MATHEMATICAL LOGIC

— FINAL REVIEW —

Spring, 2025



Propositional Logic

Need to know:

» Concepts:
» formulas, Polish notation
> Truth table
> Logical implication
» Normal disjunction/conjunction form
> Complete set of connectives, etc.

» Techniques: convert formulas, present a deduction

» Reminder: write explicit reasons for each step of
deduction.



Binary Connectives

Symbol Equivalent Remarks
1 1 0-ary
0 0 0-ary
I P 1-ary
Iy q 1-ary
i P l-ary
2 —q L-ary

BB SRS 2 EH A . RS, %
SRR & 5 Ak, Bl {1}, {0, —) 2.



The rest 10 are truly binary:

Symbol ‘ Equivalent ‘ Remarks
A pAgq H
v pVgq Y,
— p—q wmR p E ¢
— pq Wk g ¥ p
o P& q p BHAE ¢
® (pVq) A=(pAq) | B, MHETXFRE
0 —(p A q) 5F
I =(pVq) 2
< -pAq AT g\ p
> pA—q 4T p\g



Show that the following sets of connectives are complete.

1. {0,—}, where 0 is the constant connective.

2. {1}, where p 1 g =(pAg).

1. Use the fact that {—, —} is complete:

p& - pVO0sSp—0
2. Use the fact that {—, A} is complete:

pe (pAp)=plp
pAge T @t T@T9.

ALTERNATIVE SOLUTIONS: One can also derive V from 1 as
follows.

pVage (-pA-q) = (-p) T (—q) = (pTp) T (g1 q)



More examples

> {1}

> {l}

> {_'7>}

> {_'?<_}
> {0,—}

> {A,0}

> {v, 1}

> {1}

> {, D, >}



Polish Notation
N

Translate the following formula (in Polish Notation) into an
Lo-formula, and find its equivalent normal disjunctive form.

Pogrso— —— g rSsTo— T — 71—

SOLUTION: The corresponding Lo-formula is
~(=(=p = (¢ = (r = —8))) = =(=g = =(r = —9)))

Denote it as ¢ = =(—A — —=B). If u(¢) =T, it must be that
w(A) = F and u(B) =T. Hence u(p) = F,

w(qg — (r — —s)) =F. Then wu(q) =T and p(r — —s) = F.
At last pu(r) =T and u(s) = T. ! So it is equivalent to

“pAgNATNS.

!Demonstrate the solution using tautological equivalence on board.



First-Order Logic

Need to know:
» Concepts:

» language, formula/sentence,

» deduction, consistency,

P> structure, satisfaction,

» (homo/iso/auto)-morphism of models, definable sets,
» EC/ECa-class, etc.

>

Soundness, Completeness and Compactness.



First-Order Logic

Need to know:

» Techniques:

P translate sentences in natural language into first-order
formulas,

» convert formulas,
present a deduction,

application of Compactness.



Example

Completeness for the first order logic

Show that the following two statements are equivalent:
1. For any set of formula T', if I" F ¢, then I' - ¢.

2. Any consistent set of formulas is satisfiable.



Solution

» Let I' be a consistent set of formulas.

» Note that I' F ¢ means that for any model M and any
assignment v : V. — | M|, if (M, v) satisfies every
formula in ', then (M, v) satisfies ¢ as well.

» If [' is unsatisfiable, since I' is satisfied by no models and
assignments, I' E ¢ holds vacuously for any formula ¢, in
particular for ¢ = —(x = x).

» But then by 1, T' - —(z = z), contradicting the
assumption that I' is consistent.



Solution

> Assume towards a contradiction that I" F ¢ and ' ¥ .

» Then I'U {—¢p} is consistent. By 2, I' U {—¢} is satisfied
by some model M and some assignment v : V' — | M]|.

» In particular, (M, v) F —ep.
» But from I' E ¢, we have (M, v)  ¢. Contradiction!
» Soif ' E ¢, it must be that I' - .



Example

Give a proof for the following

{Ve (v(z) = —e(2)), Vo (Y(x) = y(2)} F Ve (P(z) = —p(r)).

(1)
(2)
(3)
(4)
(5)
(6)
(7)

Hypothesis

A-2, z is new for ¢, ¥,

Hypothesis

z is substitutable for z in (3)
MP[(4,2),A-1]

Generalization, z is not free in hypothesis

Change z to x, = is not free in (6).
[]



More Exercises on proofs

Suppose x does not occur in ). Show

> = Vz (p(z) = ¥) = (3zp(z) = ¥)
> = Tz p(z) = ¥) = Vo (p(z) = ¥).
> EVz (Y = p(x)) = (Y = Vo o().
> (¢ = Vrp(z)) = Vo (v = ().

Here Jxp(x) is treated as the abbreviation of =Va—¢(z).



More Exercises on proofs

In fact, let A < B abbreviates that

FA—- B and +F B — A.

Then we have

Theorem

Let ¢, 1) be any two formulas. Then
1. Ve (p AY) & Vo AVz .
2. Az (pVY) < IzpVIxy.



|
If = does not occur in ¢, then

3. Vz (V) & pV V.
4. Jx (e AY) & o ATz
If © does not occur in ¢, then
5. Vz (o = ) & ¢ — V.
6. Iz (p = Y) & ¢ — Iz
If = does not occur in 2, then
7. Vz (p = ) & Iz p — 9.
8. Jz(p— ) & Vrp — .



Example

|
Consider the language A = {E'}, where E is a two-place
predicate symbol. Consider the two structures (N, <) and

(R, <) for the language. Find a sentence true in one structure
and false in the other.

Solution.
> Javy(=(y = z) = E(z,9)).
(N, <)
> VaVy (E(z,y) — 3z (E(z,2) A E(2,y))).
<)

(R,

has the <-least element, but (R, <) doesn't.

is dense, and (N, <) is not.



Example

|
Let P be a 2-place predicate, M = (M, I) be the
Lpy-structure where M = {a,b,c,d} and
I(P) = {(a,b),(b,a), (a,c), (b, d),
(aa d)a (bv C)? (Cv 6)7 (d7 €>}

Classify the definability of every subset of M.



Solution

> 7,{c,d},{a,b},{e},{a,b,e},{c,d, e}, {a,b,c,d}, M are
definable.

ep(z) = (z=2), o = -pur. 4P{c,d}(z) = Jy3z(E(z,2) A E(y,z) AN ~E(z,y)),
e} (@) = 23y(B(z,v)),  #a,pr(@) = Fy(o(z = y) A E(z,y) A E(y, @),

Pla,be} = Pla,b} ¥V P{e} P{c,d,e} = P{c,d} VYV P{e}r P{a,b,c,d} = P{a,b} V P{c,d}

» The rest are not definable:

P (a}, {a.c}, {a.d}, {a,c.d}, {a,e}, {a,c, e}, {a.d, e}, {a,c,d. e},
{b}, {b,c}, {b,d}, {b,c,d}, {b,e}, {b,c,e}, {b,d,e}, {b,c,d,e}
are not definable — use the bijection 7y that swaps a, b
and pointwise fixes ¢, d, ¢;

> {c},{a,c}, {b,c},{a,b,c},{c,e},{a,c,e},{b,c, e}, {a,b,c, e},
{d}, {a,d}, {b,d}, {a,b,d}, {d, e}, {a,d, e}, {b,d, e}, {a,b,d, e}
are not definable — use the bijection 7o that swaps ¢, d
and pointwise fixes a, b, e.



Example

|
We say S C || is definable in a structure 2 if there is a
formula ¢(Z) in the language for 2 such that

S ={(a) e [A" [ 2A F pla]}.

1. For each of the following sets, give a formula which
defines it in (N; <).

> 0= {0}.
> A={1}.
» E={(m,n) | m+3<n}.



Example

2. For each of the following sets, give a formula which
defines it in (N;+,-).

> 0=1{0)
> 4= {1}

> B={2}

» E = {(m,n) | nis the successor of m in w}.
» F={(m,n) | m<ninw}.



Solution

- In (N; <),

P> 0 is the only <-least element. Let
wo(x) =Yy (y#x — x <vy). Then

{0} = {z [ (w, <) Fpo()}.
> 1 is the <-least element of w \ {0}. Let ¢1(z) =
0<zAVy(O<yA-(y=z)—>x<vy),

where 0 < y abbreviates Vz (¢o(z) — z < y). Then
©1(z) defines A.

» Eis defined by pa(x,y) =

JuIvw(z <uAu<vAv<wAw<y).



2. In (N;+,-),
» 0 is the unit of +. So {0} is defined by
do(x) =y (y +x =y).
» 1 is the unit of -, hence {1} is defined by
i(x) =Vy(y-= =y).
» 2 is obtained by 1+ 1, so {2} is defined by

Yo(z) = Jy (Yi(y) Nz =y +y).



2. (Cont'd)

» In E, every (m,n) has the relation n =m + 1, so E is
simply defined by

Y3(z,y) =3z (1(z) ANz + 2 =y).

» m < nif and only if m + k = n for some k£ > 0, so a
definition for F' is as follows,

Ya(z,y) = Fz (o(2) Nz 4+ 2 = y).



Example

|
Consider the structure ;R = (R, +, -).

1. Give a formula which defines in 2R the set [0, c0)

2. Show that for every two rational numbers a < b, the
interval [a, b) is definable in fA.



Solution

1. Every non-negative real can be written as the square of
some real, so

r€[0,00) iff Jy(z=y-y).

2. First, we claim that
If {a} and {b} are definable, then so is [a,b).

Suppose (z) defines {a} and ¢(x) defines {b}, then
[a, b) is defined by

O(x) = Fudv(p(u) ANz =u+v-v)
A= (Fudv (P(u) AN =u+v-v)).



Solution

Next, we show that
Every rational number is definable.

Since every rational number is the quotient of two
integers, thus definable by formulas of the form ¢ - x = p,
where p, g are integers, it suffices to show that

Every integer is definable.



Solution

Note that {0} and {1} are definable, as we did before.
Then every positive integer n is defined by

x&\(...(1+1)+...)+1

J/

N~
n

and each negative integer —n is defined by the formula
r+n=0.



Example
|
1. Show that the function

7©(0) = 0;
m(2" -3 k) =2m. 3"k,

where m,n > 0, k > 0, k is divisible by neither 2 and 3,
is an automorphism of (N;-).

2. Use (1) to show that the addition relation,
R ={(m,n,p) | p=m+n},

is not definable in (N; ).



Solution

1. Clearly, 7 is surjective. 7 being one-to-one follows from
the factorization theorem in number theory

U3V £ o .3 ),
Su Fup Vo #FvaVk # ko
<:>3u1_2111.k;17é3u2.2v2'k2'

Next, we show that 7 preservers multiplication:

(2137 k) - (22372 - ky) = 20 - 3% - ky
<:>U3:U1+U2/\’U3:’Ul+'l]2/\k3:k1‘kg
S (3127 k) (32 ky) = 392 ky



Solution

2. We need the following basic property of definable set: if
7 is an automorphism on 2, then 7[D] = D.

Now to show that the set R is not definable, it suffices to
find an (m,n,p) € R such that 7(m,n,p) ¢ R. Consider
(3,4,7) € R, we have 7(3,4,7) = (2,9,7) ¢ R. Hence
the addition function is not definable in (w,-).



Example

-
%}E’kUTé(J"%i‘g"g ﬁA, A:{+’.7071}’ ;E["_CF, +ﬂt“j . 7‘,7
AANZAEHFS, 04 1 RANFHFS,

L La A XE dide T &M X k&K
b+ Ao AT, TS
> . aF 4 i RSB
>0 R + R ET, 1A R, CNTMER;
> B RN + EAE (PEE
H o EHBHEEN 0);



Example

H—/E 0 LEHAE—W—A - ETE (FFEME
ﬁ-iﬁé*%ﬁl%
o=

AANATEZT BHEBEHEERNO, NEPZ—2LH 0,
KAt R G AR NEZ I —ANNER L, ITH Fo

2. kBl F #— /A (BPAF/E) 897 %o



Example

|
3. AARERZX Jz(z-2+1=0).
> EAH AR FU{A} 1485,
> EAH ARG FU{-A} 74K
4. F Hmit—2036 N2 H AHR T &K
A E=FUH
> ER—/NMAEMN R %,
> BT AR PERELT ZALE.



Solution

1. » For addition, VaVy (x + y = y + z), and

VaVyvz ((x +y) +z=a+ (y + 2))
For multiplication, VaVy (z -y =y - ), and
VaVyVz ((z-y) -z =2 (y-2))
> VaVyVz(z-(x+y)=z-z+2-y).

» For0,Vz(x =0 Vy(z+y=1y)).
For 1,V (z =1 Yy (z-y=1y)).
0 and 1 are different: —(0 = 1).



Solution

(Cont'd)
> Vedy(z+y=0AVz(z+2=0—2=y)).
> Vr(—(z=0)—Jy(z-y=1AVz(z-2=1— z=1y))).
> VaVy(z-y=0—2=0Vy=0).
1. F'is in fact the axiom system for fields. It is satisfied by

the field of reals (R, +,-,0,1). By Soundness, F'is
consistent.



Solution

3. A says there is an imaginary number (as i = y/—1 in the
field of complex number). (C,+,-,0,1) is a model for
FU{A}, (R,+,-,0,1) is a model for FF'U{—A}. So by
Soundness, F'U{A} and F'U {—A} are consistent.

4. F can also be satisfied by models of the form
(Z,,+,-,0,1), pis a prime. To exclude models like these,
we add the following sentences: for each number n € N,
let



Solution

4. (Cont'd)
Let H = {Vz ¢, (x) | n € N}.2 Every model of F'U H, if

any, must be infinite, since for any n < m € N,

141 A1+ 1

m n

Note that (Q,+,-,0,1) and the two fields mentioned
before all satisfy F'U H. By Soundness again, F'U H is
consistent.

REMARK. As a corollary of the argument, there is no H such
that the models of E are exactly all the finite models of F'.

21t suffices to use H = {1, | p is prime}.



Key items to be tested in the final exam:
» Express statements in formulas
Complete set of connectives
RPN, DNF, Truth table
Proofs in propositional logic and 1st-order logic
Six theorems
Applications of compactness
definable sets

VVvVvYVvYyVvYvYyYVvyy

Elementary classes



» Final: May 22 (Thursday), 10:00-11:40 @ #t 106

Goob Luck!
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