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1. |8+ 8pts| Let M denote the set of all meager sets of reals. For z,y C N, define x C* y if z\y € M.

(a) Write x =* y when x C* y and y C* x. Show that =* is an equivalence relation.

2%, Omitted. 0

(b) Let X be the quotient set {[z]=~

z C N} and [z]=- < [y]=- be the induced relation on the

equivalence classes. Show that < is well defined and is a partial order on X.

fRZ . omitted. O

2. [10pts| Show that if (A, <) is a well-order, then &?(A) can be linearly ordered.

fRE. For X # Y in P(A), define X <Y iff min(X AY) € X. Clearly < is irreflective and
trichotomous. Suppose that X <Y < Z. Say zo = min(XAY) € X\Y, and yo = min(YAZ) € Y\Z.
If g € XNZ, then (Y AZ) > 29 < yo = min(Y A Z), contradiction! Thus zp € X \ Z and
zo=min(XAY)UY AZ)) <min(X AZ)<zp. Andsozg=min(X AZ)e X and X < Z. O

3. [5 x 7pts] Compute the cardinality of the following sets. No justication is needed. Answers are a
finite cardinal number, or in the forms of X,, 2%+ or even 922"

(a) The set {m/2" | m € ZAn € N}.

MRE. No. O

(b) The set of all closed sets of reals that contain no perfect subset.

fRE. 2Ro, O

(¢) The set of all countable subset of R, assuming GCH.
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R, N1, 0

(d) The ordinal exponential £(°, where ¢ is the least o € Ord such that w® = a.

fRE. Ro. O

(e) The set of all sets of reals that are Lebesgue measurable.

RE. 92" O

(f) V47, assuming GCH.

RE. Ny O

(8) [P(Vioys \ Vw+2)}v‘”2, assuming GCH.

fRE. Rypi1- 0

4. [5 x 3pts|] Compute the cofinalities of the following ordinals. The additions, multiplications and

exponentiations below are ordinal operations. No justification is needed.

(a) N2 i1

R, Rz pori. O

(b) Nowir + (Ry)“.

e, w. |

(¢) n, the least n € Ord such that w” = 7.

fRE. w. O

5. [10pts] Show that [T, ., Nem2i1 = (Ry2)™e.

ﬁg% NSO = Hn<w N" S Hn<w NW'”2+1 S (Supn Nw'n2+1)NO = (NWQ)NO' D

. [6 x 4pts] Let N' = “w denote the Baire space.
6. [6 x 4pts| Let N' = “w denote the Baire sp
(a) Please write down
(i) the characterization of a closed subset of A in terms of subtree of <“w.
(ii) the definition of perfect subtree of <“w.
rite down the characterization of a perfect subset of A in terms of perfect subtree of <“w an
b) Write d the characterization of fect subset of A in t f perfect subt f < d

prove it.
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(c) Show that if P C N is perfect and PN Oy # & for some s € ““w, then PN O, is perfect. Here
Os={feN]|sC f}
(d) Suppose that Py, P, C N are perfect. Show that if Py \ P # @, then Py \ P contains a perfect

subset.

fi#%. (a),(b) are omitted. We prove (c) and (d).
(c) Let Tp be the tree associated to P. Suppose f € PN O,. Then s C f, so s € Tp. Let
Tpls|={t € Tp | s C t}. Tp[s] is perfect and [Tp[s]] = PN Os. So PN Oy is perfect.
(d) Suppose f € P\ Ps. As f € Py, let n € w be least such that s = fIn ¢ Tp,, then P,NOs = &.
But f € PrNO;, so PLNO; # @. Use (¢), we have P; N Oy is perfect and is contained in Py \ Ps.
(Il



