Solution for Assignment #4.3

November 21, 2024

Write A — B for A\ B when A D B.

EXERCISE 1. F C N is closed iff F = [T] for some tree T C w<¥.

SOLUTION. =-. Suppose that F' C N is closed. Let tree T'C w<* be the set { fIn|fe FAn€c€w}.
Clearly every f € F is a path through 7', and hence F' C [T]. On the other hand, since F' is closed, if
g ¢ F, then there is an s € w<% such that s C g, but s £ f for all f € F. So such an s is not in T and g
is not a path through T. Thus F' = [T].

<. Note that
[T ={fIvn(fIneT)}
=N-A{fl13n(fin¢T)}
N {f|3Bs¢T (TN}
= N - (US¢T Oq)
is clearly closed. O

EXERCISE 2. If f is an isolated point of a closed set F C N, then there is n € w such that Vg € F (f #
g— fIn#gln).

SOLUTION. Suppose that f is an isolated point of a closed set F' C A, then there is s € w<% such that
Os N F ={f}. Then n =|s| is as required. O

A tree T C w<¥ is perfect iff for every ¢t € T, there exists s1,s9 € T such that ¢ C s; and ¢ C so, but
$1, So are incomparable.

EXERCISE 3. A closed set F C N is perfect iff
Trp={fIn|feFAn<w}

s a perfect tree.

SOLUTION. =. Suppose that Tr is not a perfect tree, i.e., there is an ¢t = f [ n € T, such that if
s1,s2 € T are extensions of ¢, then s1, sy are comparable. Then such s; can only be the initial segment
of f,and O, NTr = { f }. Hence f is an isolated point of F'.

<. Suppose that F' is not perfect, i.e., there is an isolated point f € F. By previous exercise, there
isnmewsuchthatVge F(f #g— fIn#g|n). Thent = f|n € Tr witnesses that Tr is not a perfect
tree. [

EXERCISE 4. Show that |, ¥0 s the collection of all Borel sets.
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SoLUTION. We first show that every X0 set is Borel by induction. Cleary every set in % is open and
Borel. Suppose that every Z% set is Borel for every 8 < a. Then by complement operation, every H%
set is Borel. And then by countable union, every %9 set is Borel.

Now it suffices to show that (J,_, Y0 is a o-algebra. For every ¥f set X, X¢ € IIy, € %9 ;.
Suppose that Xy, X7,--- are sets in 230,231, -+, Let a =sup{q; |i <w}. By AC, w; is regular and
so a < w. Thus {J, ., X; € 1% C %% ;. Hence Uncw, %9 is closed under complement and countable
intersection. O

Write F, set for 29 set (countable union of closed sets), and G set for II3 set (countable intersection
of open sets).

EXERCISE 5. Show that the collection of Lebesgue measurable sets (of reals) forms a o-algebra.

SOLUTION. Complement. Suppose that A is Lebesgue measurable. Then there are F, set F' and Gy
set G such that F C A C G and p*(G — F) = 0. Note that G¢ C A° C F°, G° € F,, F° € Gs, and
w*(F°—G° = pu*(F — G) =0. So A° is also Lebesgue measurable.

Countable union. Suppose that for ¢ = 0,1,---, F; € F,, G; € Gs, F; C A; C Gy, u*(F; — G;) = 0.
Fix i. Assume that G; = ﬂj<w Xi; where all X;;’s are open. Without loss of generity, we may assume
that X;0 2 X;1 2 --- 2 G;. And by p*(G; — F;) = 0, we may further assume that p*(X;; — F;) < 279,

Let H; = ;. Xij be a XY set, and F = J,_, Fi be a F, set. Then H; D |J,_,, G; and
p(Hy = F) = p" (U (Xij — F)) <27,
Let H = (), Hj be a Gs set. Then F C |J,_, A; € H, p*(H — F) = limj, p*(H; — F) = 0. O

EXERCISE 6. Show that the collection of sets (of reals) having the property of Baire forms a o-algebra.

SoLUTION. Complement. Note that if G is open, then G — G is nowhere dense. So if A A G is meager,
then A°AG¢ C (AAG)U (G — G) is meager. Thus A has property of Baire implies A¢ has property of
Baire.

Countable union. Suppose that A; AG; = i<w B;; is meager, G; is open, and B;; is nowhere dense.

Then

(Uz‘<w Ai) A (Ui<w Gi) < Ui<w(Ai AG;) = Ui<w Uj<w Bij.
Note that subset of nowhere dense set is also nowhere dense, and subset of meager set is also meager.
Then (U;.,, 4i) & (U;<,, Gi) is meager and (J,_, A; has the property of Baire. O

i<w



