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Finite Ramsey Theorem

Theorem 1 (Finite Ramsey Theorem)
For any n, k,m ∈ N, there is an l such that l → (m)nk , i.e. for
any k-coloring (function) f : [l]n → k, there is an H ⊆ l of
size m such that |f ′′[H]n| = 1.1

1Such H is called f -homogeneous
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Remark
▶ Such H is called a homogeneous set (for f).
▶ The notation l → (m)nk is called Erdős arrow.

k is omitted if k = 2.
▶ A variation for k colors: l → (m1, . . . ,mk)

n.
▶ For n = 2, the least such l is denoted as R(m1, . . . ,mk),

called the Ramsey number for (m1, . . . ,mk).
▶ R(3, 3) = 6, R(4, 4) = 18, R(4, 5) = 25, R(3, 3, 3) = 17

▶ k = 2, R(r, s) ≤ R(r − 1, s) + R(r, s− 1)

▶ k > 2, R(n1, . . . , nk) ≤ R(n1, . . . , nk−2, R(nk−1, nk)).

▶ [1 + o(1)]

√
2s

e
2

s
2 ≤ R(s, s) ≤ s−(c log s)/(log log s)4s
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From https://en.wikipedia.org/wiki/Ramsey%27s_theorem#Ramsey_numbers
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Infinite Ramsey Theorem
Theorem 2 (Infinite Ramsey Theorem)
ω → (ω)nk , for any n, k ∈ ω.

Proof.
Suffices to prove for k = 2. Prove by induction on n. Fix a
coloring c : [ω]n+1 → {0, 1}. Define 〈An, an : n < ω〉 as follows:

▶ A0 = ω and an = minAn,
▶ An+1 = An,in , where for i < 2,

{an} × [An,i]
n = c−1({i}) ∩ {an} × [An]

n

and in is least such that |An,in | = ω.

c∗ : an 7→ in, for n < ω, is a 2-coloring of B = {an | n < ω}. By
the case n = 1, there is an infinite c∗-homogeneous H ⊂ B. This
H is also c-homogeneous.
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IRT implies FRT
Theorem 3
Infinite Ramsey Theorem =⇒ Finite Ramsey Theorem.

Proof.
Use Compactness, prove by contradiction. Take k = n = 2

▶ Suppose m is such that l → (m)22 fails at (l,m) for any l < ω.
▶ In the language of graph, for each l, there is a graph (model)

G such that φl holds in G:
φl ≡ ¬(∃x0 · · ·xm−1)

[∧
i<j<m¬R(xi, xj) ∨

∧
i<j<lR(xi, xj)

]
▶ The set {φl | l < ω}, by Compactness, is realizable by some

infinite G∗.

This G∗ witnesses that ω 6→ (m)22, contradicting to ω → (ω)22.
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A stronger form of FRT

Theorem 4 (Paris-Harrington, 1977)
For any n, k,m ∈ N, there is an l such that for any k-coloring
(function) f : [l]n → k, there is an H ⊆ l such that
|f ′′[H]n| = 1 and |H| ≥ max{m,minH}.

Remark
Paris-Harrington Theorem (PH) is a statement that can be
expressed in the 1st-order language of arithmetic. It is
▶ provable in the 2nd-order arithmetic, but
▶ unprovable in the 1st-order (Peano) arithmetic.

IRT =⇒ PH =⇒ 2 FRT.

2by an argument similar to that of IRT.
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More infinite Ramsey theorems
Theorem 5

1. ℶ+
n → (ω1)

n+1
ω0

. (Erdős-Rado)
2. 2κ 6→ (κ+)2. (Sierpiński)
3. 2κ 6→ (3)2κ.
4. κ → (κ, ω0)

2. (Erdős-Dushnik-Miller)

Remarks
1. This implies that (2ω)+ → (ω1)

2.
2. Consider (κ2, <lex). {f, g} 7→ 0 if f(δ) < g(δ), where δ =

least ξ such that f(ξ) 6= g(ξ). This implies that there is no
κ+-ascending or κ+-descending sequence.

3. Color [κ2]2 by {A,B} 7→ λA,B, the ordertype of δA,B.
λA,B = λB,C = λA,C is impossible!

4. An weaker variant.
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Theorem 6
If κ > ω and κ → (κ)2, then κ is strongly inaccessible.

Proof.
κ is regular. Suppose not.

▶ Let κ =
∪

i<λXi, where λ < κ and each |Xi| < κ.
▶ Define f : [κ]2 → {0, 1} as follows:

f(α, β) =

{
1, α, β are in the same Xi;

0, otherwise.
There is no f -homogeneous set.

κ is a strong limit: if λ < κ is such that κ ≤ 2λ, then κ → (κ)2

implies 2λ → (λ+)2, contradicting to Theorem 5-2.

10 / 13



Erdős arrows and Large cardinals

Definition 7
Let κ be an uncountable cardinal.
▶ κ is weakly compact if κ → (κ)2.
▶ κ is α-Erdős is it is the smallest that κ → (α)<ω.
▶ κ is a Ramsey cardinal if κ → (κ)<ω.

ω is weakly compact, but not Ramsey.
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Infinite exponents

Theorem 8
1. ω ↛ (ω)<ω.
2. Assume AC, then κ ↛ (ω)ω, for any κ ≥ ω.
3. Assume AD, then ω1 → (ω1)

ω1 . (D. Martin)
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A Ramsey-type theorem with structures

Theorem 9 (Hindman)
Given any finite coloring c : N → k, some k < ω, there exists
an infinite A ⊆ N such that c is constant on the set

A∗ = {
∑

F | F ⊂ A is finite}.

Theorem 10 (Pigeonhole Principle for tree)
Given any finite coloring c : T = 2<ω → k, some k < ω, there
exists a strong subtree S ⊂ T such that c is constant on S.
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