4.2), we obtain the lower bound of |§2 11in(4.76). O

Lemma 4.8. Let 0 < « < 1. Suppose that f € L> N L' (RN) and f(O) = f]RN f(x)dx #0. Then
we have for every t > 1,

N+2(1—a)

1G1 () Fll2 > Cie) ™ e, 1G21 (1) Fll 2 > C()™ 2o 4.77)

Proof of Lemma 4.8. The dominated convergence theorem and f € L'(RY) imply fe
C (RN ). Thus from f(0) # 0, there exist two positive constants M > 0 and 0 < § <

wi= a/(2f)l @ such that |f($)| M for every |&] < 8. Owing to Lemma 4.7, we have that
forevery t > 1,

G, 7 - ooy _ 2—a
1G11() F1172 >C/e 28170 712dg > cM? / ¢ 2CIEP ™1 ge
b l1<8

__N_ _ 2—a __N_
>CM?*t 1= / e 2T 4y > ¢ e

In|<é
Similarly, for every ¢ > 1, we can similarly estimate Go1 ®) f as follows:

2
_2r 2—a _4 2—a
G073 > cm? [ Pt <e HlePe _ - )ds

1§18

2
_ N+2(1l-a) _ _ 2y 12—« Ay 2—a _ N+2(-w)
>CM* 7 / |20 - <e w M=l ) dp>Ct~ 2 .

Inl<sé

Since ¢ < (), we thus complete the proof of (4.77). O
Based on Lemmas 4.7 and 4.8, we now give the proof of Proposition 4.6.
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Proof of Proposition 4.6. Taking advantage of (4.1), (4.37), (4.39), (4.43) and Lemma 4.8, we
have that for ¢ > 1,

t

a2 = 1G1®al 2 — 1G12)Toll 2 — f (1G11¢t = OF @12 + 1G12(t — )G (0| 12)de
0
N+2(1-a)

>20y(0" @@ — (1) +<z>—z(”z—ti>),

We thus find that for large enough ¢,

N
la(@)ll 2 > Ci(t) 2o,
By virtue of (4.1), (4.38) (4.40), (4.44) and Lemma 4.8, we get that for r > 1,

t

@)l z2 = 1Ga1 (Dol 12 — 1G22 () ol 12 — / (1G21t = OF @)l 12 + 1Gt — )G (1)l 2)de
0

_ N+2(0-a) _N+4(-a)
>2C1<l> 22—a) —C<l> 22-a)

Hence for a sufficiently large t we have

_N+2(d-ao)
lv@lg2 = Cifr) 2.

Recall that u = Pu— VA~'v. From [VA™ ]| ;2 = ||vl ;2 and [gn Pu-VA~'vdx =0, we have

_ N+2(l-a)

le@llz = JIP@I2, + IVA~ @12, > ol 2 > Cii ™ 0

In addition, from the system (1.1) and (3.1), we have fRN a(t,x)dx = fRN ap(x)dx # 0 and
the conservation of momentum fRN pu(t,x)dx = f]RN pouo(x)dx £ 0. Therefore, there exists a
constant C2 > 0 such that ||a(?)||;2 = C2 and ||u(?)||;2 = C». Finally, these inequalities com-
bined with the above estimates lead to (4.75), as desired. O
Data availability

No data was used for the research described in the article.

Appendix A. The expression of Green’s matrix
Here we give an exposition of the derivation of Green’s matrix expression formula (4.2)-(4.3).

The matrix A is similar to its Jordan canonical form. If A, # A_ (i.e. 4y|£]*72* # u?), we find
that A = SJS~! with

A -
J— Ay O o os= (e SR ’ Sflzé vI§] )»+>.
0 A 1 1 Ay — Ao \—vIEl —A-
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If Ay = A_ (ie. 4y E|>2% = u?), we have A = SJS~! with

_(—JTIEl 1 (= = _1_(0 1 )
J‘( 0 —ﬁlél)’ S=\ ) ST = e —oel)

Hence, the fundamental solution matrix é\(t) = A = Se’'S! has the wanted formula
(4.2)-(4.3).
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