Solutions for Assignment # 3

October 16, 2024

1. Show that the following are equivalent:
(a) T is transitive;
(b) UT € T
(¢c) TC2(T).
SOLUTION:

(a) = (b). For any z € |JT, let y € T be s.t. x € y. Since T is transitive, y C T thus € T. Hence YT C T.
(b) = (¢). Forany z € T. By (b), x C|UT C T, thus z is an element of Z(T'). Hence T C L(T).
(¢) = (a). For any x € T, we have z € P(T), i.e. = is a subset of T. Hence T is transitive by definition.

2. Let a, 8,7 € Ord and let @ < 3. Then

(a) a+y<pB+y
(b) a-y<B-~y
(c) a7 < p7

Given examples to show that < cannot be replaced by < in either inequality.

SoLUTION: We prove the proposition by induction on «. In order to use the conclusion later, we only suppose
that o < 5.

(a) i. y=0, it is obvious that « +0 < g+ 0.
ii. Suppose the inequality holds for v, i.e. @ +v < 8+, then we have

at+y<(B+y)+1=8+(v+1)

Noting that
at+(y+1)=(a+7y)+1=inf{€O0rd|a+vy<¢}

it follows that
a+(y+1)<B+(v+1)

iii. Suppose 7 is a limit ordinal and the inequality holds for any ordinal less than . Then by definition,
at+vy=lim(a+¢&) =sup{a+| &<~}
§—y
B+y=1lm(B+&) =sup{f+¢{ <}
Sual
By induction, for any £ < v, a+ & < B+ € < B+ 7, then
at+y<pB+y

Example: 1 <2, but l+w=w=2+w
(b) i. =0, it is obvious that a-0=0= - 0.



ii. Suppose the inequality holds for v, i.e. a -~ < -, then we have

a-(y+1) a-y+a (definition)
a-vy+p (Lemma 2.25)
B-v+0 (induction+(a))

B-(v+1)

iii. Suppose 7 is a limit ordinal and the inequality holds for any ordinal less than . Then by definition,

A IA

-y = limfa-§) =sup{a-£[£ <}

Bry=lm(5-&) =sup{f-£[& <}
By induction, for any £ < v, a-£ < 5-£ < 3.7, then
a-y< By

Example: 1 <2, butl - w=w=2 w
(c) i. =0, it is obvious that a® = 1 = 3°.
ii. Suppose the inequality holds for v, i.e. @” < 7, then we have

atl = a7« (definition)
< a’-p (Lemma 2.25, if ¥ =0 or a = 8, “=" holds)
< BB (induction+(b))
= prtl

iii. Suppose 7 is a limit ordinal and the inequality holds for any ordinal less than . Then by definition,

o = lim (af) = sup{a® | € <~}
E—=y

87 = lim (5°) = sup{s° | £ < 7}
§—=y
By induction, for any & < «, af < ¢ < 37, then
ot < B“/

Example: 2 < 3, but 2¢ =w = 3%

3. Show that the following rules do not hold for all. «, 8,v € Ord:

(a) f a+~v =L+~ then a = §.
(b) If y >0 and a-y = - then o = .
(c) (B+7) - a=0-a+v «

SOLUTION:

(a) 1+w=w=24w,but 1 <2.
(b)) fw>0andl-w=w=2-w, but 1 < 2.
() 1+1) w=2-w=w<w+l<wt+w=1-w+1l-w

4. Find a set A C Q, such that(A, <g) = («a, €), where



(f) a is any ordinal < w;

SOLUTION:
(a) A= {fl,fé,uo 772%,~~~ ,0}. The isomorphism f: A — w+ 1 is:
1
Fg) = . f(0) =
(b) A= {fl,fé,uo 772%,~~~ ,0, %} The isomorphism f: A — w + 2 is:
1 1

(¢c) A={m— 2 | m,n € N}. The isomorphism f: 4 — w-w is:

f(m—Q—n):w-m+n

(d) By Cantor’s Normal form Theorem, for any ordinal o € w*,
a:kn+w'kn—1+"'+wn'k0(k07é0)

Let

g(a) —n— 927k _ 2—ko—(k1+1) o 2_k0_(k1+1)_'“_(kn+1)

Then g is an isomorphism from w* to g(w*) C Q

(e) Such A can not be expressed explicitly by (Q, <,+, —, X, +, Exzp). But € is a countable ordinal, we can
construct such A by transfinite induction as follows.

(f) We construct a A, C QN 0,1) for each ordinal & < wy (the first uncountable ordinal) such that
(A, <q) = (o, €)
For A C Q and r € Q, use notations:
A+r:={a+r|ac A}

rA:={ra|ac A}.

Inductive foundation: For o = 0, let Ap = @.
Successor step: For o = 8+ 1, let A, = 245U {3}.
Limit step: For limit contable ordinal «, there is a bijection f : w — «, let 8, = f(n) < « for each n € w
then
sup{fn} = a

new

(A limit countable ordinal is a limit of countable ordinals.) Then let

1 1
AO‘ = U (2714577, + (1 - 277,71 ))'

new

5. An ordinal « is a limit ordinal iff « = w - § for some 5 € Ord \{0}

SOLUTION: Suppose « is a limit ordinal, then there exists a unique 8 and n, such that « = w - 8 4+ n, and
n < w. If n # 0, it must be m + 1 for some m < w. But then @ = (w - 8+ m) + 1, which contradicts to that «
is limit.

(Method I). Suppose o = o’ + 1 for some o, then there exists a unique 8’ and n/, such that o/ = w- ' +n’,
and n’ <w. Let 8 =03',n=n'+1, we have @ = w - 3 + n, where n < w. By the uniqueness of 5 and n, a can’t
be written as o = w - 8 for some [ € Ord.

(Method II). There are two cases for 8. (a) 8 = y+1 for some y. Then o = w(y+1) = sup{(w-y+n | n < w}
is a limit ordinal. (b) § is a limit ordinal. Then a = sup{w -7 | ¥ < 8} is also a limit ordinal.



6. Find the first three a > 0 s.t. £ +a =a for all £ < a.

SOLUTION: The least v is 1. The only ordinal less than 1 is 0, which satisfies that 0 + 1 = 1. On the other
hand, 1 is the least ordinal > 0.

If we suppose a > 1, the least ordinal is w. For any n < w, n + w = lim,,,,(n + m) = w. On the other
hand, for any 1 < m < w, there exists an m’ such that m = m’ + 1 and m’ > 0, thus m’ +m > m.

Suppose o > w, the least ordinal is w?. For any 8 < w?, 8 = w-m+n and m,n < w. B+ w? =

w-m+n+w-w = w? On the other hand, for any w < 8 = w-m +n < w?, there exists A’ such that
B=p+w+nand B > 0; thus 3 + 3 > 8.

7. Find the least £ such that

() w+&=¢

(b) w-£=686#0

(c) wt=¢
(Hint for (1): Consider a sequence (£,) s.t. £n41 = w + &)

SOLUTION:

(a) Construct a sequence (£,): & = w, &n41 = w + &,. Then (§,) is a set belongs to Ord. In fact, &, = w - n,

let
E=1lim¢, =w-w
n—w
It is easy to verify that w + & = £. On the other hand, for any a < £, @ = w - k1 + ko, where k1, ks < w.
Then

wHta=wtw-ki+hky=w-(ki+1)+k >w-k+k=a
(b) Counstruct a sequence (£,): & = w, £n41 = w - &, Then (&,) is a set belongs to Ord. In fact, &, = w™, let

€= lim &, = w”
n—sw

It is easy to verify that w - £ = €. On the other hand, for any o < w®, there exists an n such that
W < a <ttt
Actually, n = sup{m € w | x > w™}, where {m € w | x > w™} is an initial segment of w. Thus we have
waPw W =w"t > a
(c) Construct a sequence (£,): &1 = w, &1 = w. Then (&,) is a set belongs to Ord. Let

oW

w
&= lim &, = .- =:¢p
n—w

It is easy to verify that w® = &. On the other hand, for any a < £, there exists an n such that

fn S a < §n+1
Actually, n = sup{m € w | z > &,,}, where {m € w | z > §,,} is an initial segment of w. Thus we have

w® > Wi = nt1 > a.



Exercises in About V

By transfinite recursion, define

Vo =0,
Vn+1 = p(‘/;L)a
V"J = Un<w ‘/"'

1. Every z € V,, is finite.

SoLuTiON: Fix xz € V,. There is an n such that x € V,,.
Claim. For each n, V,, is transitive, and |V, 11| = 2™.

Proof of the Claim. We prove by induction on n. This is clearly true for n = 0. We proceed from n to n + 1.

Clearly |V,,42| = 2"*! by induction and simple calculation. Let y be any element of V;, ;1. Then y C V,,, by

definition. Since V,, is transitive, Vz(z € V,, - 2z C V), we have V,, C V,,11. Thus y C V,,41. This shows that

for every n, V,, is transitive, and |V, 41| = 2". = (Claim)
By the claim, 2 C V,,, and |z| < |V,,|. Therefore z is finite.

2. V,, is transitive.
SoruTiOoN: This follows from the above claim. Let x € V,,, then x € V,, for some n. By the transitivity of
V,, and the definition of V,, z C V,, C V.

3. V,, is an inductive set.

SoruTioN: First & € Vi C V,,. Now fix € V,, and an n such that € V,,. Then aU{z} C V,,UV;,11 C V1.
The last step follows from the claim that every V,, is transitive. Hence x U {z} € V,,410 C V.

1. If x,y € V,, then {z,y} € V.
SOLUTION: Suppose z € V,,, and y € V,,. We may assume that m < n. By the transitivity of V,’s, x,y € V,,,
and hence {x,y} € V41 C V.

2. If z €V, then Jz € V,, and P(z) € V,,.
SoLuTioN: Fix an n such that « € V,,. Since V;, is transitive, z C V,,. Then |Jz C | J{V, | z € 2} =V, and
P(x) C P(Vy,). These implies that | Jz € V,,41 and P(z) € V42, therefore both in V.

3. If A€V, and f is a function on A such that f(z) € V,, for each « € A, then f[A] € V.
SoruTion: If A €V, by (71), A is finite. Then f[A] is a finite subset of V,,, so the conclusion follows from
(74).

4. If = is a finite subset of V,,, then z € V.

SOLUTION: Suppose z = {a; |i =1,...,n}. Let C = {k; | a; € Vi, }. C is finite set of numbers and has a
largest number K. Since V,,’s are all transitive, x C Vi, hence x € Vi1 C V.



