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Compactness of L Compactness

Compactness

Definition 4.1

We say ' € Ly is finitely satisfiable if every finite I'g < I' is
satisfiable, i.e. there is a truth assignment v such that for all

pelo, v(y)=T.

Theorem 4.1 (Compactness for L)

Suppose that T' < Ly, ¢ € Ly and T' = . Then there is a finite
'y < T such that Ty = ¢.

Theorem 4.2 (Compactness, Version II)

A set of formulas is satisfiable if and only if every finite subset is
satisfiable.?

“This version can be proved using ultraproduct of models.
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Compactness of L Compactness

Topological Compactness

Underlying set: the set of all truth assignments.
V={v|v:Sy—{T,F}}.
Topology: 7 ={Or |I' Ly}, where for each T,
Or={v|iv(p)=F Jpel}
The closed sets are exactly of the form

Br={v|v(p)=T, ¥Ypel}.
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Compactness of L Compactness

Topological Compactness

Underlying set: the set of all truth assignments.
V={v|v:Sy—{T,F}}.
Topology: 7 ={Or |I' Ly}, where for each T,
Or={v|v(p)=F Jpel}
The closed sets are exactly of the form
Br={v|v(p)=T, ¥Ypel}.
Clearly, I is satisfiable < Br # @.

Theorem 4.3
The space (V, 1) is Hausdorff and Compact.

Spring, 2025 Xianghui Shi Mathematical Logic 4 /17



Compactness of Lg Compactness

CLAIM. T is a topology.

Cramm. (V,7) is Hausdorff.
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Compactness of Lg Compactness

CLAIM. T is a topology.
Q@ =044, and V=04, 4,), thus &,V e T.
@ {Or | T eI} = Orireny-
Q Or, 0 Or, = Oy vpfprely, poela} -
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Compactness of Lg Compactness

CLAIM. T is a topology.
Q@ =044, and V=04, 4,), thus &,V e T.
@ {Or | T eI} = Orireny-
Q Or, 0 Or, = Oy vpfprely, poela} -

Cramm. (V,7) is Hausdorff.

Suppose v1,v5 € V and vy # 5. Let n be s.t.
121 (An) #* I/Q(An).

We may assume that v1(A4,) =0 and v2(A4,,) = 1. Then
V€ O{An} and Vv € O{_,An}, and

O{An} N O{_‘An} = J.
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Compactness of L Compactness

Topological Compactness

Let (X, 7) be a topological space. Suppose (X, 7) is a Hausdorff.

Definition

@ Let F be a collection of closed subsets of X. If every
nonempty finite subcollection Fy < F has nonempty
intersection, i.e. [|Fo # &, we say F has finite intersection
property (FIP).

o We say (X, 7) is compact, if any nonempty collection F of
closed subsets of X with FIP has nonempty intersection,
ie. (F # 2.

@ The Compactness theorem in fact is a consequence of
Tychonoff's theorem (which says the product of compact
spaces is compact) applied to compact Stone spaces
(Hausdorff + totally disconnected).
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Compactness of Lg Compactness

@ Here we show that the logical compactness is equivalent to
the topological compactness of (V, 7).
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Compactness of Lg Compactness

@ Here we show that the logical compactness is equivalent to
the topological compactness of (V, 7).

Top. = Log. Finite satisfiability says that {By,) | ¢ € I'} has the

finite intersection property (FIP). By Top. Comp.,
ﬂapEFB{S&} = Br # @.
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Compactness of Lg Compactness

@ Here we show that the logical compactness is equivalent to
the topological compactness of (V, 7).

Top. = Log. Finite satisfiability says that {By,) | ¢ € I'} has the
finite intersection property (FIP). By Top. Comp.,

ﬂapEFB{@} = Br # @.

Log. = Top. Suppose {Br | I' € G} has the FIP. We show
Uregl is finitely satisfiable. Let A < | JG be finite, choose finite
Go € G, such that A < [ JGo. By FIP,

By 2 Bugo = ﬂFegoBF # 9.

Spring, 2025 Xianghui Shi Mathematical Logic 7 /17



Compactness of L Applications of Compactness

Applications of Compactness

Theorem 4.4
Every set M can be (totally) ordered.
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Compactness of L Applications of Compactness

Applications of Compactness

Theorem 4.4
Every set M can be (totally) ordered.

Assign pgp for each (a,b) € M x M. Consider a ¥/ s.t.

@ pup — —Poa, forae M.
Q Pub A Poc — Pac, for a,b,ce M.
© pPub V Pra, for a,be M,a # b.
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Compactness of L Applications of Compactness

Applications of Compactness

Theorem 4.4
Every set M can be (totally) ordered.

Assign pgp for each (a,b) € M x M. Consider a ¥/ s.t.
Q pur — —Pva, forae M.
Q pub A Poe — Pae, Tor a,b,ce M.
© pup V Pva, for a,be M, a # b.

If an assignment v = X)y, then the set

{(a,b) | v(pap) = T'} is a total order over M.
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Compactness of Lg Applications of Compactness

To show every finite X < X, is satisfiable, it suffices to show that

CLAIM. For every finite K c M, the corresponding ¥ = Xy |K is
satisfiable, i.e. every finite K is totally orderable.

1Such u exists, as otherwise K would be infinite.
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Compactness of Lg Applications of Compactness

To show every finite X < X, is satisfiable, it suffices to show that

CLAIM. For every finite K c M, the corresponding ¥ = Xy |K is
satisfiable, i.e. every finite K is totally orderable.

PROOF. Prove by induction on |K]|.

@ The case |K| =1 is trivial. Suppose the claim holds for all K’ of
size < | K|, and now consider K.

@ Select a u € K such that there is no v € K satisfies that
Sk b pout Let K = K\{u}. |K’'| < |K]|, by the inductive
hypothesis, X is satisfiable, say via /.

@ Extend v/ by setting v(py,) = 1 for any v € K’ and v(p,,,) = 0 for
allve K, and v} K/ = /. It is routine to check that v gives a total
orderon K, ie. v = Xk.

1Such u exists, as otherwise K would be infinite.
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Compactness of L Applications of Compactness

4-coloring infinite planar graphs

Theorem 4.5
A graph (V, E) is k-colorable iff every finite subgraph (Vy, Ep) is
k-colorable.
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Compactness of L Applications of Compactness

4-coloring infinite planar graphs

Theorem 4.5
A graph (V, E) is k-colorable iff every finite subgraph (Vy, Ep) is
k-colorable.

So the famous 4-color theorem (every finite planar graph is
4-colorable) implies that all planar graph is 4-colorable. Assign p, ;
for each v € V and 1 < i < k. Consider a set ¥ such that

Q pu1 VvV Pk, forveV;
Q —(puvi Apyj) forveV,1<i<
Q@ —(pui A pui), for (u,v) e E, 1 <
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Compactness of L Applications of Compactness

The ultrafilter theorem

Theorem 4.6
Every subset F ¢ &(X) with the FIP property, i.e.:

for all finite F < F, (\F # @

can be extended to an ultrafilter on X.
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Compactness of L Applications of Compactness

The ultrafilter theorem

Theorem 4.6
Every subset F ¢ &(X) with the FIP property, i.e.:

for all finite F < F, (\F # @

can be extended to an ultrafilter on X.

Assign p,, for each u e Z(X). Consider a ¥ such that for
u,v € 2(X),

® px, 7Pz,
Dy — Py, if u S v;
Pu A Dy = Punvs
Dyc <> —Py, Where u€ 1= u;
py, for fe F.
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Compactness of Lg Applications of Compactness

@ Without loss of generality, we may assume that F is a filter.

@ For Ac H(X), let (A) be the smallest subset of &2(X) containing
A and closed under complement and finite N, U.

o ((A),u,n,=¢ ) is the subalgebra of (Z(X), U, N, ¢, C)
generated by A.

@ Let Xy, = X|(A), i.e. the part of ¥ with only u,v € (A) and
feFn4).

@ If g < X is finite, then there is a finite A © Z(X) such that
Yo C E<A>, thus it sufffices to show that

Spring, 2025 Xianghui Shi Mathematical Logic
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@ Without loss of generality, we may assume that F is a filter.
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generated by A.

@ Let Xy, = X|(A), i.e. the part of ¥ with only u,v € (A) and
feFn4).

@ If g < X is finite, then there is a finite A © Z(X) such that
Yo C E<A>, thus it sufffices to show that

CLAIM. For every finite A = P(X), ¥y, is satisfiable.
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Compactness of Lg Applications of Compactness

@ Without loss of generality, we may assume that F is a filter.

@ For Ac H(X), let (A) be the smallest subset of &2(X) containing
A and closed under complement and finite N, U.

o ((A),u,n,=¢ ) is the subalgebra of (Z(X), U, N, ¢, C)
generated by A.

@ Let Xy, = X|(A), i.e. the part of ¥ with only u,v € (A) and
feFn4).

@ If g < X is finite, then there is a finite A © Z(X) such that
Yo C Z<A>, thus it sufffices to show that

CLAIM. For every finite A = P(X), ¥y, is satisfiable.

@ For (A) there is a c-minimal A* € A such that (A) = (A*). We
may assume that A = such A*.
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Compactness of Lg Applications of Compactness

Prove by induction on |A|. The case n = 1 is trivial. Now suppose
the claim holds for all A" with |A’| < |A|, work with |A|. There are

two cases:
o for every u € (A), Xiay - Pu V Puc.
o As & ¢ F, for every u € (A), exactly one of {u,u} is in F.
o Thus X¢yy = F n (A) is an ultrafilter over (A).
o For u e (A), set v such that
vipy) =1 iff ueF.

Otherwise, ...
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Compactness of Lg Applications of Compactness

o there is a u € (A) such that X4y t/ pu V puc.

o Let A’ be maximal such that A’ ¢ A and (A") < (A)\{u}.

e By the minimality assumption on A, we may assume that
|A’| +1 = |A|. By the ind. hyp., there is some v/ = ¥ 4.
Let Ua = {w e (A | V(pw) = 1}.
Uy is finite, so (U # 2.
One of {u,u} has non-empty intersection with (Ua/, say u.
For w € (A), set v such that

vipy)=1 iff woun (Ua)
Verify that v |= % 45.
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Compactness of Lg Applications of Compactness

Use Compactness to show that every partial order < on a set X
can be extended to a total order < on X.

.

Exercise (&% A1)

© Suppose @ ¢ F # &. Prove that F is a filter on X iff
unveF < ueF AveF forevery u,v € X.

@ Suppose @ ¢ F # @ is a filter on X. Show that F is an ultrafilter
iffuvve FesueFvoveF.

© An ultrafilter U on X is principal iff there is an z € X such that
U= {uc X |z €u}. Show that every ultrafilter on a finite X is
principal.
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Compactness of L Applications of Compactness

Konig's tree lemma

Theorem 4.7 (Kénig's Lemma)

If T is a tree such that every node has finitely many successors, and
contains arbitrarily long finite path, then T has an infinite path.
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Compactness of L Applications of Compactness

Konig's tree lemma

Theorem 4.7 (Kénig's Lemma)

If T is a tree such that every node has finitely many successors, and
contains arbitrarily long finite path, then T has an infinite path.

Assign p; for each t € T'. Let I' consist of
(1] \/teTkpt, for ke N;
Q@ —(ps Apy) for s #te Ty, keN.
© p: — ps for s,t € T such that s <p t.
Here T} is the k-th level of T.
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Compactness of L Applications of Compactness

The marriage problem (in Linguistic)

Theorem 4.8

Suppose each word has finitely many meanings and every k words
have = k different meanings. Then there is an injective
f : {Words} — {Meanings}.
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Compactness of L Applications of Compactness

The marriage problem (in Linguistic)

Theorem 4.8

Suppose each word has finitely many meanings and every k words
have = k different meanings. Then there is an injective
f : {Words} — {Meanings}.

Finite cases are easy. For infinite W, for (v,n) € W x M, assign
Pun- Consider a set X such that

Q Duny V-V Doy, for v e W, n;'s are the meanings of v.
Q@ —(pum A pon), forve W and m #ne M.
Q@ —(pun A Puwn), forv#weW andne M.
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