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Truth Assignments Truth Assignments and tru

Truth assignment

Definition 2.1
A set of truth values consists of two distinct elements:?
F, called falsity; T, called truth.

“Some people use 0 and 1 instead of F', T.

Definition 2.2

A truth assignment over {A;,..., A,} is a function
vi{Ai,..., A} = {T, F}.
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Truth assignment

How many different truth assignments over {41, ..

there?

Ay} are

\,

Definition 2.3
A truth assignment for Lg is a function

v:{A, | neN} > {T, F}.
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Suppose that v is a truth assignment for L. Then there is a unique
function v defined on Ly such that

@ Foralln, v(A,) = v(A,).
@ For all ) € Ly,

_ (T, ifo(y)=F;
(=) = { F, otherwise.

@ For all 1y and vy in Ly,

(Y1 — o) = { F, ifo(y) =T and 0(pe) = F;

T, otherwise.

A
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Rank of formulas in £

By the Unique Readability of formulas in Ly, one can define a rank
function p : Lo — N as follows:

° p(<An>) =0, for Ay, € So;
o if p = (=), then p(p) = p(¢) + 1;

o if p = (Y1 — 1), then p(p) = max{p(¢1), p(v2)} + 1
It is not difficult to see that

Proposition 2.2

For ¢ € Lo, p(¢) = sup{p(v)) + 1| ¢ is a subformula of ©}.

What can you say about the range of p, ran(p)?
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Proof of Theorem 2.1

Construction of 7:

Base step.  For each n € N, define 7(4,,) = v(A,).
Inductive step.  Suppose that p(¢) = s+ 1 and s > 0, that 7 is defined
on all Lo-formulas of rank < s.

o If ¢ = (=), then define
oy 4T it () = F;
ve) = { F,  otherwise.
o If o = (11 — 12), then define
= 7 e |

T, otherwise.

Uniqueness:
show 7(p) = (), by induction on the rank of ¢ € wff.
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Uniqueness (local version)

Suppose that ¢ € Ly and that v and p are truth assignments that
agree on the propositional symbols which occur in @. Written as

p~p v. Then v(p) = i(p).

Corollary 2.4 (Uniqueness)

Suppose that v and p are truth assignments that agree on all the
propositional symbols {A,, | n € N}. Written as yu ~ v. Then

v(p) = a(p), for all p € Ly.
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True tables for connectives

pPlqg|pvyg | pPrg | P—>gq | Py
P —p 11 1 1 1 1
1 0 110 1 0 0 0
0 1 01 1 0 1 0

010 0 0 1 1
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Why do we assign “1” to p — ¢ whenever p is “0"?

Want
pla|pralp—>"q|prg—>*p
1/1] 1 1 1
1o o 0 a
ol1] o | a=1 b
olo| o | b=1 b
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Satisfaction

Definition 2.4

@ A truth assignment v satisfies a formula ¢, v = o, iff o(p) = T.
Similarly, v satisfies a set of formulas T, v =T, iff v = ¢ for all
pel.

@ ¢ is a tautology (AR ) iff every truth assignment v satisfies ¢.

© e Ly (or ' c Ly) are satisfiable iff there is a truth assignment
which satisfies ¢ (or T', respectively).

@ o is a contradiction if and only if there is no truth assignment which
satisfies .

V
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Examples

QO —(—A; — Ag).
Q@ A — (A1 — Ag).

If you, by luck, try v(A;) = v(A2) = F, you can see that both
formulas are satisfiable. Truth table provides a systematic way to
check if they are tautologies or contradictions.
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Truth table for —(—A; — As):

Al | Ay || A1 | A1 —> Ay | —(—4A1 — Ag)

OO ==
Ol =D =
== Oo O
O =] = =
ool o
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Compute the true table for o = p — (=p v ¢) A g and
Yp=p—(g—r)

<

—pvqg| (—pvag)rq| q

()Nl Nl oS TS TSN bl
OO =IO O~
OO IOoOFR O3
=== OO = -
(=) Rl Y Nl el Iy I
H}—‘OHHHO}—‘l
el Rl el Bl =1 K== N W B
el L i e i i Rl S
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There is an algorithm to determine whether a propositional formula
@ is a tautology, satisfiable, or a contradiction.

Spring, 2025 Xianghui Shi Mathematical Logic 15 / 40



Truth Assignments Truth Assignments and tru

Proof

Suppose ¢ involves n propositional symbols. The idea is to use the truth
table for ¢.

@ List the construction sequence of ¢, and set them the first row.

@ List all the possible 2™ possible truth assignment as the first n
columns.

@ Compute the truth values for each row (i.e. each truth assignment).
Complete the truth table.

@ Decide if its category according to the number of T's in the
(rightmost) column for . O

Reading assignment

Read about algorithm efficiency and P = NP problem.
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Example 2.4

Prove that the followings are tautologies:
Q@p—p
@ p—(¢—p)
Q@ p—(—r)—(p—q9—>p—r))
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Compute the truth tables for
Qp—(prgva
@ (—p—ogrgnr.

Show that the following are tautologies:

Q@ —p—p
Q@ (p—4q) — (—g— —p)
Q@ p—qg < (—pva.
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Exercise (i%ﬁ]\,‘i?;%%ﬁ)

You are in a land inhabited by people who either always tell the
truth or always tell falsehoods. You come to a fork in the road and
you need to know which path leads to the capital. There is a local
resident there, but he has time only to reply to one yes-or-no

question. What one question should you ask so as to learn which
path to take?

.
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Liar-Truthteller puzzle

Consider “Is ¢ true?”, where for example ¢ = "0 < 1".

%) | T-teller Liar
1 yes no
0 no yes

Problem: Lair and Truthteller do NOT agree on the truth of .

KEY: Replace ¢ by a statement whose truth they don’t agree on,
©* = "if | ask whether ¢, you would say ‘yes’”

%) | T-teller Liar
1 yes yes
0 no no

Outcome: Lair and Truthteller agree on the truth of o*.
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Tautologically equivalent

Definition 2.5

We say that two propositional formulas o and /3 are tautologically
equivalent (&2 A4 ) , written as

a < f,
if they have the same truth table, or equivalently,
a<—f

is a tautology.
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Logic laws from tautological equivalences

Theorem 2.6

Let p, q, v be any three propositions. Then

@ (commutative X #:4%)
@ PDAQG<ESqAD.
e pVgeSqVDp.

Q (associative Z54-4%)
o (prg AT DA(gAT).
o (pvgvrepvigvr).

© (distributive 4 Fti¥)
epnlgvr)e(prgvpar)
epvignar)e(pvgrlpvr)
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Theorem 2.6 (Cont'd)
Q (idempotent F44#)
PVPp=pPApP<=DP
© (double negation & & £ )
—“Tp=Dp

@ (De Morgan’s law)
o ~(pvq) e —pA—gq
o ~(prg)e —pv —q

A
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Theorem 2.6 (Cont'd)
@ (absorbing Bk 4#)
pvergsprlpvg sp

Q (zero-one E—4%)
epv psl

e pA—Dp=0
epviliel
epnrlenp
opvlep
e pA0<=0
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Let p, q, v be any three propositions. Then
O@p—-ges—pvyg
Qp—oqge—qg——p
Qpeoges (-9 nr(g—p)

Q@ ~p—9gepr—q
Q@ ~peoges@A—gv(-pArg).

A

Spring, 2025 Xianghui Shi Mathematical Logic 25 / 40



Truth Assignments Converting formulas

Examples

Equivalent formulas can be used to simplify formulas or to convert
a formula to a certain form.

Q@ Show that =(p < ¢) < (pv ¢) A =(p A q).
@ Simplify p A —=¢ — (—=p v q) A q.

Show that (p > r)v(g—71)<= (pAgqg) —r.
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Examples (solution)

© Apply Distribution:
(pva)r—=(pnrq
< (pA=p)vpr—q)vigr—p)v(gn—q)
< (pA—q)v(=pAqg)
< —(p < q), (Theorem 2.7-5)
@ Apply the equivalent form of a — b,
pA—q—=(—pVvag rg
< =(pA—q)v((-pVva) Aaq))
< (—pvag) v ((—=pvaq) rq) (De Morgan's Law)
< (-pvq) (BokaE)
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Normal disjunction formula

Definition 2.6

Let Aq,..., A, be propositional symbols. The basic conjunction
terms ( A ARSIA ) of Ay,..., A, are formulas of the form:

Q1 AQ2 A AQn,

where each Q); is either A; or —A;.

Normal disjunction formulas ( #7EXE X, ) are formulas that are
disjunctions of basic conjunction terms.?

?Also called Disjunctive Normal Form, abbreviated as DNF.
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Proposition 2.8

Every satisfiable propositional formula is tautologically equivalent
to a unique normal disjunction formula.
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First get the basic conjunction terms via the truth table:

Then take disjunction of the terms corresponding to “1" to get the

m; || basic conjunction terms | p | ¢ | 7 | p — (

Truth Assignments

Normal formula (&

X))

)

Mpoo
moo1
mo10
mo11
m1o00
mio1
miio
mii

=D A G AT
—“DATGAT
“DAQGAT
“DAQGAT
PATGA T
DATGAT
PAQGA T
PAGAT

equivalent normal form:

p— (q - 7“) < Moo V Moo1 V Mo10 V Mo11 V Mioo V Mio1 V Mi11-
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Normal conjunction formula

Definition 2.7

Let Aq,..., A, be propositional variables. The basic disjunction
terms ( A KAFEOR ) of Ayq,..., A, are formulas of the form:

Q1vQ2vV -V Qn,

where each Q); is either A; or —A;.
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Normal conjunction formulas ( &FE X ) are formulas that are
conjunctions of basic disjunction terms.

Proposition 2.9

Every satisfiable propositional formula is tautologically equivalent
to a unique normal conjunction formula.
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Find equivalent normal disjunction formulas for:

Q@ (prg)vr;
Q@ (p—q rgnr.

Exercise (#R5EH )

Find equivalent normal conjunction formulas for the above
formulas.
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Truth functions

Definition 2.8

An n-ary truth function is a function whose domain is the set of
sequences of T"s and F's of length n, written {T', F'}" and whose
range is contained in {7, F'}, i.e. a function

f:{T,F}* > (T, F}.

How many distinct n-ary truth functions are there?

Mathematical Logic
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Each ¢ € Ly defines a truth function/table.

Suppose ¢ € Ly and the propositional symbols in ¢ are contained
in {A1,...,A,}. For each o € {T, F'}", let v, be the truth
assignment on {Aj,..., A,} such that

Vo(A;) = the it element of o.
Define

folo) = Vo ().
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Reversely, each truth function can be realized by a formula in L.

Theorem 2.10

Suppose that f : {T,F}" — {T, F'} is a truth function. Then there
is a formula ¢ such that f, = f.

In this case, we say f is realized by .

Spring, 2025 Xianghui Shi Mathematical Logic 36 / 40



Truth Assignments Truth functions

Functional complete sets

Definition 2.9

A set of propositional connectives C' is complete if every truth
function f : {F,T}" — {F,T} for n = 1 can be realized by a
formula using only the connective symbols in C.

The following sets of connectives are complete:
o {—, A,v}and {—, A, v, >, <}, by NDF
L {_'7_)}'

o {—, A} and {—, v}.
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Below is a complete list of all the binary connectives.

Symbol Equivalent Remarks
1 1 0-ary
0 0 0-ary
Iy p 1-ary
I q 1-ary
-1 —p 1-ary
—2 —q 1-ary
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The rest 10 are truly binary:

Symbol Equivalent Remarks

A P Aq H

v PV q 2,

- p—q 3R p it g
— Py R g3 p
> peq p B HAE ¢
& (pvag A—(pArq) | T3, BETrHE
i —(prq) 53k

! —(pva) 23k

< D Aq LT q\p
> pA—q LT p\g
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Show that {1} and {|} are complete.

Exercise (IR5MEH )

Prove that {v}, {A}, {—}, {—, <} are not complete.
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