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1. Axioms of Set Theory

Axioms of Zermelo-Fraenkel

1.1. Azxiom of Extensionality. If X and Y have the same elements, then
X=Y.

1.2. Aziom of Pairing. For any a and b there exists a set {a,b} that
contains exactly a and b.

1.3. Axziom Schema of Separation. If P is a property (with parameter p),
then for any X and p there exists a set Y = {u € X : P(u,p)} that contains
all those u € X that have property P.

1.4. Aziom of Union. For any X there exists a set Y = |J X, the union
of all elements of X.

1.5. Aziom of Power Set. For any X there exists a set Y = P(X), the
set of all subsets of X.

1.6. Axiom of Infinity. There exists an infinite set.

1.7. Axziom Schema of Replacement. If a class F' is a function, then for
any X there exists a set Y = F(X) ={F(z):z € X}.

1.8. Axiom of Regularity. Every nonempty set has an €-minimal element.

1.9. Axiom of Choice. Every family of nonempty sets has a choice func-
tion.

The theory with axioms 1.1-1.8 is the Zermelo-Fraenkel axiomatic set
theory ZF; ZFC denotes the theory ZF with the Axiom of Choice.

Why Axiomatic Set Theory?

Intuitively, a set is a collection of all elements that satisfy a certain given
property. In other words, we might be tempted to postulate the following
rule of formation for sets.
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1.10. Axziom Schema of Comprehension (false). If P is a property,
then there exists a set Y = {z : P(z)}.

This principle, however, is false:

1.11. Russell’s Paradox. Consider the set S whose elements are all those
(and only those) sets that are not members of themselves: S = {X : X ¢ X}.
Question: Does S belong to S? If S belongs to S, then S is not a member of
itself, and so S ¢ S. On the other hand, if S ¢ S, then S belongs to S. In
either case, we have a contradiction.

Thus we must conclude that
{X:X ¢ X}

is not a set, and we must revise the intuitive notion of a set.
The safe way to eliminate paradoxes of this type is to abandon the Schema
of Comprehension and keep its weak version, the Schema of Separation:

If P is a property, then for any X there exists a set Y = {x € X : P(x)}.

Once we give up the full Comprehension Schema, Russell’s Paradox is no
longer a threat; moreover, it provides this useful information: The set of all
sets does not exist. (Otherwise, apply the Separation Schema to the property

In other words, it is the concept of the set of all sets that is paradoxical,
not the idea of comprehension itself.

Replacing full Comprehension by Separation presents us with a new prob-
lem. The Separation Axioms are too weak to develop set theory with its
usual operations and constructions. Notably, these axioms are not sufficient
to prove that, e.g., the union X UY of two sets exists, or to define the notion
of a real number.

Thus we have to add further construction principles that postulate the
existence of sets obtained from other sets by means of certain operations.

The axioms of ZFC are generally accepted as a correct formalization of
those principles that mathematicians apply when dealing with sets.

Language of Set Theory, Formulas

The Axiom Schema of Separation as formulated above uses the vague notion
of a property. To give the axioms a precise form, we develop axiomatic set
theory in the framework of the first order predicate calculus. Apart from
the equality predicate =, the language of set theory consists of the binary
predicate €, the membership relation.
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The formulas of set theory are built up from the atomic formulas
x €y, T=y
by means of connectives
eAY, VY, e p—=th, ey
(conjunction, disjunction, negation, implication, equivalence), and quantifiers
YV p, Iz .

In practice, we shall use in formulas other symbols, namely defined pred-
icates, operations, and constants, and even use formulas informally; but it
will be tacitly understood that each such formula can be written in a form
that only involves € and = as nonlogical symbols.

Concerning formulas with free variables, we adopt the notational conven-
tion that all free variables of a formula

(U1, ..y Un)

are among ui, ..., Uy (possibly some u; are not free, or even do not occur,
in ). A formula without free variables is called a sentence.

Classes

Although we work in ZFC which, unlike alternative axiomatic set theories,
has only one type of object, namely sets, we introduce the informal notion
of a class. We do this for practical reasons: It is easier to manipulate classes
than formulas.

If o(x,p1,...,pn) is a formula, we call

C=A{z:o(@p1,....,pn)}
a class. Members of the class C' are all those sets z that satisfy o(x, p1, ..., pn):
x € C if and only if @(z,p1,...,pn)-

We say that C is definable from p1, ..., pn; if ¢(x) has no parameters p;
then the class C' is definable.
Two classes are considered equal if they have the same elements: If

C={x:p(x,p1,...,pn)} D={z:9Y,q,...,qm)},

then C' = D if and only if for all

L)0(1.72717 s 7pn) A 1/)(%(11» .- '7q7n)~



6 Part I. Basic Set Theory

The universal class, or universe, is the class of all sets:
V={z:2=uz}
We define inclusion of classes (C' is a subclass of D)
C C D if and only if for all z, x € C implies = € D,

and the following operations on classes:

CND={z:2€CandzecD}

CUD={z:xeCorzec D},

C—D={zx:2€Candx¢ D},
UC={z:zeSforsomeSecC}=|J{S:5¢€C}.

Every set can be considered a class. If S is a set, consider the formula x € S
and the class

{z:2 €S}

That the set S is uniquely determined by its elements follows from the Axiom
of Extensionality.
A class that is not a set is a proper class.

Extensionality

If X and Y have the same elements, then X =Y :
Vu(ue X ueY)—-X=Y.

The converse, namely, if X =Y then u € X < u € Y, is an axiom of
predicate calculus. Thus we have

X=Y ifandonlyif Yu(ue X —~uecY).

The axiom expresses the basic idea of a set: A set is determined by its ele-
ments.

Pairing

For any a and b there exists a set {a,b} that contains exactly a and b:

YaVb3cVe (r €c—>ax=aVa=D).
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By Extensionality, the set ¢ is unique, and we can define the pair
{a,b} = the unique ¢ such that Vo (r € c >z =aVa =0).
The singleton {a} is the set
{a} = {a,a}.
Since {a, b} = {b,a}, we further define an ordered pair
(a,b)
so as to satisfy the following condition:
(1.1) (a,b) = (¢,d) if and only if a = c and b = d.
For the formal definition of an ordered pair, we take
(a,h) = {{a}, {a, b}}.

We leave the verification of (1.1) to the reader (Exercise 1.1).
We further define ordered triples, quadruples, etc., as follows:

(a»bv C) = ((avb)vc)7
(a,b,e,d) = ((a,b,c),d),

(a1, ..y ant1) = ((a1,.. ., an), Gnil).
It follows that two ordered n-tuples (ai,...,a,) and (by,...,b,) are equal if
and only if a; = by, ..., a, = by,.

Separation Schema

Let p(u,p) be a formula. For any X and p, there exists a set Y = {u € X :
@(u,p)}:

(1.2) VYXVpIYVu(ueY < ue X Ap(u,p)).

For each formula ¢(u,p), the formula (1.2) is an Axiom (of Separation).
The set Y in (1.2) is unique by Extensionality.

Note that a more general version of Separation Axioms can be proved
using ordered n-tuples: Let ¢(u,p1,...,pn) be a formula. Then

(1.3) VXVp1 ... Vpp Y Vu(u€eY —ue X AY(u,p1,...,pn)).
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Simply let ¢(u,p) be the formula

31, . I (0= (P1,- .-, pn) and P(u, p1,...,0n))

and then, given X and p1, ..., pn, let

Y={ueX: o, (p1,...,pn))}

We can give the Separation Axioms the following form: Consider the class
C={u:e(u,p,...,pn)}; then by (1.3)

VX3V (CNX =Y).

Thus the intersection of a class C' with any set is a set; or, we can say even
more informally

a subclass of a set is a set.

One consequence of the Separation Axioms is that the intersection and the
difference of two sets is a set, and so we can define the operations

XNY={ueX:ueY} and X-Y={ueX:ug¢VY}
Similarly, it follows that the empty class

0={u:u+#u}

is a set—the empty set; this, of course, only under the assumption that at
least one set X exists (because § C X):

(1.4) IX (X = X).

We have not included (1.4) among the axioms, because it follows from the
Axiom of Infinity.

Two sets X, Y are called disjoint if X NY = {).

If C' is a nonempty class of sets, we let

NC=M{X:XeC}={u:ueX forevery X € C}.
Note that () C is a set (it is a subset of any X € C). Also, XNY = N{X,Y}.
Another consequence of the Separation Axioms is that the universal
class V is a proper class; otherwise,

S={zeV:zéa}

would be a set.
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Union

For any X there exists a set Y =|J X:
(1.5) VXY Vu(ueVY < Jz(z€ X Au € 2)).
Let us introduce the abbreviations
(FzeX)p for Fz(ze€ X Ag),

and
(Vze X)p for Vz(ze€ X — o).

By (1.5), for every X there is a unique set
Y={u:FzeX)uez}={z:2e X} =X,

the union of X.
Now we can define

XUY =|U{X,Y}, XUYUZ=(XUY)UZ, etc.,

and also
{a,b,c} ={a,b} U{c},
and in general
{a1,...;an} ={a1} U...U{an}.

We also let
XAY=X-Y)u(lY — X),

the symmetric difference of X and Y.

Power Set

For any X there exists a set Y = P(X):
VXY Vu(ueY —ucC X).
A set U is a subset of X, U C X, if
Vz(zeU —z€X).

If U C X and U # X, then U is a proper subset of X.
The set of all subsets of X,

P(X)={u:ucC X},

is called the power set of X.
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Using the Power Set Axiom we can define other basic notions of set theory.
The product of X and Y is the set of all pairs (z,y) such that 2 € X and
yey:

(1.6) XxY={(zr,y):xeXandyec Y}
The notation {(z,y) : ...} in (1.6) is justified because
{(@,y) s o(x,y)} = {u: 33y (u = (,y) and p(z,y))}.
The product X x Y is a set because
X xY c PP(XUY).

Further, we define
XXYXxZ=(XxY)xZ,

and in general
X1 X oo x Xpp1 = (X1 X .o x X)) X Xy
Thus
X1 x.oo.ox Xp={(z1,...,2n) ;21 € X3 A ... Ay, € X}

We also let
X"=Xx...xX.
[ ——

n times

An n-ary relation R is a set of n-tuples. R is a relation on X if R C X™.
It is customary to write R(z1,...,z,) instead of

(wlw"vxn) € R7
and in case that R is binary, then we also use
z Ry

for (z,y) € R.
If R is a binary relation, then the domain of R is the set

dom(R) = {u : Jv (u,v) € R},
and the range of R is the set
ran(R) = {v : Ju (u,v) € R}.
Note that dom(R) and ran(R) are sets because
dom(R) c UUR, ran(R) C JUR.
The field of a relation R is the set field(R) = dom(R) Uran(R).
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In general, we call a class R an n-ary relation if all its elements are n-
tuples; in other words, if

R C V"™ = the class of all n-tuples,

where C" (and C' x D) is defined in the obvious way.

A binary relation f is a function if (z,y) € f and (z,2) € f implies y = z.
The unique y such that (z,y) € f is the value of f at z; we use the standard
notation

y=f(z)
or its variations f : x — vy, y = f., etc. for (x,y) € f.
f is a function on X if X = dom(f). If dom(f) = X™, then f is an n-ary
function on X.
f is a function from X to Y,

f: X =Y,

if dom(f) = X and ran(f) C Y. The set of all functions from X to Y is
denoted by Y. Note that YX is a set:

YX¥ C P(X xY).
If Y =ran(f), then f is a function onto Y. A function f is one-to-one if
f(z) = f(y) implies z=y.

An n-ary operation on X is a function f: X™ — X.

The restriction of a function f to a set X (usually a subset of dom(f)) is
the function

fIX=A{(z,y) e f:xe X}

A function g is an extension of a function f if g D f, i.e., dom(f) C dom(g)
and g(z) = f(x) for all x € dom(f).

If f and g are functions such that ran(g) C dom(f), then the composition
of f and g is the function f o g with domain dom(f o g) = dom(g) such that

(fog)(@) = f(g(x)) for all z € dom(g).
We denote the image of X by f either f“X or f(X):

[X=fX)={y: e e X)y = f(a)},
and the inverse image by
Fa(X) = {a: f(a) € X}.
If f is one-to-one, then f~! denotes the inverse of f:
fHz)=vy ifandonlyif z= f(y).

The previous definitions can also be applied to classes instead of sets.
A class F is a function if it is a relation such that (z,y) € F and (z,2) € I
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implies y = z. For example, F“C or F(C') denotes the image of the class C
by the function F'.

It should be noted that a function is often called a mapping or a corre-
spondence (and similarly, a set is called a family or a collection).

An equivalence relation on a set X is a binary relation = which is refiexive,
symmetric, and transitive: For all z,y, z € X,

T =uw,
x =y implies y = x,
ifx =y and y = z then x = z.

A family of sets is disjoint if any two of its members are disjoint. A par-

tition of a set X is a disjoint family P of nonempty sets such that

X=WY:YePr}

Let = be an equivalence relation on X. For every z € X let
Wl ={ye X y=uz)

(the equivalence class of x). The set
X/=={[z] :z € X}

is a partition of X (the quotient of X by =). Conversely, each partition P
of X defines an equivalence relation on X:

x=y ifandonlyif (Y € P)(zcY andyecY).

If an equivalence relation is a class, then its equivalence classes may be
proper classes. In Chapter 6 we shall introduce a trick that enables us to
handle equivalence classes as if they were sets.

Infinity

There exists an infinite set.

To give a precise formulation of the Axiom of Infinity, we have to define
first the notion of finiteness. The most obvious definition of finiteness uses the
notion of a natural number, which is as yet undefined. We shall define natural
numbers (as finite ordinals) in Chapter 2 and give only a quick treatment of
natural numbers and finiteness in the exercises below.

In principle, it is possible to give a definition of finiteness that does not
mention numbers, but such definitions necessarily look artificial.

We therefore formulate the Axiom of Infinity differently:

IS (@ e SA (Ve S)zu{z}es).

We call a set S with the above property inductive. Thus we have:
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Axiom of Infinity. There exists an inductive set.

The axiom provides for the existence of infinite sets. In Chapter 2 we
show that an inductive set is infinite (and that an inductive set exists if there
exists an infinite set).

We shall introduce natural numbers and finite sets in Chapter 2, as a part
of the introduction of ordinal numbers. In Exercises 1.3-1.9 we show an al-
ternative approach.

Replacement Schema

If a class F is a function, then for every set X, F(X) is a set.

For each formula ¢(z,y,p), the formula (1.7) is an Axiom (of Replace-
ment):

(L7) VaVyVz(e(z,y,p) Ao(z,2,p) =y = 2)
- VXY Vy(yeY < (r € X) p(x,y,p)).
As in the case of Separation Axioms, we can prove the version of Replace-
ment Axioms with several parameters: Replace p by p1,...,pn-
If F = {(z,y) : o(x,y,p)}, then the premise of (1.7) says that F is

a function, and we get the formulation above. We can also formulate the
axioms in the following ways:

If a class F is a function and dom(F) is a set, then ran(F) is a set.
If a class F is a function, then VX 3f (F|X = f).

The remaining two axioms, Choice and Regularity, will by introduced in
Chapters 5 and 6.

Exercises

1.1. Verify (1.1).
1.2. There is no set X such that P(X) C X.

Let
N = ({X : X is inductive}.

N is the smallest inductive set. Let us use the following notation:
0=10, 1 = {0}, 2 =40, 1}, 3=40,1,2},

If ne N,let n+1=nU{n}. Let us define < (on N) by n < m if and only if
nem.
A set T is transitive if x € T implies © C T
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1.3. If X is inductive, then the set {x € X : © C X} is inductive. Hence N is
transitive, and for each n, n = {m € N : m < n}.

1.4. If X is inductive, then the set {x € X : z is transitive} is inductive. Hence
every n € N is transitive.

1.5. If X is inductive, then the set {z € X : x is transitive and z ¢ x} is inductive.
Hence n ¢ n and n # n+ 1 for each n € N.

1.6. If X is inductive, then {z € X : z is transitive and every nonempty 2z C z has
an €-minimal element} is inductive (¢ is €-minimal in z if there is no s € z such
that s € t).

1.7. Every nonempty X C IN has an €-minimal element.
[Pick n € X and look at X Nn.]

1.8. If X is inductive then sois {x € X : x =0 or z = y U {y} for some y}. Hence
each n # 0 is m + 1 for some m.

1.9 (Induction). Let A be a subset of N such that 0 € A, and if n € A then
n+1€ A Then A= N.

A set X has n elements (where n € N) if there is a one-to-one mapping of n
onto X. A set is finite if it has n elements for some n € N, and infinite if it is not
finite.

A set S is T-finite if every nonempty X C P(S) has a C-maximal element, i.e.,
u € X such that there is no v € X with v C v and u # v. S is T-infinite if it is not
T-finite. (T is for Tarski.)

1.10. Each n € N is T-finite.
1.11. N is T-infinite; the set N C P(IN) has no C-maximal element.
1.12. Every finite set is T-finite.

1.13. Every infinite set is T-infinite.
[If S is infinite, consider X = {u C S : u is finite}.]

1.14. The Separation Axioms follow from the Replacement Schema.
[Given @, let F = {(z,z): ¢(x)}. Then {z € X : p(x)} = F(X), for every X.]

1.15. Instead of Union, Power Set, and Replacement Axioms consider the following
weaker versions:

(1.8) vX3y UX Cv, ie,VX3Y (Vz € X)(Vu€z)uey,
(1.9) VXAV P(X)CY, ie,¥VXIVVu(uC X —u€eY),
(1.10) If a class F is a function, then VX 3Y F(X) C Y.

Then axioms 1.4, 1.5, and 1.7 can be proved from (1.8), (1.9), and (1.10), using the
Separation Schema (1.3).
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Historical Notes

Set theory was invented by Georg Cantor. The first attempt to consider infinite sets
is attributed to Bolzano (who introduced the term Menge). It was however Cantor
who realized the significance of one-to-one functions between sets and introduced
the notion of cardinality of a set. Cantor originated the theory of cardinal and
ordinal numbers as well as the investigations of the topology of the real line. Much of
the development in the first four chapters follows Cantor’s work. The main reference
to Cantor’s work is his collected works, Cantor [1932]. Another source of references
to the early research in set theory is Hausdorff’s book [1914].

Cantor started his investigations in [1874], where he proved that the set of
all real numbers is uncountable, while the set of all algebraic reals is countable.
In [1878] he gave the first formulation of the celebrated Continuum Hypothesis.

The axioms for set theory (except Replacement and Regularity) are due to
Zermelo [1908]. The Replacement Schema is due to Fraenkel [1922a] and Skolem
(see [1970], pp. 137-152).

Exercises 1.12 and 1.13: Tarski [1925a).



2. Ordinal Numbers

In this chapter we introduce ordinal numbers and prove the Transfinite Re-
cursion Theorem.

Linear and Partial Ordering

Definition 2.1. A binary relation < on a set P is a partial ordering of P if:

(i) p £ p for any p € P;
(ii) if p < g and ¢ < r, then p < r.

(P, <) is called a partially ordered set. A partial ordering < of P is a linear
ordering if moreover

(iii) p<qorp=gqor g <pforall p,geP.

If < is a partial (linear) ordering, then the relation < (where p < ¢ if either
p < qorp=gq)is also called a partial (linear) ordering (and < is sometimes
called a strict ordering).

Definition 2.2. If (P, <) is a partially ordered set, X is a nonempty subset
of P, and a € P, then:

a is a mazimal element of X if a € X and (Vz € X)a £ z;
a is a minimal element of X if a € X and (Vz € X)z £ a;
a is the greatest element of X if a € X and (Vx € X)z < a;
a is the least element of X if a € X and (Vx € X)a < x;

a is an upper bound of X if (Vx € X)z < a;

a is a lower bound of X if (Vx € X)a < x;

a is the supremum of X if a is the least upper bound of X;
a is the infimum of X if a is the greatest lower bound of X.

The supremum (infimum) of X (if it exists) is denoted sup X (inf X).
Note that if X is linearly ordered by <, then a maximal element of X is its
greatest element (similarly for a minimal element).

If (P,<) and (@, <) are partially ordered sets and f: P — @, then f is
order-preserving if x < y implies f(z) < f(y). If P and @Q are linearly ordered,
then an order-preserving function is also called increasing.

18 Part 1. Basic Set Theory

A one-to-one function of P onto ) is an isomorphism of P and @Q if
both f and f~! are order-preserving; (P, <) is then isomorphic to (Q, <).
An isomorphism of P onto itself is an automorphism of (P, <).

Well-Ordering

Definition 2.3. A linear ordering < of a set P is a well-ordering if every
nonempty subset of P has a least element.

The concept of well-ordering is of fundamental importance. It is shown be-
low that well-ordered sets can be compared by their lengths; ordinal numbers
will be introduced as order-types of well-ordered sets.

Lemma 2.4. If (W, <) is a well-ordered set and f : W — W is an increasing
function, then f(x) > x for each x € W.

Proof. Assume that the set X = {z € W : f(z) < z} is nonempty and let z
be the least element of X. If w = f(z), then f(w) < w, a contradiction. O

Corollary 2.5. The only automorphism of a well-ordered set is the identity.
Proof. By Lemma 2.4, f(z) > z for all , and f~!(z) > z for all z. O

Corollary 2.6. If two well-ordered sets Wy, Wy are isomorphic, then the
isomorphism of W1 onto Wy is unique. O

If W is a well-ordered set and uw € W, then {x € W : & < u} is an initial
segment of W (given by u).

Lemma 2.7. No well-ordered set is isomorphic to an initial segment of itself.
Proof. 1f ran(f) = {z : * < u}, then f(u) < u, contrary to Lemma 2.4. O

Theorem 2.8. If Wi and Wy are well-ordered sets, then exactly one of the
following three cases holds:

(i) Wy is isomorphic to Wa;
(ii) Wi is isomorphic to an initial segment of Wa;
(iil) Wa is isomorphic to an initial segment of Wi.

Proof. For v € W;, (i = 1, 2), let W;(u) denote the initial segment of W;
given by u. Let

f={(z,y) € Wi x Wy : Wy (z) is isomorphic to Wa(y)}.

Using Lemma 2.7, it is easy to see that f is a one-to-one function. If h is
an isomorphism between Wi (z) and Wa(y), and o’ < x, then Wi(z') and
Wa(h(2')) are isomorphic. It follows that f is order-preserving.
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If dom(f) = Wy and ran(f) = W, then case (i) holds.

If 1 < y2 and y2 € ran(f), then y; € ran(f). Thus if ran(f) # W2 and
Yo is the least element of W —ran(f), we have ran(f) = Wa(yo). Necessarily,
dom(f) = W1, for otherwise we would have (xg,yo) € f, where 2o = the least
element of W7 — dom(f). Thus case (ii) holds.

Similarly, if dom(f) # W1, then case (iii) holds.

In view of Lemma 2.7, the three cases are mutually exclusive. a

If W7 and W5 are isomorphic, we say that they have the same order-type.
Informally, an ordinal number is the order-type of a well-ordered set.
We shall now give a formal definition of ordinal numbers.

Ordinal Numbers

The idea is to define ordinal numbers so that
a< @ ifandonly if «€ g, and a={f:0<a}.

Definition 2.9. A set T is transitive if every element of T is a subset of T.
(Equivalently, | JT C T, or T C P(T).)

Definition 2.10. A set is an ordinal number (an ordinal) if it is transitive
and well-ordered by €.

We shall denote ordinals by lowercase Greek letters a, 3, v, .... The class
of all ordinals is denoted by Ord.
We define

a < ifand only if « € S.

Lemma 2.11.

(i) 0=10 is an ordinal.

(ii) If a is an ordinal and B € «, then (3 is an ordinal.
)
)

—

(iii) If a # B are ordinals and o C 3, then o € 3.
(iv) If «, B are ordinals, then either o C 3 or 3 C «.

Proof. (i), (ii) by definition.

(iii) If o C B, let v be the least element of the set 5 — «. Since « is
transitive, it follows that « is the initial segment of 3 given by . Thus
a={{epf:£<vy}=7,and so a € §.

(iv) Clearly, « N 3 is an ordinal, a N 3 = . We have v = a or v = f3,
for otherwise v € «, and v € 3, by (iii). Then v € «, which contradicts the
definition of an ordinal (namely that € is a strict ordering of «). O
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Using Lemma 2.11 one gets the following facts about ordinal numbers
(the proofs are routine):

(2.1) < is a linear ordering of the class Ord.
(2.2) Foreacha,a={3:0 < a}.
(2.3) If C is a nonempty class of ordinals, then () C is an ordinal, (C € C

and (C =inf C.
(2.4) If X is a nonempty set of ordinals, then | J X is an ordinal, and | X =
sup X.

(2.5) For every a, a U {a} is an ordinal and e U {a} = inf{8: 8 > a}.

We thus define o + 1 = o U {a} (the successor of a). In view of (2.4), the
class Ord is a proper class; otherwise, consider sup Ord + 1.

We can now prove that the above definition of ordinals provides us with
order-types of well-ordered sets.

Theorem 2.12. Fvery well-ordered set is isomorphic to a unique ordinal
number.

Proof. The uniqueness follows from Lemma 2.7. Given a well-ordered set W,
we find an isomorphic ordinal as follows: Define F'(x) = « if « is isomorphic
to the initial segment of W given by x. If such an « exists, then it is unique.
By the Replacement Axioms, F(W) is a set. For each z € W, such an «
exists (otherwise consider the least = for which such an « does not exist). If
~ is the least v ¢ F'(W), then F(W) =~ and we have an isomorphism of W
onto 7. O

If « =+ 1, then a is a successor ordinal. If o is not a successor ordinal,
then a = sup{f: § < a} =Ja; ais called a limit ordinal. We also consider 0
a limit ordinal and define sup () = 0.

The existence of limit ordinals other than 0 follows from the Axiom of
Infinity; see Exercise 2.3.

Definition 2.13 (Natural Numbers). We denote the least nonzero limit
ordinal w (or IN). The ordinals less than w (elements of IN) are called finite
ordinals, or natural numbers. Specifically,

0=0, 1=0+1, 2=1+4+1, 3=2+1, et

A set X is finite if there is a one-to-one mapping of X onto some n € N.
X is infinite if it is not finite.

We use letters n, m, [, k, j, i (most of the time) to denote natural numbers.
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Induction and Recursion

Theorem 2.14 (Transfinite Induction). Let C be a class of ordinals and
assume that:

(i) 0 € C,
(i) ifa € C, then a+ 1€ C;
(iii) if o is a nonzero limit ordinal and 8 € C for all 8 < «, then o € C.

Then C' is the class of all ordinals.

Proof. Otherwise, let « be the least ordinal o ¢ C' and apply (i), (ii), or (iii).
O

A function whose domain is the set IN is called an (infinite) sequence
(A sequence in X is a function f : N — X.) The standard notation for
a sequence is

(an 1 n < w)

or variants thereof. A finite sequence is a function s such dom(s) = {i : i < n}
for some n € IN; then s is a sequence of length n.
A transfinite sequence is a function whose domain is an ordinal:

(ag : & < ).

It is also called an a-sequence or a sequence of length o. We also say that
a sequence (ae : & < ) is an enumeration of its range {as : £ < a}. If
s is a sequence of length «, then sz or simply sz denotes the sequence of
length a4+ 1 that extends s and whose ath term is x:

sTx=sr=sU{(o,x)}.
Sometimes we shall call a “sequence”
(aq : a € Ord)

a function (a proper class) on Ord.

“Definition by transfinite recursion” usually takes the following form:
Given a function G (on the class of transfinite sequences), then for every 6
there exists a unique f-sequence

(ag < 0)
such that
a0 = Gllag : € < )

for every a < 6.
We shall give a general version of this theorem, so that we can also con-
struct sequences (a, : o € Ord).
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Theorem 2.15 (Transfinite Recursion). Let G be a function (on V),
then (2.6) below defines a unique function F on Ord such that

for each a.
In other words, if we let a, = F(«), then for each «,
ao = G((ag : € < a)).
(Note that we tacitly use Replacement: F'l« is a set for each a.)

Corollary 2.16. Let X be a set and 6 an ordinal number. For every func-
tion G on the set of all transfinite sequences in X of length < 6 such that
ran(G) C X there exists a unique 0-sequence (an : o < 0) in X such that

aq = G({ag : £ <)) for every a < 0. O
Proof. Let
(2.6) F(a) = x < there is a sequence (a¢ : § < a) such that:

(i) (V€ <a)ag = G({ay : 0 <E));

(ii) o =G((ae : £ < a)).
For every a, if there is an a-sequence that satisfies (i), then such a sequence is
unique: If (a¢ : £ < ) and (be : € < a) are two a-sequences satisfying (i), one
shows ag = be by induction on £. Thus F'(a) is determined uniquely by (ii),
and therefore I is a function. It follows, again by induction, that for each a
there is an a-sequence that satisfies (i) (at limit steps, we use Replacement
to get the a-sequence as the union of all the {-sequences, £ < «). Thus F is
defined for all a € Ord. It obviously satisfies

F(a) = G(Fla).
If F’ is any function on Ord that satisfies
F'(a) = G(F'la)
then it follows by induction that F'(«) = F(«a) for all a. O

Definition 2.17. Let o > 0 be a limit ordinal and let (y¢ : £ < a) be
a nondecreasing sequence of ordinals (i.e., £ < n implies v¢ < ;). We define
the limit of the sequence by

lime_,q ve = sup{ve : £ < a}.

A sequence of ordinals (v, : @ € Ord) is normal if it is increasing and
continuous, i.e., for every limit o, v, = lime_q 7e.
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Ordinal Arithmetic

We shall now define addition, multiplication and exponentiation of ordinal
numbers, using Transfinite Recursion.

Definition 2.18 (Addition). For all ordinal numbers «

(i) a+0=q,
(i) a+ (B+1) = (a+F)+1, for all 3,
(ili) «+ f = lime_g(a +¢) for all limit 5 > 0.

Definition 2.19 (Multiplication). For all ordinal numbers «

(i) «-0=0,
(i) a- (B+1) =a- B+« for all 3,
(iii) - B =limg_ga- & for all limit 5 > 0.

Definition 2.20 (Exponentiation). For all ordinal numbers o

(i) a® =1,
(i) ot =af - a for all 3,
(iii) o =limg_5a® for all limit 8 > 0.

As defined, the operations o+ 3, a- 3 and o are normal functions in the
second variable 3. Their properties can be proved by transfinite induction.
For instance, + and - are associative:

Lemma 2.21. For all ordinals o, 8 and 7,

(i) a+ (B+7) = (a+08)+7,
(i) a-(8-7)=(a-p) 7.

Proof. By induction on +. O
Neither + nor - are commutative:
l4w=w#w+1, 2vw=w#w-2=w+w.

Ordinal sums and products can be also defined geometrically, as can sums
and products of arbitrary linear orders:

Definition 2.22. Let (A, <4) and (B, <p) be disjoint linearly ordered sets.
The sum of these linear orders is the set AU B with the ordering defined as
follows: x < y if and only if

(i) z,y € Aand © <4 y, or
(ii) z,y € Band z <p y, or
(iii) x € Aand y € B.
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Definition 2.23. Let (A, <) and (B, <) be linearly ordered sets. The product
of these linear orders is the set A x B with the ordering defined by

(a1,b1) < (az,bs) if and only if either by < be or (b = be and a; < as).

Lemma 2.24. For all ordinals o and 3, a+ 8 and a - 3 are, respectively,
isomorphic to the sum and to the product of a and .

Proof. By induction on /. a

Ordinal sums and products have some properties of ordinary addition and
multiplication of integers. For instance:

Lemma 2.25.

(i) If B <~ thena+ 3 < a+7.
(ii) If a < B then there exists a unique 0 such that o+ § = 3.
(i) If B<~v and a >0, then a- f < o - 7.
(iv) If a > 0 and v is arbitrary, then there exist a unique 3 and a unique
p < a such that v =« - 3+ p.
(v) If B<~ and a > 1, then o” < a7.

Proof. (i), (iii) and (v) are proved by induction on .
(ii) Let 6 be the order-type of the set {€ : o < & < 3}; ¢ is unique by (i).
(iv) Let § be the greatest ordinal such that o - 5 < . ad

For more, see Exercises 2.10 and 2.11.

Theorem 2.26 (Cantor’s Normal Form Theorem). Every ordinal o >
0 can be represented uniquely in the form

a=wh k. WPk,

where n > 1, « > (1 > ... > 0By, and k1, ..., k, are nonzero natural
numbers.

Proof. By induction on . For o = 1 we have 1 = w° - 1; for arbitrary o > 0
let 3 be the greatest ordinal such that w® < a. By Lemma 2.25(iv) there
exists a unique 0 and a unique p < w?® such that a = w® - & + p; this &
must necessarily be finite. The uniqueness of the normal form is proved by
induction. ad

In the normal form it is possible to have a = w®; see Exercise 2.12. The
least ordinal with this property is called gg.
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Well-Founded Relations

Now we shall define an important generalization of well-ordered sets.

A binary relation FE on a set P is well-founded if every nonempty X C P
has an E-minimal element, that is a € X such that there is no x € X with
z F a.

Clearly, a well-ordering of P is a well-founded relation.

Given a well-founded relation E on a set P, we can define the height of E|
and assign to each x € P an ordinal number, the rank of z in E.

Theorem 2.27. If E is a well-founded relation on P, then there exists
a unique function p from P into the ordinals such that for all x € P,

(2.7) p(x) =sup{p(y) +1:y E z}.

The range of p is an initial segment of the ordinals, thus an ordinal num-
ber. This ordinal is called the height of E.

Proof. We shall define a function p satisfying (2.7) and then prove its unique-
ness. By induction, let

Py =0, Poqr={zeP:Vy(yExz —yecF)}

P,= | P: if ais alimit ordinal.
{<a

Let 6 be the least ordinal such that Py = Py (such € exists by Replacement).
First, it should be easy to see that P, C P41 for each o (by induction).
Thus Py € P, C ... C Py. We claim that Py = P. Otherwise, let a be
an F-minimal element of P — Py. It follows that each x F a is in Py, and
so a € Pyy1, a contradiction. Now we define p(z) as the least o such that
x € Pyy1. It is obvious that if # E y, then p(z) < p(y), and (2.7) is easily
verified. The ordinal # is the height of E.

The uniqueness of p is established as follows: Let p’ be another function
satisfying (2.7) and consider an E-minimal element of the set {z € P : p(z) #

o). 0

Exercises

2.1. The relation “(P, <) is isomorphic to (@, <)” is an equivalence relation (on
the class of all partially ordered sets).

2.2. « is a limit ordinal if and only if § < « implies 5+ 1 < a, for every f3.

2.3. If a set X is inductive, then X N Ord is inductive. The set N = [{X : X is
inductive} is the least limit ordinal # 0.
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2.4. (Without the Axiom of Infinity). Let w = least limit « # 0 if it exists, w = Ord
otherwise. Prove that the following statements are equivalent:

(i) There exists an inductive set.
(ii) There exists an infinite set.
(iii) w is a set.
[For (ii) — (iii), apply Replacement to the set of all finite subsets of X ]

2.5. If W is a well-ordered set, then there exists no sequence (a, : n € N) in W
such that ap > a1 > azs > ....

2.6. There are arbitrarily large limit ordinals; i.e., Va 38 > « (8 is a limit).
[Consider limy,,—. o, where ant1 = an + 1.

2.7. Every normal sequence (7, : @ € Ord) has arbitrarily large fized points, i.e.,
« such that v, = a.
[Let atnt1 = Ya,,, and a = limp—o, ]

2.8. For all o, 8 and ~,

(i) a-(B+7)=a-B+a-7,
(ii) a6+7:aﬁ-oﬂ,
(iit) («?)Y =",
2.9. (i) Show that (w+1)-2#w-2+1-2.
(ii) Show that (w-2)* # w? - 22
2.10. fa< fthena+y<pB+vy, a-v< B v, and o < 37,

2.11. Find «, 3, v such that

(i) a<pand a+y=p8+7,
(i) a<Band a-y= -7,
(iii) « < Band 7 = 7.

2.12. Let €9 = limy—y ay where g = w and apy1 = w™ for all n. Show that
g0 is the least ordinal £ such that w® = e.

A limit ordinal v > 0 is called indecomposable if there exist no a < v and 8 < v
such that o + 8 = .

2.13. A limit ordinal v > 0 is indecomposable if and only if a+~ =« for all a < ¢
if and only if v = w® for some a.

2.14. If E is a well-founded relation on P, then there is no sequence (a, : n € N)
in P such that a1 F ao, a2 E a1, as E az, ....

2.15 (Well-Founded Recursion). Let E be a well-founded relation on a set P,
and let G be a function. Then there exists a function F' such that for all z € P,
F(z)=G(z,Fl{ye P:yE z}).

Historical Notes

The theory of well-ordered sets was developed by Cantor, who also introduced
transfinite induction. The idea of identifying an ordinal number with the set of
smaller ordinals is due to Zermelo and von Neumann.
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Cardinality

Two sets X, Y have the same cardinality (cardinal number, cardinal),
(3.1) | X =Y,

if there exists a one-to-one mapping of X onto Y.

The relation (3.1) is an equivalence relation. We assume that we can
assign to each set X its cardinal number |X| so that two sets are assigned
the same cardinal just in case they satisfy condition (3.1). Cardinal numbers
can be defined either using the Axiom of Regularity (via equivalence classes
of (3.1)), or using the Axiom of Choice. In this chapter we define cardinal
numbers of well-orderable sets; as it follows from the Axiom of Choice that
every set can be well-ordered, this defines cardinals in ZFC.

We recall that a set X is finite if | X| = |n| for some n € N; then X is
said to have n elements. Clearly, |n| = |m| if and only if n = m, and so we
define finite cardinals as natural numbers, i.e., [n| =n for all n € N.

The ordering of cardinal numbers is defined as follows:

(3-2) X < Y|

if there exists a one-to-one mapping of X into Y. We also define the strict
ordering | X| < |Y| to mean that |X| < |Y| while |X| # |Y|. The relation <
in (3.2) is clearly transitive. Theorem 3.2 below shows that it is indeed a par-
tial ordering, and it follows from the Axiom of Choice that the ordering is
linear—any two sets are comparable in this ordering.

The concept of cardinality is central to the study of infinite sets. The
following theorem tells us that this concept is not trivial:

Theorem 3.1 (Cantor). For every set X, | X| < |P(X)|.
Proof. Let f be a function from X into P(X). The set
Y={zeX:z¢f(x)}

is not in the range of f: If z € X were such that f(z) =Y, then z € YV if
and only if z ¢ Y, a contradiction. Thus f is not a function of X onto P(X).
Hence |P(X)| # | X|.
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The function f(z) = {x} is a one-to-one function of X into P(X) and so
|X| < |P(X)|. It follows that | X| < |P(X)|. O

In view of the following theorem, < is a partial ordering of cardinal num-
bers.

Theorem 3.2 (Cantor-Bernstein). If |A| < |B| and |B| < |A|, then
|A] = |BJ.

Proof. If f1 : A — B and fy : B — A are one-to-one, then if we let B’ =
f2(B) and A1 = fo(f1(4)), we have A; € B’ C A and |4;| = |A|. Thus
we may assume that A1 C B C A and that f is a one-to-one function of A
onto Ay; we will show that |A| = |B].

We define (by induction) for all n € N

AO = A7 An+1 = f(An)a
By = B, Bny1 = f(Bn).

Let g be the function on A defined as follows:

f(z) if x € A, — B, for some n,
g(x) =

T otherwise.

Then g is a one-to-one mapping of A onto B, as the reader will easily verify.
Thus |A] = |B|. O

The arithmetic operations on cardinals are defined as follows:

(3.3) K+ A=|AUB| where |A| =k, |[B| = A, and A, B are disjoint,
k+-A=|Ax B where |A] =k, |B| = A,
KN = |AP| where |A| =k, |B| = A\

Naturally, the definitions in (3.3) are meaningful only if they are independent
of the choice of A and B. Thus one has to check that, e.g., if |4] = |A’| and
|B| = |B’'|, then |A x B| =|A’ x B'|.

Lemma 3.3. If |A| =k, then |P(A)] = 2~.

Proof. For every X C A, let xx be the function

1 ifxe X,

Xﬂ@:{o freAd—X

The mapping f : X — xx is a one-to-one correspondence between P(A) and
{0, 1}4. O
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Thus Cantor’s Theorem 3.1 can be formulated as follows:
Kk < 2% for every cardinal k.

A few simple facts about cardinal arithmetic:

(3.4) + and - are associative, commutative and distributive.
(3.5) (k- A)H =kt A

(3.6) K NP =k kM

(3.7)  (kMH =g M.

(3.8) If kK < A, then x* < A

(3.9) If0 < X < p, then £* < kF.

(3.10) K0 =1;1" =1, 0F = 0 if & > 0.

To prove (3.4)—(3.10), one has only to find the appropriate one-to-one func-
tions.

Alephs

An ordinal « is called a cardinal number (a cardinal) if |a| # | 5] for all § < a.
We shall use k, A, i1, ... to denote cardinal numbers.

If W is a well-ordered set, then there exists an ordinal o such that |[W| =
|ae|. Thus we let

|W| = the least ordinal such that |W| = |«|.

Clearly, |IW| is a cardinal number.

Every natural number is a cardinal (a finite cardinal); and if S is a finite
set, then |S| = n for some n.

The ordinal w is the least infinite cardinal. Note that all infinite cardinals
are limit ordinals. The infinite ordinal numbers that are cardinals are called
alephs.

Lemma 3.4.

(i) For every « there is a cardinal number greater than c.
(ii) If X is a set of cardinals, then sup X is a cardinal.

For every a, let o™ be the least cardinal number greater than c, the
cardinal successor of a.

Proof. (i) For any set X, let
(3.11) h(X) = the least « such that there is no one-to-one

function of « into X.

There is only a set of possible well-orderings of subsets of X. Hence there
is only a set of ordinals for which a one-to-one function of « into X exists.
Thus h(X) exists.
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If o is an ordinal, then |a| < |h(«)| by (3.11). That proves (i).

(ii) Let o = sup X. If f is a one-to-one mapping of a onto some [ < «,
let K € X be such that f < k < a. Then |&| = |{f(§) : £ < k}| < p,
a contradiction. Thus « is a cardinal. a

Using Lemma 3.4, we define the increasing enumeration of all alephs. We
usually use X, when referring to the cardinal number, and w,, to denote the
order-type:

No =Wy = W, Na+1 = wa+1 = N;,

N, = wy =sup{wg : f < a} if «is a limit ordinal.

Sets whose cardinality is X are called countable; a set is at most countable
if it is either finite or countable. Infinite sets that are not countable are
uncountable.

A cardinal N,11 is a successor cardinal. A cardinal R, whose index is
a limit ordinal is a limit cardinal.

Addition and multiplication of alephs is a trivial matter, due to the fol-
lowing fact:

Theorem 3.5. N, - N, = N,.

To prove Theorem 3.5 we use a pairing function for ordinal numbers:

The Canonical Well-Ordering of @ X «

We define a well-ordering of the class Ord x Ord of ordinal pairs. Under
this well-ordering, each a x « is an initial segment of Ord?; the induced
well-ordering of o2 is called the canonical well-ordering of o*. Moreover, the
well-ordered class Ord? is isomorphic to the class Ord, and we have a one-
to-one function T’ of Ord® onto Ord. For many a’s the order-type of a x «
is «; in particular for those a that are alephs.

We define:

(3.12) (o, fB) < (v,0) < either max{a, 3} < max{v,d},

or max{a, f} = max{v,d} and o < 7,

or max{a, f} = max{v,d}, « =~ and 8 < 4.
The relation < defined in (3.12) is a linear ordering of the class Ord x Ord.

Moreover, if X C Ord x Ord is nonempty, then X has a least element. Also,
for each o, @ x « is the initial segment given by (0, a). If we let

I'(«, ) = the order-type of the set {(£,7) : (§,n) < (a, B)},
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then T is a one-to-one mapping of Ord? onto Ord, and
(3.13) (a, B) < (v,6) ifand only if T'(a,f) <T'(v,9).

Note that I'(wxw) = w and since y(«) = I'(awx &) is an increasing function
of a, we have y(a) > «a for every a. However, () is also continuous, and so
I'(a x &) = « for arbitrarily large a.

Proof of Theorem 3.5. Consider the canonical one-to-one mapping I" of Ord x
Ord onto Ord. We shall show that I'(w X wa) = we. This is true for oo = 0.
Thus let « be the least ordinal such that I'(wa X wa) # wa. Let §,7 < w, be
such that I'(8,7) = wa. Pick § < w, such that § > 5 and § > . Since ¢ X ¢ is
an initial segment of Ord x Ord in the canonical well-ordering and contains
(8,7), we have T'(d X 0) D wa, and so |§ x | > N,. However, |0 x §] = |d]-]4],
and by the minimality of o, 0] - [0] = || < Ra. A contradiction. O

As a corollary we have
3.14 N, + Ng =R, - Ng = max{N,, Ng}.
B & &

Exponentiation of cardinals will be dealt with in Chapter 5. Without the
Axiom of Choice, one cannot prove that 2%« is an aleph (or that P(w,) can

be well-ordered), and there is very little one can prove about 2% or Nzﬁ .

Cofinality

Let o > 0 be a limit ordinal. We say that an increasing [-sequence (o :
& < f3), 0 alimit ordinal, is cofinal in « if lim¢_, g ¢ = . Similarly, A C acis
cofinal in o if sup A = a. If « is an infinite limit ordinal, the cofinality of a
is
cf a = the least limit ordinal § such that there is an increasing
B-sequence (g : £ < ) with limg_gae = a.

Obviously, cf a is a limit ordinal, and cfa < «. Examples: cf(w + w) =
cf N, = w.

Lemma 3.6. cf(cfa) = cfa.

Proof. If (e : £ < () is cofinal in o and ((v) : ¥ < 7) is cofinal in 3, then
(g 1 v <) is cofinal in a. O

Two useful facts about cofinality:

Lemma 3.7. Let o > 0 be a limit ordinal.

(i) If A C « and sup A = «, then the order-type of A is at least cf a.
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(i) If Bo < 1 < ... < Be < ..., £ <7, is a nondecreasing y-sequence of
ordinals in o and lime_,~, B¢ = v, then cfy = cf a.

Proof. (i) The order-type of A is the length of the increasing enumeration
of A which is an increasing sequence with limit a.

(i) If v = lim,, et 4 §(v), then o = lim, _cf 4 Be(y), and the nondecreasing
sequence (f¢(,) : ¥ < cf~) has an increasing subsequence of length < cf,
with the same limit. Thus cf a < cf .

To show that cfy < cf o, let @ = lim,_ ¢t . For each v < cf a, let
&(v) be the least & greater than all £(¢), ¢ < v, such that B¢ > a,. Since
limy, et o Ben) = @ it follows that lim, .cfo §(v) =7, and so cfy < cfa. O

An infinite cardinal X, is regular if cf wo, = we. It is singular if cf wy, < wq.
Lemma 3.8. For every limit ordinal o, cf « is a regular cardinal.

Proof. Tt is easy to see that if o is not a cardinal, then using a mapping
of |a| onto a, one can construct a cofinal sequence in « of length < |a|, and
therefore cf a < a.

Since cf(cf a) = cf a, it follows that cf v is a cardinal and is regular. O

Let k be a limit ordinal. A subset X C k is bounded if sup X < k, and
unbounded if sup X = k.

Lemma 3.9. Let k be an aleph.

(i) If X C k and | X| < cf k then X is bounded.
(ii) If X< cftr and f: X\ — &k then the range of f is bounded.

It follows from (i) that every unbounded subset of a regular cardinal has
cardinality k.

Proof. (i) Lemma 3.7(i).
(if) If X =ran(f) then |X| < A, and use (i). O

There are arbitrarily large singular cardinals. For each «, N4, is a sin-
gular cardinal of cofinality w.

Using the Axiom of Choice, we shall show in Chapter 5 that every N1
is regular. (The Axiom of Choice is necessary.)

Lemma 3.10. An infinite cardinal x is singular if and only if there exists
a cardinal A < k and a family {Sg : € < A} of subsets of k such that |S¢| < K
for each & < A\, and k = U§</\ S¢. The least cardinal X\ that satisfies the
condition is cf k.

Proof. If k is singular, then there is an increasing sequence (ag : £ < cf k)
with limg ae = k. Let A = cf k, and Sg = a¢ for all £ < A

If the condition holds, let A < x be the least cardinal for which there is
a family {S¢ : £ < A} such that k = {J,_, S¢ and |S¢| < k for each { < A. For
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every £ < A, let B¢ be the order-type of Uu<5 Sy. The sequence (G¢ : £ < A)
is nondecreasing, and by the minimality of A, 8¢ < & for all £ < A. We shall
show that lime B¢ = &, thus proving that cfx < .

Let 8 = lim¢_. ) B¢. There is a one-to-one mapping f of k = U§</\ Se¢ into
Axp:If a €k, let f(a) = (&,7), where £ is the least £ such that o € S¢ and
7 is the order-type of S¢ Na. Since A < k and |A x 3| = A- |4, it follows that
8 = k. O

One cannot prove without the Axiom of Choice that wy is not a countable
union of countable sets. Compare this with Exercise 3.13

The only cardinal inequality we have proved so far is Cantor’s Theorem
Kk < 28, Tt follows that k < A" for every A > 1, and in particular k < k"
(for k # 1). The following theorem gives a better inequality. This and other
cardinal inequalities will also follow from Ko6nig’s Theorem 5.10, to be proved
in Chapter 5.

Theorem 3.11. If k is an infinite cardinal, then k < K%,

Proof. Let F be a collection of x functions from cf k to k: F = {fo : a < K}.
It is enough to find f : c¢f k — & that is different from all the f,. Let Kk =
limg_cf e cg. For £ < cf ks, let

(&) = least v such that v # f,(§) for all @ < ag.

Such v exists since [{fo(€) : @ < ag}| < |ag| < k. Obviously, f # f, for all
a < K. O

Consequently, k* > x whenever \ > cf k.

An uncountable cardinal k is weakly inaccessible if it is a limit cardinal
and is regular. There will be more about inaccessible cardinals later, but let
me mention at this point that existence of (weakly) inaccessible cardinals is
not provable in ZFC.

To get an idea of the size of an inaccessible cardinal, note that if N, > Rg
is limit and regular, then R, = ¢f R, = cf o < a, and so R, = a.

Since the sequence of alephs is a normal sequence, it has arbitrarily large
fixed points; the problem is whether some of them are regular cardinals. For
instance, the least fixed point X, = a has cofinality w:

k= lm{w, W, We,, .- .) = My, Ky

where Ko = W, Knt1 = Wy, -
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Exercises

3.1. (i) A subset of a finite set is finite.
(ii) The union of a finite set of finite sets is finite.
(iif) The power set of a finite set is finite.
(iv) The image of a finite set (under a mapping) is finite.

3.2. (i) A subset of a countable set is at most countable.
(ii) The union of a finite set of countable sets is countable.
(iii) The image of a countable set (under a mapping) is at most countable.

3.3. N x N is countable.
[F(m,n) = 27 (2n + 1) — 1]

3.4. (i) The set of all finite sequences in IN is countable.
(ii) The set of all finite subsets of a countable set is countable.

3.5. Show that I'(a X o) < w®.

3.6. There is a well-ordering of the class of all finite sequences of ordinals such
that for each «, the set of all finite sequences in w, is an initial segment and its
order-type is wq.

We say that a set B is a projection of a set A if there is a mapping of A onto B.
Note that B is a projection of A if and only if there is a partition P of A such
that |P| = |B|. If |A| > |B| > 0, then B is a projection of A. Conversely, using the
Axiom of Choice, one shows that if B is a projection of A, then |A| > |B|. This,
however, cannot be proved without the Axiom of Choice.

3.7. If B is a projection of wq, then |B| < N.

3.8. The set of all finite subsets of w, has cardinality R,.
[The set is a projection of the set of finite sequences.|

3.9. If B is a projection of A, then |P(B)| < |P(A)|.
[Consider g(X) = f-1(X), where f maps A onto B.]

3.10. wq+1 is a projection of P(wq).
[Use |wa X wa| = wa and project P(wa X wa): If R C wa X wq is a well-ordering,
let f(R) be its order-type.]

3.11. Rayq <2277,
[Use Exercises 3.10 and 3.9.]

3.12. If X, is an uncountable limit cardinal, then cf w, = cf @; wy is the limit of
a cofinal sequence (wg : § < cf ) of cardinals.

3.13 (ZF). Show that ws is not a countable union of countable sets.
[Assume that wy = Un<w S, with S,, countable and let a,, be the order-type
of S,,. Then a = sup,, an < wi and there is a mapping of w X « onto ws.]

A set S is Dedekind-finite (D-finite) if there is no one-to-one mapping of S
onto a proper subset of S. Every finite set is D-finite. Using the Axiom of Choice,
one proves that every infinite set is D-infinite, and so D-finiteness is the same as
finiteness. Without the Axiom of Choice, however, one cannot prove that every
D-finite set is finite.

The set IN of all natural numbers is D-infinite and hence every S such that
|S] > No, is D-infinite.
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3.14. S is D-infinite if and only if S has a countable subset.
[If S is D-infinite, let f : S — X C S be one-to-one. Let g € S — X and
ZTnt1 = f(zn). Then S D {zn :n < w}]

3.15. (i) If A and B are D-finite, then AU B and A x B are D-finite.
(ii) The set of all finite one-to-one sequences in a D-finite set is D-finite.
(iii) The union of a disjoint D-finite family of D-finite sets is D-finite.

On the other hand, one cannot prove without the Axiom of Choice that a pro-
jection, power set, or the set of all finite subsets of a D-finite set is D-finite, or that
the union of a D-finite family of D-finite sets is D-finite.

3.16. If A is an infinite set, then PP(A) is D-infinite.
[Consider the set {{X C A:|X|=n}:n <w}]

Historical Notes

Cardinal numbers and alephs were introduced by Cantor. The proof of the Cantor-
Bernstein Theorem is Bernstein’s; see Borel [1898], p. 103. (There is an earlier proof
by Dedekind.) The first proof of X, -Ro = R, appeared in Hessenberg [1906], p. 593.
Regularity of cardinals was investigated by Hausdorff, who also raised the question
of existence of regular limit cardinals. D-finiteness was formulated by Dedekind.

4. Real Numbers

The set of all real numbers R (the real line or the continuum) is the unique
ordered field in which every nonempty bounded set has a least upper bound.
The proof of the following theorem marks the beginning of Cantor’s theory
of sets.

Theorem 4.1 (Cantor). The set of all real numbers is uncountable.

Proof. Let us assume that the set R of all reals is countable, and let cy,
Cly -y Cny ..., € N, be an enumeration of R. We shall find a real number
different from each ¢,.

Let ap = co and by = ck, where ko is the least k such that ag < cy.
For each n, let a,4+1 = c;, where 4, is the least ¢ such that a,, < ¢; < by,
and b,y1 = ¢, where k,, is the least k such that a,1 < ¢ < by,. If we let
a =sup{a, : n € N}, then a # ¢ for all k. O

The Cardinality of the Continuum

Let ¢ denote the cardinality of R. As the set @ of all rational numbers is
dense in R, every real number r is equal to sup{q € Q : ¢ < r} and because
Q is countable, it follows that ¢ < |P(Q)| = 2%°.

Let C (the Cantor set) be the set of all reals of the form > 7 | a, /3",
where each a,, = 0 or 2. C' is obtained by removing from the closed interval
[0, 1], the open intervals (1, 2), (£, 2), (%, 8), etc. (the middle-third intervals).
C is in a one-to-one correspondence with the set of all w-sequences of 0’s
and 2’s and so |C| = 2%,

Therefore ¢ > 2%, and so by the Cantor-Bernstein Theorem we have

(4.1) ¢ = 2%,

By Cantor’s Theorem 4.1 (or by Theorem 3.1), ¢ > Ry. Cantor conjectured
that every set of reals is either at most countable or has cardinality of the
continuum. In ZFC, every infinite cardinal is an aleph, and so 280 > .
Cantor’s conjecture then becomes the statement

%o — N,

known as the Continuum Hypothesis (CH).
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Among sets of cardinality ¢ are the set of all sequences of natural numbers,
the set of all sequences of real numbers, the set of all complex numbers. This
is because R0 = (280)Ro — 9o 9Ro . 9o — 9o

Cantor’s proof of Theorem 4.1 yielded more than uncountability of R; it
showed that the set of all transcendental numbers has cardinality ¢ (cf. Ex-
ercise 4.5).

The Ordering of R

A linear ordering (P, <) is complete if every nonempty bounded subset of P
has a least upper bound. We stated above that R is the unique complete
ordered field. We shall generally disregard the field properties of R and will
concern ourselves more with the order properties.

One consequence of being a complete ordered field is that R contains the
set Q of all rational numbers as a dense subset. The set @ is countable and
its ordering is dense.

Definition 4.2. A linear ordering (P, <) is dense if for all a < b there exists
a c such that a < ¢ <b.

A set D C P is a dense subset if for all @ < b in P there exists a d € D
such that a < d < b.

The following theorem proves the uniqueness of the ordered set (R, <).
We say that an ordered set is unbounded if it has neither a least nor a greatest
element.

Theorem 4.3 (Cantor).

(i) Any two countable unbounded dense linearly ordered sets are isomor-
phic.

(i) (R, <) is the unique complete linear ordering that has a countable
dense subset isomorphic to (Q, <).

Proof. (i) Let P, = {an : n € N} and let P, = {b, : n € N} be two
such linearly ordered sets. We construct an isomorphism f : P; — P, in the
following way: We first define f(ao), then f~1(bo), then f(a1), then f=1(by),
etc., so as to keep f order-preserving. For example, to define f(ay,), if it is not
yet defined, we let f(a,) = by where k is the least index such that f remains
order-preserving (such a k always exists because f has been defined for only
finitely many a € Py, and because P; is dense and unbounded).

(ii) To prove the uniqueness of R, let C' and C’ be two complete dense
unbounded linearly ordered sets, let P and P’ be dense in C and C’, re-
spectively, and let f be an isomorphism of P onto P’. Then f can be
extended (uniquely) to an isomorphism f* of C' and C': For x € C, let

f*(x) = sup{f(p) : p € P and p < z}. O
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The existence of (R, <) is proved by means of Dedekind cuts in (Q, <).
The following theorem is a general version of this construction:

Theorem 4.4. Let (P,<) be a dense unbounded linearly ordered set. Then
there is a complete unbounded linearly ordered set (C, <) such that:

(i) Pc C, and < and < agree on P;
(if) P is dense in C.

Proof. A Dedekind cut in P is a pair (A, B) of disjoint nonempty subsets
of P such that

(i) AUB=P;
(ii) a < b for any a € A and b € B;
(i) A does not have a greatest element.

Let C be the set of all Dedekind cuts in P and let (A1, B1) < (As, Ba) if
A1 C Ay (and By D Bs). The set C is complete: If {(A;,B;) : i € I} is
a nonempty bounded subset of C, then ({J;c; Ai,(N;c; Bi) is its supremum.
For p € P, let

Ay ={zeP:z<p}, B,={ze€P:xz>p}

Then P’ = {(4,,B,) : p € P} is isomorphic to P and is dense in C. O

Suslin’s Problem

The real line is, up to isomorphism, the unique linearly ordered set that is
dense, unbounded, complete and contains a countable dense subset.

Since @ is dense in R, every nonempty open interval of R contains a ra-
tional number. Hence if S is a disjoint collection of open intervals, S is at
most countable. (Let (r, : n € N) be an enumeration of the rationals. To
each J € S assign r, € J with the least possible index n.)

Let P be a dense linearly ordered set. If every disjoint collection of open
intervals in P is at most countable, then we say that P satisfies the countable
chain condition.

Suslin’s Problem. Let P be a complete dense unbounded linearly ordered
set that satisfies the countable chain condition. Is P isomorphic to the real
line?

This question cannot be decided in ZFC; we shall return to the problem
in Chapter 9.
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The Topology of the Real Line

The real line is a metric space with the metric d(a,b) = |a — b|. Its metric
topology coincides with the order topology of (R, <). Since Q is a dense
set in R and since every Cauchy sequence of real numbers converges, R is
a separable complete metric space. (A metric space is separable if it has
a countable dense set; it is complete if every Cauchy sequence converges.)

Open sets are unions of open intervals, and in fact, every open set is the
union of open intervals with rational endpoints. This implies that the number
of all open sets in R is the continuum and so is the number of all closed sets
in R (Exercise 4.6).

Every open interval has cardinality ¢, therefore every nonempty open
set has cardinality ¢. We show below that every uncountable closed set has
cardinality ¢. Proving this was Cantor’s first step in the search for the proof of
the Continuum Hypothesis. In Chapter 11 we show that CH holds for Borel
and analytic sets as well.

A nonempty closed set is perfect if it has no isolated points. Theorems 4.5
and 4.6 below show that every uncountable closed set contains a perfect set.

Theorem 4.5. FEvery perfect set has cardinality c.

Proof. Given a perfect set P, we want to find a one-to-one function F' from
{0,1}* into P. Let S be the set of all finite sequences of 0’s and 1’s. By
induction on the length of s € S one can find closed intervals I such that
for each n and all s € S of length n,

(i) Is N P is perfect,
(ii) the diameter of I is < 1/n,
(111) Is~o C s, Is~1 CIsand Ig~gNIg~1 = 0.

For each f € {0,1}*, the set PN(,—, If}n has exactly one element, and we
let F'(f) to be this element of P. O

The same proof gives a more general result: Every perfect set in a sepa-
rable complete metric space contains a closed copy of the Cantor set (Exer-
cise 4.19).

Theorem 4.6 (Cantor-Bendixson). If F is an uncountable closed set,
then F'= P U S, where P is perfect and S is at most countable.

Corollary 4.7. If F is a closed set, then either |F| < Xg or |[F| =2%. O
Proof. For every A C R, let
A’ = the set of all limit points of A

It is easy to see that A’ is closed, and if A is closed then A" C A. Thus we let
Fy=F, Fop1 =F.,

F,.= () F, ifa>0isalimit ordinal.
y<a
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Since Fy D F1 D ... D F, D ..., there exists an ordinal 6 such that F,, = Fy
for all @ > 6. (In fact, the least 6 with this property must be countable, by
the argument below.) We let P = Fy.

If P is nonempty, then P’ = P and so it is perfect. Thus the proof is
completed by showing that F' — P is at most countable.

Let (Ji : k € N) be an enumeration of rational intervals. We have F'— P =
Uaco(Fo — F.); hence if a € F' — P, then there is a unique o such that a is
an isolated point of Fi,. We let k(a) be the least k such that a is the only
point of F, in the interval Jj. Note that if « < 3, b # a and b € Fg — Fé,
then b & Jy(q), and hence k(b) # k(a). Thus the correspondence a — k(a) is
one-to-one, and it follows that F' — P is at most countable. a

A set of reals is called nowhere dense if its closure has empty interior. The
following theorem shows that R is not the union of countably many nowhere
dense sets (R is not of the first category).

Theorem 4.8 (The Baire Category Theorem). If Dy, D1, ..., Dy, ...,
n € N, are dense open sets of reals, then the intersection D = ﬂzozo D, is
dense in R.

Proof. We show that D intersects every nonempty open interval I. First
note that for each n, Dy N...N D, is dense and open. Let (J; : k € N)
be an enumeration of rational intervals. Let Iy = I, and let, for each n,
Iny1 = Jx = (qk,7k), where k is the least k such that the closed interval
[qr, %] is included in I, N D,,. Then a € DN I, where a = limy— 00 Gk- m|

Borel Sets

Definition 4.9. An algebra of sets is a collection S of subsets of a given
set S such that

(42) (i) Ses,
(i) f X eSand Y € S then XUY €S,
(iii) if X € S then S — X € S.

(Note that S is also closed under intersections.)
A o-algebra is additionally closed under countable unions (and intersec-
tions):

(iv) If X,, € S for all n, then |J,—, X,, € S.

For any collection X of subsets of S there is a smallest algebra (o-alge-
bra) S such that § D X’; namely the intersection of all algebras (o-algebras) S
of subsets of S for which X C S.

Definition 4.10. A set of reals B is Borel if it belongs to the smallest o-
algebra B of sets of reals that contains all open sets.
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In Chapter 11 we investigate Borel sets in more detail. In particular, we
shall classify Borel sets by defining a hierarchy of w; levels. For that we need
however a weak version of the Axiom of Choice that is not provable in ZF
alone. At this point we mention the lowest level of the hierarchy (beyond
open sets and closed sets): The intersections of countably many open sets
are called G5 sets, and the unions of countably many closed sets are called
F, sets.

Lebesgue Measure

We assume that the reader is familiar with the basic theory of Lebesgue
measure. As we shall return to the subject in Chapter 11 we do not define
the concept of measure at this point. We also caution the reader that some
of the basic theorems on Lebesgue measure require the Countable Axiom of
Choice (to be discussed in Chapter 5).

Lebesgue measurable sets form a o-algebra and contain all open intervals
(the measure of an interval is its length). Thus all Borel sets are Lebesgue
measurable.

The Baire Space

The Baire space is the space N' = w* of all infinite sequences of natural
numbers, (a, : n € N, with the following topology: For every finite sequence
s=(ar : k <mn),let

(4.3) O(s)={feN:sCft={{:keN): (Vk <n)cr =ay}.

The sets (4.3) form a basis for the topology of A/. Note that each O(s) is also
closed.

The Baire space is separable and is metrizable: consider the metric
d(f,g) = 1/2"! where n is the least number such that f(n) # g(n). The
countable set of all eventually constant sequences is dense in A. This sepa-
rable metric space is complete, as every Cauchy sequence converges.

Every infinite sequence {(a,, : n € N) of positive integers defines a con-
tinued fraction 1/(ao+1/(a1 +1/(az +...))), an irrational number between
0 and 1. Conversely, every irrational number in the interval (0,1) can be
so represented, and the one-to-one correspondence is a homeomorphism. It
follows that the Baire space is homeomorphic to the space of all irrational
numbers.

For various reasons, modern descriptive set theory uses the Baire space
rather than the real line. Often the functions in w* are called reals.

Clearly, the space N satisfies the Baire Category Theorem; the proof is
similar to the proof of Theorem 4.8 above. The Cantor-Bendixson Theorem
holds as well. For completeness we give a description of perfect sets in A/
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Let Seq denote the set of all finite sequences of natural numbers. A (se-
quential) tree is a set T C Seq that satisfies

(4.4) if t € T and s = t[n for some n, then s € T'.
If T C Seq is a tree, let [T] be the set of all infinite paths through T
(4.5) [T)={feN:flneTforalnec N}

The set [T] is a closed set in the Baire space: Let f € N be such that f ¢ [T].
Then there is n € N such that f[n = s is not in T'. In other words, the open
set O(s) = {g € N : g D s}, a neighborhood of f, is disjoint from [T]. Hence
[T] is closed.

Conversely, if F' is a closed set in AV, then the set

(4.6) Tr ={s € Seq:sC f for some f € F}

is a tree, and it is easy to verify that [Tr] = F: If f € N is such that fln € T
for all n € N, then for each n there is some g € F' such that g[n = f[n; and
since F' is closed, it follows that f € F.

If f is an isolated point of a closed set F' in N, then there is n € N such
that there is no g € F, g # f, such that gln = f[n. Thus the following
definition:

A nonempty sequential tree T is perfect if for every t € T there exist
s1 Dt and so Dt, both in T, that are incomparable, i.e., neither s; D so nor
S9 D S1.

Lemma 4.11. A closed set F C N is perfect if and only if the tree T is
a perfect tree. a0

The Cantor-Bendixson analysis for closed sets in the Baire space is carried
out as follows: For each tree T' C Seq, we let

(4.7) T’ = {t € T : there exist incomparable s; Dt and sy D t in T}.

(Thus T is perfect if and only if § #T =T".)

The set [T']—[T"] is at most countable: For each f € [T] such that f ¢ [T"],
let sy = fIn where n is the least number such that f[n ¢ T". If f,g €
[T] — [T"], then sf # sq4, by (4.7). Hence the mapping f +— ss is one-to-one
and [T] — [T”] is at most countable.

Now we let
(4.8) Ty = T7 Ta+1 = Tclxv
To= () I if @ > 0 is a limit ordinal.
B<a
Since Tp DTy D ... D T, D ..., and T is at most countable, there is an

ordinal 6 < wy such that Ty, = Ty. If Ty # ), then it is perfect.
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Now it is easy to see that [ﬂ,@<a Ts] = Np<alTp]; and so

(4.9) [T] - [To) = L<Je([Ta] - [Ta));

hence (4.9) is at most countable. Thus if [T] is an uncountable closed set
in AV, the sets [Tp] and [T'] — [Tp] constitute the decomposition of [T] into
a perfect and an at most countable set.

In modern descriptive set theory one often speaks about the Lebesgue
measure on N'. This measure is the extension of the product measure m on
Borel sets in the Baire space induced by the probability measure on IN that
gives the singleton {n} measure 1/2""!. Thus for every sequence s € Seq of
length n > 1 we have

(4.10) m(O(s)) = T[ 1/25®+1.
k=0

Polish Spaces

Definition 4.12. A Polish space is a topological space that is homeomorphic
to a separable complete metric space.

Examples of Polish spaces include R, A, the Cantor space, the unit in-
terval [0, 1], the unit circle 7', the Hilbert cube [0, 1]*, etc.

Every Polish space is a continuous image of the Baire space. In Chapter 11
we prove a somewhat more general statement.

Exercises

4.1. The set of all continuous functions f : R — R has cardinality ¢ (while the set
of all functions has cardinality 2°).
[A continuous function on R is determined by its values at rational points.]

4.2. There are at least ¢ countable order-types of linearly ordered sets.
[For every sequence a = (an : n € N) of natural numbers consider the order-
type
Ta=a0+E+a1+E+az+ ...

where ¢ is the order-type of the integers. Show that if a # b, then 7, # 7.

A real number is algebraic if it is a root of a polynomial whose coefficients are
integers. Otherwise, it is transcendental.

4.3. The set of all algebraic reals is countable.

4.4. If S is a countable set of reals, then |R — S| = c.
[Use R x R rather than R (because |R x R| = 2%0)]
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4.5. (i) The set of all irrational numbers has cardinality c.
(ii) The set of all transcendental numbers has cardinality c.

4.6. The set of all open sets of reals has cardinality c.
4.7. The Cantor set is perfect.

4.8. If P is a perfect set and (a,b) is an open interval such that P N (a,b) # 0,
then [P N (a,b)] = c.

4.9. If P, ¢ Py are perfect sets, then |P> — Pi| = c.
[Use Exercise 4.8.]

If A is a set of reals, a real number a is called a condensation point of A if every
neighborhood of a contains uncountably many elements of A. Let A* denote the
set of all condensation points of A.

4.10. If P is perfect then P* = P.
[Use Exercise 4.8.]

4.11. If F is closed and P C F is perfect, then P C F*.
[P =P*C F*]

4.12. If F is an uncountable closed set and P is the perfect set constructed in
Theorem 4.6, then F* C P; thus F* = P.
[Every a € F* is a limit point of P since |F — P| < Rq.]

4.13. If F is an uncountable closed set, then F' = F* U (F — F*) is the unique
partition of F' into a perfect set and an at most countable set.
[Use Exercise 4.9.]

4.14. Q@ is not the intersection of a countable collection of open sets.
[Use the Baire Category Theorem.]

4.15. If B is Borel and f is a continuous function then f_i1(B) is Borel.
4.16. Let f : R — R. Show that the set of all  at which f is continuous is a G5 set.

4.17. (i) N'x N is homeomorphic to .
(ii) NM* is homeomorphic to N.

4.18. The tree Tr in (4.6) has no maximal node, i.e., s € T' such that there is no
t € T with s C t. The map F +— TF is a one-to-one correspondence between closed
sets in A and sequential trees without maximal nodes.

4.19. Every perfect Polish space has a closed subset homeomorphic to the Cantor
space.

4.20. Every Polish space is homeomorphic to a G5 subspace of the Hilbert cube.
[Let {x, : n € N} be a dense set, and define f(z) = (d(z,z,) :n € N).]

Historical Notes

Theorems 4.1, 4.3 and 4.5 are due to Cantor. The construction of real numbers by
completion of the rationals is due to Dedekind [1872].

Suslin’s Problem: Suslin [1920].

Theorem 4.6: Cantor, Bendixson [1883].

Theorem 4.8: Baire [1899].

Exercise 4.5: Cantor.



5. The Axiom of Choice and Cardinal
Arithmetic

The Axiom of Choice

Aziom of Choice (AC). Every family of nonempty sets has a choice func-
tion.

If S is a family of sets and () ¢ S, then a choice function for S is a func-
tion f on S such that

(5.1) f(X)eX

for every X € S.

The Axiom of Choice postulates that for every S such that () ¢ S there
exists a function f on S that satisfies (5.1).

The Axiom of Choice differs from other axioms of ZF by postulating
the existence of a set (i.e., a choice function) without defining it (unlike,
for instance, the Axiom of Pairing or the Axiom of Power Set). Thus it is
often interesting to know whether a mathematical statement can be proved
without using the Axiom of Choice. It turns out that the Axiom of Choice is
independent of the other axioms of set theory and that many mathematical
theorems are unprovable in ZF without AC.

In some trivial cases, the existence of a choice function can be proved
outright in ZF:

(i) when every X € S is a singleton X = {x};
(ii) when S is finite; the existence of a choice function for S is proved by
induction on the size of S;
(iii) when every X € S is a finite set of real numbers; let f(X) = the least
element of X.

On the other hand, one cannot prove existence of a choice function (in ZF)
just from the assumption that the sets in .S are finite; even when every X € S
has just two elements (e.g., sets of reals), we cannot necessarily prove that
S has a choice function.

Using the Axiom of Choice, one proves that every set can be well-ordered,
and therefore every infinite set has cardinality equal to some R,,. In particular,
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any two sets have comparable cardinals, and the ordering
(X< Y]
is a well-ordering of the class of all cardinals.

Theorem 5.1 (Zermelo’s Well-Ordering Theorem). Every set can be
well-ordered.

Proof. Let A be a set. To well-order A, it suffices to construct a transfinite
one-to-one sequence (a, : a < ¢) that enumerates A. That we can do by
induction, using a choice function f for the family S of all nonempty subsets
of A. We let for every a

to = [(A~ {ag: € < a))

if A—{a¢: & < a} is nonempty. Let 6 be the least ordinal such that A =
{a¢ : € < 8}. Clearly, (aq : a < ) enumerates A. O

In fact, Zermelo’s Theorem 5.1 is equivalent to the Axiom of Choice:
If every set can be well-ordered, then every family S of nonempty sets has
a choice function. To see this, well-order | J S and let f(X) be the least element
of X for every X € S.

Of particular importance is the fact that the set of all real numbers can
be well-ordered. It follows that 2%¢ is an aleph and so 2% > X;.

The existence of a well-ordering of R yields some interesting counterex-
amples. Well known is Vitali’s construction of a nonmeasurable set (Exer-
cise 10.1); another example is an uncountable set of reals without a perfect
subset (Exercise 5.1).

If every set can be well-ordered, then every infinite set has a countable
subset: Well-order the set and take the first w elements. Thus every infinite
set is Dedekind-infinite, and so finiteness and Dedekind finiteness coincide.

Dealing with cardinalities of sets is much easier when we have the Axiom
of Choice. In the first place, any two sets have comparable cardinals. Another
consequence is:

(5.2) if f maps A onto B then |B| < |A|.

To show (5.2), we have to find a one-to-one function from B to A. This is
done by choosing one element from f_;({b}) for each b € B.
Another consequence of the Axiom of Choice is:

(5.3) The union of a countable family of countable sets is countable.

(By the way, this often used fact cannot be proved in ZF alone.) To prove (5.3)
let A, be a countable set for each n € IN. For each n, let us choose an
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enumeration {a, , : k € N) of A,,. That gives us a projection of N x N onto
Unzo An:

(TL, k) = Qnp k-

Thus |, An is countable.
In a similar fashion, one can prove a more general statement.

Lemma 5.2. [|JS]| < |S]-sup{|X]|: X € S}.

Proof. Let k = |S| and A = sup{|X]| : X € S}. We have S = {X, : a < K}
and for each @ < k, we choose an enumeration X, = {aq,g: 5 < Ao}, where
Ao < A. Again we have a projection

(OZ,B)HQQ”G
of k x Aonto |J S, and so ||JS| < k- A\ O

In particular, the union of X, sets, each of cardinality N,, has cardinal-
ity Ng.

Corollary 5.3. Fvery No41 is a reqular cardinal.

Proof. This is because otherwise wy+1 would be the union of at most X, sets
of cardinality at most R,,. a

Using the Axiom of Choice in Mathematics

In algebra and point set topology, one often uses the following version of
the Axiom of Choice. We recall that if (P, <) is a partially ordered set, then
a € P is called mazimal in P if there is no z € P such that a < z. If X is
a nonempty subset of P, then ¢ € P is an upper bound of X if x < ¢ for every
z e X.

We say that a nonempty C C P is a chain in P if C is linearly ordered
by <.

Theorem 5.4 (Zorn’s Lemma). If (P, <) is a nonempty partially ordered
set such that every chain in P has an upper bound, then P has a maximal
element.

Proof. We construct (using a choice function for nonempty subsets of P),
a chain in P that leads to a maximal element of P. We let, by induction,

ao = an element of P such that a, > a¢ for every & < « if there is one.

Clearly, if & > 0 is a limit ordinal, then Cy = {a¢ : £ < a} is a chain in P
and a, exists by the assumption. Eventually, there is 6 such that there is no
ag+1 € P, ag41 > ag. Thus ag is a maximal element of P. O
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Like Zermelo’s Theorem 5.1, Zorn’s Lemma 5.4 is equivalent to the Axiom
of Choice (in ZF); see Exercise 5.5.

There are numerous examples of proofs using Zorn’s Lemma. To mention
only of few:

Every vector space has a basis.

Every field has a unique algebraic closure.

The Hahn-Banach Extension Theorem.
Tikhonov’s Product Theorem for compact spaces.

The Countable Axiom of Choice

Many important consequences of the Axiom of Choice, particularly many
concerning the real numbers, can be proved from a weaker version of the
Axiom of Choice.

The Countable Axiom of Choice. Every countable family of nonempty
sets has a choice function.

For instance, the countable AC implies that the union of countably many
countable sets is countable. In particular, the real line is not a countable
union of countable sets. Similarly, it follows that N; is a regular cardinal. On
the other hand, the countable AC does not imply that the set of all reals can
be well-ordered.

Several basic theorems about Borel sets and Lebesgue measure use the
countable AC; for instance, one needs it to show that the union of count-
ably many F, sets is F,. In modern descriptive set theory one often works
without the Axiom of Choice and uses the countable AC instead. In some
instances, descriptive set theorists use a somewhat stronger principle (that
follows from AC):

The Principle of Dependent Choices (DC). If E is a binary relation
on a nonempty set A, and if for every a € A there exists b € A such that
b E a, then there is a sequence ag, ai, ..., ap, ... in A such that

(5.4) any1 Ean  foralln e N.

The Principle of Dependent Choices is stronger than the Countable Axiom
of Choice; see Exercise 5.7.

As an application of DC we have the following characterization of well-
founded relations and well-orderings:

Lemma 5.5.

(i) A linear ordering < of a set P is a well-ordering of P if and only if
there is no infinite descending sequence

apg>ap > ...>0p > ...
in A.
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(ii) A relation E on P is well-founded if and only if there is no infinite
sequence {(a, :n € N) in P such that

(5.5) ant1 E an  for alln € N.

Proof. Note that (i) is a special case of (ii) since a well-ordering is a well-
founded linear ordering.
If ag, a1, ..., an, ... is a sequence that satisfies (5.5), then the set {a,, :
n € N} has no E-minimal element and hence E is not well-founded.
Conversely, if E is not well-founded, then there is a nonempty set A C P
with no F-minimal element. Using the Principle of Dependent Choices we
construct a sequence ag, a1, ..., an, ... that satisfies (5.5). O

Cardinal Arithmetic

In the presence of the Axiom of Choice, every set can be well-ordered and so
every infinite set has the cardinality of some N,. Thus addition and multipli-
cation of infinite cardinal numbers is simple: If £ and A are infinite cardinals
then

K+ A=k A=max{k, \}.

The exponentiation of cardinals is more interesting. The rest of Chapter 5 is
devoted to the operations 2% and &*, for infinite cardinals x and .

Lemma 5.6. If 2 < x < X\ and X is infinite, then * = 2*.
Proof.
(5.6) 22 <rMN < (27)) =27 = 22, O

If x and A are infinite cardinals and A < & then the evaluation of &
is more complicated. First, if 2* > & then we have k* = 2} (because x* <
(2M)* = 2%), but if 2* < & then (because k* < k" = 2") we can only conclude

(5.7) k< RN <2

Not much more can be claimed at this point, except that by Theorem 3.11
in Chapter 3 (k" > k) we have

(5.8) k< KN ifA>cf k.
If A is a cardinal and |A] > A, let
(5.9) [A}={X C A:|X| =)}

Lemma 5.7. If |A| = k > A, then the set [A]* has cardinality x*.
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Proof. On the one hand, every f: A — A is a subset of A x A, and |f| = A.
Thus x* < |[A x A]|* = |[A]*|. On the other hand, we construct a one-to-one
function F : [A]* — A* as follows: If X C A and |X| = ), let F(X) be some
function f on A whose range is X. Clearly, F' is one-to-one. a

If X\ is a limit cardinal, let
(5.10) k<A =sup{r" : p is a cardinal and p < \}.

<At

For the sake of completeness, we also define = > for infinite successor

cardinals AT
If x is an infinite cardinal and |A| > &, let

(5.11) [A]<" = Py(A) = {X C A:|X]| <k}

It follows from Lemma 5.7 and Lemma 5.8 below that the cardinality of
P, (A) is |A|<".
Infinite Sums and Products

Let {x; : ¢ € I} be an indexed set of cardinal numbers. We define

(5.12) S ki =

el

U Xi

iel

)

where {X; : ¢ € I} is a disjoint family of sets such that |X;| = k; for each
1€ 1.

This definition does not depend on the choice of {X;};; this follows from
the Axiom of Choice (see Exercise 5.9).

Note that if x and A are cardinals and k; = k for each i < A, then

S Ri=A k.
i<
In general, we have the following

Lemma 5.8. If A is an infinite cardinal and rx; > 0 for each i < A, then

(5.13) D ki = A sup;.y K.
<A

Proof. Let k = sup;.y ki and 0 = ZK/\ ki. On the one hand, since k; < K
for all 7, we have ZK/\ k < A-k. On the other hand, since x; > 1 for all 7, we
have \ = Zi<>\ 1 <o, and since o > k; for all i, we have ¢ > sup,_, k; = k.
Therefore o > \ - k. O
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In particular, if A < sup;_y ki, we have

> Ki = Sup;cy K-
i<
Thus we can characterize singular cardinals as follows: An infinite cardinal s
is singular just in case
K=Y K
i<
where A < k and for each i, r; < k.

An infinite product of cardinals is defined using infinite products of sets.
If {X;:1 € I} is afamily of sets, then the product is defined as follows:

(5.14) J] X; ={f: fis a function on I and f(i) € X; for each i € I}.
el

Note that if some X; is empty, then the product is empty. If all the X; are
nonempty, then AC implies that the product is nonempty.
If {k; : i € I} is a family of cardinal numbers, we define

(5.15) H Ri =

icl

[1X;

iel

)

where {X; : ¢ € I} is a family of sets such that |X;| = k; for each i € I.
(We abuse the notation by using [] both for the product of sets and for the
product of cardinals.)

Again, it follows from AC that the definition does not depend on the
choice of the sets X; (Exercise 5.10).

If k; = K for eachi € I, and |I| = A, then [],.; ri = x>, Also, infinite sums
and products satisfy some of the rules satisfied by finite sums and products.
For instance, [ [, 5} = ([], #:)*, or [[; #* = k2= 2. Orif I is a disjoint union
I'=U;c;Aj, then

(5.16) s = I ( I K)

el JjEJ MEA;
If k; > 2 for each i € I, then

(5.17) Z K < H K.
i€l iel

(The assumption ; > 2 is necessary: 1+1 > 1-1.) If I is finite, then (5.17) is
certainly true; thus assume that I is infinite. Since [[,c; 5i > [[,c;2 = 2l >
|T], it suffices to show that > . x; < |I|-[[; k. If {X; : 4 € I} is a disjoint
family, we assign to each z € |J, X; a pair (i, f) such that € X;, f € [[, Xi
and f(7) = x. Thus we have (5.17).

Infinite product of cardinals can be evaluated using the following lemma:
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Lemma 5.9. If A is an infinite cardinal and (k; : i < \) is a nondecreasing
sequence of nonzero cardinals, then

I xi = (sup; sz‘)/\'
i<A

Proof. Let k = sup;, k;. Since k; < k for each i < A\, we have

II s <[] k= r>

i< i<

To prove that k* < [, ki, we consider a partition of A into A disjoint
sets A;, each of cardinality A:

(5.18) A= U 4;.

F<A
(To get a partition (5.18), we can, e.g., use the canonical pairing function
IF':AxX— Xandlet A; =T'(Ax {j}).) Since a product of nonzero cardinals

is greater than or equal to each factor, we have HieA] Ki 2 SUD;jea, Ki = K,
for each j < A. Thus, by (5.16),

Hﬁi:H(HHi)ZHH:H’\- |
i<A F<A NiEA; J<A
The strict inequalities in cardinal arithmetic that we proved in Chapter 3

can be obtained as special cases of the following general theorem.

Theorem 5.10 (Konig). If k; < \; for every i € I, then

iel iel
Proof. We shall show that Y, x; # [[; Ai- Let T}, i € I, be such that |T;| = \;
for each i € I. It suffices to show that if Z;, i € I, are subsets of T' = [[,.; T3,
and |Z;| < k; for each i € I, then (J,o; Z; # T
For every ¢ € I, let S; be the projection of Z; into the ith coordinate:

Si={f@): f e Z}.

Since |Z;| < |T;], we have S; C T; and S; # T;. Now let f € T be a function
such that f(i) ¢ S; for every i € I. Obviously, f does not belong to any Z;,
icl,andsoJ;c; Zi #T. O

iel

Corollary 5.11. k < 2" for every k.

Proof. 1+1+...<2-2-.... ad
—_—
K~ times K~ times

Corollary 5.12. cf(2%) > R,,.
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Proof. It suffices to show that if x; < 28 for i < w,, then > Ry < 28,

Let Ai:: QNQ.

i<wq

Z K < H )\ZI(QN”)N" AL O

1<Wq 1<Wq
Corollary 5.13. cf(Ry?) > R,

Proof. We show that if x; < N7 for i < wg, then > R < N7, Let

A= RN

i<wg
Z Ry < H )\i:(Ngﬁ)NB:Ngﬁ. O
i<wg i<wg

Corollary 5.14. 1% > k for every infinite cardinal k.

Proof. Let k; < k, i < cf k, be such that Kk =) Ki. Then

i<cfr

k= Y K< [] k=r"" O
i<cfr i<cfr

The Continuum Function

Cantor’s Theorem 3.1 states that 28 > R, and therefore 28 > R, for
all . The Generalized Continuum Hypothesis (GCH) is the statement

2N = Rot1

for all . GCH is independent of the axioms of ZFC. Under the assumption
of GCH, cardinal exponentiation is evaluated as follows:

Theorem 5.15. If GCH holds and x and A are infinite cardinals then:
(i) If K < A, then k* = AT,
(ii) If cf kK < X\ < K, then k* = k.
(iii) If A < cf K, then kK = k.
Proof. (i) Lemma 5.6.
(ii) This follows from (5.7) and (5.8).
(iii) By Lemma 3.9(ii), the set x* is the union of the sets a*, a < k, and
‘OR‘| < olal-x — (|a| . )\)+ < K. 0O
The beth function is defined by induction:

Jo =Ny, Jo41 =27,
3o =sup{3g: B <a} if ais a limit ordinal.
Thus GCH is equivalent to the statement J, = X, for all a.

We shall now investigate the general behavior of the continuum func-
tion 27, without assuming GCH.
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Theorem 5.16.

(i) If K < X then 2% < 2%,
(ii) cf 2% > k.
(iii) If x is a limit cardinal then 2% = (2<F)°fx,
Proof. (ii) By Corollary 5.12,

(iii) Let & = D, s, #i, Where k; < k for each i. We have

9F — 221 Ki Hzm < H2</€ _ (2<n)cfﬂ < (2n)cfn < 9 0
i [

For regular cardinals, the only conditions Theorem 5.16 places on the
continuum function are 2% > k and 2% < 2* if kK < A\. We shall see that these
are the only restrictions on 2" for regular x that are provable in ZFC.

Corollary 5.17. If k is a singular cardinal and if the continuum function is
eventually constant below k, with value A, then 2% = .

Proof. If k is a singular cardinal that satisfies the assumption of the theorem,
then there is p such that cf kK <y < x and that 2<% = \ = 2*. Thus

o — (2<n)cfn — (QM)Cfn — oK O
The gimel function is the function
(5.19) I(k) = &°".

If k is a limit cardinal and if the continuum function below s is not
eventually constant, then the cardinal A = 2<% is a limit of a nondecreasing
sequence

A= 2% =lim,_, 2/

of length k. By Lemma 3.7(ii), we have
cf A =cfk.
Using Theorem 5.16(iii), we get
(5.20) 9 — (2<K)efr — \ef A,
If k is a regular cardinal, then x = cf k; and since 2" = k", we have
(5.21) 2" = kotr,
Thus (5.20) and (5.21) show that the continuum function can be defined in
terms of the gimel function:
Corollary 5.18.

(i) If k is a successor cardinal, then 2% = 1(k).
(ii) If k 4s a limit cardinal and if the continuum function below K is even-
tually constant, then 2% = 2<% . (k).
(iil) If K is a limit cardinal and if the continuum function below k is not
eventually constant, then 2% = J(2<"%). O
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Cardinal Exponentiation

We shall now investigate the function s* for infinite cardinal numbers &
and A.
We start with the following observation: If x is a regular cardinal and
A < K, then every function f : A — & is bounded (i.e., sup{f(£) : £ < A} < k).
Thus
= U o
a<k

and so

A=Y ol

a<k

In particular, if  is a successor cardinal, we obtain the Hausdorff formula

(5.22) NI P
(Note that (5.22) holds for all o and 3.)

In general, we can compute * using the following lemma. If £ is a limit
cardinal, we use the notation lim,_., a* to abbreviate sup{y* : p is a cardinal

and p < K}.
Lemma 5.19. If k is a limit cardinal, and X\ > cf k, then

KA = (limg_, a*)°f ",

Proof. Let vk = ZKCMI% where k; < k for each i. We have k* <
(Hi<cfn"0i))‘ = Hz ”2\ < Hi(hma*n O‘/\) = (lima—sx O‘A)Cfﬁ < (’V\)Cf'€ =K
O

Theorem 5.20. Let A be an infinite cardinal. Then for all infinite cardi-
nals k, the value of K™ is computed as follows, by induction on

(i) If K < X then kN = 22,
(ii) If there ewists some yu < k such that p* > K, then k™ = p’.
(iii) If K > X and if p* < K for all p < K, then:
(a) if cfr > X then K = K,
(b) if cfrk < X then KN = gefr,

Proof. (i) Lemma 5.6

(i) i < 1 < (i) = i

(iii) If k is a successor cardinal, we use the Hausdorfl formula. If & is
a limit cardinal, we have lim, ., a® = k. If cf K > X then every f: A — & is
bounded and we have £* = limg_,. a® = k. If ¢f Kk < A then by Lemma 5.19,
KA = (limg_,, )" = gofr, O

Theorem 5.20 shows that all cardinal exponentiation can be defined in
terms of the gimel function:
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Corollary 5.21. For every k and )\, the value of ™ is either 2*, or k, or I(1t)
for some p such that cfp <\ < p.

Proof. If K¥* > 2* - k, let u be the least cardinal such that p* = x*, and by
Theorem 5.20 (for p and \), p? = pcfH. O

In the Exercises, we list some properties of the gimel function.
A cardinal k is a strong limit cardinal if

22 <k for every \ < k.

Obviously, every strong limit cardinal is a limit cardinal. If the GCH holds,
then every limit cardinal is a strong limit.
It is easy to see that if x is a strong limit cardinal, then

AN <k forall \,v < k.

An example of a strong limit cardinal is RXg. Actually, the strong limit cardi-
nals form a proper class: If « is an arbitrary cardinal, then the cardinal

K= sup{cy,20“,22a7 .

(of cofinality w) is a strong limit cardinal.
Another fact worth mentioning is:

(5.23) If k is a strong limit cardinal, then 2% = x°t7,

We recall that x is weakly inaccessible if it is uncountable, regular, and
limit. We say that a cardinal s is inaccessible (strongly) if k > Ng, & is
regular, and k is strong limit.

Every inaccessible cardinal is weakly inaccessible. If the GCH holds, then
every weakly inaccessible cardinal x is inaccessible.

The inaccessible cardinals owe their name to the fact that they cannot be
obtained from smaller cardinals by the usual set-theoretical operations.

If k is inaccessible and | X| < &, then |P(X)| < k. If | S| < k and if | X| < &
for every X € S, then ||J S| < k.

In fact, Ny has this property too. Thus we can say that in a sense an
inaccessible cardinal is to smaller cardinals what Ng is to finite cardinals.
This is one of the main themes of the theory of large cardinals.

The Singular Cardinal Hypothesis

The Singular Cardinal Hypothesis (SCH) is the statement: For every singular
cardinal &, if 2°f% < k, then k% = kT,

Obviously, the Singular Cardinals Hypothesis follows from GCH. If 2¢f* >
K then xfr = 2°f% Tf 2°f% < 1 then k* is the least possible value of x°*.
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We shall prove later in the book that if SCH fails then a large cardinal
axiom holds. In fact, the failure of SCH is equiconsistent with the existence
of a certain large cardinal.

Under the assumption of SCH, cardinal exponentiation is determined by
the continuum function on regular cardinals:

Theorem 5.22. Assume that SCH holds.

(i) If K is a singular cardinal then
(a) 2% = 2<% if the continuum function is eventually constant below ,
(b) 2% = (2<%t otherwise.
(ii) If k and X are infinite cardinals, then:
(a) If K < 2* then k™ = 27
(b) If 2* < k and X\ < cf k then k> = k.
(c) If 2% < K and cf k < X then kK = k™.

Proof. (i) If k is a singular cardinal, then by Theorem 5.16, 2% is either A
or X% where A = 2<%, The latter occurs if 2% is not eventually constant
below . Then cf A = cf k, and since 2°T% < 2<% = X\, we have \f» = At by
the Singular Cardinals Hypothesis.

(ii) We proceed by induction on r, for a fixed \. Let x > 2*. If & is
a successor cardinal, x = vT, then v* <  (by the induction hypothesis), and
kK* = (vF)* = vt . ) = k, by the Hausdorff formula.

If k is a limit cardinal, then v* < & for all v < k. By Theorem 5.20, s* = &
if X < cfrk, and Kk = k% if A > cf k, In the latter case, 2¢% < 2* < k, and
by the Singular Cardinals Hypothesis, ' % = 7. O

Exercises

5.1. There exists a set of reals of cardinality 280 without a perfect subset.

[Let (Ps : o < 2%0) be an enumeration of all perfect sets of reals. Construct
disjoint A = {aq : @ < 2%} and B = {ba : a < 2%°} as follows: Pick an such that
aa & {ag 1 § < a}U{be : £ < a}, and bo such that bo € Po — {a¢ : £ < a}. Then
A is the set.]

5.2. If X is an infinite set and S is the set of all finite subsets of X, then |S| = |X].
[Use | X| =Xq.]

5.3. Let (P, <) be a linear ordering and let x be a cardinal. If every initial segment
of P has cardinality < , then |P| < k.

5.4. If A can be well-ordered then P(A) can be linearly ordered.
[Let X <Y if the least element of X A'Y belongs to X ]

5.5. Prove the Axiom of Choice from Zorn’s Lemma.

[Let S be a family of nonempty sets. To find a choice function on S, let P = {f :
f is a choice function on some Z C S}, and apply Zorn’s Lemma to the partially
ordered set (P, C).]
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5.6. The countable AC implies that every infinite set has a countable subset.

[If A is infinite, let A, = {s : s is a one-to-one sequence in A of length n} for
each n. Use a choice function for S = {A, : n € N} to obtain a countable subset
of A

5.7. Use DC to prove the countable AC.
[Given S = {A, : n € N}, consider the set A of all choice functions on some
Sn = {A; : ¢ <n}, with the binary relation D.]

5.8 (The Milner-Rado Paradox). For every ordinal a < kT there are sets
Xn C a (n € N) such that o = |J,, Xn, and for each n the order-type of X,
is < k"

[By induction on «, choosing a sequence cofinal in a.]
5.9. If {X;:i€ I} and {Y; : i € I} are two disjoint families such that | X;| = |V;]
for each i € I, then |J;o; Xi| = |U,c; Yil-

[Use AC.]

5.10. If {X; : 4 € I} and {Y; : ¢ € I} are such that |X;| = |Y;| for each i € I, then
‘ Hie[ Xi| = |Hi6[ Yl|
[Use AC.]
5.11. [[oc,c0n = 2.
5.12. [, Nn =R,

N, = RY0

wtw:*

5.13. Ha<w+w

5.14. If GCH holds then
(i) 2<% =k for all , and

(i) k<" = k for all regular x.

5.15. If 3 is such that 2% = X, 5 for every a, then 3 < w.

[Let 8 > w. Let o be least such that o + 3 > B. We have 0 < a < 3, and
a is limit. Let K = Nqqq; since ¢fk = cfa < a < K, k is singular. For each
E<a, £+ B =0, and so 2%e+e =N, ¢ 5 = oy 5. By Corollary 5.17, 25 = R, 5,
a contradiction, since Rotg < Natatg.]

5.16. ] R, =R

a<w)tw X witw:*
RO, < (T2 Rer )™ =T1, ROy, = TL (RS Raygn) = RELTT, Reyn =

a<wr o Na-
5.17. If & is a limit cardinal and X < cf K, then k* =3 _ o>
5.18. N&1 = RN . 9%,
5.19. If & < wy, then XYL = RYo . 9Nt
5.20. If o < wo, then Y2 = RN . 9%z,

5.21. If & is regular and limit, then k<% = 2<". If x is regular and strong limit

then k<" = k.

5.22. If k is singular and is not strong limit, then k<" = 2" > k.
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5.23. If k is singular and strong limit, then 2<% = x and k<% = &°'%.

5.24. If 280 > R, then R0 = 280,

5.25. If 2% = Ny and R}° > R, then ! = R0,
5.26. If 280 > X, , then I(X,) = 2% and J(X,,) = 2%,
5.27. If 2% =Ry, then N0 £ R,

5.28. If x is a singular cardinal and if x < J(A) for some A < & such that c¢f £ < cf A
then J(k) < I(N).

5.29. If « is a singular cardinal such that 2" < k < A°* for some X < k, then
J(x) = I(\) where X is the least A such that & < A",

Historical Notes

The Axiom of Choice was formulated by Zermelo, who used it to prove the Well-
Ordering Theorem in [1904]. Zorn’s Lemma is as in Zorn [1935]; for a related prin-
ciple, see Kuratowski [1922]. (Hausdorff in [1914], pp. 140-141, proved that every
partially ordered set has a maximal linearly ordered subset.) The Principle of De-
pendent Choices was formulated by Bernays in [1942].

Konig’s Theorem 5.10 appeared in J. Konig [1905]. Corollary 5.17 was found
independently by Bukovsky [1965] and Hechler. The discovery that cardinal expo-
nentiation is determined by the gimel function was made by Bukovsky; cf. [1965].
The inductive computation of x* in Theorem 5.20 is as in Jech [1973a].

The Hausdorff formula (5.22): Hausdorff [1904].

Inaccessible cardinals were introduced in the paper by Sierpinski and Tar-
ski [1930]; see Tarski [1938] for more details.

Exercise 5.1: Felix Bernstein.

Exercise 5.8: Milner and Rado [1965].

Exercise 5.15: L. Patai.

Exercise 5.17: Tarski [1925b)].

Exercises 5.28-5.29: Jech [1973a].

6. The Axiom of Regularity

The Axiom of Regularity states that the relation € on any family of sets is
well-founded:

Axiom of Regularity. Every nonempty set has an €-minimal element:
VS(S#0— BzxeS)Snz=10).
As a consequence, there is no infinite sequence
Top2D2T12T2 D ....

(Counsider the set S = {xg,z1,22,...} and apply the axiom.) In particular,
there is no set z such that
xEx

and there are no “cycles”
To EX1 €E... €E Xy € Xg.

Thus the Axiom of Regularity postulates that sets of certain type do no
exist. This restriction on the universe of sets is not contradictory (i.e., the
axiom is consistent with the other axioms) and is irrelevant for the devel-
opment of ordinal and cardinal numbers, natural and real numbers, and in
fact of all ordinary mathematics. However, it is extremely useful in the meta-
mathematics of set theory, in construction of models. In particular, all sets
can be assigned ranks and can be arranged in a cumulative hierarchy.

We recall that a set T is transitive if x € T implies x C T'.

Lemma 6.1. For every set S there exists a transitive set T D S.
Proof. We define by induction
So =S5, Sn+1=USn

and

(6.1) 7= J S,

n=0

Clearly, T is transitive and T D S. ad
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Since every transitive set must satisfy |JT C T, it follows that the set
in (6.1) is the smallest transitive T' D S; it is called transitive closure of S:

TC(S) =T :T > S and T is transitive}.
Lemma 6.2. Every nonempty class C' has an €-minimal element.

Proof. Let S € C be arbitrary. If SN C = ), then S is a minimal element
of C;if SNC # 0, we let X =T NC where T = TC(S). X is a nonempty
set and by the Axiom of Regularity, there is € X such that z N X = 0.
It follows that @ N C' = (); otherwise, if y € z and y € C, then y € T since
T is transitive, and so y € tNT NC =z N X. Hence x is a minimal element
of C. O

The Cumulative Hierarchy of Sets

We define, by transfinite induction,

Vo =10, Vat1 = P(Va),

Vo= U Vs if ais a limit ordinal.
B<a

The sets V,, have the following properties (by induction):

(i) Each V, is transitive.
(ii) If a < B, then V,, C V3.
(ill) a C V,.

The Axiom of Regularity implies that every set is in some V,:

Lemma 6.3. For every x there is « such that x € V:

acOrd

Proof. Let C be the class of all x that are not in any V. If C' is nonempty,
then C' has an €-minimal element «. That is, z € C, and z € |J,, Vi, for every
z € z. Hence x C UanTd V.. By Replacement, there exists an ordinal v such
that x C Ua<7 V. Hence © C V,, and so « € V44q. Thus C is empty and we
have (6.2). O

Since every x is in some V,,, we may define the rank of z:
(6.3) rank(z) = the least a such that = € V4.

Thus each V,, is the collection of all sets of rank less than «, and we have

(i) If z € y, then rank(x) < rank(y).
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(ii) rank(a) = o

One of the uses of the rank function is a definition of equivalence classes
for equivalence relations on a proper class. The basic trick is the following:
Given a class C, let

(6.4) C={zecC: (V2 €C)rankz < rankz}.

C is always a set, and if C' is nonempty, then C is nonempty. Moreover,
(6.4) can be applied uniformly.

Thus, for example, if = is an equivalence on a proper class C, we ap-
ply (6.4) to each equivalence class of =, and define

[z] ={yeC:y=zand Vz € C (2 =z — ranky <rankz)}
and
C/l=={[z]:x e C}.

In particular, this trick enables us to define isomorphism types for a given
isomorphism. For instance, one can define order-types of linearly ordered sets,
or cardinal numbers (even without AC).

We use the same argument to prove the following.

Collection Principle.
(6.5) VX Y (Vu € X)[Fvp(u,v,p) — (Fv €Y) p(u, v, p)]
(p is a parameter).

The Collection Principle is a schema of formulas. We can formulate it as
follows:

Given a “collection of classes” Cy,, u € X (X is a set), then there is a set Y
such that for every u € X,

if C, #0, then C,NY # 0.

To prove (6.5), we let
Y=U Cu
ueX

where C,, = {v: p(u,v,p)}, i.e.,
veEY « (Fue X)(p(u,v,p) and Vz (p(u, z,p) — rankv < rank z)).

That Y is a set follows from the Replacement Schema.
Note that the Collection Principle implies the Replacement Schema:
Given a function F, then for every set X we let Y be a set such that

Vu e X)(FveY)F(u) =w.

Then
FIX=FN(XxY)

is a set by the Separation Schema.
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€-Induction

The method of transfinite induction can be extended to an arbitrary transitive
class (instead of Ord), both for the proof and for the definition by induction:

Theorem 6.4 (e-Induction). Let T be a transitive class, let @ be a prop-
erty. Assume that

(1) @(0);
(ii) if x € T and ®(z) holds for every z € x, then ®(x).

Then every x € T has property ®.

Proof. Let C be the class of all x € T that do not have the property ®. If
C' is nonempty, then it has an €-minimal element x; apply (i) or (ii). O

Theorem 6.5 (€-Recursion). Let T be a transitive class and let G be
a function (defined for all z). Then there is a function F on T such that

(6.6) F(z) = G(Flx)

for every x € T.
Moreover, F is the unique function that satisfies (6.6).

Proof. We let, for every x € T,

F(z) =y < there exists a function f such that
dom(f) is a transitive subset of T and:

(i) (V2 € dom(f)) f(2) = G(f12),
(i) f(z) =y

That F is a (unique) function on 7" satisfying (6.6) is proved by €-induction.
O

Corollary 6.6. Let A be a class. There is a unique class B such that
(6.7) B={xeA:xC B}.
Proof. Let

1 ifreAand F(z) =1 for all z € z,
F(z) =

0 otherwise.
Let B ={z: F(x) = 1}. The uniqueness of B is proved by €-induction. O

We say that each x € B is hereditarily in A.
One consequence of the Axiom of Regularity is that the universe does not
admit nontrivial €-automorphisms. More generally:
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Theorem 6.7. Let Ty, T be transitive classes and let m be an €-isomorphism
of Ty onto Tb; i.e., w is one-to-one and

(6.8) u € v U € TU.
Then Ty =Ty and mu = u for every u € Tj.

Proof. We show, by €-induction, that mz = z for every = € T;. Assume that
mz = z for each z € z and let y = 7.

We have x C y because if z € z, then z = 7z € 7z = y.

We also have y C x: Let t € y. Since y C T3, there is z € T} such that
mz = t. Since 7z € y, we have z € x, and so t = mz = z. Thus t € z.

Therefore mx = x for all x € Ty, and Ty = Tj. O

Well-Founded Relations

The notion of well-founded relations that was introduced in Chapter 2 can
be generalized to relations on proper classes, and one can extend the method
of induction to well-founded relations.

Let F be a binary relation on a class P. For each x € P, we let

extp(z) ={z € P:z E z}
the extension of x.
Definition 6.8. A relation E on P is well-founded, if:

(6.9) (i) every nonempty set x C P has an E-minimal element;
(ii) extg(z) is a set, for every x € P.

(Condition (ii) is vacuous if P is a set.) Note that the relation € is well-
founded on any class, by the Axiom of Regularity.

Lemma 6.9. If E is a well-founded relation on P, then every nonempty class
C C P has an E-minimal element.

Proof. We follow the proof of Lemma 6.2; we are looking for x € C such that
extp(x) N C = 0. Let S € C be arbitrary and assume that extz(S) N C # 0.
We let X =T NC where

= S,
n=0
and
So = extg S, Spt1 =U{exte(z) : z € Sp}.

As in Lemma 6.2, it follows that an EF-minimal element x of X is E-minimal
in C. a
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Theorem 6.10 (Well-Founded Induction). Let E be a well-founded re-
lation on P. Let ® be a property. Assume that:

(i) every E-minimal element x has property ®;
(i) if x € P and if ®(z) holds for every z such that z E x, then ®(z).

Then every x € P has property ®.
Proof. A modification of the proof of Theorem 6.4. O

Theorem 6.11 (Well-Founded Recursion). Let E be a well-founded rela-
tion on P. Let G be a function (on V x V). Then there is a unique function F
on P such that

(6.10) F(z) = G(z, F|extp(z))
for every x € P.
Proof. A modification of the proof of Theorem 6.5. a

(Note that if F(z) = G(F|ext(x)) for some G, then F(z) = F(y) when-
ever ext(z) = ext(y); in particular, F'(z) is the same for all minimal elements.)

Example 6.12 (The Rank Function). We define, by induction, for all
z € P:
p(x) =sup{p(z) +1:z E x}

(compare with (2.7)). The range of p is either an ordinal or the class Ord.
For all z,y € P,
z Ey— p(x) <py) 0

Example 6.13 (The Transitive Collapse). By induction, let
w(x) ={n(2): 2z E z}
for every x € P. The range of 7 is a transitive class, and for all z,y € P,
z Ey—m(x)en(y). O

The transitive collapse of a well-founded relation is not necessarily a one-
to-one function. It is one-to-one if £ satisfies an additional condition, exten-
sionality.

Definition 6.14. A well-founded relation E on a class P is extensional if
(6.11) extp(X) # extg(Y)

whenever X and Y are distinct elements of P.
A class M is extensional if the relation € on M is extensional, i.e., if for
any distinct X and Y e M, XNM #Y NM.
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The following theorem shows that the transitive collapse of an extensional
well-founded relation is one-to-one, and that every extensional class is €-
isomorphic to a transitive class.

Theorem 6.15 (Mostowski’s Collapsing Theorem).

(i) If E is a well-founded and extensional relation on a class P, then there
is a transitive class M and an isomorphism © between (P,E) and
(M, €). The transitive class M and the isomorphism 7 are unique.

(ii) In particular, every extensional class P is isomorphic to a transitive
class M. The transitive class M and the isomorphism m are unique.

(i) In case (ii), if T C P is transitive, then mx = x for every x € T

Proof. Since (ii) is a special case of (i) (£ = € in case (ii)), we shall prove
the existence of an isomorphism in the general case.

Since E is a well-founded relation, we can define 7 by well-founded induc-
tion (Theorem 6.11), i.e., m(x) can be defined in terms of the m(z)’s, where
z E x. We let, for each z € P

(6.12) w(z) ={n(z): z E z}.
In particular, in the case E = €, (6.12) becomes
(6.13) m(z) ={n(z):z € xN P}.

The function = maps P onto a class M = 7(P), and it is immediate from the
definition (6.12) that M is transitive.

We use the extensionality of E to show that 7 is one-to-one. Let z € M
be of least rank such that z = w(z) = 7(y) for some = # y. Then extg(z) #
extp(y) and there is, e.g., some u € extg(x) such that u ¢ extg(y). Let
t = m(u). Since t € z = 7(y), there is v € extp(y) such that ¢ = w(v). Thus
we have t = m(u) = w(v), u # v, and ¢ is of lesser rank than z (since ¢ € z).
A contradiction.

Now it follows easily that

(6.14) x By w(z) en(y).

If x E y, then w(z) € 7(y) by definition (6.12). On the other hand, if =(x) €
7(y), then by (6.12), m(x) = m(z) for some z E y. Since 7 is one-to-one, we
have r = z and so ¢ E y.

The uniqueness of the isomorphism 7, and the transitive class M = m(P),
follows from Theorem 6.7. If m; and 7o are two isomorphisms of P and M,
My, respectively, then mom ! is an isomorphism between M; and My, and
therefore the identity mapping. Hence m = mo.

It remains to prove (iii). If T' C P is transitive, then we first observe that
x C P for every z € T and so x N P = x, and we have

m(x) ={n(z): z € x}

for all z € T. Tt follows easily by e-induction that 7(z) =z forallz € T. O
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The Bernays-Godel Axiomatic Set Theory

There is an alternative axiomatization of set theory. We consider two types
of objects: sets (for which we use lower case letters) and classes (denoted by
capital letters).

A. 1. Extensionality: Vo (u e X < yeY) - X =Y.

2. Every set is a class.

3. If X €Y, then X is a set.

4. Pairing: For any sets x and y there is a set {z,y}.
B. Comprehension:

VX7 .. VX, Y Y ={z: oz, X1,...,Xn)}

where ¢ is a formula in which only set variables are quantified.
C. 1. Infinity: There is an infinite set.
2. Union: For every set = the set |z exists.
3. Power Set: For every set = the power set P(x) of x exists.
4. Replacement: If a class F is a function and z is a set, then {F(z) :
z € x} is a set.
D. Regularity.
E. Choice: There is a function F' such that F(x) € x for every nonempty
set x.

Let BG denote the axiomatic theory A-D and let BGC denote BG +
Choice.

If a set-theoretical statement is provable in ZF (ZFC), then it is provable
in BG (BGC).

On the other hand, a theorem of Shoenfield (using proof-theoretic meth-
ods) states that if a sentence involving only set variables is provable in BG,
then it is provable in ZF. This result can be extended to BGC/ZFC using
the method of forcing.

Exercises

6.1. rank(x) = sup{rank(z) +1: z € z}.
6.2. |V,|=Ro, [Votal =3a.
6.3. If k is inaccessible, then |Vi| = k.

6.4. If x and y have rank < « then {z,y}, (z,y), Uy, Uz, P(x), and z¥ have
rank < o+ w

6.5. The sets Z, Q, R are in V4.

6.6. Let B be the class of all = that are hereditarily in the class A. Show that

(i) z € B if and only if TC(z) C A,
(ii) B is the largest transitive class B C A.
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Historical Notes

The Axiom of Regularity was introduced by von Neumann in [1925], although a sim-
ilar principle had been considered previously by Skolem (see [1970], pp. 137-152).
The concept of rank appears first in Mirimanov [1917]. The transitive collapse is
defined in Mostowski [1949]. Induction on well-founded relations (Theorems 6.10,
6.11) was formulated by Montague in [1955].

The axiomatic system BG was introduced by Bernays in [1937]. Shoenfield’s
result was published in [1954].

For more references on the history of axioms of set theory consult Fraenkel et

al. [1973].
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Filters and Ultrafilters

Filters and ideals play an important role in several mathematical disciplines
(algebra, topology, logic, measure theory). In this chapter we introduce the
notion of filter (and ideal) on a given set. The notion of ideal extrapolates
the notion of small sets: Given an ideal I on S, a set X C S is considered
small if it belongs to I.

Definition 7.1. A filter on a nonempty set S is a collection F' of subsets
of S such that

(1) (i) SeFand0¢F,
(ii) f X e Fand Y € F, then X NY € F,
(i) f X,)YCS, XeF,and X CY, thenY € F.

An ideal on a nonempty set S is a collection I of subsets of S such that:

(72) (i) 0eland S ¢,
(i) f X eTand Y €I, then X UY €I,
(i) if X, Y S, X e€l,and Y C X, then Y € I.

If F is a filter on S, then the set I = {S — X : X € F'} is an ideal on S; and
conversely, if I is an ideal, then F' = {S — X : X € I} is a filter. If this is the
case we say that F' and I are dual to each other.

Examples. 1. A trivial filter: F = {S}.

2. A principal filter. Let Xy be a nonempty subset of S. The filter F' =
{X C8:X D Xo}is a principal filter. Note that every filter on a finite set
is principal.

The dual notions are a trivial ideal and a principal ideal.

3. The Fréchet filter. Let S be an infinite set, and let I be the ideal of all
finite subsets of S. The dual filter F' = {X C S : S — X is finite} is called
the Fréchet filter on S. Note that the Fréchet filter is not principal.

4. Let A be an infinite set and let S = [A]<* be the set of all finite subsets
of A. For each P € S, let P = {Q € S: P C Q}. Let F be the set of all
X C S such that X D P for some P € S. Then F is a nonprincipal filter
on S.
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5. A set A C N has density 0 if lim,,_ |A N n|/n = 0. The set of all A
of density 0 is an ideal on INV.

A family G of sets has the finite intersection property if every finite H =
{X1,...,X,} C G has a nonempty intersection X; N...N X,, # (. Every
filter has the finite intersection property.

Lemma 7.2.

(i) If F is a nonempty family of filters on S, then (F is a filter on S.
(ii) If C is a C-chain of filters on S, then |JC is a filter on S.
(iii) If G C P(S) has the finite intersection property, then there is a filter F
on S such that G C F.

Proof. (i) and (ii) are easy to verify.
(iii) Let F be the set of all X C S such that there is a finite H = {X7, ...,
Xn} C Gwith X1N...NX, C X. Then F is a filter and F D G. O

Since every filter F' O G must contain all finite intersections of sets in G,
it follows that the filter F' constructed in the proof of Lemma 7.2(iii) is the
smallest filter on S that extends G-

F=(\{D:Dis afilter on S and G C D}.
We say that the filter F' is generated by G.
Definition 7.3. A filter U on a set S is an wltrafilter if
(7.3) for every X C S, either X e U or S— X € U.

The dual notion is a prime ideal: For every X C S, either X € Tor S—X € [.
Note that I = P(S) — U.

A filter I on S is maxtmal if there is no filter F’ on S such that F' C I’
and F # F'.

Lemma 7.4. A filter F on S is an ultrafilter if and only if it is maximal.

Proof. (a) An ultrafilter U is clearly a maximal filter: Assume that U C F
and X € F—U. Then S — X € U, and so both S — X € F and X € F,
a contradiction.

(b) Let F be a filter that is not an ultrafilter. We will show that F' is not
maximal. Let Y C S be such that neither ¥ nor S — Y is in F. Consider the
family G = F U {Y}; we claim that G has the finite intersection property.
If X € F, then X NY # 0, for otherwise we would have S —Y O X and
S —Y € F. Thus, if Xy,..., X, € F, we have X1 N...N X, € F and so
YNX;N...NnX, # 0. Hence G has the finite intersection property, and by
Lemma 7.2(iii) there is a filter F/ D G. Since Y € F’ — F, F' is not maximal.

O
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Theorem 7.5 (Tarski). FEvery filter can be extended to an ultrafilter.

Proof. Let Fy be a filter on S. Let P be the set of all filters F' on S such
that F' D Fp and consider the partially ordered set (P, C). If C is a chain
in P, then by Lemma 7.2(ii), | JC is a filter and hence an upper bound of C
in P. By Zorn’s Lemma there exists a maximal element U in P. This U is an
ultrafilter by Lemma 7.4. g

For every a € S, the principal filter {X C S : a € X} is an ultrafilter. If
S is finite, then every ultrafilter on S is principal.

If S is infinite, then there is a nonprincipal ultrafilter on S: If U extends
the Fréchet filter, then U is nonprincipal.

The proof of Theorem 7.5 uses the Axiom of Choice. We shall see later
that the existence of nonprincipal ultrafilters cannot be proved without AC.

If S is an infinite set of cardinality «, then because every ultrafilter on S
is a subset of P(S), there are at most 22" ultrafilters on S. The next theorem
shows that the number of ultrafilters on & is exactly 22°. To get a slightly
stronger result, let us call an ultrafilter D on k uniform if |X| = k for all
X eD.

Theorem 7.6 (Pospisil). For every infinite cardinal s, there exist 22" uni-
form wltrafilters on k.

We prove first the following lemma. Let us call a family A of subsets

of k independent if for any distinct sets X1, ..., X,, Y1, ..., Y,, in A, the
intersection
(7.4) Xin..nX,Nn(k=Y1)N...N(k—=Yy)

has cardinality k.

Lemma 7.7. There exists an independent family of subsets of k of cardinal-
ity 2.

Proof. Let us consider the set P of all pairs (F, F) where F' is a finite subset
of k and F is a finite set of finite subsets of . Since |P| = &, it suffices to
find an independent family A of subsets of P, of size 2".

For each u C k, let

X, ={(F,F)e P: FNnueF}

and let A = {X,, : u C }. If uw and v are distinct subsets of k, then X,, # X,:
For example, if & € w but a ¢ v, thenlet F = {a}, F = {F},and (F, F) € X,
while (F, F) ¢ X,. Hence |A| = 2".

To show that A is independent, let uy, ..., Uy, v1, ..., Uy be distinct
subsets of k. For each i« < n and each j < m, let o; ; be some element of
such that either oy ; € u; —v; or a;; € v; — u;. Now let I’ be any finite
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subset of k such that F' D {a;; : 1 <n, j < m} (note that there are x many
such finite sets). Clearly, we have F'Nw; # F Nv; for any ¢ <n and j < m.
Thus if we let F = {F Nu; : i <n}, we have (F,F) € X,,, for all i <n and
(F,F) ¢ X,, for all j < m. Consequently, the intersection

Xy,yNoe.NXy, N(P=X,,)N...0(P—-X,,,)
has cardinality «. O

Proof of Theorem 7.6. Let A be an independent family of subsets of k. For
every function f: A — {0, 1}, consider this family of subsets of x:

(75) Gr={X:|lk—X|<r}U{X:f(X)=1}U{s—X: f(X) =0}

By (7.4), the family Gy has the finite intersection property, and so there
exists an ultrafilter Dy such that Dy D Gy. If follows from (7.5) that Dy is
uniform. If f # g, then for some X € A, f(X) # g(X); e.g., f(X) =1 and
g(X) =0 and then X € Dy, while Kk — X € D,. Thus we obtain 22" distinct
uniform ultrafilters on x. a

Ultrafilters on w

We present two properties of ultrafilters on w that are frequently used in
set-theoretic topology.

Let D be a nonprincipal ultrafilter on w. D is called a p-point if for every
partition {4, : n € w} of w into Ny pieces such that A4,, ¢ D for all n, there
exists X € D such that X N A,, is finite, for all n € w.

First we notice that it is easy to find a nonprincipal ultrafilter that is not
a p-point: Let {A,, : n € w} be any partition of w into Xy infinite pieces, and
let F' be the following filter on w:

(7.6) X € F if and only if except for finitely many n, X N A,, contains all
but finitely many elements of A,,.

If D is any ultrafilter extending F', then D is not a p-point.

Theorem 7.8 below shows that existence of p-points follows from the Con-
tinuum Hypothesis. By a result of Shelah there exists a model of ZFC in which
there are no p-points.

A nonprincipal ultrafilter D on w is a Ramsey ultrafilter if for every
partition {4, : n € w} of w into Xy pieces such that A,, ¢ D for all n, there
exists X € D such that X N A,, has one element for all n € w.

Every Ramsey ultrafilter is a p-point.

Theorem 7.8. If 2% =Ry, then a Ramsey ultrafilter exists.
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Proof. Let A,, a < wy, enumerate all partitions of w and let us construct
an wi-sequence of infinite subsets of w as follows: Given X, let Xo+1 C X4
be such that either X,11 C A for some A € A,, or that |[X,41 NA4] <1
for all A € A,. If o is a limit ordinal, let X, be such that X, — Xg is
finite for all 8 < a. (Such a set X, exists because « is countable.) Then
D={X:X DX, for some a < w;} is a Ramsey ultrafilter. O

r-Complete Filters and Ideals

A filter F on S is countably complete (o-complete) if whenever {X,, : n € N}
is a countable family of subsets of S and X,, € F for every n, then

(7.7) X, € F.
=0

n=

A countably complete ideal (a o-ideal) is such that if X,, € I for every n,
then

[e )

X, el
n=0
More generally, if x is a regular uncountable cardinal, and F' is a filter on S,
then F' is called k-complete if F is closed under intersection of less than
sets, i.e., if whenever {X, : a < v} is a family of subsets of S, v < k, and
X € F for every a < v, then

(7.8) N Xa€F

a<y

The dual notion is a xk-complete ideal.
An example of a k-complete ideal is I = {X C S : |X| < K}, on any set S
such that |S] > k.
A o-complete filter is the same as an Ny-complete filter.
There is no nonprincipal o-complete filter on a countable set S. If S is
uncountable, then
{X CS:|X|<Ng}

is a o-ideal on S.
Similarly, if £ > w is regular and |S| > &, then

{X CS:|X| <k}

is the smallest x-complete ideal on S containing all singletons {a}.

The question whether a nonprincipal ultrafilter on a set can be o-complete
gives rise to deep investigations of the foundations of set theory. In particular,
if such ultrafilters exist, then there exist large cardinals (inaccessible, etc.).
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Boolean Algebras

An algebra of sets (see Definition 4.9) is a collection of subsets of a given
nonempty set that is closed under unions, intersections and complements.
These properties of algebras of sets are abstracted in the notion of Boolean
algebra:

Definition 7.9. A Boolean algebra is a set B with at least two elements, 0
and 1, endowed with binary operations + and - and a unary operation — .
The Boolean operations satisfy the following axioms:

(79) u+v=v+u, u-v=0-u, (commutativity)
ut+(v+w)=(ut+v)+w, u-(v-w)=(u-v) w, (associativity)

u-(v+w)=u-v+u-w, u+t (v-w)=(u+v)- (u+w),

(distributivity)
u-(u+v)=u, u+ (u-v) =u, (absorption)
u+ (—u) =1, u-(—u)=0. (complementation)

An algebra of sets S, with |JS = S, is a Boolean algebra, with Boolean
operations XUY, XNY and S— X, and with () and S being 0 and 1. If follows
from Stone’s Representation Theorem below that every Boolean algebra is
isomorphic to an algebra of sets.

From the axioms (7.9) one can derive additional Boolean algebraic rules
that correspond to rules for the set operations U, N and —. Among others,
we have

vtu=u, v-u=u, u+0=u, u-0=0, u+1=1, u-1=u

and the De Morgan laws
—(u+v)=—-u-—v, —(u-v)=—-u+ —wv.
Two elements u,v € B are disjoint if u - v = 0. Let us define
u—v=u-(-v),
and
(7.10) u<wv ifandonlyif w—v=0.
It is easy to see that < is a partial ordering of B and that
u<v ifandonlyif w+4+wv=wv ifandonlyif w-v=u.

Moreover, 1 is the greatest element of B and 0 is the least element. Also, for
any u,v € B, u+ v is the least upper bound of {u,v} and - v is the greatest
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lower bound of {w,v}. Since —u is the unique v such that v +v = 1 and
u-v = 0, it follows that all Boolean-algebraic operations can be defined in
terms of the partial ordering of B.

We shall now give an example showing the relation between Boolean al-
gebras and logic:

Let £ be a first order language and let .S be the set of all sentences of £. We
consider the equivalence relation F ¢ < ¥ on S. The set B of all equivalence
classes [¢] is a Boolean algebra under the following operations:

[¢] + [¥] = [p VY], 0= [p A -],
[e] - [¥] = [ A9, 1=[pV -yl
~[¢] = [=¢l,

This algebra is called the Lindenbaum algebra.

A subset A of a Boolean algebra B is a subalgebra if it contains 0 and 1
and is closed under the Boolean operations:

(711) (1) 0e A, 1€ 4;
(i) f u,v € A, thenu+ve A, u-veA —ue A

If X C B, then there is a smallest subalgebra A of B that contains X; A can
be described either as (1{A: X C A C B and A is a subalgebra}, or as the
set of all Boolean combinations in B of elements of X. The subalgebra A is
generated by X. If X is infinite, then |A| = | X|. See Exercises 7.18-7.20.

If B is a Boolean algebra, let BT = B — {0} denote the set of all nonzero
elements of B. If a € BT, the set Bla = {u € B : u < a} with the partial
order inherited from B, is a Boolean algebra; its + and - are the same as in B,
and the complement of v is @ — u. An element a € B is called an atom if it is
a minimal element of BT; equivalently, if there is no z such that 0 < x < a.
A Boolean algebra is atomic if for every u € BT there is an atom a < u; B is
atomless if it has no atoms.

Let B and C be two Boolean algebras. A mapping h: B — C is a homo-
morphism if it preserves the operations:

(7.12) (i) 1
ii h(u) + h(v), h(u - v) = h(u) - h(v), h(—u) = —h(u).

Note that the range of a homomorphism is a subalgebra of C' and that
h(u) < h(v) whenever u < v. A one-to-one homomorphism of B onto C
is called an isomorphism. An embedding of B in C is an isomorphism of B
onto a subalgebra of C. Note that if h : B — (' is a one-to-one mapping
such that v < v if and only if h(u) < h(v), then h is an isomorphism. An
isomorphism of a Boolean algebra onto itself is called an automorphism.
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Ideals and Filters on Boolean Algebras

The definition of filter (and ideal) given earlier in this chapter generalizes to
arbitrary Boolean algebras. Let B be a Boolean algebra. An ideal on B is
a subset I of B such that:

(713) (i) 0el,1¢1,;
(ii) ifwe I and v € I, then u +v € I;
(iii) if u,v € B, w € I and v < u, then v € [.

A filter on B is a subset F' of B such that:

(7.14) (i) 1e F,0¢ F;
(ii) if w e F and v € F, then u - v € F}
(iii) if u,v € B, u € F and u < v, then v € F.

The trivial ideal is the ideal {0}; an ideal is principal if I = {u € B :
u < ug} for some ug # 1. Similarly for filters.

A subset G of B — {0} has the finite intersection property if for every
finite {u1,...,upn} C G, u1 ... - uy # 0. Every G C B that has the finite
intersection property generates a filter on B; this and the other two clauses
of Lemma 7.2 hold also for Boolean algebras.

There is a relation between ideals and homomorphisms. If h : B — C' is
a homomorphism, then

(7.15) I={ucB:hu)=0}

is an ideal on B (the kernel of the homomorphism). On the other hand, let
I be an ideal on B. Let us consider the following equivalence relation on B:

(7.16) u~wv ifandonly if uAvel

where
ulAv=(u—v)+ (v—u).

Let C be the set of all equivalence classes, C' = B/~, and endow C' with the
following operations:

(7.17) [u] + [v] = [u + ], 0= 0],
[u] - [v] = [u -], 1=[1].
—[u] = [—u],

Then C is a Boolean algebra, the quotient of B mod I, and is a homomorphic
image of B under the homomorphism

(7.18) h(w) = [u).

The quotient algebra is denoted B/I.
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An ideal I on B is a prime ideal if
(7.19) for every u € B, either u € [ or —u € I.

The dual of a prime ideal is an ultrafilter.

Lemma 7.4 holds in general: An ideal is a prime ideal (and a filter is an
ultrafilter) if and only if it is maximal. Also, an ideal I on B is prime if and
only if the quotient of B mod I is the trivial algebra {0, 1}.

Tarski’s Theorem 7.5 easily generalizes to Boolean algebras:

Theorem 7.10 (The Prime Ideal Theorem). Every ideal on B can be
extended to a prime ideal. a

The proof of the Prime Ideal Theorem uses the Axiom of Choice. It is
known that the theorem cannot be proved without using the Axiom of Choice.
However, it is also known that the Prime Ideal Theorem is weaker than the
Axiom of Choice.

Theorem 7.11 (Stone’s Representation Theorem). Every Boolean al-
gebra is isomorphic to an algebra of sets.

Proof. Let B be a Boolean algebra. We let

(7.20) S = {p: pis an ultrafilter on B}.

For every u € B, let X, be the set of all p € S such that u € p. Let
(7.21) S={X,:ue€ B}

Let us consider the mapping 7(u) = X, from B onto S. Clearly, 7(1) = S
and 7(0) = 0. It follows from the definition of ultrafilter that

m(u-v) =mw(u) N7(v), 7(u+v) = 7w(u) Un(v), m(—u) =8 — 7(u).

Thus 7 is a homomorphism of B onto the algebra of sets S. It remains to
show that 7 is one-to-one.

If u # v, then using the Prime Ideal Theorem, one can find an ultrafilter p
on B containing one of these two elements but not the other. Thus 7 is an
isomorphism. 0

Complete Boolean Algebras

The partial ordering < of a Boolean algebra can be used to define infinitary
operations on B, generalizing + and -. Let us recall that u + v = sup{u, v}
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and v - v = inf{u,v} in the partial ordering of B. Thus for any nonempty
X C B, we define

(7.22) S{u:ue X}=supX and [[{u:ue X}=infX,

provided that the least upper bound (the greatest lower bound) exists. We
also define )0 =0 and [0 = 1.

If the infinitary sum and product is defined for all X C B, the Boolean al-
gebra is called complete. Similarly, we call B k-complete (where £ is a regular
uncountable cardinal) if sums and products exist for all X of cardinality < k.
An Xj-complete Boolean algebra is called o-complete or countably complete.

An algebra of sets S is k-complete if it is closed under unions and inter-
sections of < k sets. A k-complete algebra of sets is a k-complete Boolean
algebra and for every X C S such that | X| <k, > X = X.

An ideal I on a k-complete Boolean algebra is k-complete if

S{urueXtel

whenever X C I and |X| < k. A k-complete filter is the dual notion.
If I is a k-complete ideal on a k-complete Boolean algebra B, then B/I is
k-complete, and

SHulcue X =[>{u:ue X}

for every X C B, |X| < k. Similarly for products.

An Ny-complete ideal is called a o-ideal.

There are two important examples of o-ideals on the Boolean algebra of
all Borel sets of reals: the o-ideal of Borel sets of Lebesgue measure 0, and
the o-ideal of meager Borel sets. (Exercises 7.14 and 7.15.)

Let A be a subalgebra of a Boolean algebra B. A is a dense subalgebra
of B if for every u € BT there is a v € AT such that v < u.

A completion of a Boolean algebra B is a complete Boolean algebra C
such that B is a dense subalgebra of C.

Lemma 7.12. The completion of a Boolean algebra B is unique up to iso-
morphism.

Proof. Let C' and D be completions of B. We define an isomorphism 7 : C' —
D by

(7.23) () =SP{ue B:u<cl

To verify that 7 is an isomorphism, one uses the fact that B is a dense
subalgebra of both C' and D. For example, to show that m(c) # 0 whenever
¢ # 0: There is u € B such that 0 < u < ¢, and we have 0 < u < 7(c). O

Theorem 7.13. FEvery Boolean algebra has a completion.
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Proof. We use a construction similar to the method of Dedekind cuts. Let A
be a Boolean algebra. Let us call a set U C AT a cut if

(7.24) p<gqandqe U impliesp € U.

For every p € AT, let U, denote the cut {z : z < p}.
A cut U is regular if

(7.25)  whenever p ¢ U, then there exists ¢ < p such that U, N U = 0.

Note that every U, is regular, and that every cut includes some U,,.

We let B be the set of all regular cuts in A*. We claim that B, under the
partial ordering by inclusion, is a complete Boolean algebra. Note that the
intersection of any collection of regular cuts is a regular cut, and hence each
cut U is included in a least regular cut U. In fact,

U={p: (Vg<p)UNU, #0}.
Thus for u,v € B we have
u-v=uNwv, u+v=uUnwv.
The complement of u € B is the regular cut
—u={p:Upnu=0}

And, of course, ) and AT are the zero and the unit of B. It is not difficult to
verify that B is a complete Boolean algebra, and we leave the verification to
the reader.

Furthermore, for all p,q € A" we have U, + Uy = Upiq, Uy - Uy = Up.yq
and —U, = U_,. Thus A embeds in B as a dense subalgebra. O

Complete and Regular Subalgebras

Let B be a complete Boolean algebra. A subalgebra A of B is a complete
subalgebra if Y~ X € Aand [[X € Aforall X C A. (Caution: A subalgebra A
of B that is itself complete is not necessarily a complete subalgebra of B.)
Similarly, a complete homomorphism is a homomorphism A of B into C' such
that for all X C B,

(7.26) h(Q2X) =2 mMX),  A(T1X) = [ThX).

A complete embedding is an embedding that satisfies (7.26). Note that every
isomorphism is complete.

Since the intersection of any collection of complete subalgebras of B is
a complete subalgebra, every X C B is included in a smallest complete sub-
algebra of B. This algebra is called the complete subalgebra of B completely
generated by X.
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Definition 7.14. A set W C B is an antichain in a Boolean algebra B if
u-v = 0 for all distinct u,v € W.

If W is an antichain and if > W = u then we say that W is a partition
of u. A partition of 1 is just a partition, or a maximal antichain.

If B is a Boolean algebra and A is a subalgebra of B then an antichain
in A that is maximal in A need not be maximal in B. If every maximal
antichain in A is also maximal in B, then A is called a regular subalgebra
of B.

If A is a complete subalgebra of a complete Boolean algebra B then A is
a regular subalgebra of B. Also, if A is a dense subalgebra of B then A is
a regular subalgebra. See also Exercise 7.31.

Saturation

Let x be an infinite cardinal. A Boolean algebra B is k-saturated if there is
no partition W of B such that |W| = k, and

(7.27) sat(B) = the least x such that B is k-saturated.

B is also said to satisfy the k-chain condition; this is because if B is complete,
B is k-saturated if and only if there exists no descending k-sequence ug >
Uy > ... > Uy > ..., @ < K, of elements of B. The N;-chain condition is
called the countable chain condition (c.c.c.).

Theorem 7.15. If B is an infinite complete Boolean algebra, then sat(B) is
a regular uncountable cardinal.

Proof. Let k = sat(B). It is clear that x is uncountable. Let us assume that
k is singular; we shall obtain a contradiction by constructing a partition of
size K.

For u € B, u # 0, let sat(u) denote sat(B,). Let us call u € B stable if
sat(v) = sat(u) for every nonzero v < u. The set S of stable elements is dense
in B; otherwise, there would be a descending sequence ug > w1 > ug > ...
with decreasing cardinals sat(ug) > sat(u1) > .... Let T be a maximal set of
pairwise disjoint elements of S. Thus T is a partition of B, and |T| < k.

First we show that sup{sat(u) : u € T} = k. For every regular A <  such
that A > |T'|, consider a partition W of B of size A\. Then at least one u € T'
is partitioned by W into A pieces.

Thus we consider two cases:

Case I. There is u € T such that sat(u) = k. Since cf kK < &, there is a par-
tition W of w of size cf k: W = {uy : @ < cfk}. Let ko, o < cfk, be an
increasing sequence with limit k. For each a, sat(u,) = sat(u) = x and so let
W, be a partition of u, of size r4. Then |J W, is a partition of u of
size k.

a<cfk
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Case II. For all uw € T, sat(u) < , but sup{sat(u) : u € T} = k. Again, let
Ko — K, @ < cf k. For each o < cf k (by induction), we find u, € T', distinct
from all ug, 3 < «, which admits a partition W, of size ro. Then J, ¢, Wa
is an antichain in B of size k. O

Distributivity of Complete Boolean Algebras

The following distributive law holds for every complete Boolean algebra:

Z UQ,i * Z Ui,; = Z U, - Ul,j-

iel ueJ (4,)€IXJ

To formulate a general distributive law, let x be a cardinal, and let us
call B k-distributive if

(7.28) [T X uai= > I va )

a<ricly, fellacy lo <k

(Every complete algebra of sets satisfies (7.28).) We shall see later that dis-
tributivity plays an important role in generic models. For now, let us give
two equivalent formulations of k-distributivity.

If W and Z are partitions of B, then W is a refinement of Z if for every
w € W there is z € Z such that w < z. A set D C B is open dense if it is
dense in B and 0 # v < v € D implies u € D.

Lemma 7.16. The following are equivalent, for any complete Boolean alge-
bra B:

(i) B is k-distributive.
(ii) The intersection of k open dense subsets of B is open dense.
(iii) Fwvery collection of k partitions of B has a common refinement.

Proof. (i) — (ii). Let Do, a < &, be open dense, D = (., Do. D is
certainly open; thus let u # 0. If we let {uq,; : i € In} = {u-v:v € D,},
then >, uq; = u for every a and the left-hand side of (7.28) is u. For each
€ ll,las let up = I, ta,f(a); clearly, each nonzero uy is in D. However,
>_pug=u, by (7.28), and so some uy is nonzero.

(ii) — (iii). Let W,, a < k be partions of B. For each «a, let D, = {u :
u < v for some v € W,}; each D, is open dense. Let D = [, _, Da, and
let W be a maximal set of pairwise disjoint elements of D. Since D is dense,
W is a partition of B, and clearly, W is a refinement of each W,.

(iii) — (i). Let {ua : @ < Kk, i € I} be a collection of elements of B.
First we show that the right-hand side of (7.28) is always < the left-hand
side. For each f € [, ., 1o, let uy = [], ., Ua,f(a); We have uy < uq f(a)
and so uy < Ziela Uq,; for each a. Thus, for each a,

Douf <D Uay
f 7
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and so

Zf:Hua,f(a) = Zf:uf < 1> uag.

To prove (7.28), assume that (iii) holds, and let u = []_ >, ta,i; we want
to show that 3 [],, ta,f(a) = u. Without loss of generality, we can assume
that u = 1 (otherwise we argue in the algebra Blu). For each «, let us
replace {uq,; : @ € Io} by pairwise disjoint {ve,; : i € Io} = W, such that
Vai < Uayi and Y, Ve = Y., Uay; (some of the v, ; may be 0). Clearly
Zf [1,va,f0) < Zf 1, %a,f(a)- Each W, is a partition of B and so there
is a partition W that is a refinement of each W,. Now for each w € W there
exists f such that w <[], va,f(a), and so Zf [I.va,f(a) = 1. |

Exercises

7.1. If F is a filter and X € F, then P(X) N F is a filter on X.
7.2. The filter in Example 4 is generated by the sets {a}", a € A.
7.3. If U is an ultrafilter and X UY € U, then either X € U or Y € U.

7.4. Let U be an ultrafilter on S. Then the set of all X C .S x S such that {a € S :
{beS:(a,b) e X} €U} €U is an ultrafilter on S x S.

7.5. Let U be an ultrafilter on S and let f : S — T. Then the set f.(U) ={X C T :
f-1(X) € U} is an ultrafilter on T'.

7.6. Let U be an ultrafilter on IV and let {(a,)52, be a bounded sequence of real
numbers. Prove that there exists a unique U-limit a = limy a, such that for every
e>0,{n:lan—a| <e}eU.

7.7. A nonprincipal ultrafilter D on w is a p-point if and only if it satisfies the
following: If A9 D A1 D ... D A, D ... is a decreasing sequence of elements of D,
then there exists X € D such that for each n, X — A,, is finite.

7.8. If (P, <) is a countable linearly ordered set and if D is a p-point on P, then
there exists X € D such that the order-type of X is either w or w*. (X has order-
type w* if and only if X = {x,}52o and 29 > z1... > zp > ....)

7.9. An ultrafilter D on w is Ramsey if and only if every function f : w — w is
either one-to-one on a set in D, or constant on a set in D.

If D and E are ultrafilters on w, then D < E means that for some function
f:w—w, D= f.(E) (the Rudin-Keisler ordering, see Exercise 7.5).
D = FE means that there is a one-to-one function of w onto w such that E =

£.(D).

7.10. If D = f.(D), then {n: f(n) =n} € D.

[Let X ={n: f(n) <n},Y ={n: f(n) > n}. For each n € X, let I(n)
be the length of the maximal sequence such that n > f(n) > f(f(n)) > .... Let
Xo ={n € X :Il(n) is even} and X1 = {n € X : I(n) is odd}. Neither X, nor
X; can be in D since, e.g., Xo N f-1(Xo) = 0. The set Y is handled similarly,
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except that it remains to show that the set Z of all n such that the sequence
n < f(n) < f2(n) < f3*(n) < ... is infinite cannot be in D. For =,y € Z let
z =y if ff(x) = f™(y) for some k and m. For each € Z, let a, be a fixed
representative of the class {y : y = z}; let l(x) be the least k + m such that
(@) = f™(az). Let Zo = {x € Z : I(z) is even} and Z1 = {x € Z : I(z) is odd}.
Clearly f-1(Z1)NZ = Zy.]

711. f D< Fand F < D, then D = F.
[Use Exercise 7.10.]

Thus < is a partial ordering of ultrafilters on w. A nonprincipal ultrafilter D is
minimal if there is no nonprincipal E such that £ < D and E # D.

7.12. An ultrafilter D on w is minimal if and only if it is Ramsey.

[If D is Ramsey and F = f.(D) is nonprincipal, then f is unbounded mod D,
hence one-to-one mod D and consequently, ¥ = D. If D is minimal and f is
unbounded mod D, then D < f,(D) and hence D = g.(f«(D)) for some g. It
follows, by Exercise 7.10, that f is one-to-one mod D.]

7.13. If wq is singular, then there is no nonprincipal wq-complete ideal on wq .

7.14. The set of all sets X C R that have Lebesgue measure 0 is a o-ideal.

A set X C R is meager if it is the union of a countable collection of nowhere
dense sets.

7.15. The set of all meager sets X C R is a o-ideal.
[By the Baire Category Theorem, R is not meager.|

7.16. Let k be a regular uncountable cardinal, let |A| > x and let S = P, (A). Let
F be the set of all X C S such that X D P for some P € S, where P = {Q € S :
P C Q}. Then F is a k-complete filter on S.
7.17. Let B be a Boolean algebra and define

udv=(u—v)+(v—u).

Then B with operations @ and - is a ring (with zero 0 and unit 1).

7.18. Every element of the subalgebra generated by X is equal to w1 + ... + un
where each us is of the form us = +x1 - a2 - ... £ with 2; € X.

7.19. If A is a subalgebra of B and u € B, then the subalgebra generated by
AU{u} isequal to {a-u+ (b—u):a,be A}

7.20. A finitely generated Boolean algebra is finite. If A has k generators, then
k
|4l <22

7.21. Every finite Boolean algebra is atomic. If A = {au1,...,a,} are the atoms
of B, then B is isomorphic to the field of sets P(A). Hence B has 2" elements.

7.22. Any two countable atomless Boolean algebras are isomorphic.

7.23. Bla is isomorphic to B/I where I is the principal ideal {u : u < —a}.
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7.24. Let A be a subalgebra of a Boolean algebra B and let u € B — A. Then there
exist ultrafilters F'; G on B such that u € F, u ¢ G, and FN A= GnN A.

7.25. Let B be an infinite Boolean algebra, | B| = k. There are at least x ultrafilters
on B.

[Assume otherwise. For each pair (F, G) € Sx .S pick u € F—G, and let these u’s
generate a subalgebra A. Since |A| < |S| < &, let u € B — A. Use Exercise 7.24 to
get a contradiction.]

7.26. For B to be complete it is sufficient that all the sums Y X exist.
[[[X =>{u:u<zforal ze X}

7.27. Let B be a complete Boolean algebra.
(i) Verify the distributive laws:

a-Y{u:veX}t=>{a-u:ueX},
a+JH{u:veX}=[[{a+u:ue X}

(if) Verify the De Morgan laws:

> {urve X} ={-uv:ue X},
“[Hu:ue X} =3 {-u:ue X}

7.28. Let A and B be o-complete Boolean algebras. If A is isomorphic to B[b and
B is isomorphic to Ala, then A and B are isomorphic.
[Follow the proof of the Cantor-Bernstein Theorem.]

7.29. Let A be a subalgebra of a Boolean algebra B, let u € B and let A(u) be
the algebra generated by AU {u}. If h is a homomorphism from A into a complete
Boolean algebra C' then h extends to a homomorphism from A(u) into C.

[Let v € C be such that ) {h(a) :a € A, a <u} <v <> {h(b):be A, u<b}
Define h(a-u+b-(—u)) = h(a) - v+ h(b) - (—v).]

7.30 (Sikorski’s Extension Theorem). Let A be a subalgebra of a Boolean
algebra B and let h be a homomorphism from A into a complete Boolean algebra C'.
Then h can be extended to a homomorphism from B into C'.

[Use Exercise 7.29 and Zorn’s Lemma.]

7.31. If B is a Boolean algebra and A is a regular subalgebra of B then the inclusion
mapping extends to a (unique) complete embedding of the completion of A into
the completion of B.

[Use Sikorski’s Extension Theorem.|

7.32. If B is an infinite complete Boolean algebra, then |B|*® = |B].

[First consider the case when |Bla| = |B| for all a # 0: There is a partition W
such that |[W| = Ro, and |B| = [[{|Bla| : a € W} = |B|*°. In general, call a # 0
stable if |Blz| = |Bla| for all x < a, x # 0. The set of all stable a € B is dense, and
|Bla| = 2 or |Bla|™ = |Blal if a is stable. Let W be a partition of B such that
each a € W is stable; we have |B| = [[{|Bla| : a € W} and the theorem follows.]

7.33. If B is a k-complete, k-saturated Boolean algebra, then B is complete.

[It suffices to show that > X exists for every open X (i.e., v < v € X implies
u € X). If X C B is open, show that > X = > W where W is a maximal subset
of X that is an antichain.]
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Historical Notes

The notion of filter is, according to Kuratowski’s book [1966], due to H. Cartan.
Theorem 7.5 was first proved by Tarski in [1930].

Theorem 7.6 is due to Pospisil [1937]; the present proof uses independent sets
(Lemma 7.7); cf. Fichtenholz and Kantorovich [1935] (x = w) and Hausdorff [1936b].

W. Rudin [1956] proved that p-points exist if 20 = Ry, a recent result of Shelah
shows that existence of p-points is unprovable in ZFC. Galvin showed that 250 = X,
implies the existence of Ramsey ultrafilters.

Facts about Boolean algebras can be found in Handbook of Boolean alge-
bras [1989] which also contains an extensive bibliography. The Representation The-
orem for Boolean algebras as well as the existence of the completion (Theorems 7.11
and 7.13) are due to Stone [1936]. Theorem 7.15 on saturation was proved by Erdés
and Tarski [1943].

Exercise 7.8: Booth [1970/71].

Exercise 7.10: Frolik [1968], M. E. Rudin [1971].

The Rudin-Keisler equivalence was first studied by W. Rudin in [1956]; the
study of the Rudin-Keisler ordering was initiated by M. E. Rudin [1966].

Exercise 7.25: Makinson [1969].

Exercises 7.29 and 7.30: Sikorski [1964].

Exercise 7.32: Pierce [1958]. The assumption can be weakened to “o-complete,”
see Comfort and Hager [1972].

8. Stationary Sets

In this chapter we develop the theory of closed unbounded and stationary
subsets of a regular uncountable cardinal, and its generalizations.

Closed Unbounded Sets

If X is a set of ordinals and o > 0 is a limit ordinal then « is a limit point
of X if sup(X Na) = a.

Definition 8.1. Let x be a regular uncountable cardinal. A set C' C & is
a closed unbounded subset of k if C'is unbounded in x and if it contains all
its limit points less than .

A set S C & is stationary if SNC' # ) for every closed unbounded subset C'
of k.

An unbounded set C' C k is closed if and only if for every sequence
ap < ag <...<ag<...(§<7)of elements of C, of length v < k, we have
limg_,,y Clg € C

Lemma 8.2. If C' and D are closed unbounded, then C N D is closed un-
bounded.

Proof. Tt is immediate that C'N D is closed. To show that C'N D is unbounded,
let @ < k. Since C is unbounded, there exists an a; > «a with ay € C.
Similarly there exists an as > a1 with ag € D. In this fashion, we construct
an increasing sequence

(8.1) a<ar << . . . <ay<...

such that aq,a3,a5,... € C, as,aq,aq,... € D. If we let § be the limit of
the sequence (8.1), then 8 < k, and € C and § € D. ad

The collection of all closed unbounded subsets of x has the finite inter-
section property. The filter generated by the closed unbounded sets consists
of all X C x that contain a closed unbounded subset. We call this filter the
closed unbounded filter on k.
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The set of all limit ordinals o < & is closed unbounded in . If A is an
unbounded subset of k, then the set of all limit points a@ < k of A is closed
unbounded.

A function f : k — k is normal if it is increasing and continuous (f(«a) =
lime_,qo f(&) for every nonzero limit o < k). The range of a normal function
is a closed unbounded set. Conversely, if C' is closed unbounded, there is
a unique normal function that enumerates C.

The closed unbounded filter on & is k-complete:

Theorem 8.3. The intersection of fewer than k closed unbounded subsets
of k is closed unbounded.

Proof. We prove, by induction on v < k, that the intersection of a sequence
(Co + a < =) of closed unbounded subsets of k is closed unbounded. The
induction step works at successor ordinals because of Lemma 8.2. If v is
a limit ordinal, we assume that the assertion is true for every o < +; then we
can replace each C, by ﬂg <o C¢ and obtain a decreasing sequence with the
same intersection. Thus assume that

CoDC1D...02C,D... (<)

are closed unbounded, and let C'=[,_, Ca.
It is easy to see that C' is closed. To show that C' is unbounded, let o < k.
We construct a y-sequence

(8.2) ﬁ0<51<...ﬂ5<... (§<'y)

as follows: We let Gy € Cy be such that Fy > «, and for each & < 7, let
B¢ € C¢ be such that S > sup{f, : v < &}. Since £ is regular and v < &,
such a sequence (8.2) exists and its limit 3 is less than k. For each n < 7,
B is the limit of a sequence (B: : n < & < 7) in C), and so 8 € C,. Hence
gecC. |

Let (X, : a < k) be a sequence of subsets of . The diagonal intersection
of X, a < K, is defined as follows:

(8.3) A Xo={<r:£€e ) Xu}

a<k a<

Note that A X, = AY, where Y, = {{ € X, : £ > a}. Note also that
AXy =, (XaU{{: €< al).

Lemma 8.4. The diagonal intersection of a k-sequence of closed unbounded
sets is closed unbounded.

Proof. Let (Cy : o < k) be a sequence of closed unbounded sets. It is clear
from the definition that if we replace each C, by ﬂgga Cg¢, the diagonal
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intersection is the same. In view of Theorem 8.3 we may thus assume that
CoDCyD...0C,D... (a < R).

Let C = A, Cq. To show that C is closed, let a be a limit point of C.
We want to show that o € C, or that a@ € C¢ for all £ < a. If £ < «, let
X={velC:{<v<a} Everyv € X isin Cg, by (8.3). Hence X C C¢
and a = sup X € C¢. Therefore o € C and C'is closed.

To show that C is unbounded, let av < k. We construct a sequence (f,, :
n < w) as follows: Let By > « be such that Gy € Cy, and for each n, let
Bn+1 > Bp be such that 3,1 € Cg,. Let us show that § = lim,, §,, isin C: If
& < 3, let us show that 3 € C¢. Since £ < (3, there is an n such that £ < 3,.
Each f3, k > n, belongs to Cg, and so 3 € Cg,. Therefore 3 € C¢. Thus
B € C, and C is unbounded. O

Corollary 8.5. The closed unbounded filter on k is closed under diagonal
intersections. a

The dual of the closed unbounded filter is the ideal of nonstationary sets,
the nonstationary ideal Ins. Ins is k-complete and is closed under diagonal
UNIONS:

Y Xa={{<r:£e U Xa}

a<k a<é

The quotient algebra B = P(k)/Ins is a k-complete Boolean algebra,
where the Boolean operations <y and [J, <y for v < k are induced by
Ua<, and (),.,- As a consequence of Lemma 8.4, B is kT-complete: If
{Xa @ a < k} is a collection of subsets of x then the equivalence classes of
Ay X and Y- < Xa are, respectively, the greatest lower bound and the
least upper bound of the equivalence classes [X,] in B. It also follows that if
(Xo o < k) and (Y, : @ < k) are two enumerations of the same collection,
then A, . X, and A, Y, differ only by a nonstationary set.

Definition 8.6. An ordinal function f on a set S is regressive if f(a) < «
for every a € S, a > 0.

Theorem 8.7 (Fodor). If f is a regressive function on a stationary set
S C k, then there is a stationary set T C S and some v < Kk such that
fla)=~ forallaeT.

Proof. Let us assume that for each v < &, the set {a € S : f(a) = 7} is
nonstationary, and choose a closed unbounded set C., such that f(a) # ~y
for each a € SNC,. Let C = A, C,. The set SN C is stationary and if
a € SNC, we have f(a) # ~ for every v < a; in other words, f(«) > «. This
is a contradiction. |
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For a regular uncountable cardinal £ and a regular A < &, let
(8.4) Ef ={a<k:cfa=A}

It is easy to see that each EY is a stationary subset of x.

The closed unbounded filter on & is not an ultrafilter. This is because
there is a stationary subset of x whose complement is stationary. If K > wy,
this is clear: The sets £ and Ef are disjoint. If K = wy, the decomposition
of w; into disjoint stationary sets uses the Axiom of Choice.

The use of AC is necessary: It is consistent (relative to large cardinals)
that the closed unbounded filter on wy is an ultrafilter.

In Theorem 8.10 below we show that every stationary subset of x is the
union of k disjoint stationary sets. In the following lemma we prove a weaker
result that illustrates a typical use of Fodor’s Theorem.

Lemma 8.8. Every stationary subset of E' is the union of k disjoint sta-
tionary sets.

Proof. Let W C {a < k : ¢cfa = w} be stationary. For every a € W, we
choose an increasing sequence (a% : n € N) such that lim,, a?f = «. First we

show that there is an n such that for all n < k, the set
(8.5) {aeW:al >n}

is stationary. Otherwise there is 7,, and a closed unbounded set, C,, such that
al < np for all a € C, N W, for every n. If we let n be the supremum
of the 7, and C the intersection of the C),, we have aff < n for all n and
all « € C N W. This is a contradiction. Now let n be such that (8.5) is
stationary for every n < k. Let f be the following function on W: f(a) = a2.
The function f is regressive; and so for every n < k, we find by Fodor’s
Theorem a stationary subset S, of (8.5) and 7, > n such that f(«) = 7,
on S,. If v, # 7y, then S, NS,y = 0, and since x is regular, we have

{Sn:n <k} =Hw:n < s} =~ O

The proof easily generalizes to the case when A > w: Every stationary
subset of E{ the union of s stationary sets. From that it follows that every
stationary subset W of the set {@ < k : cf @ < a} admits such a decompo-
sition: By Fodor’s Theorem, there exists some A < x such that W N EY is
stationary. The remaining case in Theorem 8.10 is when the set {a < k : a is
a regular cardinal} is stationary and the following lemma plays the key role.

Lemma 8.9. Let S be a stationary subset of k and assume that every o € S
is a reqular uncountable cardinal. Then the set T = {a € S : SN« is not
a stationary subset of a} is stationary.

Proof. We prove that T intersects every closed unbounded subset of k. Let
C be closed unbounded. The set C’ of all limit points of C is also closed
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unbounded, and hence SNC” # (). Let a be the least element of SNC’. Since
« is regular and a limit point of C', C' N« is a closed unbounded subset of «,
and so is C' Na. As «a is the least element of SN C’, C' N« is disjoint from
S Na and so SN« is a nonstationary subset of av. Hence o € TN C. a

Theorem 8.10 (Solovay). Let x be a reqular uncountable cardinal. Then
every stationary subset of k is the disjoint union of k stationary subsets.

Proof. We follow the proof of Lemma 8.8 as much as possible. Let A be
a stationary subset of k. By Lemma 8.8, by the subsequent discussion and
by Lemma 8.9, we may assume that the set W of all & € A such that « is
a regular cardinal and A N« is not stationary, is stationary. There exists for
each o € W a continuous increasing sequence (ag : £ < «) such that ag’ ¢ W,
for all & and ¢, and o = lime .o ag'.

First we show that there is £ such that for all n < k, the set

(8.6) {a e W :ag >n}

is stationary. Otherwise, there is for each £ some 1(¢) and a closed unbounded
set C¢ such that ag < n(§) for all @ € Ce N W if af is defined. Let C' be
the diagonal intersection of the C¢. Thus if @ € CNW, then ag < n(§) for
all £ < a. Now let D be the closed unbounded set of all v € C such that
n(€) < v for all £ < ~. Since W is stationary, W N D is also stationary; let
7 < a be two ordinals in W N D. Now if § < v, then ag < 7({) < v and it
follows that a§ = . This is a contradiction since v € W and af ¢ W.

Once we have found & such that (8.6) is stationary for all n < &k, we
proceed as in Lemma 8.8. Let f be the function on W defined by f(a) = ag.
The function f is regressive; and so for every n < k, we find by Fodor’s
Theorem a stationary subset S, of (8.6) and v, > 7 such that f(a) = v,
on Sy. If v, # 7y, then S, NS, = 0; and since « is regular, we have

1Sy :n < K} = {0 < £} = . 0

Mahlo Cardinals

Let x be an inaccessible cardinal. The set of all cardinals below « is a closed
unbounded subset of x, and so is the set of its limit points, the set of all
limit cardinals. In fact, the set of all strong limit cardinals below & is closed
unbounded.

If k is the least inaccessible cardinal, then all strong limit cardinals below &
are singular, and so the set of all singular strong limit cardinals below « is
closed unbounded. If k is the ath inaccessible, where o < k, then still the set
of all regular cardinals below « is nonstationary.

An inaccessible cardinal « is called a Mahlo cardinal if the set of all regular
cardinals below « is stationary.
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(Then the set of all inaccessibles below « is stationary, and & is the xth
inaccessible cardinal.)

Similarly, we define a weakly Mahlo cardinal as a cardinal s that is weakly
inaccessible and the set of all regular cardinals bellow & is stationary (then
the set of all weakly inaccessibles is stationary in ).

Normal Filters

Let F be a filter on a cardinal x; F' is normal if it is closed under diagonal
intersections:

(8.7) if X, € Fforalla <k, then A, _, X, €F.

An ideal I on & is normal if the dual filter is normal.
The closed unbounded filter is k-complete and normal, and contains all
complements of bounded sets. It is the smallest such filter on k:

Lemma 8.11. If k is regular and uncountable and if F' is a normal filter
on k that contains all final segments {«: oy < a < K}, then F contains all
closed unbounded sets.

Proof. First we note that the set Cy of all limit ordinals is in F: Cjy is the
diagonal intersection of the sets X, = {¢ : a+1 < £ < k}. Now let C
be a closed unbounded set, and let C' = {a, : o < k} be its increasing
enumeration. We let Xo ={£: a0 <{ <k}. Then C D CoNA, ., Xo. O

Silver’s Theorem

We shall now apply the techniques using ultrafilters and stationary sets to
prove the following theorems.

Theorem 8.12 (Silver). Let k be a singular cardinal such that cf kK > w. If
2% = ot for all cardinals o < K, then 2% = k™.

Theorem 8.13 (Silver). If the Singular Cardinals Hypothesis holds for all
singular cardinals of cofinality w, then it holds for all singular cardinals.

The proofs of both theorems use the following lemma:

Lemma 8.14. Let k be a singular cardinal, let cf kK > w, and assume that
XER < for all X < k. If (Kkq : o < cf K) is a normal sequence of cardinals
such that limk, = k, and if the set {a < cfr : k&% = Kk} is stationary
in cf K, then k7" = k7.

8. Stationary Sets 97

If GCH holds below k then the assumptions of Lemma 8.14 are satisfied,
and 2% = k°T%. Thus Theorem 8.12 follows from Lemma 8.14.

Proof of Theorem 8.13. We prove by induction on the cofinality of x that
2°f% <k implies 7% = kt. The assumption of the theorem is that this
holds for each k of cofinality w. Thus let x be of uncountable cofinality and
let 2¢f% < k. Using the induction hypothesis and the proof of Theorem 5.22(ii)
one verifies, by induction on A, that A\f* < g for all A < &.
Let (kq : @ < cf k) be any normal sequence of cardinals such that lim k, =
k. The set S = {a < cfk : cf Ko = w and 280 < k,} is clearly stationary
in cf k, and for every a € S, ke = kT by the assumption. Hence £ % = k7.
O

We now proceed toward a proof of Lemma 8.14. To simplify the notation,
we shall consider the special case when

K= Ry,.

The general case is proved in a similar way.

Let f and g be two functions on wi. We say that f and g are almost
disjoint if there is ap < wy such that f(a) # g(«) for all @ > ap. A family F
of functions on wy is an almost disjoint family if any two distinct f,g € F
are almost disjoint.

Lemma 8.14 follows from

Lemma 8.15. Assume that Ngl < N, for all o < wy. Let F be an almost
disjoint family of functions

Fc J] A,
a<wi
such that the set
(88) {CM <wi: |Aa‘ < Na+1}

is stationary. Then |F| < W, 11.
[In the general case, we consider almost disjoint functions on cf k.

Proof of Lemma 8.14 from Lemma 8.15. We assume that X! < XN, and
that RfRe = R, . for a stationary set of a’s; we want to show that
NS = Ry, 1. For every h : w; — N, we let f, = (hg : @ < wy), where
domh, = wy and

h(§)  if h(E) <R,

0 otherwise,

(6= {

and let F' = {f, : h € X, “*}. If h # g, then fj, and f; are almost disjoint.
Moreover,

Fc JI N

a<wy
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Since for a stationary set of a’s, 8 = XN, ; (namely for all o such that
N, > 2% and RY0 =R, 1), we have |F| < R, 11, and so [Ny, “"| = Ry, 1.
[In the general case of Lemma 8.14 we have to show that

{a <cfk:rre =1
is stationary. Note that the set
C = {a: ais a limit ordinal and (VA < kq) A% < Ko}

is closed unbounded in cf x; if @ € C, then cf s, < cf k and we have k&% =

ke O
The first step in the proof of Lemma 8.15 is

Lemma 8.16. Assume that R\ < R, for all a« < wy. Let F be an almost
disjoint family of functions

Fc J] Aa
a<wi
such that the set
(8.9) {a<wy:]Aa] <N}

is stationary. Then |F| <V, .

(The assumption (8.8) is replaced by (8.9) and the bound for |F| is N,
rather than N, 11.)

Proof. We may as well assume that each A, is a set of ordinals and that
An C wy for all o in some stationary subset of Ny. Let

So ={a < w; : ais a limit ordinal and A, C wa}-

Thus if f € F, then f(a) < w, for all a € Sy. Given f € F, we can find for
each o > 0 in Sy some 3 < a such that f(a) < wg; call this 3 = g(«). The
function ¢ is regressive on S, and by Fodor’s Theorem there is a stationary
S C Sy such that g is constant on S. In other words, the function f is bounded
on S, by some wy < Wy,

We assign to each f a pair (S, f[S) where S C Sp is a stationary set and
fIS is a bounded function. For any 9, if f[S = ¢[9, then f = ¢ since any
two distinct functions in F' are almost disjoint. Thus the correspondence

f= (5 f15)

is one-to-one.
For a given S, the number of bounded functions on S is at most

S
> NL, = sup,, ., NI =R,
y<wi
Since |P(wy1)] = 2% < N,,, the number of pairs (S, f.9) is at most N,,.
Hence |F| < N,,. O
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Proof of Lemma 8.15. Let U be an ultrafilter on w; that extends the closed
unbounded filter. Every S € U is stationary.
We may assume that each A, is a subset of w,y1. For every f,g € F, let

(8.10) f<gifandonly if {a <wq: f(a) < g(a)} €U.

Since U is a filter, the relation f < ¢ is transitive. Since U is an ultrafilter,
and {a: f(a) = g(a)} ¢ U for distinict f, g € F, the relation f < g is a linear
ordering of F. For every f € F, let Fy = {g € F' : for some stationary set T,
g(a) < f(a) for all @ € T}. By Lemma 8.16, |F¢| < N,,. If g < f, then
g€ Fr,andso [{g€ F:g< f}] <R, . It follows that |F| <R, 1. O

A Hierarchy of Stationary Sets

If o is a limit ordinal of uncountable cofinality, it still makes sense to
talk about closed unbounded and stationary subsets of «. Since cfa > w,
Lemma 8.2 holds, and the closed unbounded sets generate a filter on «. The
closed unbounded filter is cf a-complete. A set S C « is stationary if and only
if for some (or for any) normal function f : c¢f o — «a, f—-1(S) is a stationary
subset of cf .

Let k be a regular uncountable cardinal, and let us consider the following
operation (the Mahlo operation) on stationary sets:

Definition 8.17. If S C & is stationary, the trace of S is the set
Tr(S) ={a < k:cfa>wand SN ais stationary}.

The Mahlo operation is invariant under equivalence mod Ing and can
thus be considered as an operation on the Boolean algebra P(k)/Ins (see
Exercise 8.11).

In the context of closed unbounded and stationary sets we use the phrase
for almost all o € S to mean that the set of all contrary a € S is nonsta-
tionary.

Definition 8.18. Let S and T be stationary subsets of k.
S < T if and only if SN« is stationary for almost all a € T'.

(It is implicit in the definition that almost all & € T" have uncountable cofi-
nality.)

As an example, if A < p are regular, then EY < E};. The following prop-
erties are easily verified:

Lemma 8.19.
(i) A< Tr(A4),
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(ii) if A< B and B < C then A < C,
(iii) if A< B, A~ A’ mod Ins and B ~ B’ mod Ixg then A’ < B'. O

Thus < is a transitive relation on P(k)/Ins. The next theorem shows that
it is a well-founded partial ordering:

Theorem 8.20 (Jech). The relation < is well-founded.

Proof. Assume to the contrary that there exist stationary sets such that
A1 > Ay > Az ... Therefore there exist closed unbounded sets C,, such that
A, NC, CTr(A,41) forn=1,2,3,.... For each n, let

B, = A, N C, NLim(Cp41) NLim(Lim(Cp42)) N ...

where Lim(C) is the set of all limit points of C.

Each B, is stationary, and for every n, B,, C Tr(By+1). Let o, = min B,,.
Since Bj,4+1Nay, is stationary, we have a1 < o, and therefore, a decreasing
sequence aq > g > .... A contradiction. O

The rank of a stationary set A C  in the well-founded relation < is called
the order of the set A, and the height of < is the order of the cardinal x:

o(A) =sup{o(X) +1: X < A},
o(k) =sup{o(A) +1: A C k is stationary}.

We also define o(Rg) = 0, and o(a) = o(cf «) for every limit ordinal . Note
that o(Ef) = 0, o(EL, ) = 1, o(Ry) = 1, o(N2) = 2, etc. See Exercises 8.13
and 8.14.

The Closed Unbounded Filter on P, ()

We shall now consider a generalization of closed unbounded and stationary
sets, to the space P, (). This generalization replaces (x, <) with the structure
(Px(A), C).

Let k be a regular uncountable cardinal and let A be a set of cardinality
at least k.

Definition 8.21. A set X C P, (A) is unbounded if for every z € P,(A)
there exists a y D = such that y € X.

A set X C P.(A) is closed if for any chain 29 C 21 C ... C 2¢ C ...,
§ < a, of sets in X, with o < r, the union (J,_, z¢ is in X.

A set C' C P, (A) is closed unbounded if it is closed and unbounded.

A set S C P,(A) is stationary if SN C # ) for every closed unbounded
C C P,(4).

The closed unbounded filter on P, (A) is the filter generated by the closed
unbounded sets.
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When |A| = |B| then P,(A) and P,(B) are isomorphic, with closed un-
bounded and stationary sets corresponding to closed unbounded and sta-
tionary sets, and so it often suffices to consider such sets in P;(\) where X is
a cardinal > k.

When |A| = &, then the set kK C P.(k) is closed unbounded, and the
closed unbounded filter on « is the restriction to x of the closed unbounded
filter on P, (k).

Theorem 8.22 (Jech). The closed unbounded filter on P.(A) is k-complete.

Proof. This is a generalization of Theorem 8.3. First we proceed as in
Lemma 8.2 and show that if C' and D are closed unbounded then C' N D
is closed unbounded. Both proofs have straightforward generalizations from
(ky <) to (P.(A), Q). O

Fodor’s Theorem also generalizes to P, (A); with regressive functions re-
placed by choice functions. The diagonal intersection of subsets of P, (A) is
defined as follows

A Xo={z € P(A):ze N X}

a€A a€w
Lemma 8.23. If {C, : a € A} is a collection of closed unbounded subsets
of P.(A) then its diagonal intersection is closed unbounded.

Proof. Let C' = A,c 4 C,. First we show that C' is closed. Let x9 C 21 C
... Cxe C..., & <, beachainin C, with a < k, and let 2 be its union. To
show that z € C, let a € x and let us show that z € C,. There is some 1 < «
such that a € ¢ for all £ > n; hence z¢ € C, for all £ > 1), and so z € C,.
Now we show that C' is unbounded. Let zy € P,(A), we shall find an
2 € C such that x D xg. By induction, we find 29 C 21 C ... C 2, C ...,
n € N, such that x,41 € ﬂaeIn C,; this is possible because each ﬂaEIn C,
is closed unbounded. Then we let z = U;ozo x,, and show that x € C, for
all @ € x. But if @ € z then a € x for some k, and then x, € C, for all
n>k+1. Hence x € C,,. O

Theorem 8.24 (Jech). If f is a function on a stationary set S C Pg(\)
and if f(x) € x for every nonempty x € S, then there exist a stationary set
T C S and some a € A such that f(x) =a for alla € T.

Proof. The proof uses Lemma 8.23 and generalizes the proof of Theorem 8.7.
O

Let us call a set D C P, (A) directed if for all z and y in D thereisa z € D
such that xr Uy C z.

Lemma 8.25. If C is a closed subset of P,(A) then for every directed set
D c C with |D| <k, JD € C.
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Proof. By induction on |D|. Let |[D| = v, D = {z4 : @ < 7}, and assume
the lemma holds for every directed set of cardinality < . By induction on
a < 7, let D, be a smallest directed subset of D such that x, € D, and
Do D Upcy Dp- Letting yo = U Da, we have y, € C for all o < v, and

Ys C Yo if B < a. It follows that JD =, ¥a € C. O

Consider a function f : [A]<¥ — P,(A); aset x € P.(A) is a closure point
of fif f(e) C = whenever e C x. The set C of all closure points z € P, (A) is
a closed unbounded set. Moreover, the sets C'y generate the closed unbounded
filter:

Lemma 8.26. For every closed unbounded set C in P.(A) there exists
a function f: [A]<¥ — P, (A) such that Cy C C.

Proof. By induction on |e| we find for each e € [A]<“ an infinite set f(e) € C
such that e C f(e) and that f(e;) C f(e2) whenever e; C ez. We will show
that Cy C C. Let z be a closure point of f. As o = [J{f(e) : e € [z]<“} is
the union of a directed subset of C' (of cardinality < x), by Lemma 8.25 we
have z € C. O

Let A C B (and |A] > k). For X € P,(B), the projection of X to A is
the set
X[A={znNA:ze X}

For Y € P.(A), the lifting of Y to B is the set
YB={sxeP,(B):znAcY}.

Theorem 8.27 (Menas). Let A C B.

(i) If S is stationary in P.(B), then STA is stationary in P.(A).
(ii) If S is stationary in Py(A), then SP is stationary in Py(B).

Proof. (i) holds because if C is a closed unbounded set in P, (A), then CP
is closed unbounded in P, (B). For (ii), it suffices to prove that if C' is closed
unbounded in Py (B), then C[A contains a closed unbounded set.

If C C P.(B) is closed unbounded, then by Lemma 8.26, C D C} for
some f : [B]<¥ — P,(B). Let g : [A]<¥ — P,(A) be the following function:
For e € [A]<¥, let 2 be the smallest closure point of f such that x D e, and
let g(e) = x N A. Then C¢lA = C4 (where Cy is defined in P,(B) and C
in P, (A)), and we have Cy C CTA. O

When k = wi, Lemma 8.26 can be improved to give the following basis
theorem for [A]Y = {& C A : |z] = No}. An operation on A is a function
F:[A]<% — A. A set z is closed under F if f(e) €  for all e € [x]<¥.

Theorem 8.28 (Kueker). For every closed unbounded set C C [A]* there
is an operation F' on A such that C D Cp = {x € [A]¥ : x is closed under F'}.
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Proof. We may assume that A = X is an infinite cardinal, and let C be
a closed unbounded subset of [A\]“. As in the proof of Lemma 8.26 there
exists a function f : [A]<¥ — C such that e C f(e) and f(e1) C f(e2) if
e1 C ey. As each f(e) is countable, there exist functions fx, & € IN, such that
fle)=A{fr(e): k € N} for all e. Let n+ (ky,, m;) be a pairing function.
Now we define an operation F on X as follows: Let F(({a}) = a+ 1, and
ifag <...<ay let F({ag,...,an}) = fi, ({a1,...,am, }). It is enough to
show that if z € [A]“ is closed under F then z is a closure point of f, and so

CrpCCycCC.
Let x be closed under F, let kK € N and let e € [x]<%; we want to show
that fr(e) € z. If e = {au,...,am} with a1 < ... < am, let n > m be such

that k& = k,, and m = m,,. As x does not have a greatest element (because
F({a}) = a+1), there are ay,41, ..., a, € x such that fr({ai1,...,an}) =
F({o,...,a,}) €z O

Theorem 8.28 does not generalize outright to P.(A) for k > w; (see
Exercise 8.18); we shall return to the subject in Part III.

Exercises

8.1. The set of all fixed points (i.e., f(o) = «) of a normal function is closed
unbounded.

8.2. If f : k — kK, then the set of all @ < k such that f(§) < a for all £ < « is
closed unbounded.

8.3. If S is stationary and C' is closed unbounded, then S N C is stationary.

8.4. If X C k is nonstationary, then there exists a regressive function f on X such
that {a : f(a) <~} is bounded, for every v < k.
[Let CN X =0, and let f(a) =sup(CNa).]

8.5. For every stationary S C w; and every a < w; there is a closed set of ordinals A
of length « such that A C S.

[By induction on a: Vv Jclosed A C S of length a such that v < min A. The
nontrivial step: If true for a limit «, find a closed A C S of length a such that
supA € S. Let A¢, € < w1, be closed subsets of S, of length «, such that \¢ =
sup Uu<§ A, < min A¢. There is € such that A¢ € S. Let £ = lim,, &,. Pick initial
segments B, C Ag, of length o, + 1 where limp, an = o Let A =J07, Be,, -]

Exercise 8.5 does not generalize to closed sets of uncountable length. It is not
provable in ZFC that given X C wo, either X or ws — X contains a closed set
of length wi. On the other hand, this statement is consistent, relative to large
cardinals.

8.6. Let k be the least inaccessible cardinal such that k is the sth inaccessible
cardinal. Then k is not Mahlo.
[Use f(\) = o where X is the ath inaccessible.]
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8.7. If k is a limit (weakly inaccessible, weakly Mahlo) cardinal and the set of
all strong limit cardinals below k is unbounded in k, then k is a strong limit
(inaccessible, Mahlo) cardinal.

8.8. A k-complete ideal I on « is normal if and only if for every So ¢ I and any
regressive f on Sp there is S C Sy, S ¢ I, such that f is constant on S.

[One direction is like Fodor’s Theorem. For the other direction, let X, € F for
each a < k. f A Xo ¢ F, let So =k — A X, and let f(a) = some £ < « such that
a ¢ Xe. If f(a) = for all @ € S, then X, NS =0, a contradiction.]

8.9. There is no normal nonprincipal filter on w.
[Use the regressive function f(n + 1) = n.]

8.10. If k is singular, then there is no normal ideal on x that contains all bounded
subsets of k.

8.11. (i) If S C T then Tr(S) C Tr(T),
(ii) Tr(SUT) = Tr(S) U Tr(T),
(iii) Tr(Tr(S)) C Tr(S),
(iv) if S ~ T mod Ixs then Tr(S) ~ Tr(T) mod Ixs.

8.12. Show that Tr(E%) = {a < k:cfa > AT}
8.13. If A < & is the ath regular cardinal cardinal, then o(EY) = a.

8.14. o(k) > k if and only if x is weakly inaccessible; o(k) > k + 1 if and only if
K is weakly Mabhlo.

8.15. For each a € Px(A), the set {x € P.(A) : z D a} is closed unbounded.

A k-complete filter F' on P.(A) is normal if for every a € A, {x € P:(A4) :
a € z} € F, and if F is closed under diagonal intersections. A set X C P.(A) is
F-positive if its complement is not in F'.

8.16. Let F' be a normal s-complete filter on P, (A). If g is a function on an F-
positive set such that g(z) € [2]<“ for all z, then g is constant on an F-positive
set.

8.17. If F is a normal k-complete filter on P«(A) then F contains all closed un-
bounded sets.

[Use Lemma 8.26 and Exercise 8.16.]
8.18. If k > wi then the set {z € P.(A): |x| > N1} is closed unbounded.

Contrast this with the fact that for every F : [A]<“ — A there exists a count-
able z closed under A.

8.19. The set {z € P.(\) : x Nk € K} is closed unbounded.
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Historical Notes

The definition of stationary set is due to Bloch [1953], and the fundamental theo-
rem (Theorem 8.7) was proved by Fodor [1956]. (A precursor of Fodor’s Theorem
appeared in Aleksandrov-Urysohn [1929].) The concept of stationary sets is implicit
in Mahlo [1911].

Theorem 8.10 was proved by Solovay [1971] using the technique of saturated
ideals.

Mabhlo cardinals are named after P. Mahlo, who in 1911-1913 investigated what
is now called weakly Mahlo cardinals. Theorems 8.12 and 8.13 are due to Sil-
ver [1975]. Silver’s proof uses generic ultrapowers; the elementary proof given here
is as in Baumgartner-Prikry [1976, 1977]. Lemma 8.16: Erdos, Hajnal, and Mil-
ner [1968].

Definition 8.18 and Theorem 8.20 are due to Jech [1984]. The generalization of
closed unbounded and stationary sets (Definition 8.21 and Theorems 8.22 and 8.24)
was given by Jech [1971b] and [1972/73]; Kueker [1972, 1977] also formulated
these concepts for Kk = wi and proved Theorem 8.28. Theorem 8.27 is due to
Menas [1974/75].

Exercise 8.5: Friedman [1974].

Exercise 8.17: Carr [1982].



9. Combinatorial Set Theory

In this chapter we discuss topics in infinitary combinatorics such as trees and
partition properties.

Partition Properties

Let us consider the following argument (the pigeonhole principle): If seven
pigeons occupy three pigeonholes, then at least one pigenhole is occupied by
three pigeons. More generally: If an infinite set is partitioned into finitely
many pieces, then at least one piece is infinite.

Recall that a partition of a set S is a pairwise disjoint family P = {X; :
i € I} such that [ J;c; X; = S. With the partition P we can associate a func-
tion F': S — I such that F(x) = F(y) if and only if x and y are in the same
X € P. Conversely, any function F': S — I determines a partition of S. (We
shall sometimes say that F' is a partition of S.)

For any set A and any natural number n > 0,

(9.1) [A" = {X C A:|X| =n}

is the set of all subsets of A that have exactly n elements. It is sometimes
convenient, when A is a set of ordinals, to identify [A]™ with the set of all
sequences (a1,...,q,) in A such that a3 < ... < «a;,. We shall consider
partitions of sets [A]™ for various infinite sets A and natural numbers n. Our
starting point is the theorem of Ramsey dealing with finite partitions of [w]™.

If {X; : i € I} is a partition of [A]", then a set H C A is homogeneous for
the partition if for some 7, [H]™ is included in X;; that is, if all the n-element
subsets of H are in the same piece of the partition.

Theorem 9.1 (Ramsey). Let n and k be natural numbers. Every partition

{X1,..., X} of [w]™ into k pieces has an infinite homogeneous set.
Equivalently, for every F : [w]|™ — {1,...,k} there exists an infinite H C

w such that F is constant on [H|".

Proof. By induction on n. If n = 1, the theorem is trivial, so we assume

that it holds for n and prove for n + 1. Let F be a function from [w]"*! into
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{1,...,k}. For each a € w, let F, be the function on [w — {a}]" defined as
follows:
F,(X)=F({a}UX).

By the induction hypothesis, there exists for each a € w and each infinite
S C w an infinite set HY C S — {a} such that F, is constant on [H~]". We
construct an infinite sequence (a; : i =0,1,2,...): We let Sy = w and ag = 0,
and

Siv1 = H(f, a;+1 = the least element of S;;; greater than a;.

It is clear that for each i € w, the function Fy, is constant on [{a, : m > i}]™;
let G(a;) be its value. Now there is an infinite subset H C {a; : i € w}
such that G is constant on H. It follows that F is constant on [H|"*;
this is because for z1 < ... < xpy1 in H we have F({z1,...,2n41}) =
le({$2,...,$n+1})- o

The following lemma explains the terminology introduced in Chapter 7
where Ramsey ultrafilters were defined:

Lemma 9.2. Let D be a nonprincipal ultrafilter on w. D is Ramsey if and
only if for all natural numbers n and k, every partition F : [w]™ — {1,...,k}
has a homogeneous set H € D.

Proof. First assume that D has the partition property stated in the lemma.
Let A be a partition of w such that A ¢ D for all A € A; we shall find
X € D such that [XNA| <1 forall Ac A Let F : [w]? — {0,1} be as
follows: F'(z,y) = 1 if  and y are in different members of A. If H € D is
homogeneous for F', then clearly H has at most one element common with
each A € A.

Now let us assume that D is a Ramsey ultrafilter. We shall first prove
that D has the following property:

(9.2) if Xo D X1 D X5 D ... are sets in D, then there is a sequence
ap < a1 < az < ...such that {a,}2, € D, ap € Xo and ap4+1 € Xq,
for all n.

Thus let Xg D X1 D ... besetsin D. Since D is a p-point, there exists Y € D
such that each Y — X, is finite. Let us define a sequence yg < y1 < ...in Y
as follows:

yo = the least yp € Y such that {y € Y : y > yo} C Xo,
y1 = the least y; € Y such that y1 > yoand {y €Y 1y > y1} C Xy,

yn = the least y, € Y such that y, > yp—1and {y €Y :y > yn} C Xy, _,.

For each m, let A, = {y € Y : y», <y < ynt1}. Since D is Ramsey, there
exists a set {z,}52, € D such that z, € 4, for all n.
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We observe that for each n, z,49 € X, : Since 2,42 > Ynt2, we have
Zny2 € Xy, and since y,y1 > 2n, we have X, C X., and hence
Zp+2 € in.

Thus if we let a,, = 22, and b,, = 22,41, for all n, then either {a, }5°, € D
or {b,}22, € D; and in either case we get a sequence that satisfies (9.2).

Now we use the property (9.2) to prove the partition property; we proceed
by induction on n and follow closely the proof of Ramsey’s Theorem. Let F'
be a function from [w]™*! into {1,...,k}. For each a € w, let F, be the
function on [w — {a}]™ defined by F,(z) = F(x U {a}). By the induction
hypothesis, there exists for each a € w a set H, € D such that F, is constant
on [H,|". There exists X € D such that the constant value of Fy, is the same
for all a € X; say F,(xz) =r for all a € X and all z € [H,]".

For each n, let X,, = XNHoNH1N...NH,. By (9.2) there exists a sequence
ap < ap < az < ...such that ap € Xp and a,4+; € X,, for each n, and that
{an}soy € D. Let H = {a,}32,. It is clear that for each i € w, a; € X and
{@m :m > i} C H,,. Hence F,, (z) = r for all x € [{a,, : m > i}]", and it
follows that F is constant on [H|" 1. O

n+1

To facilitate our investigation of generalizations of Ramsey’s Theorem,
we shall now introduce the arrow notation. Let x and A be infinite cardinal
numbers, let n be a natural number and let m be a (finite or infinite) cardinal.
The symbol

(9.3) K= (Mm

(read: x arrows \) denotes the following partition property: Every partition
of [k]™ into m pieces has a homogeneous set of size A. In other words, every
F : [5]™ — m is constant on [H]™ for some H C k such that |[H| = \. Using
the arrow notation, Ramsey’s Theorem is expressed as follows:

(9.4) Ro — (No)p (n,k €w).
The subscript m in (9.3) is usually deleted when m = 2, and so
r—=(A)"

is the same as k — (A\)5.

The relation x — (A\),, remains true if x is made larger or if A or m are
made smaller. A moment’s reflection is sufficient to see that the relation also
remains true when n is made smaller.

Obviously, the relation (9.3) makes sense only if K > X\ and £ > m; if
m = kK, then it is clearly false. Thus we always assume 2 < m < k and A < k.
If n =1, then (9.3) holds just in case either k > A, or k = X and cfx > m.
We shall concentrate on the nontrivial case: n > 2.

We start with two negative partition relations.
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Lemma 9.3. For dll k,

2% 4o ()2,
In other words, there is a partition of 2" into k pieces that does not have an
infinite homogeneous set.

Proof. In fact, we find a partition that has no homogeneous set of size 3. Let
S ={0,1}* and let F : [S]*> — & be defined by F({f,g}) = the least o < i
such that f(«) # g(«). If f, g, h are distinct elements of S, it is impossible

to have F({f,g}) = F({f,h}) = F({g, h}). H

Lemma 9.4. For every k,

28 4 (k)2

(Thus the obvious generalization of Ramsey’s Theorem, namely R; —
(R1)3, is false.)

To construct a partition of [2¥]? that violates the partition property, let
us consider the linearly ordered set (P, <) where P = {0,1}", and f < g if
and only if f(a) < g(a) where « is the least « such that f(«) # g(a) (the
lexicographic ordering of P).

Lemma 9.5. The lexicographically ordered set {0,1}" has no increasing or
decreasing k' -sequence.

Proof. Assume that W = {f, : a < s} C {0,1}* is such that f, < f3
whenever a < 3 (the decreasing case is similar). Let v < & be the least ~y
such that the set {fo[7 : @ < k™} has size kT, and let Z C W be such that
|Z| = kT and f]y # glvy for f,g € Z. We may as well assume that Z = W,
so let us do so.

For each a < k™, let &, be such that fo €y = fat1léa and fo(&y) = 0,
fa+1(&a) = 1; clearly &, < ~v. Hence there exists £ < v such that & = &,
for k™ elements f, of W. However, if £ = &, = &g and fo|€ = f3]€, then
f8 < fa+1 and fo < fa41; hence fo = f3. Thus the set {fo]¢ : @ < kT} has
size kT, contrary to the minimality assumption on 7. a

Proof of Lemma 9.4. Let 2° = X and let {f, : @ < A} be an enumeration
of the set P = {0,1}". Let < be a linear ordering of A induced by the
lexicographic ordering of P: oo < B if fo < f3.

Now we define a partition F : [A]*> — {0,1} by letting F({a,8}) = 1
when the ordering < of {a, 8} agrees with the natural ordering; and letting
F({a,3}) = 0 otherwise. If H C X is a homogeneous set of order-type x*,
then {f, : @ € H} constitutes an increasing or decreasing xT-sequence
in (P, <); a contradiction. O

By Lemma 9.4, the relation x — (X1)? is false if x < 280, On the other
hand, if & > 2%, then kK — (R;)? is true, as follows from this more general
theorem:
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Theorem 9.6 (Erdés-Rado).
35— )R
In particular, (2%°)t — (R1)§ .

Proof. We shall first prove the case n = 1 since the induction step parallels
closely this case. Thus let x = (2%)* and let F : [k]> — w be a partition
of [k]? into Ng pieces. We want to find a homogeneous H C « of size X;.

For each a € k, let Fj, be a function on x — {a} defined by F,(z) =
F({a,z}). We shall first prove the following claim: There exists a set A C k
such that |A| = 2% and such that for every countable C' C A and every
u € kK — C there exists v € A — C such that F, agrees with F,, on C.

To prove the claim, we construct an wi-sequence Ag C A; C ... C A, C
..., @ < w, of subsets of k, each of size 280, as follows: Let Ag be arbitrary,
and for each limit «, let A, = Uﬂ<a Ag. Given A,, there exists a set Aq41 D
A, of size 2% such that for each countable C C A, and every u € x — C
there exists v € Ay41 — C such that F, agrees with F,, on C (because the
number of such functions is < 2%). Then we let A = | Aq, and clearly
A has the required property.

Next we choose some a € k — A, and construct a sequence (T, : @ < w1)
in A as follows: Let g be arbitrary, and given {zg : § < a} = C, let z, be
some v € A — C such that F, agrees with F, on C. Let X = {z, : @ < w1 }.

Now we consider the function G : X — w defined by G(z) = F,(x). It is
clear that if o < 3, then F({za,25}) = Fpy(2a) = Fa(2a) = G(24). Since
the range of G is countable, there exists H C X of size ¥; such that G is
constant on H. It follows that F' is constant on [H]2.

Thus we have proved the theorem for n = 1. The general case is proved
by induction. Let us assume that 37 | — (Ry)§, and let F : []""! — w,
where £ = 3JF. For each a € &, let F, : [k — {a}]™ — w be defined by
F,(z) = F(xU{a}). As in the case n = 1, there exists a set A C k of size J,,
such that for every C' C A of size |C| < J,_1 and every u € k — C there
exists v € A — C such that F, agrees with F,, on [C]™.

Next we choose a € k — A and construct aset X = {z,:a <3} |} C A
such that for each a, Fy_ agrees with F, on [{zg: (8 < a}]™.

Then we consider G : [X]" — w where G(z) = F,(x). As before, if
a; < ... < apgr, then F({za,, .. Zann }) = G{Tays- -5 Ta, }). By the
induction hypothesis, there exists H C X of size Xy such that G is constant
on [H]™. It follows that F is constant on [H]|"*1. O

a<wi

Erdés and Rado proved that for each n, the partition property 3} —
(Nl)ﬁjl is best possible. The property also generalizes easily to larger cardi-
nals.

A natural generalization of the partition property (9.3) is when we allow A
to be a limit ordinal, not just a cardinal. Let x, n and m be as in (9.3) and
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let o > 0 be a limit ordinal. The symbol
(9.5) K= (),

stands for: For every F : [k]™ — m there exists an H C & of order-type «
such that F' is constant on [H]™.

There are various results about the partition relation (9.5). For instance,
Baumgartner and Hajnal proved in [1973] that Xy — (a)? for all o < wy.
The analogous case for Ny is different: If 2% = R, then Ny — (w1)? (by
Erdés-Rado), but it is consistent (with 2% = R;) that Ny 4 (w1 +w)?.

Among other generalizations of (9.3), we mention the following:

(9.6) K — (a, B)"

means that for every F': [k]" — {0, 1}, either there exists an Hy C & of order-
type « such that F''= 0 on [H1]" or there exists and Hy C & of order-type 8
such that F =1 on [Hao]".

Theorem 9.7 (Dushnik-Miller). For every infinite cardinal k,

K — (k,w)2
Proof. Let {A, B} be a partition of []?. For every = € x, let B, = {y € & :
x < y and {z,y} € B}. First let us assume that in every set X C & of
cardinality x there exists an x € X such that |B, N X| = k. In this case, we
construct an infinite H with [H]? C B as follows:

Let Xo = r and zg € Xg such that |B,,NXo| = k. For each n, let X,, 11 =
B,,NX, and let x,11 € X,,41 be such that ,11 > x, and |B,, ., N Xp41] =
#. Then let H = {x,}°° o; it is clear that [H]* C B.

Thus let us assume, for the rest of the proof, that there exists a set S C &
of cardinality x such that

(9.7) for every x € S, |B, N S| < k.

If k is regular, then we construct (by induction) an increasing x-sequence
(o @ < k) in S such that {z,,zg} € A for all @ < f; this is possible
by (9.7).

Thus let us assume that « is singular, let A = cf £ and let (k¢ : £ < A) be
an increasing sequence of regular cardinals > A with limit x. Furthermore,
we assume that there is no infinite H with [H]?> C B, and that kg — (ke,w)?
holds for every £ < A. We shall find a set H C & of cardinality x such that
[H]? C A.

Let {S¢ : € < A} be a partition of S into disjoint sets such that Se = k.
It follows from our assumptions that there exist sets K¢ C Se, |K¢| = ke,
such that [K¢]? C A.

For every x € K¢ there exists, by (9.7), some a < A such that |[B, N S| <
Ka; since A < kg, there exists an a(£) such that the set Z; = {z € K¢ :
| By N S| < Ka(ey} has cardinality .
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Let (¢, : v < A) be an increasing sequence of ordinals < X such that if
11 < v then a(&,,) < &,,. We define, by induction on v,

Hy = Zey = U{Be v €Uy Ze(n -

Clearly, |H,| = k¢, and [H,]? C A.
Finally, we let H = J,_, H,. It follows from the construction of H that
[H]? C A. O

Weakly Compact Cardinals

In the positive results given by the Erdés-Rado Theorem, the size of the ho-
mogeneous set is smaller than the size of the set being partitioned. A natural
question arises, whether the relation x — (x)? can hold for cardinals other
than kK = w.

Definition 9.8. A cardinal x is weakly compact if it is uncountable and
satisfies the partition property x — (k)2

The reason for the name “weakly compact” is that these cardinals satisfy
a certain compactness theorem for infinitary languages; we shall investigate
weakly compact cardinals further in Part II.

Lemma 9.9. Fvery weakly compact cardinal is inaccessible.

Proof. Let k be a weakly compact cardinal. To show that x is regular, let
us assume that  is the disjoint union [J{A, : v < A} such that A < &
and |A,| < k for each v < A\. We define a partition F : [k]*> — {0,1} as
follows: F({a,3}) = 0 just in case o and [ are in the same A,. Obviously,
this partition does not have a homogeneous set H C & of size k.

That ~ is a strong limit cardinal follows from Lemma 9.4: If 1 < 27
for some A < &, then because 2* /4 (A1)2, we have k /4 (AT)? and hence

K A (K)2. O

We shall prove in Chapter 17 that every weakly compact cardinal « is the
rth inaccessible cardinal.

Trees

Many problems in combinatorial set theory can be formulated as problems
about trees.

In this chapter we discuss Suslin’s Problem as well as the use of trees in
partition calculus and large cardinals.
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Definition 9.10. A tree is a partially ordered set (7, <) with the property
that for each z € T', the set {y : y < x} of all predecessors of x is well-ordered
by <.

The ath level of T consists of all © € T such that {y : y < 2} has order-
type a. The height of T is the least o such that the ath level of T is empty;
in other words, it is the height of the well-founded relation <:

(9.8) o(x) = the order-type of {y : y < z},
ath level = {x : o(z) = a},
height(7') = sup{o(z) + 1: x € T}.

A branch in T is a maximal linearly ordered subset of T. The length of
a branch b is the order-type of b. An a-branch is a branch of length a.

We shall now turn our attention to Suslin’s Problem introduced in Chap-
ter 4. In Lemma 9.14 below we show that the problem can be restated as
a question about the existence of certain trees of height w;.

Suslin’s Problem asks whether the real line is the only complete dense
unbounded linearly ordered set that satisfies the countable chain condition.
An equivalent question is whether every dense linear ordering that satisfies
the countable chain condition is separable, i.e., has a countable dense subset.

Definition 9.11. A Suslin line is a dense linearly ordered set that satisfies
the countable chain condition and is not separable.

Thus Suslin’s Problem asks whether a Suslin line exists. We shall show
that the existence of a Suslin line is equivalent to the existence of a Suslin
tree.

Let T be a tree. An antichain in T is a set A C T such that any two
distinct elements x, y of A are incomparable, i.e., neither z < y nor y < x.

Definition 9.12. A tree T is a Suslin tree if

(i) the height of T is wy;

ii) every branch in T' is at most countable;

ii y branch in T is at t tabl
(iii) every antichain in 7" is at most countable.

For the formulation of Suslin’s Problem in terms of trees it is useful to
consider Suslin trees that are called normal.

Let « be an ordinal number, o < wy. A normal a-tree is a tree T with
the following properties:

(9.9) (i) height(T") = «;
(ii) 7T has a unique least point (the root);
(iii) each level of T is at most countable;
(iv) if z is not maximal in 7', then there are infinitely many y > x at
the next level (immediate successors of z);
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(v) for each € T there is some y > x at each higher level less
than «;

(vi) if f < « is a limit ordinal and z, y are both at level § and if
{ziz<z}={z:2<y}, thenax =y.

See Exercise 9.6 for a representation of normal trees.

Lemma 9.13. If there exists a Suslin tree then there exists a normal Suslin
tree.

Proof. Let T be a Suslin tree. T' has height wy, and each level of T is count-
able. We first discard all points « € T such that T, = {y € T : y > x} is at
most countable, and let Ty = {x € T": T, is uncountable}. Note that if z € T
and o > o(z), then |T}| = X; for some y > = at level a. Hence T} satisfies
condition (v). Next, we satisfy property (vi): For every chain C' = {z : z < y}
in 77 of limit length we add an extra node ac and stipulate that z < a¢ for
all z € C, and ac < x for every x such that x > z for all z € C. The resulting
tree Ty satisfies (iii), (v) and (vi). For each & € Ty there are uncountably
many branching points z > z, i.e., points that have at least two immediate
successors (because there is no uncountable chain and 7% satisfies (v)). The
tree T3 = {the branching points of T5} satisfies (iii), (v) and (vi) and each
x € T3 is a branching point. To get property (iv), let T4 consists of all z € T5
at limit levels of T5. The tree Ty satisfies (i), (iii), (iv), and (v); and then
T5 C Ty satisfying (ii) as well is easily obtained. O

Lemma 9.14. There exists a Suslin line if and only if there exists a Suslin
tree.

Proof. (a) Let S be a Suslin line. We shall construct a Suslin tree. The tree
will consist of closed (nondegenerate) intervals on the Suslin line S. The
partial ordering of T is by inverse inclusion: If I,J € T, then I < J if and
only if I D J.

The collection T' of intervals is constructed by induction on o < w;. We
let Iy = [ao,bo] be arbitrary (such that ag < bg). Having constructed Ig,
B < «a, we consider the countable set C' = {ag : 8 < a} U{bg : B < a} of
endpoints of the intervals Ig, # < . Since S is a Suslin line, C' is not dense
in S and so there exists an interval [a,b] disjoint from C'; we pick some such
[@0,ba] = In. Theset T = {I, : @ < wy} is uncountable and partially ordered
by D. If aw < 3, then either I, D I or I, is disjoint from Ig. It follows that
for each o, {I € T : I D I, } is well-ordered by D and thus T is a tree.

We shall show that T" has no uncountable branches and no uncountable
antichains. Then it is immediate that the height of T is at most wy; and since
every level is an antichain and T is uncountable, we have height(T) = w;.

If I,J € T are incomparable, then they are disjoint intervals of S; and
since S satisfies the countable chain condition, every antichain in 7" is at most
countable. To show that T has no uncountable branch, we note first that if
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b is a branch of length wi, then the left endpoints of the intervals I € B
form an increasing sequence {z, : @ < w1} of points of S. It is clear that the
intervals (4, %a+1), @ < wi, form a disjoint uncountable collection of open
intervals in S, contrary to the assumption that S satisfies the countable chain
condition.

(b) Let T be a normal Suslin tree. The line S will consist of all branches
of T (which are all countable). Each € T has countably many immediate
successors, and we order these successors as rational numbers. Then we order
the elements of S lexicographically: If « is the least level where two branches
a,b € S differ, then « is a successor ordinal and the points a,, € a and b, € b
are both successors of the same point at level « — 1; we let a < bor b < a
according to whether a,, < b, or b, < aq.

It is easy to see that S is linearly ordered and dense. If (a,b) is an open
interval in S, then one can find # € T such that I, C (a,b), where I, is the
interval I, = {c € S: 2 € ¢}. And if I, and I, are disjoint, then x and y are
incomparable points of T'. Thus every disjoint collection of open intervals of .S
must be at most countable, and so S satisfies the countable chain condition.

The line S is not separable: If C' is a countable set of branches of T', let «
be a countable ordinal bigger than the length of any branches b € C'. Then if
z is any point at level o, the interval I, does not contain any b € C', and so
C' is not dense in S. O

Lemma 9.14 reduces Suslin’s Problem to a purely combinatorial problem.
In Part II we shall return to it and show that the problem is independent of
the axioms of set theory.

We now turn our attention to the following problem, related to Suslin
trees.

Definition 9.15. An Aronszajn tree is a tree of height wy all of whose levels
are at most countable and which has no uncountable branches.

Theorem 9.16 (Aronszajn). There exists an Aronszajn tree.

Proof. We construct a tree 7' whose elements are some bounded increasing
transfinite sequences of rational numbers. If x,y € T are two such sequences,
then we let x < y just in case y extends x, i.e., x C y. Also, if y € T and x is
an initial segment of y, then we let © € T'; thus the ath level of T' will consist
of all those x € T whose length is «.

It is clear that an uncountable branch in T" would yield an increasing
wi-sequence of rational numbers, which is impossible. Thus T will be an
Aronszajn tree, provided we arrange that T has N levels, all of them at
most countable. We construct 7' by induction on levels. For each a@ < wy
we construct a set U, of increasing a-sequences of rationals; U, will be the
ath level of T. We construct the U, so that for each a, |Uy| < Ng, and that:

(9.10) For each § < a, each « € Ug and each ¢ > sup z there is y € U, such
that * C y and ¢ > supy.
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Condition (9.10) enables us to continue the construction at limit steps.

To start, we let Uy = {(}. The successor steps of the construction are also
fairly easy. Given Uy, we let U,+1 be the set of all extensions 2 of sequences
in U, such that r > sup z. It is clear that since U, satisfies condition (9.10),
Ua+1 satisfies it also (for aw+ 1), and it is equally clear that U,+1 is at most
countable.

Thus let « be a limit ordinal (o < w;y) and assume that we have con-
structed all levels U,, v < «, of T below a, and that all the U, satisfy (9.10);
we shall construct Uy,. The points € T below level a form a (normal) tree T,
of length . We claim that T, has the following property:

(9.11) For each xz € T,, and each ¢ > sup x there is an increasing a-sequence
of rationals y such that z C y and ¢ > supy and that y[3 € T, for
all f < a.

The last condition means that {y[5: 8 < a} is a branch in T,,. To prove the
claim, we let «,,, n = 0, 1, ..., be an increasing sequence of ordinals such
that z € Uy, and lim, o, = a, and let {g,}32, be an increasing sequence
of rational numbers such that gy > supx and lim,, ¢, < ¢. Using repeatedly
condition (9.10), for all a;, (n = 0, 1, ...), we can construct a sequence
Yo C y1 C ... C Yp ... such that yo = z, y, € U,,, and supy, < g, for
each n. Then we let y = [J)—, yn; clearly, y satisfies (9.11).

Now we construct U, as follows: For each x € T, and each rational
number ¢ such that ¢ > sup z, we choose a branch y in T, that satisfies (9.11),
and let U, consists of all these y : a — Q. The set U, so constructed is
countable and satisfies condition (9.10).

Then T = J U, is an Aronszajn tree. O

a<w]

The Aronszajn tree constructed in Theorem 9.16 has the property that
there exists a function f : T — R such that f(z) < f(y) whenever x < y
(Exercise 9.8). With a little more care, one can construct 7' so that there is
a function f: T — @Q such that f(z) < f(y) if < y. Such trees are called
special Aronszagn trees. In Part II we’ll show that it is consistent that all
Aronszajn trees are special.

Almost Disjoint Sets and Functions

In combinatorial set theory one often consider families of sets that are as
much different as possible; a typical example is an almost disjoint family of
infinite sets—any two intersect in a finite set. Here we present a sample of
results and problems of this kind.

Definition 9.17. A collection of finite sets Z is called a A-system if there
exists a finite set S such that X NY = § for any two distinct sets X,Y € Z.
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The following theorem is often referred to as the A-Lemma:

Theorem 9.18 (Shanin). Let W be an uncountable collection of finite sets.
Then there ezists an uncountable Z C W that is a A-system.

Proof. Since W is uncountable, it is clear that uncountably many X € W
have the same size; thus we may assume that for some n, |X| = n for all
X € W. We prove the theorem by induction on n. If n = 1, the theorem is
trivial. Thus assume that the theorem holds for n, and let W be such that
[ X|=n+1foral X e W.

If there is some element a that belongs to uncountably many X € W,
we apply the induction hypothesis to the collection {X — {a} : X € W and
a € X}, and obtain Z C W with the required properties.

Otherwise, each a belongs to at most countably many X € W, and we
construct a disjoint collection Z = {X, : @ < w;} as follows, by induction
on a. Given X¢, { < o, we find X = X, € W that is disjoint from all X,
& <o a

For an alternative proof, using Fodor’s Theorem, see Exercise 9.10. The-
orem 9.18 generalizes to greater cardinals, under the assumption of GCH:

Theorem 9.19. Assume k<% = k. Let W be a collection of sets of cardi-
nality less than k such that |W| = k™. Then there exist a collection Z C W
such that |Z| = k% and a set A such that X NY = A for any two distinct
elements XY € Z. a

Definition 9.20. If X and Y are infinite subsets of w then X and Y are
almost disjoint if X NY is finite.

Let k be a regular cardinal. If X NY are subsets of k of cardinality x then
X and Y are almost disjoint if | X NY| < k.

An almost disjoint family of sets is a family of pairwise almost disjoint
sets.

Lemma 9.21. There exists an almost disjoint family of 280 subsets of w.

Proof. Let S be the set of all finite 0-1 sequences: S = |J;-,{0, 1}". For every
frw—{0,1},let Ay C Sbetheset Ay ={seS:sC f}={fIn:necw}
Clearly, Ay N Ag is finite if f # g; thus {A; : f € {0,1}*} is a family of
2% almost disjoint subsets of the countable set S, and the lemma follows.

O

A generalization from w to arbitrary regular « is not provable in ZFC (al-
though under GCH the generalization is straightforward; see Exercise 9.11).
Without assuming the GCH, the best one can do is to find an almost disjoint
family of kT subsets of ; this follows from Lemma 9.23 below.

Definition 9.22. Let x be a regular cardinal. Two functions f and g on &
are almost disjoint if [{a: f(a) = g(a@)}] < k.
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Lemma 9.23. For every regular cardinal k, there exists an almost disjoint
family of kT functions from K to k.

Proof. 1t suffices to show that given x almost disjoint functions {f, : v < K},
then there exists f : k — k almost disjoint from all f,, v < k; this we do by
diagonalization: Let f(a) # f,(«) for all v < . |

Let us consider the special case when k = w;.

Definition 9.24. A tree (T, <) is a Kurepa tree if:

(i) height(T) = wy;
(ii) each level of T is at most countable;
(iii) 7T has at least No uncountable branches.

If T is a Kurepa tree, then the family of all wi-branches is an almost
disjoint family of uncountable subsets of T'. In fact, since the levels of T are
countable, we can identify the w;-branches with the functions from w; into w
and get the following result: There exists an almost disjoint family of Ng
functions f:w; — w.

Lemma 9.25. A Kurepa tree exists if and only if there exists a family F of
subsets of wy such that:

(9.12) (i) |F] = N
(i) for each a < wi, {X Na: X € F}H < Ng.

Proof. (a) Let (T, <r) be a Kurepa tree. Since T has size R, we may assume
that T'= wy, and moreover that o« < 3 whenever o <p 3. If we let F be the
family of all wy-branches of 7', then F satisfies (9.12).

(b) Let F be a family of subsets of w; such that (9.12) holds. For each
X € F, let fx be the functions on w; defined by

Ix(e)=XNa  (a<w).

For each o < wq, let Uy, = {fxla: X € F} and let T = Ua<w1 U,. Then
(T, C) is a tree, the U, are the levels of T" and the functions fx correspond
to branches of T'. By (9.12)(ii), every U, is countable, and it follows that 7" is
a Kurepa tree. a

The existence of a Kurepa tree is independent of the axioms of set theory.
In fact, the nonexistence of Kurepa trees is equiconsistent with an inaccessible
cardinal.
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The Tree Property and Weakly Compact Cardinals

Generalizing the concept of Aronszajn tree to cardinals > w; we say that
a regular uncountable cardinal k has the tree property if every tree of height x
whose levels have cardinality < & has a branch of cardinality .

Lemma 9.26.

(1) If k is weakly compact, then k has the tree property.
(ii) If K is inaccessible and has the tree property, then k is weakly compact,
and in fact k — (k)2, for every m < k.

Proof. (i) Let k be weakly compact and let (T, <7) be a tree of height s such
that each level of T' has size < k. Since k is inaccessible, |T'| = x and we
may assume that 7" = x. We extend the partial ordering < of x to a linear
ordering <: If a <7 (3, then we let o < ; if a and 3 are incomparable and if
¢ is the first level where the predecessors ag, 3¢ of o and 3 are distinct, we
let o < 8 if and only if ae < Ge.

Let F : [k]> — {0,1} be the partition defined by F({a,3}) = 1 if and
only if < agrees with < on {a,(}. By weak compactness, let H C & be
homogeneous for F, |H| = k.

We now consider the set B C & of all « € k such that {a € H : x <p a}
has size k. Since every level has size < k, it is clear that at each level there
is at least one x in B. Thus if we show that any two elements of B are
<rp-comparable, we shall have proved that B is a branch in T of size k.

Thus assume that z, y are incomparable elements of B; let © < y. Since
both z and y have k successors in H, there exist « < § < v in H such that
<t a,y <t (3, and x <7 7. By the definition of <, we have @ < 3 and
v < B. Thus F({e, 8}) = 1 and F'({~, 5}) = 0, contrary to the homogeneity
of H.

(ii) Let & be an inaccessible cardinal with the tree property, and let F :
[k]?> — I be a partition such that |I| < k. We shall find a homogeneous H C &
of size k.

We construct a tree (T, C) whose elements are some functions ¢ : v — I,
v < k. We construct T' by induction: At step o < k, we put into 7' one more
element ¢, calling it ¢,. Let tg = (). Having constructed to, ..., tg, ..., f < o,
let us construct t, as follows, by induction on £. Having constructed t, [, we
look first whether ¢, [ is among the ¢g, § < a (note that for { = 0 we have
to [0 = tp). If not, then we consider t, constructed: to = to[€. If 416 = tg
for some § < «, then we let t,(§) =i where i = F({3, a}).

(T, Q) is a tree of size k; and since « is inaccessible, each level of T has
size < k and the height of T" is k. It follows from the construction that if
tg C ta, then 8 < a and F({8,a}) = to(length(tg)). By the assumption,
T has a branch B of size k. If we now let, for each i € I,

(9.13) H,={a:t, € Band t, i€ B},
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then each H; is homogeneous for the partition F', and at least one H; has
size k. O

It should be mentioned that an argument similar to the one above, only
more complicated, shows that if k is inaccessible and has the tree property,
then k — (k)% for all n € w, m < k.

Ramsey Cardinals

Let us consider one more generalization of Ramsey’s Theorem. Let x be an
infinite cardinal, let o be an infinite limit ordinal, o < k, and let m be
a cardinal, 2 < m < k. The symbol

(9.14) K= ()5

denotes the property that for every partition F' of the set [k]< = |7 ,[x]"
into m pieces, there exists a set H C k of order-type « such that for each
n € w, F is constant on [H]". (Again, the subscript m is deleted when m = 2.)

It is not difficult to see that the partition property w — (w)<¢ is false
(see Exercise 9.13).

A cardinal s is a Ramsey cardinal if k — (k)<“. Clearly, every Ram-
sey cardinal is weakly compact. We shall investigate Ramsey cardinals and
property (9.14) in general in Part II.

Exercises

9.1. (i) Every infinite partially ordered set either has an infinite chain or has
an infinite set of mutually incomparable elements.
(ii) Every infinite linearly ordered set either has an infinite increasing sequence
of elements or has an infinite decreasing sequence of elements.
[Use Ramsey’s Theorem.]

For each &, let expy(k) = & and exp,, (k) = 2e%Pn ()
9.2. For every r, (exp, (k)T — (k7)2"!. In particular, we have (2%)" — (k)2

9.3. w1 — (wi,w+ 1)2.

[Let {A, B} be a partition of [w1]?. For every limit ordinal « let K, be a maximal
subset of a such that [KoU{a}]? C B.If K, is finite for each a, use Fodor’s Theorem
to find a stationary set S such that all K, a € S, are the same. Then [S]? C A.]

If A is an infinite set of ordinals and « an ordinal, let [A]® denote the set of all
increasing a-sequences in A. The symbol

K — (A

stands for: For every partition F : [5]® — {0, 1} of [k]® into two pieces, there exists
a set H of order-type X such that F' is constant on [H]“.
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9.4. For all infinite cardinals k, k /4 (w)*.

[For s,t € [k]“ let s = ¢ if and only if {n : s(n) # t(n)} is finite. Pick a repre-
sentative in each equivalence class. Let F'(s) = 0 if s differs from the representative
of its class at an even number of places; let F'(s) = 1 otherwise. F' has no infinite
homogeneous set.]

9.5 (Konig’s Lemma). If T is a tree of height w such that each level of T is
finite, then 7" has an infinite branch.

[To construct a branch {zo,x1,...,Zn,...} in T, pick zo at level 0 such that
{y : y > xo} is infinite. Then pick x1, z2, ... similarly.]

9.6. If T is a normal a-tree, then T is isomorphic to a tree T whose elements are
[B-sequences (3 < «), ordered by extension; if t C s and s € T, then t € T, and the
Bth level of T is the set {t € T : domt = }.

9.7. If T' is a normal wi-tree and if 7" has uncountable branch, then 7" has an
uncountable antichain.
[For each z in the branch B pick a successor z, of z such that z, ¢ B. Let

A={z 1z € B}]

9.8. Show that if 7" is the tree in Theorem 9.16 then there exists some f: 7T — R
such that f(z) < f(y) whenever z < y.

9.9. An Aronszajn tree is special if and only if 7" is the union of w antichains.
[If T = ;7 , An, where each A, is an antichain, define 7 : T'— Q by induction
on n, constructing 7| A,, at stage n, so that the range of 7 remains finite.]

9.10. Prove Theorem 9.18 using Fodor’s Theorem.

[Let W = {X4 : a < w1} with Xo C wi. For each a, let f(a) = Xo N a.
By Fodor’s Theorem, f is constant on a stationary set S; by induction construct
a A-system W C {Xa : a € S} ]

9.11. If 2<% = k, then there exists an almost disjoint family of 2* subsets of &.
[As in Lemma 9.21, let S = U, ,.{0,1}%; |S] = &.]

9.12. Given a family F of Ny almost disjoint functions f : wi — w, there exists
a collection S of Ny pairwise disjoint stationary subsets of wi.

[Each f € F is constant on a stationary set Sy with value ny. There is G C F
of size Ry such that ny is the same for all f € G. Let S = {Sy : f € G}]

9.13. w A (w)=¥.
[For x € [w]<¥, let F(z) = 1if |z| € , and F(z) = 0 otherwise. If H C w is
infinite, pick n € H and show that F' is not constant on [H]".]

Historical Notes

Theorem 9.1 is due to Ramsey [1929/30]. Ramsey ultrafilters are investigated in
Booth [1970/71]. The theory of partition relations has been developed by Erdés,
who has written a number of papers on the subject, some coauthored by Rado,
Hajnal, and others. The arrow notation is introduced in Erdés and Rado [1956].
Other major comprehensive articles on partition relations are Erdds, Hajnal, and
Rado [1965] and Erdés and Hajnal [1971].



9. Combinatorial Set Theory 123

Theorem 9.6 appears in Erdés and Rado [1956]. Lemma 9.4 is due to Sierpin-
ski [1933]. Theorem 9.7 is in Dushnik-Miller [1941].

Weakly compact cardinals (as in Definition 9.8 as well as the tree property)
were introduced by Erdés and Tarski in [1961].

The equivalence of Suslin’s Problem with the tree formulation (Lemma 9.14) is
due to Kurepa [1935]; this paper also presents Aronszajn’s construction and Kurepa
trees, with Lemma 9.25.

Theorems 9.18 and 9.19: Shanin [1946] and Erdés-Rado [1960].

Ramsey cardinals were first studied by Erdés and Hajnal in [1962].

Exercise 9.2: Erdés-Rado [1956], Exercises 9.4 and 9.13: Erdés-Rado [1952].

Exercise 9.5: D. Konig [1927].

Exercise 9.9: Galvin.

10. Measurable Cardinals

The theory of large cardinals owes its origin to the basic problem of measure
theory, the Measure Problem of H. Lebesgue.

The Measure Problem

Let S be an infinite set. A (nontrivial o-additive probabilistic) measure on S
is a real-valued function p on P(S) such that:

(10.1) (i) w(®) =0 and u(S) =1;
(i) if X C Y, then p(X) < p(Y);
(i) p({a}) =0 for all @ € S (nontriviality);
(iv) if X, n =0, 1, 2, ..., are pairwise disjoint, then

u(n[;jo X,) = ni“(X") (0-additivity).

It follows from (ii) that p(X), the measure of X, is nonnegative for every
X C S; in a special case of (iv) we get p(X UY) = pu(X) 4+ p(Y) whenever
X NY =0 (finite additivity).

More generally, let A be a o-complete algebra of sets. A measure on A
is a real-valued function p on A satisfying (i)—(iv). Thus a measure on S is
a measure on P(S).

An example of a measure on a o-complete algebra of sets is the Lebesgue
measure on the algebra of all Lebesgue measurable subsets of the unit in-
terval [0, 1]. The Lebesgue measure has, in addition to (i)—(iv), the following

property:

(10.2) If X is congruent by translation to a measurable set Y, then X is
measurable and p(X) = p(Y).

It is well known that there exist sets of reals that are not Lebesgue mea-
surable, and in fact that there is no measure on [0, 1] with the property (10.2)
(translation invariant measure); see Exercise 10.1.

The natural question to ask is whether the Lebesgue measure can be
extended to some measure (not translation invariant) such that all subsets
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of [0, 1] are measurable, or whether there exists any measure on [0, 1]. Or,
whether there exists a measure on some set S.

The investigation of this problem has lead to important discoveries in set
theory, opening up a new field, the theory of large cardinal numbers, which
has far-reaching consequences both in pure set theory and in descriptive set
theory.

A measure p on S is two-valued if (X)) is either 0 or 1 for all X C S. If
1 is a two-valued measure on S, let

(10.3) U={XcCS:uX)=1}

It is easy to verify that U is an ultrafilter on S. (For instance, if X € U and
YeU,then XNY € U. If u(X) = u(Y) =1, then X = (X-Y)U(XNY) and
Y = (Y -X)U(XNY). If u(XNY) were not 1, then u(X-Y) = p(Y -X) =1,
and we would have u(X UY) = 2.)

Next we note that the ultrafilter U is o-complete. This is so because u is
o-additive, and an ultrafilter U on S is o-complete if and only if there is no
partition of S into countably many disjoint parts S = |J;—, X, such that
X, ¢ U, for all n.

Thus if 4 is a two-valued measure on S, U is a o-complete ultrafilter on S.
Conversely, if U is a o-complete ultrafilter on S, then the following function
is a two-valued measure on S:

1 if X e U,

(104) HX) = {0 if X ¢ U.

Let p be a measure on S. A set A C S is an atom of p if pu(A) > 0 and if
for every X C A, we have either p(X) =0 or u(X) = p(A).
If 1 has an atom A, then

(10.5) U={XCS:uXnA) =puA)}

is again a o-complete ultrafilter on S.

A measure p on S is atomless if it has no atoms. Then every set X C S
of positive measure can be split into two disjoint sets of positive measure:
X=YUZ, and u(Y) >0, u(Z) > 0.

We shall eventually prove various strong consequences of the existence of
a nontrivial o-additive measure and establish the relationship between the
Measure Problem and large cardinals. Our starting point is the following
theorem which shows that if a measure exists, then there exists at least
a weakly inaccessible cardinal.

Theorem 10.1 (Ulam). If there is a o-additive nontrivial measure on S,
then either there exists a two-valued measure on S and |S| is greater than
or equal to the least inaccessible cardinal, or there exists an atomless mea-
sure on 2% and 28 is greater than or equal to the least weakly inaccessible
cardinal.
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Theorem 10.1 will be proved in a sequence of lemmas, which will also
provide additional information on the Measure Problem and introduce ba-
sic notions and methods of the theory of large cardinals. First we make the
following observation. Let x be the least cardinal that carries a nontrivial
o-additive two-valued measure. Clearly, x is uncountable and is also the least
cardinal that has a nonprincipal countably complete ultrafilter. And we ob-
serve that such an ultrafilter is in fact xk-complete:

Lemma 10.2. Let x be the least cardinal with the property that there is
a nonprincipal o-complete ultrafilter on r, and let U be such an ultrafilter.
Then U is k-complete.

Proof. Let U be a o-complete ultrafilter on x, and let us assume that U is
not x-complete. Then there exists a partition {X, : @ < 7} of k such that
v < K, and X, ¢ U for all @ < . We shall now use this partition to construct
a nonprincipal o-complete ultrafilter on ~y, thus contradicting the choice of k
as the least cardinal that carries such an ultrafilter.

Let f be the mapping of x onto v defined as follows:

f(z)=a ifand onlyif ze X, (z € k).
The mapping f induces a o-complete ultrafilter on 7: we define D C P(y) by
(10.6) ZeD ifandonlyif f,1(Z)eU.

The ultrafilter D is nonprincipal: Assume that {a} € D for some o < 7. Then
X, € U, contrary to our assumption on X,. Thus v carries a o-complete
nonprincipal ultrafilter. a

Measurable and Real-Valued Measurable Cardinals

We are now ready to define the central notion of this chapter.

Definition 10.3. An uncountable cardinal s is measurable if there exists
a k-complete nonprincipal ultrafilter U on k.

By Lemma 10.2, the least cardinal that carries a nontrivial two-valued o-
additive measure is measurable. Note that if U is a xk-complete nonprincipal
ultrafilter on x, then every set X € U has cardinality x because every set of
smaller size is the union of fewer than k singletons. For similar reasons, x is
a regular cardinal because if k is singular, then it is the union of fewer than
r small sets. The next lemma gives a first link of the Measure Problem with
large cardinals.

Lemma 10.4. FEvery measurable cardinal is inaccessible.
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Proof. We have just given an argument why a measurable cardinal is regular.
Let us show that measurable cardinals are strong limit cardinals. Let x be
measurable, and let us assume that there exists A < & such that 2* > x; we
shall reach a contradiction.

Let S be a set of functions f : A — {0,1} such that |S| = &, and let U be
a k-complete nonprincipal ultrafilter on S. For each a@ < A, let X, be that
one of the two sets {f € S: f(a) =0}, {f € S: f(a) =1} whichisin U, and
let €4 be 0 or 1 accordingly. Since U is k-complete, the set X = (1, Xq is
in U. However, X has at most one element, namely the function f that has
the values f(a) = e,. A contradiction. O

Let us now turn our attention to measures that are not necessarily two-
valued. Let p be a nontrivial o-additive measure on a set S. In analogy
with (10.3) we consider the ideal of all null sets:

(10.7) I, ={X CS:puX)=0}
1,, is a nonprincipal o-complete ideal on S. Moreover, it has these properties:

(10.8) (i) {a} €I for every z € S;
(ii) every family of pairwise disjoint sets X C .S that are not in [ is
at most countable.

To see that (ii) holds, note that if W is a disjoint family of set of positive
measure, then for each integer n > 0, there are only finitely many sets X € W
of measure > 1/n.

A o-complete nonprincipal ideal I on S is called o-saturated if it satis-
fies (10.8).

The following lemma is an analog of Lemma 10.2:

Lemma 10.5.

(i) Let k be the least cardinal that carries a nontrivial o-additive measure
and let p be such a measure on k. Then the ideal I, of null sets is
Kk-complete.

(ii) Let k be the least cardinal with the property that there is a o-complete
o-saturated ideal on K, and let I be such an ideal. Then I is k-complete.

Proof. (i) Let us assume that I, is not k-complete. There exists a collection
of null sets { X, : @ < 74} such that v < x and that their union X has positive
measure. We may assume without loss of generality that the sets X,, a < 7,
are pairwise disjoint; let m = pu(X).

Let f be the following mapping of X onto ~:

f(z)=a ifandonlyif ze€ X, (z € X).

The mapping f induces a measure v on ~:

(10.9) WZ) = = ulf(2)).
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The measure v is o-additive and is nontrivial since v({a}) = u(X,) = 0 for
each o € 7. This contradicts the choice of k as the least cardinal that carries
a measure.

(ii) The proof is similar. We define an ideal J on v by: Z € J if and only
if f_1(Z) € I. The induced ideal J is o-complete and o-saturated. O

Let {r; : i € I'} be a collection of nonnegative real numbers. We define
(10.10) o= sup{ > 7 1 Eis a finite subset of I}.
el i€E

Note that if the sum (10.10) is not oo, then at most countably many r; are
not equal to 0.

Let k be an uncountable cardinal. A measure p on S is called k-additive
if for every v < k and for every disjoint collection X, a < 7, of subsets of 5,

(10.11) w(U Xa) = 3 w(Xa).

a<y a<y

If i1 is a r-additive measure, then the ideal I, of null sets is k-complete.
The converse is also true and we get a better analog of Lemma 10.2 for
real-valued measures:

Lemma 10.6. Let p1 be a measure on S, and let I, be the ideal of null sets.
If 1, is k-complete, then p is k-additive.

Proof. Let v < k, and let X,, o < 7, be disjoint subsets of S. Since the X,
are disjoint, at most countably many of them have positive measure. Thus
let us write

{Xo:a<y}={Y,:n=0,1,2,.. } U{Zs:a <},

where each Z, has measure 0. Then we have

(U %) =s(01)

a<y

U Za).

a<ly

Now first p is o-additive, and we have
oo oo
M( U Yn) = Z ,U'(Yn)7
n=0 n=0
and secondly I, is xk-complete and

1(U Za) =0= 5 n(Za).

a<y a<y

Thus (U, Xa) = ¥, #(Xa). 0
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Corollary 10.7. Let k be the least cardinal that carries a nontrivial o-addi-
tive measure and let p be such a measure. Then p is k-additive. O

Definition 10.8. An uncountable cardinal s is real-valued measurable if
there exists a nontrivial k-additive measure p on .

By Corollary 10.7, the least cardinal that carries a nontrivial o-additive
measure is real-valued measurable. We shall show that if a real-valued mea-
surable cardinal x is not measurable, then x < 2%0. Note that if [ is a non-
trivial £ additive measure on &, then every set of size < k has measure 0,
and moreover x cannot be the union of fewer than k sets of size < k. Thus
a real-valued measurable cardinal is regular. We shall show that it is weakly
inaccessible.

We shall first prove the first claim made in the preceding paragraph.

Lemma 10.9.

(i) If there exists an atomless nontrivial o-additive measure, then there
exists a nontrivial o-additive measure on some k < 280,

(i) If I is a o-complete o-saturated ideal on S, then either there exists
Z C S, such that I'Z = {X C Z : X € I} is a prime ideal, or there
exists a o-complete o-saturated ideal on some k < 280,

Proof. (1) Let p be such a measure on S. We construct a tree T' of subsets
of S, partially ordered by reverse inclusion. The Oth level of T is {S}. Each
level of T' consists of pairwise disjoint subsets of S’ of positive measure. Each
X € T has two immediate successors: We choose two sets Y, Z of positive
measure such that YU Z = X and Y N Z = (. If « is a limit ordinal, then
the ath level consists of all intersections X = ﬂg <o X¢ such that each X¢ is
on the £th level of T and such that X has positive measure.

We observe that every branch of T has countable length: If { X : £ < a} is
a branch in T', then the set {Y¢ : £ < a}, where Yy = X¢ — X¢1, is a disjoint
collection of sets of positive measure. Consequently, T" has height at most w; .
Similarly, each level of T' is at most countable, and it follows that 7" has at
most 2% branches.

Let {by : @ < K}, k < 2% be an enumeration of all branches b = { X :
§ <} such that ,_., X¢ is nonempty; for each v <k, let Zo =[{X : X €
ba}. The collection {Z, : @ < k} is a partition of S into  sets of measure 0.

We induce a measure v on « as follows: Let f be the mapping of S onto &
defined by

f(x)=a ifandonlyif ze€ Z, (xed),

and let
v(Z) = p(f-1(2))
for all Z C k. It follows that v is a nontrivial o-additive measure on x.

(ii) The proof is similar. We define a tree T' as above and then induce an
ideal J on & by letting Z € J if and only if f_1(Z) € I. O
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The proof of Lemma 10.9 shows that if i is atomless, then there is a par-
tition of S into at most 2%° null sets; in other words, j is not (2%¢)*-additive.
Hence if £ carries an atomless k-additive measure, then x < 2% and we have:

Corollary 10.10. If k is a real-valued measurable cardinal, then either k is
measurable or k < 280,

More generally, if k carries a k-complete o-saturated ideal, then either
Kk is measurable or k < 280, O

The measure v obtained in Lemma 10.9(i) is atomless; this follows from
the fact that x < 2% and Lemma 10.4. If there exists an atomless o-additive
measure, then there is one on some k£ < 2%, Clearly, such a measure can
be extended to a measure on 2%0: For X C 2% we let u(X) = (X N k).
Thus we conclude that there exists an atomless o-additive measure on the
set R of all reals. It turns out that using the same assumption, we can obtain
a o-additive measure on R that extends Lebesgue measure. This can be done
by a slight modification of the proof of Lemma 10.9:

Using Exercise 10.3, we construct for each finite 0-1 sequence s, a set
Xs C S such that X = S, and for every s € Seq, Xs~0 U Xs~1 = Xj,
Xe~0NXs~1 =0, and pu(Xs~0) = u(Xs~1) = % - (Xs~0). Then we define
a measure v on 2% by

n(2) = wlUiXy: fe 2},

where Xy = (7", Xy for each f € 2*. Using the mapping F : 2¥ — [0, 1]
defined by

F(f)= % fm)/2!

we obtain a nontrivial o-additive measure v on [0, 1]. This measure agrees
with the Lebesgue measure on all intervals [k/2™, (k + 1)/2"], and hence on
all Borel sets. Every set of Lebesgue measure 0 is included in a Borel (in fact,
Gs) set of Lebesgue measure 0 and hence has v-measure 0. Every Lebesgue
measurable set X can be written as X = (B—N7)UN,, where Ny and Na have
Lebesgue measure 0, and hence the Lebesgue measure of X is equal to v(X).
Thus v agrees with the Lebesgue measure on all Lebesgue measurable subsets
of [0,1].

We shall now show that a real-valued measurable cardinal is weakly in-
accessible. The proof is by a combinatorial argument, using matrices of sets.

Definition 10.11. An Ulam matriz (more precisely, an Ulam (Xq,Ng)-
matrix) is a collection {4y, @ @ < wi, n < w} of subsets of wy such that:

10.12 i) if a # 3, then A, N Ag,, = 0 for every n < w;
, B,
(ii) for each «, the set wy —J,—, Aqa,n is at most countable.

An Ulam matrix has ¥y rows and Ry columns. Each column consists of
pairwise disjoint sets, and the union of each row contains all but countably
many elements of w.
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Lemma 10.12. An Ulam matriz exists.

Proof. For each £ < wy, let f¢ be a function on w such that { C ran(f¢). Let
us define A, , for @ < w; and n < w by

(10.13) € A,, ifandonlyif fe(n)=a.

If n < w, then for each £ € w; there is only one a such that £ € A, ,,, namely
a = f¢(n); and we have property (i) of (10.12). If v < wy, then for each £ > «
there is an n such that f¢(n) = a and hence (wq — |, Aa,n) C a+ 1; that
verifies property (ii). O

Using an Ulam matrix, we can show that there is no measure on wy:

Lemma 10.13. There is no nontrivial o-additive measure on wi. More gen-
erally, there is no o-complete o-saturated ideal on wi.

Proof. Let {Aqn @ o < wi, n < w} be an Ulam matrix. Assuming that we
have a measure on wy, there is for each o some n = n, such that A, , has
positive measure (because of (10.12)(ii)). Hence there exist an uncountable
set W C w; and some n < w such that n, = n for all @« € W. Then
{Aqn : @ € W} is an uncountable, pairwise disjoint (by (10.12)(i)) family of
sets of positive measure; a contradiction. O

A straightforward generalization of Lemmas 10.12 and 10.13 gives the
result mentioned above:

Lemma 10.14. If k = AT, then there is no k-complete o-saturated ideal
on K.

Proof. For each £ < AT, we let fe be a function on A such that & C ran(fe),
and let

£€ Ay, ifandonlyif fe(n) =o.

Then {An, o < AT, np <A} is an Ulam (AT, \)-matrix, that is a collection
of subsets of AT such that:

(10.14) (i) Aay N Ag, =0 whenever a # 8 < AT, and n < \;
(i) [A* = U,<x Aoyl < A for each a < AT,

The proof of Lemma 10.13 generalizes to show that there is no xk-complete
o-saturated ideal on k. O

Corollary 10.15. FEvery real-valued measurable cardinal is weakly inacces-
sible. O

10. Measurable Cardinals 133

Lemma 10.14 completes the proof of Theorem 10.1: If there is a o-additive
nontrivial measure on S, then either the measure has an atom A and we can
construct a two-valued measure on S via a o-complete nonprincipal ultrafilter
on A, and then |S| > the least measurable cardinal, which is inaccessible; or
the measure on S is atomless and we construct, as in Lemma 10.9, an atomless
measure on 2%, and then 2% > the least real-valued measurable cardinal,
which is weakly inaccessible. O

Prior to Ulam’s work, Banach and Kuratowski proved that if the Con-
tinuum Hypothesis holds then there exists no o-additive measure on R. We
present their proof below; in fact, Lemma 10.16 gives a slightly more general
result.

If f and g are functions from w to w, let f < g mean that f(n) < g(n) for
all but finitely many n € w. A k-sequence of functions (f, : @ < k) is called
a k-scale if fo < fg whenever a < 3, and if for every g : w — w there exists
an « such that g < f,.

Lemma 10.16. If there exists a k-scale, then k is not a real-valued measur-
able cardinal.

Proof. Let fo, a < K, be a k-scale. We define an (R, ¥g)-matrix of subsets
of x as follows: For n, k < w, let

(10.15) a€ A,y ifandonly if fu(n)=%k (o € k).

Since for each n and each « there is k such that a € A,, 5, we have

oo
An,k =k
k=0
for every n =0, 1,2, ....
Now assume that p is a nontrivial k-additive measure on x. For each n,
let k,, be such that

A oUA, 1 U...UAg,) >1— (1/2n+2)’

and let B,, = A, 0U...UA, . Ifwelet B = ﬂnoozo B,,, then we clearly have
u(B) = 1/2.

Let ¢ : w — w be the function g(n) = k,. If & € B, then by the definition
of B and by (10.15), we have

fa(n) <g(n)

forallm =0, 1, 2, ...; hence g £ f,. However, since B has positive measure,
B has size k, and therefore we have g £ f,, for cofinally many o < k. This
contradicts the assumption that the f, form a scale. a

Corollary 10.17. If there is a measure on 280, then 280 > N;.
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Proof. If 2% = R, then there exists an wi-scale; a scale (fa @ < wy)is
constructed by transfinite induction to wi:

Let {ga : @ < w1} enumerate all functions from w to w. At stage «, we
construct, by diagonalization, a function f, such that for all 8 < «, fo > f3
and fo > gg. Then (fo : @ < wi) is an wi-scale. O

Measurable Cardinals

By Lemma 10.4, every measurable cardinal is inaccessible. While we shall
investigate measurable cardinals extensively in Part II, we now present a few
basic results that establish the relationship of measurable cardinals and the
large cardinals introduced in Chapter 9.

We recall that by Lemma 9.26, a cardinal  is weakly compact if and only
if it is inaccessible and has the tree property.

Lemma 10.18. FEvery measurable cardinal is weakly compact.

Proof. Let k be a measurable cardinal. To show that x is weakly compact,
it suffices to prove the tree property. Let (7, <) be a tree of height £ with
levels of size < k. We consider a nonprincipal x-complete ultrafilter U on T
Let B be the set of all x € T such that the set of all successors of z is in U.
It is clear that B is a branch in T and it is easy to verify that each level of T’
has one element in B; thus B is a branch of size k. a

Normal Measures

In Chapter 8 we defined the notion of a normal x-complete filter, namely
a filter closed under diagonal intersections (8.7).

Thus we call a normal x-complete nonprincipal ultrafilter a normal mea-
sure on k. Note that by Exercise 8.8, a measure is normal if and only if every
regressive function on a set of measure one is constant on a set of measure
one.

Lemma 10.19. If D is a normal measure on k, then every set in D is sta-
tionary.

Proof. By Lemma 8.11, every closed unbounded set is in D, and the lemma
follows. n

Theorem 10.20 below shows that if x is measurable cardinal then a normal
measure exists.

Theorem 10.20. Fvery measurable cardinal carries a mormal measure. If
U is a nonprincipal k-complete ultrafilter on k then there exists a function
f ik — Kk such that f.(U) ={X Ck: f_1(X) € U} is a normal measure.
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Proof. Let U be a nonprincipal k-complete ultrafilter on . For f and g in k",
let
f=g ifandonlyif {a<k: f(a)=g(a)}eU.

It is easily seen that = is an equivalence relation on x". Let [f] denote the
equivalence class of f € k”. Furthermore, if we let

f<g ifandonlyif {a<k:f(a)<gla)}el,

then < is a linear ordering of (the equivalence classes of) k".

There exists no infinite descending sequence fo > f1 > ... > fr, > ..
Otherwise, let X,, = {a : fu(a) > fatri(a)}, and let X = (2 ) Xy X is
nonempty, and if « € X, we would have fo(a) > fi(a) > ... > fu(a) > ..
a contradiction.

Thus < is a well-ordering of k" /=.

Now let f : k — k be the least function (in this well-ordering) with the
property that for all v < , {a : f(a) > v} € U. Such functions exist: for
instance, the diagonal function d(«) = « has this property.

Let D = f.(U) ={X C k: f-1(X) € U}. We claim that D is a normal
measure.

It is easy to verify that D is a k-complete ultrafilter. For every v < k, we
have f_1({v}) ¢ U, and so {7} ¢ D, and so D is nonprincipal.

In order to show that D is normal, let h be a regressive function on a set
X € D. We shall show that h is constant on a set in D. Let g be the function
defined by g(o) = h(f(a)). As g(a) < f(a) for all a € f_1(X), we have
g < f, and it follows by the minimality of f that g is constant on some
Y € U. Hence h is constant on f(Y) and f(Y) € D. O

As an application of normal measures we show that every measurable
cardinal is a Mahlo cardinal, and improve Lemma 10.18 by showing that
every measurable cardinal is a Ramsey cardinal.

Lemma 10.21. Every measurable cardinal is a Mahlo cardinal.

Proof. Let k be a measurable cardinal. We shall show that the set of all
inaccessible cardinals o < k is stationary. As k is strong limit, the set of all
strong limit cardinals a < & is closed unbounded, and it suffices to show that
the set of all regular cardinals o < & is stationary.

Let D be a normal measure on x. We claim that {a < & : a is regu-
lar} € D; this will complete the proof, since every set in D is stationary, by
Lemma 10.19.

Toward a contradiction, assume that {« : cf @ < a} € D. By normality,
there is some A < k such that Ex = {a : ¢cfa = A} € D. For each a € Ej,
let (zq,e 1 € < A) be an increasing sequence with limit o. For each £ < A
there exist ye and A¢ € D such that x4 ¢ = ye for all « € A¢. Let A =
ﬂ£<>\ A¢. Then A € D, but A contains only one element, namely lime_. » ye¢;
a contradiction. O
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Theorem 10.22. Let k be a measurable cardinal, let D be a normal measure
on K, and let F be a partition of [k]<% into less than r pieces. Then there
ezists a set H € D homogeneous for F'. Hence every measurable cardinal is
a Ramsey cardinal.

Proof. Let D be a normal measure on k, and let F' be a partition of [£]<“

into fewer than k pieces. It suffices to show that for each n = 1, 2, ...,
there is H,, € D such that F is constant on [H,]"; then H = ()2, H, is
homogeneous for F'.

We prove, by induction on n, that every partition of []™ into fewer than &
pieces is constant on [H]™ for some H € D. The assertion is trivial for n = 1,
so we assume that it is true for n and prove that it holds also for n + 1. Let
F : [k]"" — I, where |I| < k. For each a < k, we define F,, on [k — {a}]"
by Fo(z) = F({a} Ux).

By the induction hypothesis, there exists for each a < k a set X, € D
such that F,, is constant on [X,]™; let i, be its constant value. Let X be the
diagonal intersection X = {a < r:a € () ., Xy}. We have X € D since
D is normal; also, if v < oy < ... < a, are in X, then {aq,..., a5} € [X,]"
and so F({v,o1,...,a,}) = Fy{a1,...,a,}) = iy. Now, there exist i €
and H C X in D such that i, =i for all v € H. It follows that F(z) =i for
all x € [H|" 1. O

Strongly Compact and Supercompact Cardinals

Among the various large cardinals that we shall investigate in more detail
in Part II there are two that are immediate generalizations of measurable
cardinals.

Definition 10.23. An uncountable cardinal k is strongly compact if for any
set S, every r-complete filter on S can be extended to a k-complete ultrafilter
on S.

Clearly, every strongly compact cardinal is measurable.

Let A be a set of size at least x, and let us consider the filter F' on P, (A)
generated by the sets P = {Q € P.(A): P C Q}. Fis a k-complete filter and
if k is strongly compact, F' can be extended to a k-complete ultrafilter U.
A k-complete ultrafilter U on P, (A) that extends F is called a fine measure.
In Part IT we prove that if a fine measure on P, (A) exists for every A, then
k is strongly compact.

A fine measure U on P (A) is normal if whenever f : P.(A) — A is
such that f(P) € P for all P in a set in U, then f is constant on a set
in U. Equivalently, U is normal if it is closed under diagonal intersections
DNpeaXa={z € P(A):x € ,cp Xal-

Definition 10.24. An uncountable cardinal  is supercompact if for every A
such that |A| > k there exists a normal measure on P, (A).
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We return to the subject of strongly compact and supercompact cardinals
in Part II.

Exercises

10.1 (Vitali). Let M be maximal (under C) subset of [0, 1] with the property that
x — y is not a rational number, for any pair of distinct z,y € M. Show that M is
not Lebesgue measurable.

[Consider the sets My = {x+ ¢ : € M} where q is rational. They are pairwise
disjoint and [0,1] C U{M,:q€ Q@ N[-1,1]} C [-1,2]]

10.2. Prove directly that the measure v defined in the proof of Lemma 10.9(i) is
atomless.

[Assume that Z is an atom of v, and let Y = f_1(Z). If X € T is such that
w(Y NX) # 0 and if X1, Xo are the two immediate successors of X, then either
w(Y NX1)=0or u(Y NXz) =0. Prove by induction that on each level of T there
is a unique X such that (Y NX) # 0, and that these X’s constitute a branch in T
of length w1; a contradiction.]

10.3. If p is an atomless measure on S, there exists Z C S such that pu(Z) = 1/2.
More generally, given Zy C S, there exists Z C Zy such that u(Z) = (1/2) - u(Zo).

[Construct a sequence S = Sop D S1 D ... D Sa D ..., @ < wi, such that
w(Sa) > 1/2, and if pu(Se) > 1/2, then 1/2 < pu(Sa+1) < p(Sa); if « is a limit
ordinal, let So =5, Sg. There exists o < wi such that p(Sa) = 1/2.]

10.4. Let p be a two-valued measure and U the ultrafilter of all sets of measure
one. Then p is k-additive if and only if U is k-complete.

10.5. A measure U on « is normal if and only if the diagonal function d(a) = « is
the least function f with the property that for all v < k, {a: f(a) >~} € U.

10.6. Let D be a normal measure on x and let f : []<“ — &k be such that f(z) =0
or f(z) < minx for all z € [k]<¥. Then there is H € D such that for each n, f is
constant on [H]"™.

[By induction, as in Theorem 10.22. Given f on [x]"", let fu(s) = f({a} Us)
for & < mins; fo is constant on [Xq]" with value 7o < «. Let X be the diagonal
intersection of X, a < k, and let v and H C X be such that H € D and v, = v
for all « € H.]

10.7. If k is measurable then there exists a normal measure on Py (k).

Historical Notes

The study of measurable cardinals originated around 1930 with the work of Banach,
Kuratowski, Tarski, and Ulam. Ulam showed in [1930] that measurable cardinals are
large, that the least measurable cardinal is at least as large as the least inaccessible
cardinal.

The main result on measurable and real-valued measurable cardinals (Theo-
rem 10.1) is due to Ulam [1930]. The fact that a measurable cardinal is inaccessible
(Lemma 10.4) was discovered by Ulam and Tarski (cf. Ulam [1930]). Prior to Ulam,
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Banach and Kuratowski proved in [1929] that if 280 = Ry, then there is no mea-
sure on the continuum; their proof is as in Lemma 10.16. Real-valued measurable
cardinals were introduced by Banach in [1930].

Lemma 10.18: Erdés and Tarski [1943]. Hanf [1963/64a] proved that the least
inaccessible cardinal is not measurable. That every measurable cardinal is a Ram-
sey cardinal was proved by Erdés and Hajnal [1962]; the stronger version (Theo-
rem 10.22) is due to Rowbottom [1971].

Strongly compact cardinals were introduced by Keisler and Tarski in [1963/64];
supercompact cardinals were defined by Reinhardt and Solovay, cf. Solovay et
al. [1978].

Exercise 10.1: Vitali [1905].

11. Borel and Analytic Sets

Descriptive set theory deals with sets of reals that are described in some
simple way: sets that have a simple topological structure (e.g., continuous
images of closed sets) or are definable in a simple way. The main theme is
that questions that are difficult to answer if asked for arbitrary sets of reals,
become much easier when asked for sets that have a simple description. An
example of that is the Cantor-Bendixson Theorem (Theorem 4.6): Every
closed set of reals is either at most countable or has size 2%°.

Since properties of definable sets can usually be established effectively,
without use of the Axiom of Choice, we shall work in set theory ZF without
the Axiom of Choice. When some statement depends on the Axiom of Choice,
we shall explicitly say so. However, we shall assume a weak form of the Axiom
of Choice. The reason is that in descriptive set theory one frequently considers
unions and intersections of countably many sets of reals, and we shall often
use facts like “the union of countably many countable sets is countable.” Thus
we shall work, throughout this chapter, in set theory ZF + the Countable
Axiom of Choice.

In this chapter we develop the basic theory of Borel and analytic sets in
Polish spaces. A Polish space is a topological space that is homeomorphic to
a complete separable metric space (Definition 4.12).

A canonical example of a Polish space is the Baire space N'. The following
lemma shows that every Polish space is a continuous image of N:

Lemma 11.1. Let X be a Polish space. Then there exists a continuous map-
ping from N onto X.

Proof. Let X be a complete separable metric space; we construct a mapping f
of N onto X as follows: It is easy to construct, by induction on the length of
s € Seq, a collection {Cj : s € Seq} of closed balls such that Cyp = X and

(11.1) (i) diameter(Cs) < 1/n where n = length(s),
(ii) Cs C Upeo Cs—r (all s € Seq),
(iii) if s C t then center(Cy) € C.

For each a € N, let f(a) be the unique point in ({Cs : s C a}; it is easily
checked that f is continuous and that X = f(N). O
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Borel Sets

Let X be a Polish space. A set A C X is a Borel set if it belongs to the
smallest o-algebra of subsets of X containing all closed sets. We shall now
give a more explicit description of Borel sets. For each o < wq, let us define
the collections X9 and TI?, of subsets of X:

(11.2) 39 = the collection of all open sets;
ITY = the collection of all closed sets;

%9 = the collection of all sets A = |J;~; Ay, where each A,
belongs to HOB for some § < a;

19 = the collection of all complements of sets in 39,

= the collection of all sets A = ﬂzozo A, where each A,
belongs to 2% for some 8 < a.

It is clear (by induction on «) that the elements of each £? and each I19, are
Borel sets. Since every open set is the union of countably many closed sets,
we have 39 C 29, and consequently, if & < 3, then

20 =, Y 1y, I, cIy, I, c =9
Hence

(11.3) U ==y m

a<wi a<wi

and it is easy to verify that the collection (11.3) is a o-algebra (here we
use the Countable Axiom of Choice). Hence every Borel set is in some 29,
a < wi.

Note that each X2 (and each II2) is closed under finite unions, finite
intersections, and inverse images by continuous functions (i.e., if A € X0
inY, then f_1(A4) € £% in X whenever f : X — Y is a continuous function).

If the Polish space X is countable, then of course every A € X is a Borel
set, in fact an F, set. Uncountable Polish spaces are more interesting: Not
all sets are Borel, and the collections X0 form a hierarchy. We show below
that for each o, 2 ¢ II9, and hence X9, # 30 | for all a < w.

While we prove the next lemma for the special case when X is the Baire
space, the proof can be modified to prove the same result for any uncountable
Polish space.

Lemma 11.2. For each a > 1 there exists a set U C N2 such that U is 23
(in N'?), and that for every X0 set A in N there exists some a € N such
that

(11.4) A={z:(z,a) € U}
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U is a universal 9 set.

Proof. By induction on a.. To construct a universal open set in N2, let Gy, . . .,
G, ... be an enumeration of all basic open sets in A/, and let Go = (). Let

(11.5) (z,y) € U if and only if x € G, for some n.

Since U = {J,_, Hn where each H,, = {(z,y) : © € Gy} is an open set
in N2, we see that U is open. Now if G is an open set in N, we let @ € N be
such that G = ;") Gany; then G = {z: (x,a) € U}.

Next let U be a universal 3 set, and let us construct a universal
0 41 set V. Let us consider some continuous mapping of A" onto the product
space N“; for each a € N and each n, let a(,) be the nth coordinate of the
image of a. [For instance, let us define a(, as follows: a(,)(k) = a(I'(n, k)),
where T is the canonical one-to-one pairing function I' : N x N — N.] Now
let

(11.6) (z,y) € V if and only if for some n, (z,ym)) ¢ U.

Since V = U,~, H, where each H, = {(z,y) : (z,y(n)) & U} is a IIY, set,
we see that V is 30, ;. If Ais a 29 set in NV, then A = [J)", A,, where
each A, is ITY. For each n, let a, be such that N' — A,, = {z: (z,a,) € U},
and let a be such that a(,) = a, for all n. Then A = {z: (z,a) € V'}.

Finally, let a be a limit ordinal, and let Ug, 1 < 8 < «, be universal
E% sets. Let 1 < ap < a3 < ... < ap, < ... be an increasing sequence of
ordinals such that lim,, .. o, = a. Let

(11.7) (x,y) € U if and only if for some n, (z,y(,)) & Ua,

(where a(,,) has the same meaning as above). The set U is 39 If A is a 20, set
in NV then A = (J;” ) A, where each A, is IT, . For each n, let a,, be such
that N — A, = {z : (z,an) € U,,}, and let a be such that a¢,) = a, for
all n. Then A = {z: (z,a) € U}. O

Corollary 11.3. For every o > 1, there is a set A C N that is 3% but
not T19.

Proof. Let U C N2 be a universal 9 set. Let us consider the set
(11.8) A=A{z:(z,2) e U}.

Clearly, A is a 39 set. If A were II2, then its complement would be X0 and
there would be some a such that

A={z:(z,a) ¢ U}.

But this contradicts (11.8): Simply let = = a. O
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Analytic Sets

While the collection of Borel sets of reals is closed under Boolean operations,
and countable unions and intersections, it is not closed under continuous
images: As we shall learn presently, the image of a Borel set by a continuous
function need not be a Borel set. We shall now investigate the continuous
images of Borel sets.

Definition 11.4. A subset of A of a Polish space X is analytic if there exists
a continuous function f: N'— X such that A = f(N).

Definition 11.5. The projection of a set S C X x Y (into X) is the set
P={zxeX:3y(z,y) €S}

The following lemma gives equivalent definitions of analytic sets.

Lemma 11.6. The following are equivalent, for any set A in a Polish
space X:

(i) A is the continuous image of N.

(ii) A is the continuous image of a Borel set B (in some Polish space Y).
(iii) A s the projection of a Borel set in X xY, for some Polish space Y .
(iv) A is the projection of a closed set in X x N.

Proof. We shall prove that every closed set (in any Polish space) is analytic
and that every Borel set is the projection of a closed set in X x A/. Then
the lemma follows: Since the projection map 7 : X x Y — X defined by
m(x,y) = x is continuous, it follows that every Borel set is analytic and that
the continuous image of a Borel set is analytic. Conversely, if A C X is an
analytic set, A = f(N), then A is the projection of the set {(f(z),z) : x € N'}
which is a closed set in X x N.

In order to prove that every closed set is analytic, note that every closed
set in a Polish space is itself a Polish space, and thus a continuous image
of N by Lemma 11.1.

In order to prove that every Borel set in X is the projection of a closed
set in X x N, it suffices to show that the family P of all subsets of X that
are such projections contains all closed sets, all open sets, and is closed under
countable unions and intersections.

Clearly, the family P contains all closed sets. Moreover, every open set
is a countable union of closed sets; thus it suffices to show that P is closed
under (J)~, and ()2,.

Recall the continuous mapping a — (a(,) : n € N) of N onto N* from
Lemma 11.2, and also recall that the inverse image of a closed set under
a continuous function is closed. Let A,,, n < w, be projections of closed sets
in X x N; we shall show that | J,~, A, and (,—, A, are projections of closed
sets.
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For each n, let F;,, C X x N be a closed set such that

A, ={z:3a(x,a) € F,}.

Thus
o0
xe |JA, < InJa(x,a) € F,
=0 < Ja 3b (1’, a) S Fb(O)
< 3Jc (51776(0)) € FC(l)(O)’
and

o0
x€ A, < VnIa(z,a) € F,
=0 3evn (7, c(n)) € Fn

— Je(z,c) € ﬁ (z,¢) : (7, ¢(n)) € Fu}.

n=0

Hence (J,~, Ay is the projection of the closed set
{(.T7C) : ($7C(0)) € FC(l)(O)}

and (),—, A, is the projection of an intersection of closed sets. a

The Suslin Operation A

For each a € w*, aln is the finite sequence (ay : k < n). For each s € Seq,
O(s) is the basic open set {a € N : a[n = s} of the Baire space. O(s) is both
open and closed. For every set A in a Polish space, A denotes the closure
of A.

Let {As : s € Seq} be a collection of sets indexed by elements of Seq. We
define

(11.9) A{As s € Seq} = U ﬁ Aain

acw* n=0

Note that if {Bs : s € Seq} is arbitrary, then

00 oo
U ﬂ BGM: U ﬂ (BaroﬂBarlr\l...ﬂBarn)

acw® n=0 acw® n=0

and hence A{B; : s € Seq} = A{A; : s € Seq} where the sets A; are finite
intersections of the sets B and satisfy the following condition:

(11.10) if s C ¢, then Ay D Ay

Thus we shall restrict our use of A to families that satisfy condi-
tion (11.10). The operation A is called the Suslin operation.
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Lemma 11.7. A set A in a Polish space is analytic if and only if A is the
result of the operation A applied to a family of closed sets.

Proof. First we show that if Fs, s € Seq, are closed sets in a Polish space X,
then A = A{F; : s € Seq} is analytic. We have

o0
r€A—TaeNxze () Fun
n=0

— Ja(z,a) € () B,
n=0
where B,, = {(z,a) : © € F,},}. Clearly, each B,, is a Borel set in X x A" and
hence A is analytic.

Conversely, let A C X be analytic. There is a continuous function f :
N — X such that A = f(N). Notice that for every a € N,

(11.11) N £(OG@im) = A FOam) = {f(@)}.

Thus

A=sw) = U A FOGm)

and hence A is the result of the operation A applied to the closed sets f(O(s))
(which satisfy the condition (11.10)). O

It follows from the preceding lemmas that the collection of all analytic
sets in a Polish space is closed under countable unions and intersections,
continuous images, and inverse images, and the Suslin operation (the last
statement is proved like the first part of Lemma 11.7). It is however not the
case that the complement of an analytic set is analytic (if X is an uncountable
Polish space). In the next section we establish exactly that; we show that
there exists an analytic set (in A') whose complement is not analytic.

The Hierarchy of Projective Sets

For each n > 1, we define the collections XL, TTL, and AL of subsets of
a Polish space X as follows:

11.12 31 = the collection of all analytic sets,
1

I} = the complements of analytic sets,

E'}H—l

II! = the complements of the X! sets in X,

Al =3l NIIL.

= the collection of the projections of all TT}, sets in X x N,
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The sets belonging to one of the collections 3! or IT! are called projective
sets. It is easily seen that for every n, AL ¢ B! Cc Al ; and Al C II} C
AL

We shall show that for each n there is a 3. set in A/ that is not TTL; thus

the above inclusions are proper inclusions.

Lemma 11.8. For each n > 1, there exists a universal L set in N?; i.e.,
a set U C N? such that U is XL and that for every XL set A in N there
exists some v € N such that

A={z:(z,v) eU}.

Proof. Let h be a homeomorphism of A" x N onto N. If n = 1, let V be
a universal X0 set; if n > 1, let V be, by the induction hypothesis, a universal
=1, set. Let

(11.13) (x,y) €U ifand only if Fa € N (h(z,a),y) ¢ V.

Since the set {(z,y,a) : (h(x,a),y) ¢ V} is closed (if n = 1) or IT}_, (if
n>1),Uis XL
If AC N is 3L, there is a closed (or IT}

n—1

) set B such that
(11.14) x €A ifand only if Ja € N (z,a) € B.

The set C = N — h(B) is open (or ! ;) in NV and since V is universal,

n—1

there exists a v such that C' = {u : (u,v) € V'}. Then by (11.13), we have

r€A— (FaeN)(x,a) € B (JacN)h(z,a) ¢C
— (FaeN)(h(z,a),v) ¢V « (x,v) € U.
Hence U is a universal X! set. 0

Corollary 11.9. For each n > 1, there is a set A C N that is E}L but
not II..

Proof. Let U C N? be a universal X! set and let
A={z:(z,z) e U} O

The collection of all Al sets in a Polish space is a o-algebra and contains
all Borel sets. It turns out that A{ is exactly the collection of all Borel sets.

Theorem 11.10 (Suslin). Fvery analytic set whose complement is also an-
alytic is a Borel set. Thus Al is the collection of all Borel sets.

Let X be a Polish space and let A and B be two disjoint analytic sets
in X. We say that A and B are separated by a Borel set if there exists a Borel
set D such that A C D and B C X — D.



146 Part 1. Basic Set Theory

Lemma 11.11. Any two disjoint analytic sets are separated by a Borel set.

This lemma is often called “the X1-Separation Principle.” It clearly im-
plies Suslin’s Theorem since if A is an analytic set such that B = X — A is
also analytic, A and B are separated by a Borel set D and we clearly have
D= A.

Proof. First we make the following observation: If A = (J;~ A, and B =
U::o B,, are such that for all n and m, A,, and B,, are separated, then A
and B are separated. This is proved as follows: For each n and each m, let
Dy, be a Borel set such that A, C Dy, C X — By,. Then A and B are
separated by the Borel set D = o~ o (o_o Drnm-

Let A and B be two disjoint analytic sets in X. Let f and g be continuous
functions such that A = f(N) and B = g(NV). For each s € Seq, let A, =
f(O(s)) and Bs = g(O(s)); the sets A; and By are all analytic sets. For each s
we have Ay = J,—, As~n and By = J,-_y Bs~m. If a € w*, then

m=0
() = () FOG@m) = ) Aup

and similarly for the sets Bi.

Let a,b € w® be arbitrary. Since f(N) and g(N) are disjoint, we have
fla) # g(b). Let G, and Gy be two disjoint open neighbourhoods of f(a)
and g(b), respectively. By the continuity of f and g there exists some n such
that Ay C Gy and By, C Gy, It follows that the sets Aqpy, and By, are
separated by a Borel set.

We shall now show, by contradiction, that the sets A and B are separated
by a Borel set. If A and B are not separated, then because A = J;7 A,y and
B = Uy_o Bimy, there exist ng and mg such that the sets A,y and By,
are not separated. Then similarly there exist n; and m; such that the sets
Atngmiy and By o,y are not separated, and so on. In other words, there
exist a = (ng,ni,n2,...) and b = (mg, m1, ma,...) such that for every k,
the sets A, 0,y a0d By, .m,) are not separated. This is a contradiction
since in the preceding paragraph we proved exactly the opposite: There is k
such that A, and By are separated. O

Lebesgue Measure

We shall now review basic properties of Lebesgue measure on the n-dimen-
sional Euclidean space.

The standard way of defining Lebesgue measure is to define first the
outer measure p*(X) of a set X C R" as the infimum of all possible sums
S {v(Ix) : k € N} where {I; : k € N} is a collection of n-dimensional
intervals such that X C (Jy—, s, and v(I) denotes the volume of I. For
each X, p*(X) > 0 and possibly = co. A set X is null if p*(X) = 0.
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A set A C R"™ is Lebesgue measurable if for each X C R",
pH(X) =p (X NA) +p (X - A).

For a measurable set A, we write u(A) instead of p*(A) and call u(A) the
Lebesgue measure of A.

The standard development of the theory of Lebesgue measure gives the
following facts:

(11.15) (i) Every interval is Lebesgue measurable, and its measure is equal
to its volume.
(ii) The Lebesgue measurable sets form a o-algebra; hence every
Borel set is measurable.
(i) p is o-additive: If 4,, n < w, are pairwise disjoint and mea-
surable, then

(iv) p is o-finite: If A is measurable, then there exist measurable
sets A, n < w, such that A = (J)"; Ay, and p(4,) < oo for
each n.

(v) Every null set is measurable. The null sets form a o-ideal and
contain all singletons.

(vi) If A is measurable, then

uw(A) = sup{p(K): K C A is compact}.

(vii) If A is measurable, then there is an F;, set ' and a G; set G
such that ¥ C A C G and G — F is null.

This last property gives this characterization of Lebesgue measurable sets:
A set A C R is measurable if and only if there is a Borel set B such that
the symmetric difference AA B =(A— B)U (B — A) is null.

One consequence of this is that if we denote by B the o-algebra of Borel
sets and by M the o-algebra of measurable sets, and if I, is the ideal of all
null sets, then B/I,, = M/I,. The Boolean algebra B/I,, is o-complete; and
since a familiar argument shows that I, is (as an ideal in M) o-saturated,
we conclude that B/, is a complete Boolean algebra. We shall return to this
in Part II.

Assuming the Axiom of Choice one can show that there exists a set of reals
that is not Lebesgue measurable. One such example is the Vitali set in Exer-
cise 10.1. As another example there exists a set X C R" such that neither X
nor its complement has a perfect subset (see Exercise 5.1 for a construc-
tion of such a set). The set X is not measurable: Otherwise, e.g., u(X) > 0
and by (11.15)(vi) there is a closed K C X such that p(K) > 0; thus K is
uncountable and hence contains a perfect subset, a contradiction.

However, we shall show in Part II that it is consistent (with ZF + DC)
that all sets or reals are Lebesgue measurable.
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We conclude this review of Lebesgue measurability with two lemmas.
One is the well-known Fubini Theorem, and we state it here, without proof,
for the sake of completeness. The other lemma will be used in the proof of
Theorem 11.18 below.

If A is a subset of the plane R? and » € R, let A, denote the set {y :

(z,y) € A}.

Lemma 11.12. Let A C R? be a measurable set. Then A is null if and only
if for almost all z, A, is null (i.e., the set {x : Ay is not null} is null). O

Lemma 11.13. For any set X C R™ there exists a measurable set A O X
with the property that whenever Z C A — X is measurable, then Z is null.

Proof. Tf p*(X) < oo, then because p*(X) = inf{u(A) : A is measurable
and A D X}, there is a measurable A D X such that u(A4) = p*(X); clearly
such an A will do. If u*(X) = oo, there exist pairwise disjoint X, such that
X =y, X, and that for each n, p*(X,) < co. Let 4, D X,,, n < w, be
measurable sets such that p(A,) = p*(X,), and let A =J)~, An. O

It should be mentioned that the main results of descriptive set theory on
Lebesgue measure can be proved in a more general context, namely for rea-
sonable o-additive measures on Polish spaces. An example of such a measure
is the product measure in the Cantor space {0, 1}%.

The Property of Baire

In Chapter 4 we proved the Baire Category Theorem (Theorem 4.8): The
intersection of countably many dense open sets of reals is nonempty. It is
fairly easy to see that the proof works not only for the real line R but for
any Polish space.

Let us consider a Polish space X. Let us call a set A C X nowhere dense
if the complement of A contains a dense open set. Note that A is nowhere
dense just in case for every nonempty open set GG, there is a nonempty open
set H C G such that AN H = (). A set A is nowhere dense if and only if its
closure A is nowhere dense.

A set A C X is meager (or of first category) if A is the union of countably
many nowhere dense sets. A nonmeager set is called a set of second category.

The Baire Category Theorem states in effect that in a Polish space every
nonempty open set is of second category.

The meager sets form a o-ideal. Moreover, in case of R™, /, or the Cantor
space, every singleton {x} is nowhere dense and so the ideal of meager sets
contains all countable sets.

Definition 11.14. A set A has the Baire property if there exists an open
set G such that A A G is meager.
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Clearly, every meager set has the Baire property. Note that if G is open,
then G — G is nowhere dense. Hence if A A G is meager then (X — A) A
(X —G) = AAG is meager, and it follows that the complement of a set with
the Baire property also has the Baire property. It is also easy to see that the
union of countably many sets with the Baire property has the Baire property
and we have:

Lemma 11.15. The sets having the Baire property form a o-algebra; hence
every Borel set has the Baire property. a

If B denotes the o-algebra of Borel sets, and if we denote by C the o-
algebra of sets with the Baire property, and if I is the o-ideal of meager
sets, we have B/I = C/I. Note that the algebra B/I is o-saturated: Let O
be a countable topology base for X. For each nonmeager set X with the
Baire property there exists G € O such that G — X is meager. Thus the set
D = {[G] : G € O} of equivalence classes is a dense set in B/I. Hence B/I is
o-saturated and is a complete Boolean algebra.

The Axiom of Choice implies that sets without the Baire property exist.
For instance, the Vitali set (Exercise 10.1) is such, see Exercise 11.7.

If X C R™ is such that neither X nor its complement has a perfect
subset, then X does not have the Baire property: Otherwise, e.g., X is of
second category and hence X contains a G5 subset G of second category.
Now G is uncountable, and this is a contradiction since as we shall prove
in Theorem 11.18, every uncountable Borel set (even analytic) has a perfect
subset.

The following two lemmas are analogs of Lemmas 11.12 and 11.13. The
first one, although not very difficult to prove, is again stated without proof.

Lemma 11.16. Let A C R? have the property of Baire. Then A is meager
if and only if A, is meager for all x except a meager set. O

Lemma 11.17. For any set S in a Polish space X, there exists a set A D S
that has the Baire property and such that whenever Z C A— S has the Baire
property, then Z is meager.

Proof. Let us consider a fixed countable topology basis O for X. Let S C X.
Let

D(S) ={x € X : for every U € O such that x € U, U N S is not meager}.

Note that the complement of D(S) is the union of open sets and hence open;
thus D(S) is closed.

The set S — D(S) is the union of all SNU where U € O and SNU is
meager; since O is countable, X — D(.S) is meager. Let

A=SUD(S).

Since A = (S —D(S))UD(S) is the union of a meager and a closed set, A has
the Baire property.
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Let Z C A — S have the Baire property; we shall show that Z is meager.
Otherwise there is U € O such that U — Z is meager; hence U N .S is meager.
Since UNZ # 0 and Z C D(S), there is € U such that z € D(S), and
hence U N S is not meager, a contradiction. a

Although both “null” and “meager” mean in a sense “negligible,” see
Exercise 11.8 that shows that the real line can be decomposed into a null set
and a meager set.

Analytic Sets: Measure, Category, and the Perfect Set
Property

Theorem 11.18.

(i) Every analytic set of reals is Lebesgue measurable.
(ii) Ewery analytic set has the Baire property.
(iii) Ewery uncountable analytic set contains a perfect subset.

Corollary 11.19. Ewvery I} set of reals is Lebesgue measurable and has the
Baire property. a

Corollary 11.20. Every analytic (and in particular every Borel) set is ei-
ther at most countable or has cardinality c. a

We prove (ii) and (iii) for an arbitrary Polish space. The proof of (i) is
general enough to work for other measures (in Polish spaces) as well.

Proof. The proof of (i) and (ii) is exactly the same and uses either Lem-
ma 11.13 or Lemma 11.17 (and basic facts on Lebesgue measure and the
Baire property). We give the proof of (i) and leave (ii) to the reader.

Let A be an analytic set of reals (or a subset of R"). Let f : N — R
be a continuous function such that A = f(N). For each s € Seq, let A, =
f(O(s)). We have

(11.16) A= A{A;:s€ Seq} = A{A; : s € Seq},
and for every s € Seg,

(1117) As - U AsAn~
n=0

By Lemma 11.13, there exists for each s € Seq a measurable set Bs D A
such that every measurable Z C Bs; — A, is null. Since A, is measurable, we
may actually find B, such that A, C By C As.
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Let B = By. Since B is measurable, it suffices to show that B— A is a null
set. Notice that because As C Bs C Ag, and because (11.16) holds, we have

A= A{B; : s € Seq}.

Thus -
B-A=B—- |J () Bamn.
acw“ n=0

We claim that

(11.18) B- U Fﬁ Bsn € U (Bsf [.j Bs"k)-

acw® n=0 s€eSeq k=0

To prove (11.18), assume that = € B is such that x is not a member of the
right-hand side. Then for every s, if x € Bs, then x € By~ for some k. Hence
there is ko such that z € By, then there is k1 such that x € B, 1), etc.
Let a = (ko, k1, ko, ...); we have z € (", Ban and hence x is not a member
of the left-hand side.

Thus we have -

B—-AC U (Bs_ U Bs“k)~
seSeq k=0

Since Seq is a countable set, it suffices to show that each By — (Jpe o Bs— is
null. Let s € Seq, and let Z = B, — | J;—; Bs—%. We have

Z = Bg — U Bs~ C By — U ASAkZBS—AS.
k=0 k=0

Now because Z C Bs — Ag and because Z is measurable, Z must be null.

(iii) The proof is a variant of the Cantor-Bendixson argument for closed
sets in the Baire space. Recall that every closed set F' in A is of the form
F =[T] = {a:VYnaln € T}, where T is a tree, T C Seq. For each tree
T C Seq and each s € Seq, let Ts denote the tree {t € T : t C s or s C t};
note that [Ts] = [T] N O(s).

Let A be an analytic set (in a Polish space X), and let f be a continuous
function such that A = f(N). For each tree T' C Seq, we define

T'={s eT: f([Ty]) is uncountable}.
For each o < w1y, we define 7@ as follows:

T(O) = Seq’ T(O‘J"l) = (T(D‘))/7

7@ = N TW if o is a limit ordinal.
B<a

Let o < wy be the least ordinal such that 70+ = 7(@) 1 7(®) = { then

A= U {f([Ts(ﬁ)]) cse TW —TB+H}
B<a
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and hence A is countable. Thus if A is uncountable, T(®) is nonempty and for
every s € (@) f ([T&(Q)]) is uncountable. In this case, we shall find a perfect
subset of A.

Let s € T(®) be arbitrary. Since f ([Ts(a)}) has at least two elements,
there exist s(p) O s and sy D s (in T(®) such that f([Ts(gz}) and f([Tg(ﬁz])
are disjoint. Then there are s(,0y D sy and s¢0,1) D S(0y, and 1,0y D S(1)s
5(1,1) D 81y such that the four sets f([Ts(g)”])7 1, = 0, 1 are pairwise disjoint.
In this fashion we construct s, € T(® for each finite 0-1 sequence t. These
elements s; generate a subtree U = {s : s C s; for some t} of T(®) such
that (1) U is perfect, (2) every s has at most two immediate successors in U
(hence [U] is a compact set in ), and (3) f is one-to-one on [U].

Let P be the image of [U] under the function f. Since [U] is compact and
f is continuous, P is also compact, and hence closed. Moreover, P has no
isolated points because [U] is perfect and f is continuous. Thus P is a perfect
subset of A. O

Exercises

11.1. The operations | J;~ , and (.-, are special cases of the operation .A.

11.2. Let A, s € Seq, be Borel sets satisfying (11.10) and the additional condition:
For each s € Seq and all n # m, As~nNAs~m = 0. Then A{A; : s € Seq} is a Borel
set.

[Usews Mazo Aatn = MnZo U{As : length(s) = n} ]

11.3. Let A, n =0, 1, 2, ..., be pairwise disjoint analytic sets. Then there exist
pairwise disjoint Borel sets D,, such that A, C D, for all n.
[Modify the proof of Lemma 11.11.]

11.4. If A is a null set and ag > a1 > ... > a, > ... is a sequence of positive
numbers with lim,, a,, = 0, then there exists a sequence G, n =0, 1, ..., of finite
unions of open intervals such that A C UZO:O G, and u(Gp) < a, for each n.
Moreover, the intervals can be required to have rational endpoints.

[First find a sequence of open intervals Ij such that A C ;o ,Ix and

> ko H(IK) < ao]

11.5. For every set A with the Baire property, there exist a Gs set G and an
F, set F such that G C A C F and such that F' — G is meager.
[Note that every meager set is included in a meager F, set.]

11.6. For every set A with the Baire property, there exists a unique regular open
set U such that A A U is meager. _
[An open set U is regular if U = int(U).]

11.7. The Vitali set M from Exercise 10.1 does not have the Baire property.
[“Meager” and “Baire property” are invariant under translation. If M has the
Baire property, then there is an interval (a,b) such that (a,b) — M is meager. Then
(a,b) N M, is meager for all rational ¢ # 0, hence each M N (a — ¢q,b — q) is meager,
hence M is meager, hence each M, is meager; a contradiction since R = J,co Mq]
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11.8. There is a null set of reals whose complement is meager.

[Let ¢1, g2, ... be an enumeration of the rationals. For each n > 1 and k > 1, let
I..i, be the open interval with center ¢, and length 1/(k-2"). Let Dy = U~ In,k,
and A = (,—, Dx. Each Dy, is open and dense, and p(Dy) < 1/k. Hence A is null
and R — A is meager.]

Historical Notes

Borel sets were introduced by Borel in [1905]. Lebesgue in [1905] proved in effect
Lemma 11.2. Suslin’s discovery of an error in a proof in Lebesgue’s article led to
a construction of an analytic non-Borel set and introduction of the operation .A.
The basic results on analytic sets as well as Theorem 11.10 appeared in Suslin’s
article [1917].

Projective sets were introduced by Luzin [1925] and [1927a], and Sierpiniski
[1925] and [1927]. The present notation (X and II) appeared first in the paper
[1959] of Addison who noticed the analogy between Luzin’s hierarchy of projective
sets and Kleene’s hierarchy of analytic predicates [1955].

Lemma 11.8: Luzin [1930].

Lemma 11.11: Luzin [1927b].

For detailed treatment of Lebesgue measure, we refer the reader to Halmos’
book [1950]; Lebesgue introduced his measure and integral in his thesis [1902]. Sets
of first and second category were introduced by Baire [1899].

Lemmas 11.13 and 11.17: Marczewski [1930a].

Lemma 11.16: Kuratowski and Ulam [1932].

Theorem 11.18(i) (measurability of analytic sets) is due to Luzin [1917]. The-
orem 11.18(ii) (Baire property) is due to Luzin and Sierpinski [1923] and Theo-
rem 11.18(iii) (perfect subsets) is due to Suslin; cf. Luzin [1930]. The present proof
of (i) and (ii) follows Marczewski [1930a]. Prior to Suslin (and following the Cantor-
Bendixson Theorem for closed sets) Young proved in [1906] the perfect subset result
for G5 and F, sets; and Hausdorff [1916] and Aleksandrov [1916] proved the same
for Borel sets.



12. Models of Set Theory

Modern set theory uses extensively construction of models to establish rela-
tive consistency of various axioms and conjectures. As the techniques often
involve standard model-theoretic concepts, we assume familiarity with basic
notions of models and satisfaction, submodels and embeddings, as well as
Skolem functions, direct limit and ultraproducts. We shall review the basic
notions, notation and terminology of model theory.

Review of Model Theory

A language is a set of symbols: relation symbols, function symbols, and con-
stant symbols:
L=AP,...,F,....c,...}.

Each P is assumed to be an n-placed relation for some integer n > 1; each F'
is an m-placed function symbol for some m > 1.

Terms and formulas of a language L are certain finite sequences of sym-
bols of £, and of logical symbols (identity symbol, parentheses, variables,
connectives, and quantifiers). The set of all terms and the set of all formulas
are defined by recursion. If the language is countable (i.e., if |£] < Ry), then
we may identify the symbols of £, as well as the logical symbols, with some
hereditarily finite sets (elements of V,,); then formulas are also hereditarily
finite.

A model for a given language L is a pair A = (4,7), where A is the
universe of 2 and Z is the interpretation function which maps the symbols
of £ to appropriate relations, functions, and constants in A. A model for £
is usually written in displayed form as

A= (AP . F* . ... ..)
By recursion on length of terms and formulas one defines the value of a term
t*ay, ..., ay,]

and satisfaction
AE pla, ..., an]

where ¢ is a term, ¢ is a formula, and (a1, ..., a,) is a finite sequence in A.
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Two models 2 = (A, P,...,F,...;¢c,...) and A = (A, P',...,F',...,
d,...) are isomorphic if there is an isomorphism between 2 and ', that is
a one-to-one function f of A onto A’ such that

(i) P(z1,...,my,) if and only if P'(f(x1),..., f(z,)),
(il) f(F(x1,...,20n)) = F'(f(z1),..., f(zn)),
(iii) f(c) =<,
for all relations, functions, and constants of 2. If f is an isomorphism, then
F(t¥ar, ..., an)) =t [f(a1),..., f(an)] for each term, and

AE pla,...,a,) if and only if A F ¢[f(a1),..., f(an)]

for each formula ¢ and all a4,...,a, € A.
A submodel of A is a subset B C A endowed with the relations P% N B”,
..., functions F*[B™, ..., and constants c*, ...; all ¢ belong to B, and

B is closed under all F (if (x1,...,2y,) € B™, then F?(zy,...,2.,) € B).
An embedding of B into 2 is an isomorphism between B and a submodel
B’ C .

A submodel B C 2 is an elementary submodel
B <A
if for every formula ¢, and every aq,...,a, € B,
(12.1) B Eplag,...,a,] if and only if 2AF plaq,...,an).

Two models A, B are elementarily equivalent if they satisfy the same
sentences.

The key lemma in construction of elementary submodels is this: A subset
B C A forms an elementary submodel of 2 if and only if for every formula
p(u,x1,...,2,), and every ay,...,a, € B,

(12.2) if Ja € A such that A F ¢[a,aq,...,a,], then Ja € B such that
AE gla,aq,...,an).

A function h: A™ — A is a Skolem function for ¢ if
(Ja € A)AE pla,a1,...,a,] implies AE @[h(ar,...,an),a1,...,a0n]

for every aq, ..., a,. Using the Axiom of Choice, one can construct a Skolem
function for every ¢. If a subset B C A is closed under (some) Skolem func-
tions for all formulas, then B satisfies (12.2) and hence forms an elementary
submodel of 2.

Given a set of Skolem functions, one for each formula of £, the closure of
a set X C A is a Skolem hull of X. It is clear that the Skolem hull of X is
an elementary submodel of 2, and has cardinality at most |X| - |£] - Rg. In
particular, we have the following:
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Theorem 12.1 (Léwenheim-Skolem). Fvery infinite model for a count-
able language has a countable elementary submodel. a

An elementary embedding is an embedding whose range is an elementary
submodel.

A set X C A is definable over 2 if there exist a formula ¢ and some
at,...,a, € A such that

X={zcA: AEplz,a1,...,a,]}.

We say that X is definable in 2 from aq, ..., an. If ¢ is a formula of = only,
without parameters ai, ..., a,, then X is definable in 2. An element a € A
is definable (from ai, ..., a,) if the set {a} is definable (from a1, ..., a,).

Godel’s Theorems

The cornerstone of modern logic are Gddel’s theorems: the Completeness
Theorem and two incompleteness theorems.

A set X of sentences of a language L is consistent if there is no formal
proof of contradiction from ¥. The Completeness Theorem states that every
consistent set of sentences has a model.

The First Incompleteness Theorem shows that no consistent (recursive)
extension of Peano Arithmetic is complete: there exists a statement that is
undecidable in the theory. In particular, if ZFC is consistent (as we believe),
no additional axioms can prove or refute every sentence in the language of
set theory.

The Second Incompleteness Theorem proves that sufficiently strong math-
ematical theories such as Peano Arithmetic or ZF (if consistent) cannot prove
its own consistency. Godel’s Second Incompleteness Theorem implies that it
is unprovable in ZF that there exists a model of ZF. This fact is significant for
the theory of large cardinals, and we shall return to it later in this chapter.

Direct Limits of Models

An often used construction in model theory is the direct limit of a directed
system of models. A directed set is a partially ordered set (D, <) such that
for every 4,5 € D there is a k € D such that « < k and j < k.

First consider a system of models {2(; : i € D}, indexed by a directed
set D, such that for all 4,j € D, if i < j then 2; < ;. Let A = J,cp, Ai; i.e.,
the universe of 2 is the union of the universes of the 2;, P* = J,., P%, etc.
It is easily proved by induction on the complexity of formulas that 2A; < 2
for all 7.

In general, we consider a directed system of models which consists of
models {2; : i € D} together with elementary embeddings e;; : A; — 2U;
such that e; , = ejp 0e;; forall i < j < k.
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Lemma 12.2. If {;,e;; : i,j € D} is a directed system of models, there
exists a model A, unique up to isomorphism, and elementary embeddings e; :
A; — A such that A = ;. p ei(Ai) and that e; = ejoe;j for all i < j.

The model 2 is called the direct limit of {U;,¢e;;}ijen-

Proof. Consider the set S of all pairs (i, a) such that i € D and a € A;, and
define an equivalence relation on S by

(1,a) = (j,b) < Ik (i <k, j <k and €; x(a) = €;,1(D)).

Let A = S/= be the set of all equivalence classes, and let e;(a) = [(7,a)] for
all 7 € D and a € A;. The rest is routine. O

In set theory, a frequent application of direct limits involves the case when
D is an ordinal number (and < is its well-ordering).

Reduced Products and Ultraproducts

An important method in model theory uses filters and ultrafilters. Let S be
a nonempty set and let {20, : x € S} be a system of models (for a language L£).
Let F' be a filter on S. Consider the set

A= H AI/:F

zeS

where =p is the equivalence relation on [] A, defined as follows:

TET
(12.3) f=rg ifandonlyif {ze€S: f(z)=g(x)}eF.

It follows easily that =p is an equivalence relation.

The model 2 with universe A is obtained by interpreting the language as
follows:

If P(x1,...,2,) is a predicate, let

(12.4)  P*([f1],...,[fn]) if and only if {x € S : P%=(f,(x),..., fa(z))} € F.
If Fxy,...,2,) is a function, let
(12.5) Fm(g’l],,[fn]) = [f] where f(z) = F¥(fi(x),..., fa(z)) for all
xreod.

If ¢ is a constant, let
(12.6) c* = [f] where f(z) = ¢« for all z € S.

(Note that (12.4) and (12.5) does not depend on the choice of representatives
from the equivalence classes [f1], ..., [fn])-
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The model 2 is called a reduced product of {4, : x € S} (by F).

Reduced products are particularly important in the case when the filter
is an ultrafilter. If U is an ultrafilter on S then the reduced product defined
in (12.3)—(12.6) is called the ultraproduct of {2, : x € S} by U:

A =Ulty{A, : 2z € S}.

The importance of ultraproducts is due mainly to the following funda-
mental property.

Theorem 12.3 (Los). Let U be an ultrafilter on S and let 2 be the ultra-
product of {™Ay:x €S} by U.

(i) If v is a formula, then for every fi,..., fn € [[,cq Az

AEo([f1],-.-,[fn]) fand only if {z e S:AsEplfi(x),..., fn(z)]} €U.

(ii) If o is a sentence, then
AEo ifand only if {xeS: A, Eo}el.

Part (ii) is a consequence of (i). Note that by the theorem, the satisfaction
of ¢ at [fi], ..., [fn] does not depend on the choice of representatives fi,
..., fn for the equivalence classes [f1], ..., [fn]. Thus we may further abuse
the notation and write

AE@[f1,. - [n]

It will also be convenient to adopt a measure-theoretic terminology. If

{reS: A, Folfi(x),..., fulx)]} €U

we say that 2, satisfies ¢(f1(z),..., fu(z)) for almost all x, or that 2, F
o(f1(z),..., fn(z)) holds almost everywhere. In this terminology, Lo$’s The-
orem states that ¢(f1,..., f») holds in the ultraproduct if and only if for
almost all z, ¢(f1(z),..., fn(z)) holds in 2.

Proof. We shall prove (i) by induction on the complexity of formulas. We
shall prove that (i) holds for atomic formulas, and then prove the induction
step for =, A, and 3.

Atomic formulas. First we consider the formula v = v, and we have

(12.7) AE[fl=1g]l < [f] =]
—f=vy
o{z: flx)=g@)} el
=z A E f(x) =g(x)} € U.
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For a predicate P(vy,...,v,) we have

(12'8) Q[':P([fl]’v[fn})(_)Pm([fl]v7[fn])
oAz PY(fi(x),..., fu(2)} €U
—{r A EF P(fi(x),..., fulz))} € U.
Both (12.7) and (12.8) remain true if variables are replaced by terms, and so

(i) holds for all atomic formulas.

Logical connectives. First we assume that (i) holds for ¢ and show that it
also holds for —¢ (here we use that X € U if and only if S — X ¢ U).

A E —p[f] < not AE ¢[f]
c{r: A Folf(@)]} ¢ U
o{r W F[fx)]} €U
—{x: A E-p[f(x)]} €U.

Similarly, if (i) is true for ¢ and v, we have

AEp AP —AFEpand AE P
—{rz: A FpteUand {z: A, Ey} eU
—{r: A FpAytelU
(The last equivalence uses this: X € U andY € U if and only if X NY € U.)

Euzistential quantifier. We assume that (i) is true for ¢(u,vi,...,v,) and
show that it remains true for the formula Ju ¢. Let us assume first that

(12.9) AEJuplfr,..., fal-
Then there is g € [, g Az such that A ¢[g, f1,..., fau], and therefore
(12.10) {z: % Folg(x), fr(2), ..., fu(@)]} €U,

and it clearly follows that
(12.11) {z: Ay E Juglu, f1(x),..., fulz)]} € U.

Now let us assume that (12.11) holds. For each = € S, let u, € A, be such
that A, E [ug, f1(2),..., fo(z)] if such u, exists, and arbitrary otherwise. If
we define g € [],.q Az by g(x) = u,, then we have (12.10), and therefore

m’:@[gmfh:fn]

Now (12.9) follows. O

zes
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Let us consider now the special case of ultraproducts, when each 2, is
the same model 2. Then the ultraproduct is called an wltrapower of 2; de-
noted Ulty .

Corollary 12.4. An ultrapower of a model 2 is elementarily equivalent to 2.

Proof. By Theorem 12.3(ii) we have Ulty 2 F o if and only if {z : A F o} is
either S or empty, according to whether 2l F ¢ or not. a

We shall now show that a model 2 is elementarily embeddable in its
ultrapower. If U is an ultrafilter on S, we define the canonical embedding
j A — Ulty A as follows: For each a € A, let ¢, be the constant function
with value a:

(12.12) co(z) =a (for every x € S),
and let
(12.13) j(a) = lea)

Corollary 12.5. The canonical embedding j : A — Ulty A is an elementary
embedding.

Proof. Let a € A. By Lo§’s Theorem, Ulty A F ¢[j(a)] if and only if Ulty A E
©lcq] if and only if 2 E pla] for almost all 2 if and only if 2 F ¢[a]. O

Models of Set Theory and Relativization

The language of set theory consists of one binary predicate symbol €, and
so models of set theory are given by its universe M and a binary relation FE
on M that interprets €.

We shall also consider models of set theory that are proper classes. How-
ever, due to Godel’s Second Incompleteness Theorem, we have to be careful
how the generalization is formulated.

Definition 12.6. Let M be a class, E a binary relation on M and let

©(x1,...,2,) be a formula of the language of set theory. The relativization
of p to M, FE is the formula
(12.14) OME(xy, .. 1)

defined inductively as follows:

(12.15) (reyME sz Ey
(0= p)"E =y
(~p)ME oy mpME
)

(@ A)ME 5 GME p M.E
Az )" s Fr € M) M F

and similarly for the other connectives and V.
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When E is €, we write ¢ instead of M€,

When using relativization @+ (xq,...,x,) it is implicitly assumed that
the variables x1, ..., x, range over M. We shall often write

(M,E)E @o(x1,...,2n)

instead of (12.14) and say that the model (M, E) satisfies ¢. We point out
however that while this is a legitimate statement in every particular case of ¢,
the general satisfaction relation is formally undefinable in ZF.

Let Form denote the set of all formulas of the language {€}. As with any
actual (metamathematical) natural number we can associate the correspond-
ing element of IN, we can similarly associate with any given formula of set
theory the corresponding element of the set Form. To make the distinction,
if ¢ is a formula, let "¢ denote the corresponding element of Form.

If M is a set and E is a binary relation on M and if a1, ..., a, are
elements of M, then
(12.16) @M’E(al, coap) < (MyE) ETlay, ..., an]

as can easily be verified. Thus in the case when M is a set and ¢ a particular
(metamathematical) formula, we shall not make a distinction between the
two meanings of the symbol F. We note however that the left-hand side
of (12.16) (relativization) is not defined for ¢ € Form, and the right-hand
side (satisfaction) is not defined if M is a proper class.

Below we sketch a proof of a theorem of Tarski, closely related to Godel’s
Second Incompleteness Theorem. The theorem states that there is no set-
theoretical property T'(z) such that if o is a sentence that T'("o"') holds if and
only if o holds.

Let us arithmetize the syntax and consider some fixed effective enumera-
tion of all expressions by natural numbers (Gédel numbering). In particular,
if o is a sentence, then #o is the Godel number of o, a natural number. We
say that T'(x) is a truth definition if:

(1217) (i) Va2 (T(z) — z € w);
(i) if o is a sentence, then o « T'(#0).
Theorem 12.7 (Tarski). A truth definition does not exist.
Proof. Let us assume that there is a formula 7T'(z) satisfying (12.17). Let

©0, P1, ©2,

be an enumeration of all formulas with one free variable. Let 1(z) be the
formula

z € wA T (F#(pz())).

There is a natural number k such that 1) is k. Let o be the sentence ¥ (k).
Then we have

o = Y(k) « T (#(pr(k))) < ~T(#0)
which contradicts (12.17). O
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Relative Consistency

By Goédel’s Second Incompleteness Theorem it is impossible to show the
consistency of ZF (or related theories) by means limited to ZF alone.

Once we assume that ZF (or ZFC) is consistent, we may ask whether the
theory remains consistent if we add an additional axiom A.

Let T be a mathematical theory (in our case, T is either ZF or ZFC), and
let A be an additional axiom. We say that T + A is consistent relative to T
(or that A is consistent with T) if the following implication holds:

if T is consistent, then so is T + A.

If both A and —A are consistent with T, we say that A is independent of T.

The question whether A is consistent with T is equivalent to the question
whether the negation of A is provable in T (provided T is consistent); this is
because T + A is consistent if and only if =A is not provable in T.

The way to show that an axiom A is consistent with ZF (ZFC) is to
use models. For assume that we have a model M (possibly a proper class)
of ZF such that M & A. (More precisely, the relativizations o™ hold for all
axioms o of ZF, as well as AM.) Then A is consistent with ZF: If it were not,
then —A would be provable in ZF, and since M is a model of ZF, M would
satisfy =A. However, (=A)M contradicts AM.

Transitive Models and Ay Formulas

If M is a transitive class then the model (M, €) is called a transitive model.
We note that transitive models satisfy the Axiom of Extensionality (see Ex-
ercise 12.4) and that every well-founded extensional model is isomorphic to
a transitive model (Theorem 6.15).

Definition 12.8. A formula of set theory is a Ag-formula if

(i) it has no quantifiers, or
(ii) itis @AY, eV, =, ¢ — 1 or ¢ < 1) where p and i are Ag-formulas,
or
(iii) it is (Jz € y) ¢ or (Vx € y) ¢ where ¢ is a Ag-formula.

Lemma 12.9. If M is a transitive class and p is a Ag-formula, then for all
.fl, M) xﬂn

(12.18) OM(xy, . an) e (T, an).

If (12.18) holds, we say that the formula ¢ is absolute for the transitive
model M.
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Proof. If ¢ is an atomic formula, then (12.18) holds. If (12.18) holds for ¢
and v, then it holds for ¢, w A, ¢ Vb, p — 1, and p < Y.

Let ¢ be the formula (Ju € ) ¥ (u, x,...) and assume that (12.18) is true
for 1. We show that (12.18) is true for ¢ (the proof for Vu € z is similar).

If ¢ holds then we have (Ju (u € x A))M, ie., (Gu e M)(u € x ApM).
Since ™ « 1, it follows that (3u € z). Conversely, if (3u € z), then
since M is transitive, u belongs to M, and since ¥ (u, z,...) < ™ (u,z,...),
we have Ju (u € M Au € z AYM) and so ((3u € x))M. O

Lemma 12.10. The following expressions can be written as Ag-formulas
and thus are absolute for all transitive models.

(i) = = {u,v}, z = (u,v), = is empty, © C y, x is transitive, x is an
ordinal, x is a limit ordinal, x is a natural number, r = w.
(i) Z=XxY,Z=X-Y,Z=XnY,Z=UX, Z=domX,
Z =ran X.
(iii) X is a relation, f is a function, y = f(x), g = f1X.

Proof.

(i) e={u,v} cuvecxrhvesANVwez)(w=uVw=u).
z = (u,v) < Fw e z)(Fz € z)(w = {u} Az = {u,v})
AVw € z)(w = {u} Vw={u,v}).
x is empty < (Yu € ) u # u.
xCy— Yuex)ucey.
x is transitive < (Vu € z)u C z.
x is an ordinal < z is transitive A (Vu € z)(Vv € z)(u € vVv € uVu = v)
ANNVuex)(Voex)Vw e z)(ucvew—ucw).
x is a limit ordinal <> z is an ordinal A (Vu € z)(Jv € z) u € v.
x is a natural number < z is an ordinal A (z is not a limit V z = 0)
A (Vu € x)(u =0V u is not a limit).
T =w <> x is a limit ordinal A ¢ # 0 A (Yu € x) x is a natural number.
(i) Z=X XY & (Vz€ Z2) Bz e X)(FyeY)z = (z,y)
ANVze X)VyeY)3z € Z)z=(x,y).
Z=X-Y o {MVzeZ)z2eXN2¢gY)ANNVzeX)(2¢Y —2z€Z).
Z=XNY ... similar.
Z=UX o VzeZ)TreX)zexANNVreX)Vzenx)z € Z.
Z =dom(X) — (Vze€ Z)zecdomX A (Vz€domX)z € Z,

and we show that:

(12.19) (a) z € dom X is a Ag-formula;
(b) if ¢ is Ag, then (Vz € dom X)) ¢ is Ay.

(a) zedom X « (Fzr € X)(Fu € X)(Fv € u)x = (z,v).
(b) (VzedomX)yp « (Vo € X)(Vu € z)(Vz,v € u)(z = (z,v) — ¢).
An assertion similar to (12.19) holds for ran(X), and for 3.



12. Models of Set Theory 165

(iii) X is a relation « (Vz € X)(Ju € dom X)(Fv € ran X ) z = (u, v).
f is a function < f is a relation A
(Vo € dom f)(Vy,z € ran f)((z,y) € fA (z,2) € f =y =2)
where
(z,y) € f = (Fue flu=(z,y)

g=f1X < gisafunction A g C f A (Vx € domg)z € X
A (V€ X)(z € dom f — 2 €domyg). O

It should be emphasized that cardinal concepts are generally not absolute.
In particular, the following expressions are known not to be absolute:

Y =PX), |Y|=]|X|, a«aisacardinal, §=cf(a), « isregular.

Compare with Exercise 12.6.

Consistency of the Axiom of Regularity

As an application of the theory of transitive models we show that the Axiom
of Regularity is consistent with the other axioms of ZF. In this section only
we work in the theory ZF minus Regularity, i.e., axioms 1.1-1.7.

The cumulative hierarchy V,, is defined as in Chapter 6, and we denote (in
the present section only) V' not the universal class but the class ¢ o,q Va-
We shall show that V is a transitive model of ZF. Thus the Axiom of Regu-
larity is consistent relative to the theory 1.1-1.7.

Theorem 12.11. In ZF minus Regularity, oV

of 7ZF.

holds for every axiom o

Proof. We use absoluteness of Ag-formulas and the fact that for every set z,
ifx CV,thenx € V.

Extensionality. The formula
(VueX)ueYANNMueY)ueX)—-X=Y

is A().

Pairing. Givena,b € V', let ¢ = {a,b}. The set c¢isin V and since “c = {a, b}”
is Ag (see Lemma 12.10), the Pairing Axiom holds in V.

Separation. Let ¢ be a formula; we shall show that
VEVXVYpIYVu(ueY < ue X Ap(u,p)).

Given X,pe V,welet Y = {u € X : ¢ (u,p)}. Since Y C X and X € V,
we have Y € V, and

VEVu(yeY < ue X Ap(u,p)).
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Union. Given X € V,let Y =|JX. The set Y is in V and since “Y = J X7
is Ag, the Axiom of Union holds in V.

Power Set. Given X € V, let Y = P(X). The set Y is in V, and we claim
that V' F Yup(u) where ¢(u) is the formula u € Y < u C X. Since p(u)
is Ag and because ¢(u) holds for all u, we have ¢V (u) for all u € V, as
claimed.

Infinity. We want to show that
(12.20) VEISMDe SANzeS)zu{x}€l).

The formula in (12.20) contains defined notions, { }, U, and 0; and strictly
speaking, we should first eliminate these symbols and use a formula in which
they are replaced by their definitions, using only € and =. However, we have
already proved that both pairing and union are the same in the universe as
in V, and similarly one shows that X € V is empty if and only if (X is
empty)¥. In other words,

{a,b}V:{a,b}, UVX:UXv QV:@

where {a,b}V, UV, and 0V denote pairing, union, and the empty set in the
model V.
Since w € V, we easily verify that (12.20) holds when S = w.

Replacement. Let ¢ be a formula; we shall show that

V EVEVyVz (p(e,y,p) A e(x,2,p) =y = 2)
VXY Vy(yeY « (Fz € X) p(z,y,p)).

Given p € V| assume that V F VaVyVz (...). Thus

F={(z,y) €V :¢"(z,y,p)}

is a function, and we let Y = F(X). Since Y C V, we have Y € V, and one
verifies that for every y € V,

VEyeY « 3z e X)p(z,y,p).
Regularity. We want to show that V £ V.S p(S), where ¢ is the formula
S#0— (FzeS)Snaz=10.
If S € V is nonempty, then let z € S be of least rank; then SNz = {.

Hence ¢(S) is true for any S; moreover, (SNz)Y = SNa, and ¢ is Ag. Thus
V EVS ¢(S). O
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Inaccessibility of Inaccessible Cardinals

Theorem 12.12. The existence of inaccessible cardinals is not provable
in ZFC. Moreover, it cannot be shown that the existence of inaccessible car-
dinals is consistent with ZFC.

We shall prove the first assertion and invoke Gddel’s Second Incomplete-
ness Theorem to obtain the second part.
First we prove (in ZFC):

Lemma 12.13. If K is an inaccessible cardinal, then V,; is a model of ZFC.

Proof. The proof of all axioms of ZFC except Replacement is as in the proof
of consistency of the Axiom of Regularity (see Exercises 12.7 and 12.8). To
show that V,; F Replacement, it is enough to show:

(12.21) If F' is a function from some X € V, into V,, then F € V.

Since k is inaccessible, we have |V,| = k and |X| < & for every X € V,,. If
F' is a function from X € Vj; into Vj, then |F(X)| < |X]| <  and (since & is
regular) F(X) C V, for some a < k. It follows that F € V. O

Proof of Theorem 12.12. If k is an inaccessible cardinal, then not only is V,
a model of ZFC, but in addition

(o is an ordinal)"* < « is an ordinal.
(a is a cardinal)"* < « is a cardinal.
(a is a regular cardinal)V= « « is a regular cardinal.

(o is an inaccessible cardinal)"* < « is an inaccessible cardinal.

We leave the details to the reader.
In particular, if x is inaccessible cardinal, then

V.. E there is no inaccessible cardinal.

Thus we have a model of ZFC + “there is no inaccessible cardinal” (if there is
no inaccessible cardinal, we take the universe as the model). Hence it cannot
be proved in ZFC that inaccessible cardinals exist.

To prove the second part, assume that it can be shown that the existence
of inaccessible cardinals is consistent with ZFC; in other words, we assume

if ZFC is consistent, then so is ZFC + 1

where I is the statement “there is an inaccessible cardinal.”

We naturally assume that ZFC is consistent. Since I is consistent with
ZFC, we conclude that ZFC + I is consistent. It is provable in ZFC + I that
there is a model of ZFC (Lemma 12.13). Thus the sentence “ZFC is consis-
tent” is provable in ZFC + 1. However, we have assumed that “I is consistent
with ZFC” is provable, and so “ZFC +1 is consistent” is provable in ZFC +1.
This contradicts Godel’s Second Incompleteness Theorem. O
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The wording of the second part of Theorem 12.12 (and its proof) is some-
what vague; “it cannot be shown” means: It cannot be shown by methods
formalizable in ZFC.

Reflection Principle

The theorem that we prove below is the analog of the Lowenheim-Skolem
Theorem. While that theorem states that every model has a small elemen-
tary submodel, the Reflection Principle provides, for any finite number of
formulas, a set M that is like an “elementary submodel” of the universe,
with respect to the given formulas. The theorem is proved without the use
of the Axiom of Choice, but using the Axiom of Choice, one can obtain
countable model.

Theorem 12.14 (Reflection Principle).

(i) Letp(z1,...,xn) be a formula. For each My there exists a set M D My
such that

(12.22) oM (x1,. . xn) = o(21,. .., Tn)

for every x1,...,x, € M. (We say that M reflects ¢.)

(ii) Moreover, there is a transitive M DO My that reflects ¢; moreover,
there is a limit ordinal o such that My C V, and V,, reflects .

(iil) Assuming the Aziom of Choice, there is an M D My such that M re-
flects ¢ and |M| < |My| - Ro. In particular, there is a countable M
that reflects .

Remarks. 1. We may require either that M be transitive or that [M]| <
|Mo| - R but not both.

2. The proof works for any finite number of formulas, not just one. Thus
if o1, ..., ¢, are formulas, then there exists a set M that reflects each of 1,

.y P

3. If o is a true sentence, then the Reflection Principle yields a set M that
is a model of o; using the Axiom of Choice, one can get a countable transitive
model of o.

4. As a consequence of the Reflection Principle, and of Godel’s Second
Incompleteness Theorem, it follows that the theory ZF is not finitely axiom-
atizable: Any finite number of theorems of ZF have a model (a set) by the
Reflection Principle, while the existence of a model of ZF is not provable. (By
the same argument, no consistent extension of ZF is finitely axiomatizable.)

The key step in the proof of Theorem 12.14 is the following lemma, which
we prove first.
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Lemma 12.15.

(i) Let p(u1,...,un,x) be a formula. For each set My there exists a set
M D My such that

(12.23) if 3re(ur,...,up,x) then (3x € M)p(ui, ..., up,x)

for every uy,...,u, € M. Assuming the Axiom of Choice, there is
M’ > My such that (12.23) holds for M' and |M'| < |Mjy| - No.

(ii) If @1, ..., pr are formulas, then for each My there is an M D M,
such that (12.23) holds for each @1, ..., Q.

Proof. We shall give a detailed proof of (i). An obvious modification of the
proof gives (ii); we leave that to the reader.

Note that the operation H(u1, ..., u,) defined below plays the same role
as Skolem functions in the Léwenheim-Skolem Theorem.

Let us recall the definition (6.4):

(12.24) C={xecC:(Vz€ ) rankz < rank z}.
For every uy,...,up, let

(12.25) H(uy, ... ,u,) =C

where

(12.26) C={z:pu,...,un,x)}

Thus H(uq,...,u,) is a set with the property
(12.27) if 3z p(ug, ..., up,x), then (Jz € H(ug,...,un))p(u1,...,un,,).

We construct the set M by induction. We let M = |J;=, M; where for each
i€ N,

(12.28) M1 = M; UU{H (U1, Un) s Uty .oy Up € M;}

Now, if uy,...,u, € M, then there is an ¢ € N such that uy,...,u, € M;
and if p(u1,...,un,z) holds for some z, then it holds for some x € M; 1, by
(12.27) and (12.28).

Assuming the Axiom of Choice, let F' be a choice function on P(M).
For every ui,...,u, € M, let h(u1,...,un) = F(H(ui,...,u,)) (and let
h(uy, ..., u,) remain undefined if H(uq, ..., u,) is empty). Let us define M’ =
Ui2o M/, where Mj, = M; and for each i € N,

i1 =M U{h(ur,... ,up) u1, ..., un € Mj}.

Condition (12.23) can be verified for M’ in the same way as for M. Moreover,
each M has cardinality at most |My| - Ro, and so does M’. |
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Proof of Theorem 12.14. Let ¢(x1,...,2,) be a formula. We may assume
that the universal quantifier does not occur in ¢ (Vz ... can be replaced by
-3z —...). Let ¢1, ..., pr be all the subformulas of the formula ¢.

Given a set My, there exists, by Lemma 12.15(ii), a set M D My, such
that

(12.29) rpi(u,...,x) = 3z e M)p;(u,...,x), ji=1, ...,k

for all u,... € M. We claim that M reflects each ;, 7 =1, ..., k, and in
particular M reflects . This is proved by induction on the complexity of ¢;.
It is easy to see that (every) M reflects atomic formulas, and that if
M reflects formulas ¢ and x, then M reflects =, ¥ A x, ¥ V x, ¥ — X, and
1« x. Thus assume that M reflects ¢;(u1, ..., um,x) and let us prove that
M reflects 3z ;.
If uy, ..., upy € M, then

ME Iz pi(ur, ..., um,z) « (Jz € M)goé-”(ul,...,um,z)
= (Fr e M)pj(ul, ... un,x)

— Iz pi(ut,. .., Un,T).

The last equivalence holds by (12.29).

This proves part (i) of the theorem. Part (iii) is proved by taking M of
size < |My| - Rg. To prove (ii), one has to modify the proof of Lemma 12.15
so that the set M used in (12.29) is transitive (or M = V,,). This is done as
follows: In (12.28), we replace M1 by its transitive closure (or by the least
V, D M;41). Then M is transitive (or M = V,). O

Exercises

12.1. Let U be a principal ultrafilter on S, such that {a} € U. Show that the
ultraproduct Ulty {2, : € S} is isomorphic to 2,.

12.2. If U is a principal ultrafilter, then the canonical embedding j is an isomor-
phism between 2 and Ulty 2.

12.3. Let k be a measurable cardinal and let U be an ultrafilter on . Let (A4, <*)
be the ultrapower of (k, <) by U, and let j : K — A be the canonical embedding.
(i) (A, <") is a linear ordering.
(ii) If U is o-complete then (A, <") is a well-ordering; (A, <*) is isomorphic,
and can be identified with, (v, <), where ~ is an ordinal.
(iii) If U is k-complete then j(a) = a for all o <
(iv) If d is the diagonal function, [d] > k. The measure U is normal if and only
if [d] = k.
[Compare with Exercise 10.5.]

12.4. A class M is extensional if and only if ¢ holds where o is the Axiom of
Extensionality.
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12.5. The following can be written as Ap-formulas: = is an ordered pair, x is
a partial (linear) ordering of y, z and y are disjoint, z = x Uy, y = z U {a}, z is
an inductive set, f is a one-to-one function of X into (onto) Y, f is an increasing
ordinal function, f is a normal function.

12.6. Let M be a transitive class.
(i) If M E |X| <|Y], then |X]| < |Y].
(ii) If « € M and if « is a cardinal, then M E « is a cardinal.

[1X] < Y]+ 3fe(f,X,Y); ais a cardinal «— —=3f (38 € a) (o, B, f), where
¢ and 9 are Ap-formulas.|

12.7. If « is a limit ordinal, then V, is a model of Extensionality, Pairing, Separa-
tion, Union, Power Set, and Regularity. If AC holds, then V, is a model of AC.

12.8. If a > w, then V, is a model of Infinity.
12.9. V., the set of all hereditarily finite sets, is a model of ZFC minus Infinity.

12.10. The existence of an infinite set is not provable in ZFC minus Infinity. More-
over, it cannot be shown that the existence of an infinite set is consistent with ZFC
minus Infinity.

12.11. If s is an inaccessible cardinal then V, F there is a countable model of ZFC.

[Since (V, €) is a model of ZFC, there is a countable model (by the Lowenheim-
Skolem Theorem). Thus there is F C w X w such that A = (w, E) is a model of ZFC.
Verify that Vi E (2 is a countable model of ZFC).]

12.12. If x is an inaccessible cardinal, then there is & < & such that (Va, €) <
(Vi, €) Moreover, the set {a < k: (Va, €) < (Vi, €)} is closed unbounded.

[Construct Skolem functions h for Vi, and let o = lim,, v, where an41 < K is
such that h(Va,,) C Vo for each h.]

n+1

For every infinite regular cardinal x let H, be the set of all z such that
| TC(x)| < k. The sets in H, are hereditarily finite sets. The sets in H,, are
hereditarily countable sets. Each H, is transitive and H, C V.

12.13. If x is a regular uncountable cardinal then H, is a model of ZFC minus the
Power Set Axiom.

12.14. For every formula ¢, there is a closed unbounded class C, of ordinals such
that for each o € Cy, Vi, reflects .

[Cony = Cyp N Cy, Capp = Cyp N Ky, where K, is the closed unbounded class
{a € Ord :Va1,...,2n € Vo Gz p(z,21,...,20) — Bz € Vo) o(z,21,...,20))}]

12.15. Let M be a transitive class and let ¢ be a formula. For each My € M
there exists a set My O My such that My C M and that @M(xl,...,xn) -
oM (21, ..., zy) for all zy,. .., 2, € M.

A transfinite sequence (W, : a € Ord) is called a cumulative hierarchy if Wy = 0
and

(12.30) (i) Wa C Waq1 C P(Wa),
(ii) if o is limit, then Wo = Ug_, Ws-

Each W, is transitive and W, C V.

12.16. Let (Wq : a € Ord) be a cumulative hierarchy, and let W = UaEOrd We.

Let ¢ be a formula. Show that there are arbitrary large limit ordinals « such that
V(w1 .. ) = @V (21, ... ) for all T, ..., 2, € W,

172 Part 1. Basic Set Theory

Historical Notes

For concepts of model theory, the history of the subject and for model-theoretical
terminology, I refer the reader to Chang and Keisler’s book [1973].

Reduced products were first investigated by Lo$ in [1955], who also proved
Theorem 12.3 on ultraproducts.

For Tarski’s Theorem 12.7, see Tarski [1939].

The impossibility of a consistency proof of the existence of inaccessible cardinals
follows from Godel’s Theorem [1931]. An argument that more or less establishes
the consistency of the Axiom of Regularity appeared in Skolem’s work in 1923 (see
Skolem [1970], pp. 137-152).

The study of transitive models of set theory originated with Godel’s work on
constructible sets. The Reflection Principle was introduced by Montague; see [1961]
and Lévy [1960b].

Exercise 12.12: Montague and Vaught [1959].

Exercise 12.14: Galvin.



