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Abstract

We study the Cauchy problem of the compressible Euler system with strongly singular velocity align-
ment. We establish a global well-posedness theory for the system with small smooth initial data. Addition-
ally, we derive asymptotic emergent behaviors for the system, providing time decay estimates with optimal 
decay rates. Notably, the optimal decay rate we obtain does not align with the corresponding fractional heat 
equation within our considered range, where the parameter α ∈ (0, 1). This highlights the distinct feature of 
the alignment operator.
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1. Introduction

We consider the Cauchy problem of the following Euler-alignment system in R+ ×RN ,⎧⎪⎨⎪⎩
∂tρ + div(ρu) = 0,

∂t (ρu) + div(ρu ⊗ u) + ∇P(ρ) = D(u,ρ),

(ρ,u)|t=0 = (ρ0, u0).

(1.1)

Here, ρ is the density, and u = (u1, · · · , uN) is the velocity field. P(ρ) stands for the pressure, 
given by the power law

P(ρ) = ργ , γ � 1. (1.2)

The pressure is known as isothermal when γ = 1, and isentropic when γ > 1. The term D(u, ρ)

represents the nonlocal velocity alignment. It takes the form:

D(u,ρ)(t, x) = −ρ(t, x)

∫
RN

φ(x − y)
(
u(t, x) − u(t, y)

)
ρ(t, y)dy, (1.3)

where φ is called the communication protocol, which models the strength of the pairwise align-
ment interaction.

The Euler-alignment system, represented by (1.1), serves as a model for capturing the col-
lective behaviors exhibited by animal swarms. Over the past decade, there has been a growing 
interest in the literature regarding the analysis of the Euler-alignment system, including global 
wellposedness and the large time flocking behavior. See e.g. [37,4,12,7,38,30,18,20,3].

We are particularly interested in a specific family of communication protocols known as 
strongly singular communication, wherein the function φ exhibits a non-integrable singularity 
at the origin. A prototypical instance of such protocols is given by:

φ(x) = φα(x) = μ
cα,N

|x|N+α
, where μ > 0, cα,N = 2α�( N+α

2 )

πN/2�(− α
2 )

, α ∈ (0,2). (1.4)

It is evident that the velocity alignment term D(u, ρ) can be expressed in a commutator form:

D(u,ρ) = −μρ
(
	α(ρu) − u	αρ

)
. (1.5)

The presence of the singularity introduces dissipative characteristics to the system. Specifically, 
when we enforce ρ ≡ 1, the alignment term transforms into the fractional Laplacian:

D(u,1) = −μ	αu := μcα,N

∫
RN

u(x) − u(y)

|x − y|N+α
dy,

resulting in a regularization effect on the solution. The corresponding system

∂tu + u · ∇u = −μ	αu (1.6)
270



X. Bai, C. Tan and L. Xue Journal of Differential Equations 407 (2024) 269–310
is recognized as the fractal Burgers equation. This equation has been extensively studied in [14], 
where global well-posedness is established for α ∈ [1, 2), while solutions may exhibit shock 
formations for α ∈ (0, 1).

The regularization effect of (1.5) was explored in [11,31,33] for a one-dimensional periodic 
domain T , under the assumption of no pressure (i.e., P ≡ 0 in (1.1)). An intriguing discovery is 
the global well-posedness of the system for any α ∈ (0, 2). Particularly, when α ∈ (0, 1), in con-
trast to (1.6), the regularization effect of (1.5) is strong enough to ensure global regularity for all 
smooth initial data. Extensions are made in [15,26] considering general singular communication 
protocols.

The understanding of the theory for the pressure-less Euler-alignment system becomes more 
intricate in multi-dimensions. Global well-posedness has been established mostly for small initial 
data perturbed around ρ ≡ 1. See the recent result of Shvydkoy [29] considering the periodic 
domain TN with α ∈ (0, 2), and Danchin et al. [10] on the whole space RN with α ∈ (1, 2). 
Global regularity for generic initial data is available only for uni-directional flows [17,16,22]
with α ∈ [1, 2).

We are interested in examining the Euler-alignment system (1.1) with pressure (1.2). The 
introduction of pressure disrupts certain conserved quantities pivotal for establishing a global 
well-posedness theory in the pressure-less system.

In the context of one-dimensional torus T , Constantin et al. [8] established a global well-
posedness theory for sufficiently large α ∈ ( 5

3 , 2). Their result requires an additional strong local 
dissipation term of the type (μ(ρ)ux)x to be incorporated into the system.

In higher dimensions, existing global regularity results generally rely on imposing small-
ness conditions on the initial data. Chen et al. [5] established global well-posedness for smooth 
initial data under smallness assumptions in the spatial domain TN for α ∈ (0, 2). For the Euler-
alignment system (1.1)-(1.2) in RN , global well-posedness has been studied by the authors [2], 
considering small initial data in an appropriate critical Besov space:

ρ − 1 ∈ B̃
N
2 +1−α, N

2 � Ḃ
N
2 +1−α

2,1 ∩ Ḃ
N
2

2,1 and u ∈ Ḃ
N
2 +1−α

2,1 ,

when α ∈ (1, 2). The scaling invariant hybrid Besov space B̃
N
2 +1−α, N

2 (with α = 2) was first 
introduced by Danchin [9] on the barotropic compressible Navier-Stokes system, wherein the 
alignment term is replaced by

D2
loc(u) = μ1
u + μ2∇ divu, with μ1 > 0, μ1 + μ2 > 0. (1.7)

As a companion to [2], our first result focuses on the global well-posedness of the Euler-
alignment system (1.1) in RN , considering the parameter range α ∈ (0, 1].

Theorem 1.1 (Global well-posedness). Let s > N
2 +1. Consider the Euler-alignment system (1.1)

with pressure (1.2), alignment interaction (1.5) with 0 < α � 1, and initial data (ρ0 − 1, u0) ∈
Hs(RN). There exists a small constant ε > 0 such that if

‖(ρ0 − 1, u0)‖Hs < ε, (1.8)

then the Euler-alignment system (1.1) has a global unique strong solution (ρ, u) such that
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ρ > 0 in R+ ×RN, (ρ − 1, u) ∈ Cb(R+;Hs(RN)),

	1− α
2 ρ ∈ L2(R+;Hs+α−1(RN)), 	

α
2 u ∈ L2(R+;Hs(RN)).

(1.9)

Remark 1.1. A notable distinction in the case where α < 1 is the absence of the scaling invariant 
critical space that was utilized in [2]. It is unclear how to formulate a scaling critical Banach space 
within our setup. Consequently, we opt to work with general Sobolev spaces that are scaling 
subcritical. Our result extends the work in [5] from the periodic domain TN to the whole space 
RN .

Our next result focuses on the asymptotic behavior of the solution to the Euler-alignment 
system (1.1). For initial data satisfying (1.8), it is known that the solution (ρ, u) converges to the 
steady state (1, 0). In particular, the limit

u(t, x) → ū

illustrates the phenomenon of velocity alignment, a collective behavior that has been extensively 
studied recently [37,32,5,20]. Given the translation invariance inherent in the system, we proceed 
under the assumption ū = 0 without loss of generality.

Our goal is to quantify the convergence rate of the solution towards equilibrium. In the context 
of barotropic compressible Navier-Stokes system (1.7), the asymptotic behavior has been well-
studied in the literature, e.g. [28,27,35,41,24,25,9]. Notably, in R3, the optimal decay rate has 
been demonstrated (e.g., [24]):

‖(ρ − 1, u)(t)‖L2 ∼ 〈t〉− 3
4 , (1.10)

where the notation 〈t〉 = 1 + t is used.
For the Euler-alignment system (1.1), a similar optimal decay rate was obtained in [2] for 

α ∈ (1, 2):

‖(ρ − 1, u)(t)‖L2 ∼ 〈t〉− N
2α . (1.11)

The decay rate agrees with (1.10) when we take α → 2 and N = 3. Moreover, the decay rate 
on ‖u‖L2 matches with the rate observed for the fractal Burgers equation (1.6), as well as the 
fractional heat equation

∂tu = −μ	αu.

This indicates that the alignment operator D(u, ρ) has a similar regularization effect as D(u, 1).
However, this similarity does not hold when α < 1. To illustrate this difference, let’s consider 

a special case when α → 0. In this scenario, the alignment operator formally transforms into a 
local damping term:

D(u,ρ) = −μρ
(
	αu + 	α((ρ − 1)u) − u	α(ρ − 1)

) → −μρu, as α → 0.

System (1.1) then resembles the compressible Euler system with damping. Extensive studies in 
the literature [42,39,34,40,6] have investigated the global well-posedness and asymptotic behav-
ior of this system. Particularly in R3, optimal decay rates have been observed (e.g., [40]):
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‖ρ(t) − 1‖L2 ∼ 〈t〉− 3
4 , ‖u(t)‖L2 ∼ 〈t〉− 5

4 . (1.12)

The rate notably differs from (1.11). Indeed, when α → 0, the fractional heat equation becomes 
∂tu = −μu, leading to an exponential decay over time. This clearly demonstrates that the behav-
ior of the alignment operators D(u, ρ) does not mirror that of the fractional Laplacian D(u, 1), 
when α is close to zero.

We present the following result concerning the asymptotic behavior of the solution to the 
Euler-alignment system (1.1), with optimal decay rates, for α ∈ (0, 1].

Theorem 1.2 (Asymptotic behavior). Let N � 2, 0 < α � 1 and s > N
2 + 1. Suppose that (ρ0 −

1, u0) ∈ Hs ∩ L1(RN) and (ρ, u) is a global solution of the Euler-alignment system (1.1) such 
that

sup
t�0

(‖ρ(t) − 1‖Hs + ‖u(t)‖Hs

)
< +∞.

Then we have the following estimates for the solution (ρ, u):

(1) Decay estimates in L2 norm:

‖ρ(t) − 1‖L2 � 〈t〉− N
2(2−α) , ‖u(t)‖L2 � 〈t〉− N+2(1−α)

2(2−α) . (1.13)

(2) Decay estimates in other norms:

‖(ρ − 1, u)(t)‖L∞ � 〈t〉− N
2−α , ‖∇ρ(t)‖L2 � 〈t〉− N+2

2(2−α) , ‖	αu(t)‖L2 � 〈t〉− N+2
2(2−α) .

(1.14)
(3) Decay estimates for the incompressible part Pu = u − ∇
−1 divu:

‖Pu(t)‖L2 � 〈t〉− N
2α , (1.15)

for α ∈ [ 2N
3N+2 , 1].

(4) Lower bounds: for α ∈ (0, 1), assuming 
∫
RN

(
ρ0 − 1

)
dx �= 0 and 

∫
RN ρ0u0dx �= 0, we have

‖ρ(t) − 1‖L2 � 〈t〉− N
2(2−α) , ‖u(t)‖L2 � 〈t〉− N+2(1−α)

2(2−α) . (1.16)

Remark 1.2. The decay rates we obtained in (1.13) are optimal. Indeed, the lower bounds offered 
in (1.16) have the same rate. We have

‖ρ(t) − 1‖L2 ∼ 〈t〉−r1(α) and ‖u(t)‖L2 ∼ 〈t〉−r2(α),

with the rates

r1(α) = N
2(2−α)

and r2(α) = N+2(1−α)
2(2−α)

, for α ∈ (0,1].
The result is in companion with the optimal decay rates (1.12) obtained in [2, Theorem 1.2], 
where
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Fig. 1. The optimal decay rates.

r1(α) = r2(α) = N
2α

, for α ∈ (1,2).

Fig. 1 illustrates the optimal decay rates r1(α) and r2(α) for the whole range α ∈ (0, 2). In 
particular, when α → 0, we recover the optimal decay rates for the compressible Euler system 
with damping (1.12); and when α → 1, the rates in (1.13) align with the decay rate for the 
fractional heat equation (1.11) with α = 1.

Remark 1.3. The estimate (1.15) reveals that the incompressible part exhibits the same decay 
rate as the fractional heat equation (1.11). This suggests that the predominant factor contribut-
ing to the varied decay rates in the α < 1 case is the density stretching, i.e., the compressible 
component of the dynamics.

The rest of the paper is organized as follows. In Section 2, we provide several auxiliary lem-
mas to be used in the subsequent sections. Section 3 is devoted to the proof of Theorem 1.1 by 
mainly establishing the global a priori estimates. In Section 4, we prove Theorem 1.2 concerning 
the optimal decay estimates for the constructed global-in-time solution.

2. Preliminary

In this section we compile several useful tools including some product, commutator and com-
position estimates, and the decay estimates associated with the fractional heat operator, and an 
inequality of a convolutional integral.

We first recall the following fractional Leibniz rule (see e.g. [21, Theorem 1.2]).

Lemma 2.1. Let s > 0, 1 � p < ∞ and 1 < p1, p2, q1, q2 � ∞ with 1
p

= 1
p1

+ 1
p2

= 1
q1

+ 1
q2

. 
Then there exists a constant C = C(s, p, p1, p2, q1, q2, N) such that

‖	s(uv)‖Lp � C
(‖	su‖Lp1 ‖v‖Lp2 + ‖	sv‖Lq1 ‖u‖Lq2

)
. (2.1)

The following estimates can be derived by Bony’s decomposition. See [1, Equation (2.29), 
Theorems 2.47 and 2.52].
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Lemma 2.2. Let u :RN →RN be a vector field of RN and f :RN → R be a function. Then for 
every s � 0, we have

‖u · ∇u‖Ḣ s � C‖u‖L∞‖∇u‖Ḣ s ,

and

‖u · ∇f ‖Ḣ s + ‖(divu)f ‖Ḣ s � C
(‖u‖L∞‖f ‖Ḣ s+1 + ‖u‖Ḣ s+1‖f ‖L∞

)
.

The next lemma provides some commutator estimates that can be found in [21, Theorem 5.1]. 
These estimates will be useful in dealing with the alignment term.

Lemma 2.3 (Commutator estimates). For s > 1, there exists a constant C = C(s, N) such that

‖	s(fg) − f 	sg‖L2 � C(‖	sf ‖L2‖g‖L∞ + ‖∇f ‖L∞‖	s−1g‖L2), (2.2)

‖	s(fg) − f 	sg − g	sf ‖L2 � C(‖	s−1f ‖L2‖∇g‖L∞ + ‖∇f ‖L∞‖	s−1g‖L2). (2.3)

For s ∈ (0, 1], there exists a constant C = C(s, N) such that

‖	s(fg) − f 	sg‖L2 � C‖	sf ‖L2‖g‖L∞, (2.4)

‖	s(fg) − f 	sg − g	sf ‖L2 � C‖	s/2f ‖L∞‖	s/2g‖L2, (2.5)

‖	s(fg) − f 	sg‖L1 � C‖	sf ‖L2‖g‖L2 . (2.6)

The following lemma states some composition estimates. Denote �s� to be the smallest integer 
that is bigger than or equal to s.

Lemma 2.4 (Composition estimates). Let u ∈ L∞(RN) and F ∈ C∞(Range(u)) such that 
F(0) = 0. Then the following statements hold.

(1) If u ∈ L2(RN), we have

‖F(u)‖L2 � ‖F ′‖L∞(Range(u))‖u‖L2 .

(2) If u ∈ Ḣ s(RN) with s > 0, there exist a positive constant C depend on ‖F‖C�s�(Range(u)) and 
‖u‖L∞ such that

‖F(u)‖Ḣ s � C‖u‖Ḣ s .

(3) If u ∈ Hs1(RN) with s1 > N
2 , we have

‖̂F(u)‖L1 � C‖u‖Hs1 ‖û‖L1,

where C depends only on ‖F‖ �s1�+1 and ‖u‖L∞ .
C (Range(u))

275



X. Bai, C. Tan and L. Xue Journal of Differential Equations 407 (2024) 269–310
Proof of Lemma 2.4. From F(0) = 0, we have

F(u) = uG(u), with G(u) =
1∫

0

F ′(θu)dθ.

Then Hölder’s inequality gives the statement (1). We can exactly obtain (2) from [19, Lemma 
2.1]. By Young’s inequality and the continuous embedding, we see that

‖̂F(u)‖L1 � ‖û‖L1‖̂G(u)‖L1 � C‖û‖L1‖G(u)‖Hs1 .

Thus the statement (3) follows from (1) and (2). �
The next two lemmas provide some explicit decay estimates associated with the fractional 

heat semigroup operator.

Lemma 2.5. Let ν > 0, β > 0, s � 0 and f ∈ Ḣ s(RN) ∩ L1(RN). Let A(D) be a smooth homo-
geneous multiplier operator of degree 0 (e.g. A(D) = ∇
−1 div or 	−1 div). Then

‖e−νt	β

A(D)f ‖Ḣ s (RN) � C〈t〉− N+2s
2β ‖f ‖Ḣ s∩L1(RN). (2.7)

Proof of Lemma 2.5. For t � 1, we have

‖e−νt	β

A(D)f ‖Ḣ s � C‖e−νt |ξ |β |ξ |s f̂ ‖L2 � ‖f ‖Ḣ s � C〈t〉− N+2s
2β ‖f ‖Ḣ s . (2.8)

For t > 1, we get

‖e−νt	β

A(D)f ‖Ḣ s � C‖e−νt |ξ |β |ξ |s f̂ ‖L2 � C‖|ξ |se−νt |ξ |β ‖L2‖f̂ ‖L∞ � Ct
− N+2s

2β ‖f ‖L1 .

(2.9)
Combining (2.8) and (2.9) leads to the desired result. �
Lemma 2.6. Let ν > 0 and f, f̂ ∈ L1(RN). Then

‖e−νt |ξ |β f̂ ‖L1(RN) � C〈t〉− N
β (‖f ‖L1(RN) + ‖f̂ ‖L1(RN)). (2.10)

Proof of Lemma 2.6. For t � 1, it is obvious to see that ‖e−νt |ξ |β f̂ ‖L1 � C‖f̂ ‖L1 . For t > 1, 
we have

‖e−νt |ξ |β f̂ ‖L1 � C‖e−νt |ξ |β ‖L1‖f̂ ‖L∞ � Ct
− N

β ‖f ‖L1 .

The desired inequality follows by combining both cases t � 1 and t > 1. �
Finally we state an elementary inequality on a convolutional integral, which will be repeat-

edly used in the proof of asymptotic behavior. For the proof, it can be directly deduced by [36, 
Proposition 4.5], thus we omit the details.
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Lemma 2.7. Let α1, α2 � 0. Then we have

t∫
0

〈t − τ 〉−α1〈τ 〉−α2 dτ � C

⎧⎪⎨⎪⎩
〈t〉−min{α1,α2}, max{α1, α2} > 1,

〈t〉−min{α1,α2} log(1 + 〈t〉), max{α1, α2} = 1,

〈t〉1−α1−α2 , max{α1, α2} < 1.

(2.11)

3. Global well-posedness

In this section, we establish the global well-posedness result of the Euler-alignment system 
(1.1) with small initial data.

First we shall provide a spectral analysis for the linearized system in the first subsection. Then, 
based on the spectral result, we establish the global a priori estimates of the strong solution. 
Furthermore, we prove Theorem 1.1 concerning the existence and uniqueness result with small 
initial data.

Denote a � ρ − 1 and a0 � ρ0 − 1. Then the Euler-alignment system (1.1) recasts

⎧⎪⎨⎪⎩
∂ta + divu = −div(au),

∂tu + μ	αu + γ∇a = μ
(
u	αa − 	α(au)

) − u · ∇u − γ (ργ−2 − 1)∇a,

(a,u)|t=0 = (a0, u0).

(3.1)

3.1. Spectral analysis of the linearized system

Denote by

v � 	−1 divu, and P � Id − ∇
−1div, (3.2)

then u = −∇	−1v + Pu. In light of (3.1), (a, v, Pu) satisfies the following system:⎧⎪⎨⎪⎩
∂ta + 	v = F,

∂tv + μ	αv − γ	a = G,

∂tPu + μ	αPu = H,

(3.3)

where (F, G, H) is given by

F � −div(au), (3.4)

G � μ	−1 div
(
u	αa − 	α(au)

) − 	−1 div(u · ∇u) − γ	−1 div
(
(ργ−2 − 1)∇a

)
, (3.5)

H � μP
(
u	αa − 	α(au)

) − P (u · ∇u). (3.6)

Clearly, Pu has the α-order fractional dissipation effect. Next let us consider the situation of 
(a, v). By taking Fourier transform with respect to x-variable, we see that

∂t

(
â

v̂

)
− A

(
â

v̂

)
=

(
F̂

Ĝ

)
with A �

(
0 −|ξ |

γ |ξ | −μ|ξ |α
)

. (3.7)
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It is easy to check that the eigenvalues of matrix A are

λ± � −μ|ξ |α ∓ √
μ2|ξ |2α − 4γ |ξ |2

2
= −μ|ξ |α

2

(
1 ±

√
1 − 4γ

μ2 |ξ |2−2α
)
. (3.8)

We divide the discussion into three cases according to the value of α ∈ (0, 2).

Case 1: 1 < α < 2.

• For the low-frequency regime |ξ |α−1 < 2
√

γ /μ, the eigenvalues can be rewritten as

λ± = −μ|ξ |α
2

(
1 ± i

√
4γ

μ2 |ξ |2−2α − 1
)
.

Hence, we expect a and v to have parabolic damping.
• For the high-frequency regime |ξ |α−1 > 2

√
γ /μ, the eigenvalues become

λ+ = −μ|ξ |α
2

(
1 +

√
1 − 4γ

μ2 |ξ |2−2α
)

∼ −μ|ξ |α,

λ− = −|ξ |α
2

4γ |ξ |2−2α

μ + √
μ2 − 4γ |ξ |2−2α

∼ −γ

μ
|ξ |2−α.

We expect that a has the fractional dissipation of order 2 − α and v has the fractional dissi-
pation of order α.

Case 2: α = 1.

• For 
√

γ /μ � 1/2, the eigenvalues are

λ± = −μ|ξ |
2

(
1 ±

√
1 − 4γ

μ2

)
∼ −|ξ |.

Thus the parabolic damping of a and v is expected.
• For 

√
γ /μ > 1/2, the eigenvalues read as

λ± = −μ|ξ |
2

(
1 ± i

√
4γ

μ2 − 1
)
.

We expect that (a, v) will show the one-order fractional dissipation effect.

Case 3: 0 < α < 1.

• For low frequencies |ξ |1−α < μ/(2
√

γ ), the eigenvalues are

λ+ = −μ|ξ |α
2

(
1 +

√
1 − 4γ

μ2 |ξ |2−2α
)

∼ −μ|ξ |α,

λ− = −|ξ |α
2

4γ |ξ |2−2α√
2 2−2α

∼ −γ

μ
|ξ |2−α.

(3.9)
μ + μ − 4γ |ξ |
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Thus we expect that a enjoys the 2 − α order fractional dissipation and v has the α-order 
fractional dissipation.

• For high frequencies |ξ |1−α > μ/(2
√

γ ), the eigenvalues read as

λ± = −μ|ξ |α
2

(
1 ± i

√
4γ

μ2 |ξ |2−2α − 1
)
. (3.10)

We expect that a and v have the parabolic damping.

In short, based on the above analysis, we may expect that a (or u) behaves the 2 − α (or α) 
order fractional dissipation effect in the L2 estimate and (a, u) enjoys the α-order dissipation in 
the Ḣ s estimate when 0 < α � 1.

3.2. A priori estimates

In this subsection, we establish the global a priori estimates for the smooth solution of system 
(3.1) with small initial data.

Proposition 3.1. Let α ∈ (0, 1] and s > N
2 + 1 − α

2 . Assume that (a, u) is a smooth solution of 
system (3.1). There exists a constant ε > 0 such that if

‖(a0, u0)‖Hs � ε, (3.11)

then for every T > 0 we have

‖(a,u)‖2
L∞

T (Hs) +
T∫

0

(
‖	1− α

2 a‖2
Hs+α−1 + ‖	α

2 u‖2
Hs

)
dt � C‖(a0, u0)‖2

Hs . (3.12)

To prove Proposition 3.1, controlling complicated terms such as γ (ργ−2 − 1)∇a in a direct 
energy estimate for the system (3.1) poses a challenge. To overcome this difficulty, we adopt the 
approach from [34] and introduce an auxiliary quantity σ , defined as follows:

σ �
{

lnρ for γ = 1,

2
√

γ

γ−1 (ρ
γ−1

2 − 1) for γ > 1,
and σ0 �

{
lnρ0 for γ = 1,

2
√

γ

γ−1 (ρ
γ−1

2
0 − 1) for γ > 1.

(3.13)

Conversely, a = ρ − 1 can be expressed by

a =
⎧⎨⎩ eσ − 1 for γ = 1,(

γ−1
2
√

γ
σ + 1

) 2
γ−1 − 1 for γ > 1.

(3.14)

If ρ > 0, the system (1.1) (or (3.1), equivalently) is transformed into the following system
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⎧⎪⎪⎨⎪⎪⎩
∂tσ + √

γ divu = −u · ∇σ − γ−1
2 σ divu,

∂tu + μ	αu + √
γ∇σ = μ

(
u	αa − 	α(au)

) − u · ∇u − γ−1
2 σ∇σ,

(σ,u)|t=0 = (σ0, u0).

(3.15)

For the smooth solution (σ, u) of system (3.15), we can get the following a priori estimate.

Proposition 3.2. Let α ∈ (0, 1] and s > N
2 + 1 − α

2 . Assume that (σ, u) is a smooth solution of 
system (3.15). Then there exists a constant ε′ > 0 such that if

‖(σ0, u0)‖Hs � ε′, (3.16)

then it holds

‖(σ,u)‖2
L∞

T (Hs) +
T∫

0

(
‖	α

2 u‖2
Hs + ‖	1− α

2 σ‖2
Hs+α−1

)
dt � C‖(σ0, u0)‖2

Hs . (3.17)

With Proposition 3.2 at our disposal, we can immediately show the proof of Proposition 3.1.

Proof of Proposition 3.1. By letting 0 < ε < 1 small enough, the initial assumption (3.11) and 
Lemma 2.4 ensure (3.16). Then according to Proposition 3.2, we obtain the a priori estimate 
(3.17) of (σ, u). For small enough ε′, we see that

‖σ‖L∞
T (L∞) � C‖σ‖L∞

T (Hs) < min
{

2
√

γ

γ−1 ,1
}

.

Hence, using (3.14) and Lemma 2.4 again, we get the desired estimate (3.12). �
Now we turn to the proof of Proposition 3.2.

Proof of Proposition 3.2. We divide the proof into three steps.

Step 1: L2-estimate. We shall prove that there exist two positive constants C = C(α, s, N, γ, μ)

and C̃1 = C̃1(α, s, N) such that for every s > N
2 + 1 − α

2 ,

‖(σ,u)‖2
L∞

T (L2)
+

T∫
0

(
δ1

√
γ ‖	1− α

2 σ‖2
L2 + μ‖	α

2 u‖2
L2

)
dt

� C‖(σ0, u0)‖2
Hs + C̃1δ1‖	sσ‖2

L∞
T (L2)

+ C̃1δ1

T∫
0

‖	α
2 +su‖2

L2 dt + C‖(σ,u)‖L∞
T (Hs)

T∫
0

(
‖	1− α

2 σ‖2
Hs+α−1 + ‖	α

2 u‖2
Hs

)
dt,

(3.18)

where 0 < δ1 � min{1, μ√ } is a constant chosen later.

γ
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Taking the L2 inner product of the first equation of (3.15) with σ and performing the integra-
tions by parts, we see that

1

2

d

dt
‖σ‖2

L2 + √
γ

∫
RN

σ divudx = 2 − γ

2

∫
RN

σ 2 divudx � I. (3.19)

A similar L2-energy argument of u gives

1

2

d

dt
‖u‖2

L2 + μ‖	α
2 u‖2

L2 − √
γ

∫
RN

σ divudx

=
∫
RN

u2 divudx + μ

∫
RN

a
(
	α|u|2 − u · 	αu

)
dx − γ − 1

4

∫
RN

σ 2 divudx �
3∑

j=1

Jj .

(3.20)

In order to get the smoothing effect of σ , we consider the following quantity 
∫
RN u · ∇	−ασdx

(recalling the spectral analysis in low frequencies). By taking the L2 inner product of the first 
and second equations of (3.15) with 	1−αv = 	−αdivu and ∇	−ασ respectively, and summing 
them up, we obtain

d

dt

∫
RN

u · ∇	−ασdx + √
γ ‖	1− α

2 σ‖2
L2 − μ

∫
RN

σ divudx − √
γ ‖	− α

2 divu‖2
L2

=
∫
RN

u · ∇σ	−α divudx + γ − 1

2

∫
RN

σ divu	−α divudx − γ − 1

4

∫
RN

σ 2	2−ασ dx

+ μ

∫
RN

(
u	αa − 	α(au)

) · ∇	−ασ dx −
∫
RN

(
u · ∇u

) · ∇	−ασ dx �
5∑

j=1

Kj .

(3.21)

Since s > 1 − α, taking advantage of Hölder’s inequality and the interpolation inequality, we 
deduce that there exists a constant C1 > 0 depending only on α, s such that∣∣∣∣∣∣∣

∫
RN

u · ∇	−ασ dx

∣∣∣∣∣∣∣ � ‖u‖L2‖∇	−ασ‖L2 � C‖u‖L2‖σ‖
s+α−1

s

L2 ‖	sσ‖
1−α

s

L2

� C1

(
1
2‖u‖2

L2 + s+α−1
2s

‖σ‖2
L2 + 1−α

2s
‖	sσ‖2

L2

)
,

(3.22)

and

√
γ ‖	− α

2 divu‖2
L2 � C

√
γ ‖	α

2 u‖
2(s+α−1)

s

L2 ‖	α
2 +su‖

2(1−α)
s

L2

� C1
√

γ
(

s+α−1‖	α
2 u‖2

2 + 1−α ‖	s+ α
2 u‖2

2

)
.

(3.23)
2s L 2s L
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We set 0 < δ1 � min{1, μ√
γ
} to be a constant chosen later and

Y(t) �
(

1 + δ1μ
2
√

γC1

)
‖σ(t)‖2

L2 + ‖u(t)‖2
L2 + δ1

C1

∫
RN

u · ∇	−ασ (t)dx.

Thanks to (3.22), it is obvious to get

1
2

(‖σ‖2
L2 + ‖u‖2

L2

) − (1−α)δ1
2s

‖	sσ‖2
L2 � Y(t)

� C
(‖σ‖2

L2 + ‖u‖2
L2

) + (1−α)δ1
2s

‖	sσ‖2
L2 .

(3.24)

Collecting the equations (3.19)-(3.21), and using (3.23), we have

1

2

d

dt
Y (t) + μ

2
‖	α

2 u‖2
L2 + δ1

√
γ

2C1
‖	1− α

2 σ‖2
L2

� C

(
|I | +

3∑
j=1

|Jj | +
5∑

j=1

|Kj |
)

+ δ1
√

γ (1−α)

4s
‖	α

2 +su‖2
L2 . (3.25)

Next we estimate the right-hand side of (3.25) one by one. For the terms I and J3, by virtue 
of the L2 boundedness of the Riesz transform and Lemma 2.1, we have

|I | + |J3| � C‖	1− α
2 σ 2‖L2‖	α

2 −1 divu‖L2 � C‖σ‖L∞‖	1− α
2 σ‖L2‖	α

2 u‖L2 . (3.26)

A similar argument gives

|J1| =
∣∣∣ ∫
RN

u2 divudx

∣∣∣ � C‖u‖L∞‖	1− α
2 u‖L2‖	α

2 u‖L2 .

For J2 given by (3.20), using (3.14) and Lemmas 2.3 and 2.4, we have that for every α ∈ (0, 1),

|J2| � C‖a‖L2‖	α|u|2 − u · 	αu‖L2 � C‖σ‖L2‖	αu‖L2‖u‖L∞,

and for α = 1,

|J2| =
∣∣∣μ ∫

RN

a(	α|u|2 − 2u · 	αu)dx + μ

∫
RN

	
α
2 (au) · 	α

2 udx

∣∣∣
� C‖a‖L∞‖	α

2 u‖2
L2 + C‖u‖L2‖	α

2 a‖L∞‖	α
2 u‖L2

� C‖σ‖L∞‖	α
2 u‖2

L2 + C‖u‖L2‖	α
2 σ‖Hs+α−1‖	α

2 u‖L2,

where in the last line we have used the embedding Hs′+α−1 ↪→ L∞ for every s′ > N
2 + 1 − α

2 . 
By the L2-boundedness of the Riesz transform and Lemma 2.1, we can estimate K1 and K3 as 
follows:
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|K1| � C‖	α
2 (u	−α divu)‖L2‖∇	− α

2 σ‖L2

� C
(‖	α

2 u‖L∞‖	1−αu‖L2 + ‖u‖L∞‖	1− α
2 u‖L2

)‖	1− α
2 σ‖L2,

and

|K3| � C‖	1− α
2 σ 2‖L2‖	1− α

2 σ‖L2 � C‖σ‖L∞‖	1− α
2 σ‖2

L2 .

For K2, by applying Lemma 2.1 again, we find that for every 2
3 � α � 1,

|K2| � C‖	1− α
2 (σ	−α divu)‖L2‖	α

2 −1 divu‖L2

� C
(‖	1− α

2 σ‖L∞‖	1−αu‖L2 + ‖σ‖L∞‖	2− 3α
2 u‖L2

)‖	α
2 u‖L2,

and for every 0 < α < 2
3 ,

|K2| � C‖σ‖L∞‖divu‖L2‖	−α divu‖L2

� C‖σ‖L∞‖	u‖L2‖	1−αu‖L2 .

The term K4 is treated in a similar way as J2: owing to Lemmas 2.3 and 2.4, we see that for 
every α ∈ (0, 1),

|K4| � C‖a‖L2‖	α
(
u · ∇	−ασ ) − u · ∇σ

)‖L2 � C‖a‖L2‖	αu‖L2‖	1−ασ‖L∞,

and for α = 1,

|K4| =
∣∣∣μ ∫

RN

(u	αa − 	
α
2 (u	

α
2 a)) · ∇	−ασ dx + μ

∫
RN

(u	
α
2 a − 	

α
2 (ua)) · ∇	− α

2 σdx

∣∣∣
� C‖	1−ασ‖L2‖	α

2 u‖L2‖	α
2 a‖L∞ + C‖	1− α

2 σ‖L2‖	α
2 u‖L2‖a‖L∞

� C‖	1−ασ‖L2‖	α
2 u‖L2‖	α

2 σ‖Hs + C‖	1− α
2 σ‖L2‖	α

2 u‖L2‖σ‖L∞ .

For K5, in light of Lemma 2.1, we obtain

|K5| � C‖	− α
2 ∂iu

j‖L2‖	α
2 (ui∂j	

−ασ )‖L2

� C‖	1− α
2 u‖L2

(‖	α
2 u‖L∞‖	1−ασ‖L2 + ‖u‖L∞‖	1− α

2 σ‖L2

)
,

where we have used the Einstein summation convention on repeated indices.
Note that via the Sobolev embedding and the interpolation inequality, the following inequali-

ties hold that for every s � s′ > N
2 + 1 − α

2 ,

‖σ‖L∞ + ‖u‖L∞ + ‖	1−ασ‖L2 + ‖	1−αu‖L2 � C‖(σ,u)‖Hs , (3.27)

‖	1− α
2 u‖L2 + ‖	αu‖L2 + ‖	u‖L2 � C‖	α

2 u‖
Hs′ , (3.28)

‖	2− 3α
2 u‖L2 � C‖	α

2 u‖
Hs′ , for α ∈ [ 2

3 ,1],
‖	1−αu‖L2 � C‖	α

2 u‖
Hs′ , for α ∈ (0, 2

3 ),
(3.29)
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and for every α ∈ (0, 1),

‖	1−ασ‖L∞ � C‖	1− α
2 σ‖

Hs′+α−1 , ‖u‖L∞ � C‖	α
2 u‖

Hs′ . (3.30)

Inserting the above estimates on |I |, |Jj |, |Kj | into (3.25) and using (3.27)-(3.30), we get

d

dt
Y (t) + μ‖	α

2 u‖2
L2 + δ1

√
γ

C1
‖	1− α

2 σ‖2
L2

� C‖σ,u)‖Hs

(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs

) + δ1
√

γ (1−α)

2s
‖	s+ α

2 u‖2
L2 .

(3.31)

Integrating (3.31) over the time variable and using inequality (3.24), we obtain the estimate 
(3.18).

Step 2: Ḣ s -estimate. We shall prove that there exist two positive constants C = C(α, s, N, γ, μ)

and C̃2 = C̃2(α, s, N) for every s > N
2 + 1 − α

2 ,

‖(	sσ,	su)‖2
L2 +

T∫
0

(
μ‖	s+ α

2 u‖2
L2 + δ2

√
γ ‖	s+ α

2 σ‖2
L2

)
dt

�C‖(σ0, u0)‖2
Hs + C̃2δ2‖u‖2

L∞
T (L2)

+ C̃2δ2μ
2√

γ

T∫
0

‖	α
2 u‖2

L2dt + C‖(σ,u)‖L∞(Hs)

T∫
0

(
‖	α

2 u‖2
Hs + ‖	1− α

2 σ‖2
Hs+α−1

)
dt,

(3.32)

where 0 < δ2 � min{1, 
√

γ

μ
, μ√

γ
} is a constant chosen later.

Multiplying the first and second equation of (3.15) with 	2sσ and 	2su respectively, inte-
grating over RN and summing them up, we get

1

2

d

dt

(‖	sσ‖2
L2 + ‖	su‖2

L2

) + μ‖	s+ α
2 u‖2

L2 = 1−γ
2

∫
RN

(
σ divu	2sσ + 	2su · (σ∇σ)

)
dx

−
∫
RN

u · ∇σ	2sσ dx −
∫
RN

u · ∇u · 	2sudx + μ

∫
RN

(
u	αa − 	α(au)

) · 	2sudx �
4∑

j=1

Ĩj .

(3.33)
In order to develop the smoothing effect of σ , we consider the quantity 

∫
RN u · ∇	2s+α−2σdx

(this is in accordance with the spectral analysis in high-frequencies). Arguing as (3.21), we infer 
that

d

dt

∫
RN

u · ∇	2s+α−2σ dx + √
γ ‖	s+ α

2 σ‖2
L2

+ μ

∫
N

u · ∇	2(s+α−1)σ dx − √
γ ‖	s+ α

2 −1 divu‖2
L2
R
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=
∫
RN

u · ∇σ	2s+α−2 divudx + γ−1
2

∫
RN

σ divu	2s+α−2 divudx − γ−1
4

∫
RN

σ 2	2s+ασ dx

+ μ

∫
RN

(
u	αa − 	α(au)

) · ∇	2s+α−2σ dx −
∫
RN

(u · ∇u) · ∇	2s+α−2σ dx �
5∑

j=1

J̃j .

(3.34)

Through the interpolation inequality and the L2-boundedness of Riesz transform, there exists a 
constant C2 > 0 depending only on α, s such that∣∣∣∣∣∣∣

∫
RN

u · ∇	2s+α−2σ dx

∣∣∣∣∣∣∣ � ‖	s+α−2 divu‖L2‖	sσ‖L2 � C‖u‖
1−α

s

L2 ‖	su‖
s−1+α

s

L2 ‖	sσ‖L2

� C2

(
1−α
2s

‖u‖2
L2 + s−1+α

2s
‖	su‖2

L2 + 1
2‖	sσ‖2

L2

)
,

(3.35)

and

μ

∣∣∣∣∣∣∣
∫
RN

u · ∇	2(s+α−1)σ dx

∣∣∣∣∣∣∣ � μ‖	s+ α
2 σ‖L2‖	s+ 3α

2 −2 divu‖L2

� C2
μ2√

γ

(
1−α
2s

‖	α
2 u‖2

L2 + s−1+α
2s

‖	s+ α
2 u‖2

L2

)
+

√
γ

2 ‖	s+ α
2 σ‖2

L2,

(3.36)
and

√
γ ‖	s+ α

2 −1 divu‖2
L2 � C2

√
γ

μ
μ
2 ‖	s+ α

2 u‖2
L2 . (3.37)

Let 0 < δ2 � min{1, 
√

γ

μ
, μ√

γ
} be a fixed constant chosen later, then we define

Ỹ (t) � ‖	sσ(t)‖2
L2 + ‖	su(t)‖2

L2 + δ2

C2

∫
RN

u · ∇	2s+α−2σ(t)dx.

In view of the inequality (3.35), we see that

1
2 (‖	sσ‖2

L2 + ‖	su‖2
L2) − δ2(1−α)

2s
‖u‖2

L2 � Ỹ (t) � 2(‖	sσ‖2
L2 + ‖	su‖2

L2) + δ2(1−α)
2s

‖u‖2
L2 .

(3.38)

Gathering the equations (3.33)-(3.34) and using (3.36)-(3.37), we obtain

1

2

d

dt
Ỹ (t) + μ

2
‖	s+ α

2 u‖2
L2 + δ2

√
γ

4C2
‖	s+ α

2 σ‖2
L2 � C

4∑
j=1

|Ĩj | + C

5∑
j=1

|J̃j | + δ2μ
2(1−α)

4s
√

γ
‖	α

2 u‖2
L2 .

(3.39)
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Next we estimate the terms on the right-hand side of (3.39). For every s > N
2 + 1 − α

2 , we 
have

‖∇f ‖L∞ � C‖	α
2 f ‖

2s−2−N+α
2s′

L2 ‖	s+ α
2 f ‖

2+N−α
2s

L2 � C‖	α
2 f ‖Hs , (3.40)

‖∇f ‖L∞ � C‖	1− α
2 f ‖

2s−2−N+α
2(s−1+α)

L2 ‖	s+ α
2 f ‖

α+N
2(s−1+α)

L2 � C‖	1− α
2 f ‖Hs+α−1 . (3.41)

By virtue of Lemma 2.3 and inequalities (3.40)-(3.41), we deduce that

|Ĩ1| =
∣∣∣ 1−γ

2

∫
RN

(
	su · 	s(σ∇σ) + 	s(σ divu)	sσ

)
dx

∣∣∣
=

∣∣∣ 1−γ
2

∫
RN

(
	su · (	s(σ∇σ) − σ	s∇σ) − 	su · ∇σ	sσ

+ 	sσ(	s(σ divu) − σ	s divu)
)

dx

∣∣∣
� C

(
‖	su‖L2‖	sσ‖L2‖∇σ‖L∞ + ‖	sσ‖2

L2‖divu‖L∞
)

� C‖σ‖Hs

(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs

)
,

and

|Ĩ2| =
∣∣∣ −

∫
RN

(
	s(u · ∇σ) − u · ∇	sσ

)
	sσdx + 1

2

∫
RN

divu(	sσ )2dx

∣∣∣
� C‖∇σ‖L∞‖	su‖L2‖	sσ‖L2 + C‖∇u‖L∞‖	sσ‖2

L2 + 1

2
‖divu‖L∞‖	sσ‖2

L2

� C‖σ‖Hs

(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs

)
,

and

|Ĩ3| =
∣∣∣ ∫
RN

(
	s(u · ∇u) − u · ∇	su

) · 	sudx − 1

2

∫
RN

divu(	su)2dx

∣∣∣
� ‖	s(u · ∇u) − u · ∇	su‖L2‖	su‖L2 + 1

2
‖divu‖L∞‖	su‖2

L2

� C‖∇u‖L∞‖	su‖2
L2 .

Due to that Hs ↪→ Wα,∞ for α < 2
3 , s > N

2 + 1 − α
2 , Hs+α−1 ↪→ W 3α/2−1,∞ for 2

3 � α � 1, we 
get

‖	αa‖L∞ � C‖a‖Hs + C‖	1− α
2 a‖Hs+α−1 � C‖σ‖Hs + C‖	1− α

2 σ‖Hs+α−1, (3.42)

and according to Lemmas 2.1, 2.4, we have
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|Ĩ4| � C
(‖	s− α

2 (u	αa)‖L2 + ‖	s+ α
2 (au)‖L2

)‖	s+ α
2 u‖L2

� C
(‖	s− α

2 u‖L2‖	αa‖L∞ + ‖u‖L∞‖	s+ α
2 a‖L2 + ‖a‖L∞‖	s+ α

2 u‖L2

)‖	s+ α
2 u‖L2

� C(‖u‖Hs + ‖σ‖Hs )(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs ).

For J̃1 and J̃2 given by (3.34), we use Lemma 2.1 and (3.40)-(3.41) to find

|J̃1| � C‖	s+ α
2 −1(u · ∇σ)‖L2‖	s+ α

2 −1 divu‖L2

� C
(‖	s+ α

2 −1u‖L2‖∇σ‖L∞ + ‖u‖L∞‖	s+ α
2 σ‖L2

)‖	s+ α
2 u‖L2

� C‖u‖Hs (‖	1− α
2 σ‖2

Hs+α−1 + ‖	s+ α
2 u‖2

L2),

and

|J̃2| � C‖	s+ α
2 −1(σ divu)‖L2‖	s+ α

2 −1 divu‖L2

� C
(‖	s+ α

2 −1σ‖L2‖divu‖L∞ + ‖σ‖L∞‖	s+ α
2 u‖L2

)‖	s+ α
2 u‖L2

� C‖σ‖Hs‖	α
2 u‖2

Hs .

By virtue of Lemma 2.1 and the fact that Hs ↪→ L∞ for every s > N
2 , we estimate J̃3 as follows:

|J̃3| � C‖	s+ α
2 σ 2‖L2‖	s+ α

2 σ‖L2

� C‖σ‖L∞‖	s+ α
2 σ‖2

L2 � C‖σ‖Hs ‖	1− α
2 σ‖2

Hs+α−1 .

Thanks to Lemmas 2.1, 2.4 and inequalities (3.40), (3.42), we find

|J̃4| � C
(‖	s− α

2 (u	αa)‖L2 + ‖	s+ α
2 (au)‖L2

)‖	s+ 3α
2 −1σ‖L2

� C
(‖	s− α

2 u‖L2‖	αa‖L∞ + ‖u‖L∞‖	s+ α
2 a‖L2 + ‖a‖L∞‖	s+ α

2 u‖L2

)‖	s+ 3α
2 −1σ‖L2

� C
(‖u‖Hs + ‖σ‖Hs

)(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs

)
,

and

|J̃5| � C‖	s+ α
2 −1(u · ∇u)‖L2‖	s+ α

2 σ‖L2

� C
(‖	s+ α

2 −1u‖L2‖∇u‖L∞ + ‖u‖L∞‖	s+ α
2 u‖L2

)‖	s+ α
2 σ‖L2

� C‖u‖Hs

(‖	1− α
2 σ‖2

Hs+α−1 + ‖	α
2 u‖2

Hs

)
.

Inserting the above estimates on Ĩ1-Ĩ4 and J̃1-J̃5 into (3.39), we obtain

1

2

d

dt
Ỹ (t) + μ

2
‖	s+ α

2 u(t)‖2
L2 + δ2

√
γ

4C2
‖	s+ α

2 σ(t)‖2
L2

� C‖(σ,u)‖Hs

(‖	α
2 u‖2

Hs + ‖	1− α
2 σ‖2

Hs+α−1

) + δ2μ
2(1−α)

4s
√

γ
‖	α

2 u‖2
L2 .

(3.43)

By integrating the inequality (3.43) with respect to t-variable and using (3.38), we infer that
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‖(	sσ,	su)‖2
L2 + μ

T∫
0

(
‖	s+ α

2 u‖2
L2 + δ2

√
γ

C2
‖	s+ α

2 σ‖2
L2

)
dt

�C‖(σ0, u0)‖2
Hs + δ2(1−α)

s
‖u‖2

L∞
T (L2)

(3.44)

+ δ2μ
2(1−α)
s
√

γ

T∫
0

‖	α
2 u‖2

L2dt + C‖(σ,u)‖L∞
T (Hs)

T∫
0

(‖	α
2 u‖2

Hs + ‖	1− α
2 σ‖2

Hs+α−1

)
dt,

which corresponds to the Ḣ s-estimate (3.32), as desired.

Step 3: Hs -estimate. By combining (3.32) with (3.18), and letting δ1, δ2 > 0 be fixed constants 
small enough, there exists a constant C = C(α, s, μ, γ, N) > 0 such that for s > N

2 + 1 − α
2 ,

‖(σ,u)‖2
L∞

T (Hs) +
T∫

0

(
‖	α

2 u‖2
Hs + ‖	1− α

2 σ‖2
Hs+α−1

)
dt

� C‖(σ0, u0)‖2
Hs + C‖(σ,u)‖L∞

T (Hs)

T∫
0

(
‖	α

2 u‖2
Hs + ‖	1− α

2 σ‖2
Hs+α−1

)
dt.

(3.45)
Denote by X0 � ‖(σ0, u0)‖2

Hs and

X(T ) � ‖(σ,u)‖2
L∞

T (Hs) +
T∫

0

(
‖	α

2 u‖2
Hs + ‖	1− α

2 σ‖2
Hs+α−1

)
dt.

From (3.45), we have

X(T ) � CX0 + CX
3
2 (T ).

Through the continuity argument, we infer that if X0 � ε with a sufficiently small constant ε > 0, 
then X(T ) � 2CX0 for any T > 0. �
3.3. Proof of Theorem 1.1

The local well-posedness result for the system (3.1) can be established by using the stan-
dard arguments, e.g. see [5,13,23]. We present a version of local well-posedness result from [5, 
Theorem 2.1] as follows.

Proposition 3.3. Let s > N
2 + 1. Assume that (a0, u0) ∈ Hs(RN) and inf

x∈RN
a(x) > −1. Then 

there exists a unique solution (a, u) of the system (3.1) such that

(a,u) ∈ C([0, T ],H s(RN)), u ∈ L2([0, T ],H s+ α
2 (RN)), (3.46)
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with some T > 0. Moreover, let T ∗ be the maximal existence time of this solution, and if T ∗ <

+∞, then there holds:

T ∗∫
0

(
‖∇u(t)‖L∞ + ‖a(t)‖W 1,∞

)
dt = ∞. (3.47)

Under the smallness assumption (1.8), or equivalently (3.11), Proposition 3.1 ensures that 
(a, u) satisfies the Hs -estimate (3.12). In particular, we get

‖(a,u)‖L∞
T (Hs) � ‖(a0, u0)‖Hs < ε,

for every T < +∞. We then apply Sobolev embedding and obtain

T∫
0

(
‖∇u(t)‖L∞ + ‖a(t)‖W 1,∞

)
dt � CT ‖(a,u)‖L∞

T (Hs) < CT ε < +∞,

with s > N
2 + 1. In view of Proposition 3.3, we must have T ∗ = +∞, namely the solution exists 

globally in time. This concludes the proof of Theorem 1.1.

4. Asymptotic behavior

In this section, we investigate the asymptotic behavior of the solution (a, u) obtained in The-
orem 1.1. We demonstrate that the solution converges to a steady state:

a(t) → 0, and u(t) → 0, as t → ∞.

The density becomes constant due to the effect of pressure, while the velocity converges to a 
constant due to alignment interactions.

We establish quantitative estimates for this convergence, including explicit decay rates as 
outlined in Theorem 1.2.

We begin by investigating a linearized system of (a, v) with v = 	−1divu, focusing on the 
decay properties of the Green’s matrix. Subsequently, we establish decay estimates for the so-
lution (a, u) of the system (3.1). Please refer to Propositions 4.4 and 4.5 for the proof of the 
estimates in Theorem 1.2 (1)-(3). Finally, to verify the optimality of the decay rate, we derive 
a lower bound of ‖(a, u)(t)‖L2 , ensuring that the decay rate precisely coincides with the upper 
bound. See Proposition 4.6 for the proof of the lower bound estimates in Theorem 1.2 (4).

4.1. Green’s matrix for the linearized system

By a direct computation (see the appendix for more details), we infer that the solution of the 
ordinary differential equations (3.7) is

(
â

v̂

)
= Ĝ(t, ξ)

(
â0
v̂0

)
+

t∫
Ĝ(t − s, ξ)

(
F̂ (s)

Ĝ(s)

)
ds, (4.1)
0
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where for |ξ |1−α �= μ/(2
√

γ ),

Ĝ(t, ξ) �
(
Ĝ11 Ĝ12

Ĝ21 Ĝ22

)
= 1

λ+ − λ−

(
λ+etλ− − λ−etλ+ |ξ |(etλ− − etλ+)

γ |ξ |(etλ+ − etλ−) λ+etλ+ − λ−etλ−

)
, (4.2)

and for |ξ |1−α = μ/(2
√

γ ),

Ĝ(t, ξ) �
(
Ĝ11 Ĝ12

Ĝ21 Ĝ22

)
= e−√

γ |ξ |t
(

1 + √
γ |ξ |t −|ξ |t

γ |ξ |t 1 − √
γ |ξ |t

)
, (4.3)

with λ± given by (3.8).
Now we show the pointwise estimates for the Green matrix Ĝ(t, ξ).

Lemma 4.1. There exists constant C > 0 depending only on α, N, μ, γ such that the following 
statements hold true.

(1) For 0 < α < 1 and the low frequencies |ξ |1−α < μ/(2
√

γ ), we have

|Ĝ11(t, ξ)| � Ce−Ct |ξ |2−α

, |Ĝ21(t, ξ)| = γ |Ĝ12(t, ξ)| � C|ξ |1−αe−Ct |ξ |2−α

, (4.4)

|Ĝ22(t, ξ)| � C
(
e−Ct |ξ |α + |ξ |2−2αe−Ct |ξ |2−α )

. (4.5)

(2) For 0 < α < 1 and the high frequencies |ξ |1−α � μ/(2
√

γ ), we have that for every i, j =
1, 2,

|Ĝij (t, ξ)| � Ce−Ct . (4.6)

(3) For α = 1, we have that for every i, j = 1, 2,

|Ĝij (t, ξ)| � Ce−C|ξ |t . (4.7)

Proof of Lemma 4.1. (1) We consider the low-frequency case. By virtue of Taylor’s formula,

etλ+ − etλ−

λ+ − λ−
= t

1∫
0

et(θλ++(1−θ)λ−)dθ. (4.8)

Noticing that λ+ � −μ
2 |ξ |α and λ− � − γ

μ
|ξ |2−α (recalling λ± satisfy (3.9)), we can estimate 

the above integral as follows:

t

1∫
0

et(θλ++(1−θ)λ−)dθ � t

1∫
0

e
−t

(
θ

μ
2 |ξ |α+(1−θ)

γ
μ

|ξ |2−α
)
dθ

= e
− γ

μ
t |ξ |2−α (

μ |ξ |α − γ |ξ |2−α
)−1

(
1 − e

−t (
μ
2 |ξ |α− γ

μ
|ξ |2−α)

)

2 μ
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� 4

μ
|ξ |−αe

− γ
μ

t |ξ |2−α

,

where in the last line we have used the fact that 
(
1 − 2γ

μ2 |ξ |2−2α
)−1 � 2. From the definitions of 

Ĝ12 and Ĝ21 in (4.2), we have

|Ĝ21(t, ξ)| = γ |Ĝ12(t, ξ)| � C|ξ |1−αe
− γ

μ
t |ξ |2−α

.

We rewrite Ĝ11 and Ĝ22 as follows:

Ĝ11(t, ξ) = etλ− − λ−(etλ+ − etλ−)

λ+ − λ−
, Ĝ22(t, ξ) = etλ+ + λ−(etλ+ − etλ−)

λ+ − λ−
. (4.9)

Hence, the triangle inequality gives

|Ĝ11(t, ξ)| � e
− γ

μ
t |ξ |2−α + C|ξ |2−2αe−Ct |ξ |2−α � Ce−Ct |ξ |2−α

.

Similarly, we can obtain (4.5) concerning the estimate of |Ĝ22|.
(2) We prove (4.6) by respectively considering the following three high-frequency cases.

� If |ξ |1−α = μ/(2
√

γ ), the estimate (4.6) directly follows from (4.3).
� For μ/(2

√
γ ) < |ξ |1−α � μ/

√
γ , recalling λ± are given by (3.10), we see that

θλ+ + (1 − θ)λ− = −μ|ξ |α
2

(
1 − i(1 − 2θ)

√
4γ

μ2 |ξ |2−2α − 1
)
,

and

∣∣∣etλ+ − etλ−

λ+ − λ−

∣∣∣ � t

1∫
0

∣∣et(θλ++(1−θ)λ−)
∣∣dθ = te− μ

2 t |ξ |α ,

and thus

|Ĝ21(t, ξ)| = γ |Ĝ12(t, ξ)| � Ct |ξ |e− μ
2 t |ξ |α � Ce−Ct |ξ |α � Ce−Ct .

Noting that Re(λ±) = −μ|ξ |α
2 and |λ−| = √

γ |ξ |, and in view of the equality (4.9), we have

|Ĝ11(t, ξ)| + |Ĝ22(t, ξ)| � Ce− μ
2 t |ξ |α + Ct |ξ |e− μ

2 t |ξ |α � Ce−Ct .

� For |ξ |1−α > μ/
√

γ , noting that

|λ+ − λ−| = μ|ξ |α
√

4γ

μ2 |ξ |2−2α − 1 � μ|ξ |α
√

3γ

μ2 |ξ |2−2α = √
3γ |ξ |,

and recalling that Re(λ±) = −μ|ξ |α and |λ±| = √
γ |ξ |, we have
2
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|Ĝ11(t, ξ)| � |λ+|
|λ+ − λ−| |e

tλ−| + |λ−|
|λ+ − λ−| |e

tλ+| � Ce−Ct |ξ |α � Ce−Ct .

Similarly, we can obtain the estimates of |Ĝ12|, |Ĝ22| and |Ĝ22| as in (4.6).

(3) We prove (4.7) by analyzing the following three cases.

� If 4γ < μ2, we see that λ± = −|ξ |(μ ± √
μ2 − 4γ )/2 and λ+ − λ− = −√

μ2 − 4γ |ξ |, and 
thus

|etλ±| � Ce−C|ξ |t ,
∣∣∣∣ λ±
λ+ − λ−

∣∣∣∣ � C, and
|ξ |

|λ+ − λ−| � C.

Hence, the estimate (4.7) follows from the above inequalities and the formula of |Ĝij | in (4.2).

� If 4γ = μ2, in view of (4.3) and the fact that |ξ |te−√
γ |ξ |t � Ce−

√
γ

2 |ξ |t , we directly obtain 
(4.7).

� If 4γ > μ2, we see that λ± = −|ξ |(μ ± i
√

4γ − μ2)/2, λ+ −λ− = −i
√

4γ − μ2|ξ |, and thus

|etλ±| � Ce− μ
2 |ξ |t ,

∣∣∣∣ λ±
λ+ − λ−

∣∣∣∣ � C, and
|ξ |

|λ+ − λ−| � C,

which in combination with (4.2) leads to (4.7).

Hence, we complete the proof of Lemma 4.1. �
Next, based on the above pointwise estimates, we provide the following two lemmas concern-

ing the exact decay estimates related to the Green matrix Ĝ(t, ξ).

Lemma 4.2. Let 0 < α � 1, s � 0 and f ∈ Ḣ s ∩ L1(RN). Then we have

‖|ξ |s Ĝ11(t)f̂ ‖L2 � C〈t〉− N+2s
2(2−α) ‖f ‖L1∩Ḣ s , (4.10)

‖|ξ |s Ĝ21(t)f̂ ‖L2 = γ ‖|ξ |s Ĝ12(t)f̂ ‖L2 � C〈t〉− N+2s+2−2α
2(2−α) ‖f ‖L1∩Ḣ s , (4.11)

‖|ξ |s Ĝ22(t)f̂ ‖L2 � C〈t〉−min
{

N+2s
2α

, N+2s+4−4α
2(2−α)

}
‖f ‖L1∩Ḣ s , (4.12)

where C > 0 depends only on α, s, N, μ, γ .

Proof of Lemma 4.2. For α = 1, the estimates (4.10)-(4.12) naturally follow from (4.7) and 
Lemma 2.5. Now we consider the case 0 < α < 1. Denote by

D � {ξ ∈RN : |ξ |1−α < μ/(2
√

γ )}. (4.13)

Thanks to Lemma 4.1, we have for t � 1,

‖|ξ |s Ĝ11(t)f̂ ‖L2 � ‖|ξ |s Ĝ11(t)f̂ ‖L2(D) + ‖|ξ |s Ĝ11(t)f̂ ‖L2(Dc)

� C‖e−C|ξ |2−αt‖ ∞‖|ξ |s f̂ ‖ + e−Ct‖|ξ |s f̂ ‖ � C‖f ‖ ,
(4.14)
L L2 L2 Ḣ s
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and for t > 1,

‖|ξ |s Ĝ11(t)f̂ ‖L2 � ‖|ξ |s Ĝ11(t)f̂ ‖L2(D) + ‖|ξ |s Ĝ11(t)f̂ ‖L2(Dc)

� C‖|ξ |se−C|ξ |2−αt‖L2‖f̂ ‖L∞ + e−Ct‖|ξ |s f̂ ‖L2 � Ct
− N+2s

2(2−α) ‖f ‖L1∩Ḣ s .

(4.15)
Combining (4.14) and (4.15) leads to (4.10). In a similar way, we can analogously prove the 
estimates (4.11) and (4.12). �
Lemma 4.3. Let 0 < α � 1 and f, f̂ ∈ L1(RN). Then we have

‖Ĝ11(t)f̂ ‖L1 � C〈t〉− N
2−α

(‖f ‖L1 + ‖f̂ ‖L1

)
, (4.16)

‖Ĝ21(t)f̂ ‖L1 = γ ‖Ĝ12(t)f̂ ‖L2 � C〈t〉− N+1−α
2−α

(‖f ‖L1 + ‖f̂ ‖L1

)
, (4.17)

‖Ĝ22(t)f̂ ‖L1 � C〈t〉−min
{

N
α

, N+2−2α
2−α

}(‖f ‖L1 + ‖f̂ ‖L1

)
, (4.18)

with C > 0 depending only on α, s, N, μ, γ .

Proof of Lemma 4.3. For α = 1, (4.16)-(4.18) can be deduced from (4.7) and Lemma 2.6. Next 
we treat the case 0 < α < 1. Recalling D is defined in (4.13), and in light of Lemma 4.1, we have 
that for t � 1,

‖Ĝ11(t)f̂ ‖L1 � ‖Ĝ11(t)f̂ ‖L1(D) + ‖Ĝ11(t)f̂ ‖L1(Dc)

� C‖e−C|ξ |2−αt‖L∞‖f̂ ‖L1 + e−Ct‖f̂ ‖L1 � C‖f̂ ‖L1 ,
(4.19)

and for t > 1,

‖Ĝ11(t)f̂ ‖L1 � ‖Ĝ11(t)f̂ ‖L1(D) + ‖Ĝ11(t)f̂ ‖L1(Dc)

� C‖e−C|ξ |2−αt‖L1‖f̂ ‖L∞ + e−Ct‖f̂ ‖L1 � Ct−
N

2−α (‖f ‖L1 + ‖f̂ ‖L1).
(4.20)

Combining these two estimates leads to (4.16). Similarly, we can analogously show the estimates 
(4.17) and (4.18). �
4.2. Rough upper bounds

In this subsection, we shall establish a rough upper bound for the decay rate of the global 
smooth solution (a, u) to the system (3.1).

Before proceeding forward we introduce some notations. Denote by

Uβ(t) � sup
0�τ�t

〈τ 〉 N+2β
2(2−α) ‖(	βa,	βu)(τ )‖L2 , (4.21)

V (t) � sup
0�τ�t

〈τ 〉 N
2−α ‖(̂a, û)(τ )‖L1 , (4.22)

E(t) � sup
0�τ�t

‖(a,u)(τ )‖Hs . (4.23)
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Our main result of this subsection is as follows.

Proposition 4.4. Let α ∈ (0, 1], N � 2 and s > N
2 + 1. Suppose that (a0, u0) ∈ Hs ∩ L1(RN)

and (a, u) is a global solution of system (3.1) such that

sup
0�t<+∞

(‖a(t)‖Hs + ‖u(t)‖Hs

)
< +∞.

Then we have

‖(a,u)(t)‖L2 � C〈t〉− N
2(2−α) , (4.24)

‖(a,u)(t)‖L∞ � C〈t〉− N
2−α , (4.25)

‖(∇a,∇u)(t)‖L2 � C〈t〉− N+2
2(2−α) . (4.26)

Proof of Proposition 4.4. We divide the proof into four steps.
Step 1: Estimation of U0(t). We intend to prove that

U0(t) � C‖(a0, u0)‖L1∩L2 + C

t∫
0

W1(t, τ )(U0 + U1)(τ )E(τ)dτ, (4.27)

where the weight function W1 is defined by

W1(t, τ ) � 〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2(2−α) 〈t〉 N
2(2−α)

+ 〈t − τ 〉−min
{ N

2α
,
N+2(1−α)

2(2−α)

}
〈τ 〉− N+2α

2(2−α) 〈t〉 N
2(2−α) .

We first consider the incompressible part Pu with P � Id − ∇
−1 div. Recalling that Pu

satisfies the third equation of (3.3), we deduce that

Pu(t) = e−μt	α

Pu0 +
t∫

0

e−μ(t−τ)	α

P H̃ (τ )dτ, (4.28)

with

H̃ � μ
(
u	αa − 	α(au)

) − u · ∇u. (4.29)

By virtue of Lemma 2.5, the first term on the right-hand side of (4.28) can be estimated as

‖e−μt	α

Pu0‖L2 � C‖e−μt |ξ |αu0‖L2 � C〈t〉− N
2α ‖u0‖L1∩L2 . (4.30)

Thanks to Lemma 2.3, we have

‖H̃‖L1∩L2 � C
(‖	αu‖L2‖a‖L2∩L∞ + ‖u‖L2∩L∞‖∇u‖L2

)
. (4.31)
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Using Lemma 2.5 and the above inequality, we find

t∫
0

‖e−μ(t−τ)	α

P H̃ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N
2α ‖H̃ (τ )‖L1∩L2 dτ

� C

t∫
0

〈t − τ 〉− N
2α

(
‖	αu‖L2‖a‖L2∩L∞ + ‖∇u‖L2‖u‖L2∩L∞

)
dτ

� C

t∫
0

〈t − τ 〉− N
2α 〈τ 〉− N+2α

2(2−α) (EUα + EU1)(τ )dτ. (4.32)

Collecting (4.28), (4.30) and (4.32) yields

‖Pu‖L2 � C〈t〉− N
2(2−α)

(
‖u0‖L1∩L2 +

t∫
0

W1(t, τ )
(
Uα + U1

)
(τ )E(τ)dτ

)
. (4.33)

Now we consider the compressible part (a, v). From the equality (4.1), we have

‖a(t)‖L2 � ‖Ĝ11(t)â0‖L2 + ‖Ĝ12(t)v̂0‖L2 +
t∫

0

(
‖Ĝ11(t − τ)F̂‖L2 + ‖Ĝ12(t − τ)Ĝ‖L2

)
dτ,

(4.34)

and

‖v(t)‖L2 � ‖Ĝ21(t)â0‖L2 + ‖Ĝ22(t)v̂0‖L2 +
t∫

0

(
‖Ĝ21(t − τ)F̂‖L2 + ‖Ĝ22(t − τ)Ĝ‖L2

)
dτ,

(4.35)

where F = div(au) and G is defined by (3.5). In view of Lemma 4.2, we get

‖Ĝ11(t)â0‖L2 � C〈t〉− N
2(2−α) ‖a0‖L1∩L2, (4.36)

‖Ĝ12(t)v̂0‖L2 + ‖Ĝ21(t)â0‖L2 � C‖Ĝ12(t)(û0, â0)‖L2 � C〈t〉− N+2(1−α)
2(2−α) ‖(u0, a0)‖L1∩L2 ,

(4.37)

‖Ĝ22(t)v̂0‖L2 � C‖Ĝ22(t)û0‖L2 � C〈t〉− N+4(1−α)
2(2−α) ‖u0‖L1∩L2 . (4.38)

Taking advantage of Lemma 4.2 and the following inequality

‖au‖Ḣ 1 � C
(‖u‖L∞‖a‖Ḣ 1 + ‖a‖L∞‖u‖Ḣ 1

)
� C‖(a,u)‖Ḣ 1‖(a,u)‖L∞,

we infer that
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t∫
0

‖Ĝ11(t − τ)F̂ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2
2(2−α) ‖(au)(τ )‖L1∩Ḣ 1dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α)

(‖a‖L2‖u‖L2 + ‖(a,u)‖Ḣ 1‖(a,u)‖L∞
)
dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2(2−α)
(
EU0 + EU1

)
(τ )dτ, (4.39)

and

t∫
0

‖Ĝ21(t − τ)F̂ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2(2−α)
2(2−α) ‖(au)(τ )‖L1∩Ḣ 1dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2(2−α)
(
EU0 + EU1

)
(τ )dτ. (4.40)

Denote by

G̃ � μ
(
u	αa − 	α(au)

) − u · ∇u − γ
(
(1 + a)γ−2 − 1

)∇a, (4.41)

then Lemmas 2.3 and 2.4 yield that

‖G̃‖L1∩L2 � C
(‖	αu‖L2‖a‖L2∩L∞ + ‖u‖L2∩L∞‖∇u‖L2 + ‖a‖L2∩L∞‖∇a‖L2

)
. (4.42)

Arguing as (4.39) we find

t∫
0

‖Ĝ12(t − τ)Ĝ(τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α) ‖G̃(τ )‖L1∩L2 dτ

� C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α)

(
‖	αu‖L2‖a‖L2∩L∞ + ‖(∇a,∇u)‖L2‖u‖L2∩L∞

)
dτ

� C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α) 〈τ 〉− N+2α

2(2−α)
(
EU1 + EUα

)
(τ )dτ, (4.43)

and

t∫
‖Ĝ22(t − τ)Ĝ(τ )‖L2 dτ � C

t∫
〈t − τ 〉− N+4−4α

2(2−α) ‖G̃(τ )‖L1∩L2dτ
0 0
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� C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α) 〈τ 〉− N+2α

2(2−α)
(
EU1 + EUα

)
(τ )dτ. (4.44)

Inserting (4.36)-(4.40) and (4.43)-(4.44) into (4.34)-(4.35), we have

‖(a, v)(t)‖L2 � C〈t〉− N
2(2−α)

(
‖(a0, u0)‖L1∩L2 +

t∫
0

W1(t, τ )
(
U0 + Uα + U1

)
(τ )E(τ)dτ

)
.

(4.45)

Therefore, noticing that u = Pu − ∇	−1v and Uα � CU1−α
0 Uα

1 , we obtain the inequality 
(4.27) by combining (4.33) with (4.45).

Step 2: Estimation of U1(t). We shall show that

U1(t) � C‖(a0, u0)‖L1∩H 1 + C

t∫
0

W2(t, τ )U1(τ )E(τ)dτ, (4.46)

where the weight function W2 is given by

W2(t, τ ) � 〈t − τ 〉−min{ N+2α
2α

, N+2
2(2−α)

}〈τ 〉− N+2
2(2−α) 〈t〉 N+2

2(2−α) .

We first consider the Ḣ 1-estimate of Pu which satisfies equation (4.28). It follows from (2.7)
that

‖	e−μt	α

Pu0‖L2 � C〈t〉− N+2
2α ‖u0‖L1∩Ḣ 1 . (4.47)

By virtue of Lemmas 2.1 and 2.2, we have

‖H̃‖Ḣ 1 � C(‖	(u	αa)‖L2 + ‖	1+α(au)‖L2 + ‖u · ∇u‖Ḣ 1)

� C(‖u‖L∞‖a‖Ḣ 1+α + ‖u‖Ḣ 1+α‖a‖L∞ + ‖u‖L∞‖u‖Ḣ 2). (4.48)

For N � 3, by using the interpolation inequality (e.g. see [1, Proposition 2.22])

‖u‖L∞ � C‖u‖
s2−N/2
s2−s1

Ḣ s1
‖u‖

N/2−s1
s2−s1

Ḣ s2
, for 0 � s1 < N

2 < s2,

we have

‖u‖L∞(RN)‖a‖Ḣ 1+α(RN) � C‖u‖
2
N

Ḣ 1‖u‖1− 2
N

ḢN/2+1‖a‖1− 2α
N

Ḣ 1 ‖a‖
2α
N

ḢN/2+1

� C
(
‖u‖

2α
N

Ḣ 1‖a‖1− 2α
N

Ḣ 1

)(
‖u‖

2−2α
N

Ḣ 1 ‖u‖1− 2
N

Ḣ
N
2 +1

‖a‖
2α
N

Ḣ
N
2 +1

)
� C‖(a,u)‖Ḣ 1(RN)‖(a,u)‖Hs(RN).

Similarly, we can estimate the other terms in the right side of (4.48) and get
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‖H̃‖Ḣ 1(RN) � C‖(a,u)‖Ḣ 1(RN)‖(a,u)‖Hs(RN). (4.49)

For N = 2, we claim that

‖u‖L∞(R2) � C‖u‖1−ε

Ḣ 1(R2)
‖u‖ε

Hs(R2)
, ∀0 < ε � 1.

In fact, using the interpolation inequality and taking θ = (2s−2)ε
s

∈ (0, 1), we have

‖u‖L∞(R2) � C‖u‖1/2
Ḣ 1−θ (R2)

‖u‖1/2
Ḣ 1+θ (R2)

� C
(
‖u‖θ

L2‖u‖1−θ

Ḣ 1

)1/2(‖u‖1− θ
s−1

Ḣ 1 ‖u‖
θ

s−1

Ḣ s

)1/2

� C‖u‖
θ
2 + θ

2s−2

Hs(R2)
‖u‖1− θ

2 − θ
2s−2

Ḣ 1(R2)
= C‖u‖1−ε

Ḣ 1(R2)
‖u‖ε

Hs(R2)
.

Thus, it is immediate to show that for every 0 < ε < 1 − α and N = 2,

‖u‖L∞(R2)‖a‖Ḣ 1+α(R2) � C
(
‖u‖α

Ḣ 1‖a‖1−α

Ḣ 1

)(
‖u‖1−ε−α

Ḣ 1 ‖u‖ε
Hs ‖a‖α

ḢN/2+1

)
� C‖(u, a)‖Ḣ 1(R2)‖(u, a)‖Hs(R2),

and by treating the remaining terms in a similar way, we can also get the estimate (4.49) for 
N = 2. On the other hand, we split H̃ into H̃ = H̃1 + H̃2, with

H̃1 � μ
(
u	αa − 	α(au)

)
, and H̃2 � −u · ∇u. (4.50)

By virtue of Lemma 2.1 and the interpolation inequality, we infer that

‖	1−αH̃1‖L1 � C‖	1−α(u	αa)‖L1 + C‖	(au)‖L1

� C
(
‖u‖Ḣ 1−α‖a‖Ḣ α + ‖u‖L2‖a‖Ḣ 1 + ‖u‖Ḣ 1‖a‖L2

)
� C‖(a,u)‖L2‖(a,u)‖Ḣ 1, (4.51)

and

‖H̃2‖L1 = ‖u · ∇u‖L1 � ‖u‖L2‖u‖Ḣ 1 . (4.52)

Using the above inequalities (4.49), (4.51), (4.52) and (4.31), we argue as (4.32) to derive

t∫
0

‖	e−μ(t−τ)	α

P H̃ (τ )‖L2 dτ

� C

t∫
〈t − τ 〉− N+2α

2α ‖	1−αH̃1(τ )‖Ḣ α∩L1 dτ + C

t∫
〈t − τ 〉− N+2

2α ‖H̃2(τ )‖Ḣ 1∩L1dτ
0 0
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� C

t∫
0

〈t − τ 〉−min
{ N+2α

2α
, N+2

2(2−α)

}
〈τ 〉− N+2

2(2−α) U1(τ )E(τ)dτ.

Combining the above estimate with (4.47), (4.28) leads to

‖Pu(t)‖Ḣ 1 � C〈t〉− N+2
2α ‖u0‖L1∩Ḣ 1 + C〈t〉− N+2

2(2−α)

t∫
0

W2(t, τ )U1(τ )E(τ)dτ. (4.53)

Next we consider the Ḣ 1-estimate of compressible part (a, v) which satisfies (4.1). Thanks to 
Lemma 4.2, we have

‖|ξ |Ĝ11(t)â0‖L2 � C〈t〉− N+2
2(2−α) ‖a0‖L1∩Ḣ 1,

‖|ξ |Ĝ12(t)(v̂0, â0)‖L2 � ‖|ξ |Ĝ12(t)(û0, â0)‖L2 � C〈t〉− N+2(2−α)
2(2−α) ‖(u0, a0)‖L1∩Ḣ 1,

‖|ξ |Ĝ22(t)v̂0‖L2 � ‖|ξ |Ĝ22(t)û0‖L2 � C〈t〉− N+2(2−α)
2(2−α) ‖u0‖L1∩Ḣ 1 .

Recall that F = div(a u) and G = 	−1 div G̃ with G̃ given by (4.41). By applying Lemmas 2.1, 
2.2 and 2.4, and arguing as estimating the terms on the right-hand side of (4.48), we see that

‖F‖Ḣ 1 � C
(‖u · ∇a‖Ḣ 1 + ‖a divu‖Ḣ 1

)
� C

(‖u‖L∞‖a‖Ḣ 2 + ‖a‖L∞‖u‖Ḣ 2

)
� C‖(a,u)‖Ḣ 1‖(a,u)‖Hs , (4.54)

and

‖G̃‖Ḣ 1 � C‖H̃‖Ḣ 1 + C‖((a + 1)γ−2 − 1
)∇a‖Ḣ 1

� C
(
‖u‖L∞‖a‖Ḣ 1+α + ‖u‖Ḣ 1+α‖a‖L∞ + ‖u‖L∞‖u‖Ḣ 2 + ‖a‖L∞‖a‖Ḣ 2 + ‖a‖2

Ḣ 1

)
� C‖(a,u)‖Ḣ 1‖(a,u)‖Hs . (4.55)

We also split G̃ into G̃ = H̃1 + G̃2, with H̃1 given by (4.50) and G̃2 � −u ·∇u −γ
(
(1 +a)γ−2 −

1
)∇a, and we easily find that

‖G̃2‖L1 � C
(‖u‖L2‖u‖Ḣ 1 + ‖a‖L2‖a‖Ḣ 1

)
. (4.56)

The inequalities (4.54)-(4.56) and (4.51) combined with Lemma 4.2 give

t∫
0

‖(|ξ |Ĝ11(t − τ)F̂ (τ ), |ξ |Ĝ21(t − τ)F̂ (τ )
)‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2
2(2−α) ‖F(τ)‖Ḣ 1∩L1 dτ

� C

t∫
〈t − τ 〉− N+2

2(2−α)

(
‖(a,u)‖L2‖(∇a,∇u)‖L2 + ‖(a,u)‖Ḣ 1‖(a,u)‖Hs

)
dτ
0
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� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N+2

2(2−α) U1(τ )E(τ)dτ,

and

t∫
0

‖(|ξ |Ĝ12(t − τ)Ĝ(τ ), |ξ |Ĝ22(t − τ)Ĝ(τ )
)‖L2dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) ‖	1−αH̃1(τ )‖Ḣ α∩L1 dτ + C

t∫
0

〈t − τ 〉− N+4−2α
2(2−α) ‖G̃2(τ )‖Ḣ 1∩L1 dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α)

(
‖(a,u)‖L2‖(a,u)‖Ḣ 1 + ‖(a,u)‖Ḣ 1‖(a,u)‖Hs

)
dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N+2

2(2−α) U1(τ )E(τ)dτ.

Gathering the above estimates yields

‖(a, v)(t)‖Ḣ 1 � C〈t〉− N+2
2(2−α)

(
‖(a0, u0)‖L1∩Ḣ 1 +

t∫
0

W2(t, τ )U1(τ )E(τ)dτ
)
. (4.57)

Hence, combining (4.53) with (4.57) completes the proof of (4.46).

Step 3: Estimation of V (t). We will prove that

V (t) � C‖(a0, u0)‖Hs∩L1 + C
(
U0 + U1

)2
(t) + C

t∫
0

W3(t, τ )E(τ)V (τ)dτ, (4.58)

where the weight function W3 is given by

W3(t, τ ) � 〈t − τ 〉−min
{ N

α
, N

2−α

}
〈τ 〉− N

2−α 〈t〉 N
2−α .

For Pu solving the equation (4.28), in view of Lemma 2.6, we have

‖e−μt |ξ |α P̂u0‖L1 � C〈t〉− N
α
(‖u0‖L1 + ‖û0‖L1

)
.

Taking advantage of Young’s inequality, we estimate H̃ (given by (4.29)) as follows:
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‖F(H̃ )‖L1 � C
(‖̂u	αa(ξ) − |ξ |αâu(ξ)‖L1 + ‖̂u · ∇u‖L1

)
� C

(∥∥∥ ∫
RN

û(ξ − η)(|η|α − |ξ |α)̂a(η)dη

∥∥∥
L1

ξ

+ ‖û ∗ ∇̂u‖L1

)

� C

(∥∥∥ ∫
RN

û(ξ − η)|ξ − η|αâ(η)dη

∥∥∥
L1

ξ

+ ‖û‖L1‖|ξ |̂u(ξ)‖L1
ξ

)

� C
(‖|ξ |αû‖L1 ‖̂a‖L1 + ‖û‖L1‖|ξ |̂u‖L1

)
� C(‖̂a‖L1 + ‖û‖L1)‖u‖Hs , (4.59)

where in the last inequality we have used the fact that

‖(1 + |ξ |)̂u‖L1 � C‖(1 + |ξ |)1−s‖L2‖u‖Hs � C‖u‖Hs . (4.60)

By using (4.31), (4.59) and Lemma 2.6, we find

t∫
0

‖e−μ(t−τ)|ξ |α P̂ H̃ (τ )‖L1 dτ � C

t∫
0

〈t − τ 〉− N
α
(‖H̃ (τ )‖L1 + ‖F(H̃ )(τ )‖L1

)
dτ

� C

t∫
0

〈t − τ 〉− N
α 〈τ 〉− N

2−α
(
U0U1 + U0Uα + EV

)
(τ )dτ.

Combining the above estimates with (4.28) leads to

‖P̂u(t)‖L1 � C〈t〉− N
2−α

(
‖u0‖L1∩Hs +

t∫
0

W3(t, τ )
(
U0U1 + U0Uα + EV

)
(τ )dτ

)
.

Let us consider the estimation of (a, v) which solves (4.1). For the term of initial data, by 
virtue of Lemma 4.3, we get

‖Ĝ11(t)â0‖L1 � C〈t〉− N
2−α

(‖a0‖L1 + ‖â0‖L1

)
,

‖Ĝ12(t)v̂0‖L1 + ‖Ĝ21(t)â0‖L1 � C〈t〉− N+1−α
2−α

(‖(a0, u0)‖L1 + ‖(â0, û0)‖L1

)
,

‖Ĝ22(t)v̂0‖L1 � C‖Ĝ22(t)û0‖L1 � C〈t〉− N+1−α
2−α

(‖u0‖L1 + ‖û0‖L1

)
.

Owing to Young’s inequality and (4.60), we see that F = div(a u) satisfies

‖F̂‖L1 � C
(‖̂u · ∇a‖L1 + ‖̂a divu‖L1

)
� C

(‖û‖L1‖|ξ |̂a‖L1 + ‖|ξ |̂u‖L1 ‖̂a‖L1

)
� C‖(̂u, â)‖L1‖(a,u)‖Hs . (4.61)

Similarly, noting that ‖F((a + 1)γ−2 − 1)‖L1 � C‖̂a‖L1 (from Lemma 2.4), the term G given 
by (3.5) has
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‖Ĝ‖L1 � C
(‖|ξ |αû‖L1 ‖̂a‖L1 + ‖û‖L1‖|ξ |̂u‖L1 + ‖̂a‖L1‖|ξ |̂a‖L1

)
� C‖(̂u, â)‖L1‖(a,u)‖Hs . (4.62)

The above inequalities combined with (4.42) and Lemma 4.3 give

t∫
0

‖(Ĝ11(t − τ)F̂ (τ ), Ĝ21(t − τ)F̂ (τ )
)‖L1dτ

� C

t∫
0

〈t − τ 〉− N
2−α (‖F(τ)‖L1 + ‖F̂ (τ )‖L1)dτ

� C

t∫
0

〈t − τ 〉− N
2−α 〈τ 〉− N

2−α
(
U0U1 + EV

)
(τ )dτ,

and

t∫
0

‖(Ĝ12(t − τ)Ĝ(τ ), Ĝ22(t − τ)Ĝ(τ )
)‖L1dτ

� C

t∫
0

〈t − τ 〉− N+1−α
2−α (‖G̃(τ )‖L1 + ‖Ĝ(τ )‖L1)dτ

� C

t∫
0

〈t − τ 〉− N
2−α 〈τ 〉− N

2−α
(
U0U1 + U0Uα + EV

)
(τ )dτ.

Hence, gathering the above estimates completes the proof of (4.58).

Step 4: Proof of the decay estimates (4.24)-(4.26). According to (4.27) and (4.46), we have

(U0 + U1)(t) � C‖(a0, u0)‖Hs∩L1 + C

t∫
0

(W1(t, τ ) + W2(t, τ ))E(τ)(U0 + U1)(τ )dτ.(4.63)

Gronwall’s inequality guarantees that

(U0 + U1)(t) � C exp
(
E(t)

t∫
0

(W1(t, τ ) + W2(t, τ ))dτ
)
.

By virtue of Lemma 2.7 and noting that N+2α � N+2 for every α ∈ (0, 1] and N � 2, we have
2α 2(2−α)
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sup
0�t<+∞

t∫
0

(
W1(t, τ ) + W2(t, τ )

)
dτ < +∞.

Therefore, we see that (U0 + U1)(t) < ∞ for all t ∈ R+. Inserting this estimate into (4.58) and 
using Gronwall’s inequality, Lemma 2.7 again and the fact that ‖f ‖L∞ � ‖f̂ ‖L1 , we conclude 
the decay results (4.24)-(4.26). �
4.3. Refined upper bounds for the velocity field

In this subsection we shall prove a refined decay estimate for the velocity field u.

Proposition 4.5. Under the assumptions of Proposition 4.4, we have

‖u(t)‖L2 � C〈t〉− N+2(1−α)
2(2−α) , ‖	αu(t)‖L2 � C〈t〉− N+2

2(2−α) . (4.64)

In addition, we have for α ∈ [ 2N
3N+2 , 1],

‖Pu(t)‖L2 � C〈t〉− N
2α . (4.65)

Proof of Proposition 4.5. We recalculate the estimates (4.32), (4.40) and (4.43) as follows

t∫
0

‖e−μ(t−τ)	α

P H̃ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N
2α ‖H̃ (τ )‖L1∩L2 dτ

� C

t∫
0

〈t − τ 〉− N
2α

(
‖	αu‖L2

(‖a‖L2 + ‖̂a‖L1

) + ‖∇u‖L2

(‖u‖L2 + ‖û‖L1

))
dτ

� C

t∫
0

〈t − τ 〉− N
2α 〈τ 〉− N

2−α (U0Uα + U0U1 + EV )(τ)dτ

� C〈t〉−min
{ N

2α
, N

2−α

}(
U0Uα + U0U1 + EV

)
(t), (4.66)

and

t∫
0

‖Ĝ21(t − τ)F̂ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2(2−α)
2(2−α) ‖(au)(τ )‖L1∩Ḣ 1dτ

� C

t∫
0

〈t − τ 〉− N+2(2−α)
2(2−α) 〈τ 〉− N

2−α dτ
(
U2

0 + EV
)
(t)

� C〈t〉− N+2(2−α)
2(2−α)

(
U2

0 + EV
)
(t), (4.67)
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and

t∫
0

‖Ĝ12(t − τ)Ĝ(τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α) ‖G̃(τ )‖L1∩L2 dτ

� C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α)

(
‖	αu‖L2‖a‖L2 + ‖(a,u)‖L2‖(∇a,∇u)‖L2 + E(τ)‖(̂a, û)‖L1

)
dτ

� C

t∫
0

〈t − τ 〉− N+2(1−α)
2(2−α) 〈τ 〉− N

2−α dτ
(
U0U1 + U0Uα + EV

)
(t)

� C〈t〉− N+2(1−α)
2(2−α)

(
U0U1 + U0Uα + EV

)
(t). (4.68)

Noting that N+2(1−α)
2(2−α)

� min{ N
2α

, N
2−α

}, we can gather the estimates (4.30), (4.37), (4.38), (4.66), 
(4.67) and (4.68) to obtain

sup
0�τ�t

〈τ 〉N+2(1−α)
2(2−α) ‖u(τ)‖L2 � C‖(a0, u0)‖L1∩L2 + C(U0 + U1)

2(t) + CE(t)V (t). (4.69)

Now denoting by

Ũα(t) � sup
0�τ�t

〈τ 〉 N+2
2(2−α) ‖	αu(τ)‖L2 ,

we intend to show

Ũα(t) � C‖(a0, u0)‖Hs∩L1 + C(U0 + U1)
2(t) + CE(t)V (t). (4.70)

Indeed, using inequalities (4.31) and (4.48) yields

t∫
0

‖	αe−μ(t−τ)	α

P H̃ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2α
2α ‖H̃ (τ )‖Ḣ 1∩L1 dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2−α dτ
(
U0U1 + U0Uα + EV

)
(t)

� C〈t〉− N+2
2(2−α)

(
U0U1 + U0Uα + EV

)
(t); (4.71)

and note that inequality (2.7) in Lemma 2.5 implies

‖	αe−μt	α

Pu0‖L2 � C〈t〉− N+2α
2α ‖u0‖Ḣ α∩L1 ,

which in combination with (4.28) and (4.71) leads to
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‖	αPu(t)‖L2 � C〈t〉− N+2
2(2−α)

(
‖u0‖Hs∩L1 + (

U0U1 + U0Uα + EV
)
(t)

)
. (4.72)

For the estimation of v satisfying (4.1), Lemma 4.2 ensures that

‖|ξ |αĜ12(t)â0‖L2 + ‖|ξ |αĜ22(t)v̂0‖L2 � C〈t〉− N+2
2(2−α) ‖(u0, a0)‖L1∩Ḣ α ;

thanks to inequalities (4.42), (4.54), (4.55) and Lemmas 2.7, 4.2, we have that for every α ∈
(0, 1],

t∫
0

‖|ξ |αĜ21(t − τ)F̂ (τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2
2(2−α) ‖F(τ)‖Ḣ 1∩L1dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2−α dτ
(
U0U1 + EV

)
(t)

� C〈t〉− N+2
2(2−α)

(
U0U1 + EV

)
(t),

and

t∫
0

‖|ξ |αĜ22(t − τ)Ĝ(τ )‖L2 dτ � C

t∫
0

〈t − τ 〉− N+2
2(2−α) ‖G̃(τ )‖Ḣ 1∩L1 dτ

� C

t∫
0

〈t − τ 〉− N+2
2(2−α) 〈τ 〉− N

2−α dτ
(
U0U1 + U0Uα + EV

)
(t)

� C〈t〉− N+2
2(2−α)

(
U0U1 + U0Uα + EV

)
(t);

thus we find

‖	αv(t)‖L2 � C〈t〉− N+2
2(2−α)

(
‖(a0, u0)‖L1∩Ḣ α + (

U0Uα + U0U1 + EV
)
(t)

)
. (4.73)

Hence we obtain the desired result (4.70) by combining the estimates (4.72) and (4.73).
Next for every α ∈ [ 2N

3N+2 , 1], we show that

sup
0�τ�t

〈τ 〉 N
2α ‖Pu(τ)‖L2 � C‖(a0, u0)‖L2∩L1 + C

(
U0Ũα + U0U1 + V U1

)
(t). (4.74)

Indeed, noting that N
2α

� N+1
2−α

for every α ∈ [ 2N
3N+2 , 1], and using Lemmas 2.5, 2.7 and (4.31), 

we get
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t∫
0

‖e−μ(t−τ)	α

H(τ)‖L2 dτ � C

t∫
0

〈t − τ 〉− N
2α ‖H̃ (τ )‖L2∩L1dτ

� C

t∫
0

〈t − τ 〉− N
2α

(‖	αu‖L2‖a‖L2∩L∞ + ‖u‖L2∩L∞‖∇u‖L2

)
dτ

� C

t∫
0

〈t − τ 〉− N
2α 〈τ 〉− N+1

2−α dτ
(
U0Ũα + V Ũα + U0U1 + V U1

)
(t)

� C〈t〉− N
2α

(
U0Ũα + V Ũα + U0U1 + V U1

)
(t),

with combined with the estimate (4.30) yields (4.74).
Finally, collecting (4.69), (4.70) and (4.74) and using Proposition 4.4, we deduce the desired 

estimates (4.64)-(4.65). �
4.4. The lower bound

In this subsection we shall establish a lower bound of decay rate for the global solution (a, u)

associated with a class of initial data. The decay rate of the lower bound is the same with that of 
the upper bound in Propositions 4.4, 4.5 and thus it is indeed optimal.

Proposition 4.6. Let α ∈ (0, 1) and N � 2. Suppose that (a0, u0) ∈ Hs ∩L1(RN) with s > N
2 +1. 

If additionally 
∫
RN a0dx �= 0 and 

∫
RN ρ0u0dx �= 0, there exists a constant C0 > 0 such that

‖a(t)‖L2 � C0〈t〉−
N

2(2−α) , and ‖u(t)‖L2 � C0〈t〉−
N+2(1−α)

2(2−α) . (4.75)

In the previous subsections, we notice that the nonlinear terms decay faster than the linear 
ones. For the large time, we thus expect that the influence of the linear terms dominates the 
nonlinear ones. The following two lemmas provide the analysis of some linear terms.

Lemma 4.7. Let 0 < α < 1. Suppose |ξ |1−α < μ/(2
√

γ ), namely ξ ∈ D where D is defined in 
(4.13). Then we have

|Ĝ11(t, ξ)| � Ce−C|ξ |2−αt , |Ĝ21(t, ξ)| � C|ξ |1−α

(
e
− 2γ

μ
t |ξ |2−α − e

− 4γ
μ

t |ξ |2−α
)

. (4.76)

Proof of Lemma 4.7. From the definition of λ± in (3.8), we easily deduce that for every 
|ξ |1−α < μ/(2

√
γ ),

λ± � 0, etλ− > 0 and
etλ+ − etλ−

λ+ − λ−
� 0.

Thus by virtue of equality (4.9) and λ− � −2 γ |ξ |2−α , we have

μ
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|Ĝ11(t, ξ)| = etλ− − λ−(etλ+ − etλ−)

λ+ − λ−
� etλ− � e

− 2γ
μ

t |ξ |2−α

.

Due to that λ+ � −μ|ξ |α and μ|ξ |α >
4γ
μ

|ξ |2−α , we get

1∫
0

et(θλ++(1−θ)λ−)dθ �
1∫

0

e
−t (θμ|ξ |α+2(1−θ)

γ
μ

|ξ |2−α)dθ

= t−1(μ|ξ |α − 2γ

μ
|ξ |2−α)−1

(
e
− 2γ

μ
t |ξ |2−α − e−tμ|ξ |α

)
� 1

μ
t−1|ξ |−α

(
e
− 2γ

μ
t |ξ |2−α − e

− 4γ
μ

t |ξ |2−α
)

.

Inserting the above estimate into (4.8) and (4.2), we obtain the lower bound of |Ĝ21| in (4.76). �
Lemma 4.8. Let 0 < α < 1. Suppose that f ∈ L2 ∩ L1(RN) and f̂ (0) = ∫

RN f (x)dx �= 0. Then 
we have for every t � 1,

‖Ĝ11(t)f̂ ‖L2 � C〈t〉− N
2(2−α) , ‖Ĝ21(t)f̂ ‖L2 � C〈t〉− N+2(1−α)

2(2−α) . (4.77)

Proof of Lemma 4.8. The dominated convergence theorem and f ∈ L1(RN) imply f̂ ∈
C(RN). Thus from f̂ (0) �= 0, there exist two positive constants M > 0 and 0 < δ <

μ
1

1−α /(2
√

γ )
1

1−α such that |f̂ (ξ)| � M for every |ξ | � δ. Owing to Lemma 4.7, we have that 
for every t � 1,

‖Ĝ11(t)f̂ ‖2
L2 � C

∫
D

e−2C|ξ |2−αt |f̂ |2dξ � CM2
∫

|ξ |�δ

e−2C|ξ |2−αtdξ

� CM2t−
N

2−α

∫
|η|�δ

e−2C|η|2−α

dη � Ct−
N

2−α .

Similarly, for every t � 1, we can similarly estimate Ĝ21(t)f̂ as follows:

‖Ĝ21(t)f̂ ‖2
L2 � CM2

∫
|ξ |�δ

|ξ |2(1−α)

(
e
− 2γ

μ
t |ξ |2−α − e

− 4γ
μ

t |ξ |2−α
)2

dξ

� CM2t−
N+2(1−α)

2−α

∫
|η|�δ

|η|2(1−α)

(
e
− 2γ

μ
|η|2−α − e

− 4γ
μ

|η|2−α
)2

dη � Ct−
N+2(1−α)

2−α .

Since t � 〈t〉, we thus complete the proof of (4.77). �
Based on Lemmas 4.7 and 4.8, we now give the proof of Proposition 4.6.
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Proof of Proposition 4.6. Taking advantage of (4.1), (4.37), (4.39), (4.43) and Lemma 4.8, we 
have that for t � 1,

‖a(t)‖L2 � ‖Ĝ11(t)â0‖L2 − ‖Ĝ12(t)v̂0‖L2 −
t∫

0

(‖Ĝ11(t − τ)F̂ (τ )‖L2 + ‖Ĝ12(t − τ)Ĝ(τ )‖L2

)
dτ

� 2C1〈t〉−
N

2(2−α) − C
(
〈t〉− N+2(1−α)

2(2−α) + 〈t〉− N+2
2(2−α)

)
.

We thus find that for large enough t ,

‖a(t)‖L2 � C1〈t〉−
N

2(2−α) .

By virtue of (4.1), (4.38) (4.40), (4.44) and Lemma 4.8, we get that for t � 1,

‖v(t)‖L2 � ‖Ĝ21(t)â0‖L2 − ‖Ĝ22(t)v̂0‖L2 −
t∫

0

(‖Ĝ21(t − τ)F̂ (τ )‖L2 + ‖Ĝ22(t − τ)Ĝ(τ )‖L2

)
dτ

� 2C1〈t〉−
N+2(1−α)

2(2−α) − C〈t〉− N+4(1−α)
2(2−α) .

Hence for a sufficiently large t we have

‖v(t)‖L2 � C1〈t〉−
N+2(1−α)

2(2−α) .

Recall that u = Pu −∇	−1v. From ‖∇	−1v‖L2 = ‖v‖L2 and 
∫
RN Pu ·∇	−1vdx = 0, we have

‖u(t)‖L2 =
√

‖Pu(t)‖2
L2 + ‖∇	−1v(t)‖2

L2 � ‖v(t)‖L2 � C1〈t〉−
N+2(1−α)

2(2−α) .

In addition, from the system (1.1) and (3.1), we have 
∫
RN a(t, x)dx = ∫

RN a0(x)dx �= 0 and 
the conservation of momentum 

∫
RN ρu(t, x)dx = ∫

RN ρ0u0(x)dx �= 0. Therefore, there exists a 
constant C2 > 0 such that ‖a(t)‖L2 � C2 and ‖u(t)‖L2 � C2. Finally, these inequalities com-
bined with the above estimates lead to (4.75), as desired. �
Data availability

No data was used for the research described in the article.

Appendix A. The expression of Green’s matrix

Here we give an exposition of the derivation of Green’s matrix expression formula (4.2)-(4.3). 
The matrix A is similar to its Jordan canonical form. If λ+ �= λ− (i.e. 4γ |ξ |2−2α �= μ2), we find 
that A = SJS−1 with

J =
(

λ+ 0
0 λ−

)
, S =

( −λ−
γ |ξ |

−λ+
γ |ξ |

1 1

)
, S−1 = 1

λ+ − λ−

(
γ |ξ | λ+

−γ |ξ | −λ−

)
.
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If λ+ = λ− (i.e. 4γ |ξ |2−2α = μ2), we have A = SJS−1 with

J =
(−√

γ |ξ | 1
0 −√

γ |ξ |
)

, S =
(

1√
γ

1
γ |ξ |

1 0

)
, S−1 =

(
0 1

γ |ξ | −√
γ |ξ |

)
.

Hence, the fundamental solution matrix Ĝ(t) = eAt = SeJ tS−1 has the wanted formula 
(4.2)-(4.3).
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