The 9" Homework
April 29, 2025

1. Suppose M is an L4 -structure. Let A* = AU {¢,, | m € M} . Identify M as an L 4+-structure.
Show that for any N, if N |= Th. . (p) , then M V.

SOLUTION:  Suppose N |= Thy ., (A, consider the map f: M — N s.t. f(m) = (¢m)”. Then
for all N = Thy . (a0, for all ¢ € L4 and for all my ... my € M
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Theorefore M < N u

2. Suppose that M is an infinite £ 4-structure. Show that there is an M; such that M and M; are
elementarily equivalent and M; has an element which is not the interpretation of any constant
symbol. (Hint: Apply Compactness to I' = The , (M) U {=(z1=c) | c€ CN A})

SOLUTION: Let ¥ = {—(z=c) | c € CN A} and ' = Th, , (M) U X. For arbitrary finite subset
Iy C T, suppose I'gNE C {—(x=¢;) | i < n} for some n € N. Since M is infinite, there is an
Me-assignment v sending x to some element in M other than any ¢ (i < n), and (M, v) E T'y. So
Ty is satisfiable, and by compactness, I' is also satisfiable. Therefore any model M; satisfies I is
elementarily equivalent to M and has an element which is not the interpretation of any constant

symbol. |



