The Ninth Homework
April 28, 2025

1. Consider the structure R = (R, +, x,<,0,1).Let A be the substructure of R given by the set of
all 7 € R such that the set A, = {r} is definable in R without parameters.Show that ' < R.

SOLUTION: V¢ (z1-+-x,) €S, ¥ry---r, € R. Since {r1}...[r1} definable.3¢ ... ¢, st Vb e R
REY,b)eb=r,aN=u;b).soNEp(ri...tp)) ©NE3Jzy...xy p(x1---21) APy (71) A
Yo () ©REz ...y @(x1--21) A1 (1) Ay () © RE @ (11 ... 1) [ |

2. Prove Theorem 5.3.

Theorem 5.3 (Soundness, version II). Suppose that I' C £, ¢ € £ and that ' - . Then for any
(M, v), if (M,v) ET,! then (M,v) F ¢.

SOLUTION: See the textbook [P79-Theorem 5.14]. |

3. Prove Corrollary 5.4.

Theorem 5.4 (Soundness, version I). Suppose I' C L. If T' is satisfiable, then I" is consistent.

SOLUTION:  See the textbook [P81-Corollary 5.15]. |

L(M,v) ET abbreviates “(M,v) E ~, for every v € T'”.



