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Conditional intensities for counting processes

N is a counting process if N(0) = 0 and N is constant except for jumps
of +1.

Assume N is adapted to {F;}.
A > 0 is the {F;}-conditional intensity if (intuitively)
P{N(t+ At) > N(t)|F:} = A(t)At
or (precisely)
M(t) = N(t) — /t A(s)ds
is an {F;}-local martingale, that is, if TZ is the kth jump time of NV,
E[M((t+ s) N1g)|Ft] = M(t A1)

for all t > 0 and all k.



Lemma 1 If N has {F;}-intensity X\, then there exists a unit Poisson
process (may need to enlarge the sample space) such that

N(t) = V( /0 A(s)ds)




Modeling with counting processes

Specify A(t) = 7(t, N), where « is nonanticipating in the sense that

Martingale problem. Require
t
N(t) — / (s, N)ds
0
to be a local martingale.

Time change equation. Require
t
N(#) = Y ( / 2 (s, N)ds).
0

These formulations are equivalent in the sense that the solutions have
the same distribution.




Systems of counting processes

Lemma 2 (Meyer [/], Kurtz [7] ) Assume N = (Ny,...,Np) is a
vector of counting processes with no common jumps and Xy, is the {F;}-
intensity for Np. Then there exist independent unit Poisson processes
Yi,..., (may need to enlarge the sample space) such that

t
Nk(t) = Yk(/ /\k(S)dS)
0
Specifying nonanticipating intensities A\;(t) = (¢, N):

Nult) = Vi / (s, N)ds)
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Markov chain models

X (t) number of molecules of each species in the system at time ¢.

v, number of molecules of each chemical species consumed in the kth
reaction.

v, number of molecules of each species created by the kth reaction.

() rate at which the kth reaction occurs. (The propensity /intensity.)

If the kth reaction occurs at time ¢, the new state becomes
X(t)=X({t—)+ vy, — v

The number of times that the kth reaction occurs by time t is given by
the counting process satisfying

Ri(t) = Yi( / (X (5))ds),

where the Y}, are independent unit Poisson processes.



Equations for the system state

The state of the system satisfies

X(t) = +ZRk (v, — )

= X(0)+ ZYk(/O A(X (s))ds) (v, — i) = (V' = V) R(1)

V' is the matrix with columns given by the v.
v is the matrix with columns given by the vy.

R(t) is the vector with components Ry(t).




Rates for the law of mass action
For a binary reaction A; + Ay — Az or A; + Ay — As+ Ay
Me(T) = K129
For A; — Ay or A] — Ay +A3,
\e(T) = K11

For 2A1 — AQ,
Me(z) = Ky (o — 1)



Heat shock model

The following reaction network is a given as a model for the heat shock

response in E. Coli by Srivastava, Peterson and Bently [7]

Reaction Intensity Reaction Intensity

0 — Ag 4.00 x 10° Ag + Ag — Ag | 3.62 X 10_4XA6XA3

Ay — Ay 7.00 x 107 X 4, Ag — 0 9.99 x 107X 4,

A; — Ay 130 x 1071 X0, | Ag — Ag + A | 440 x 105X 4,

0 — A 7.00 % 103X 4, 0— A 1.40 x 107
stuff + A3 — A5 + A, 6.30 x 103X 4, A — () 1.40 x 1075X 4,
stuff + A3 — A4 + A2 4.88 x 1073XA3 A7 — A6 1.42 x 1076XA4XA7
stuff + A3 — A6 + A2 4.88 x 1073XA3 A5 — @ 1.80 x 1078XA5

A7 — Ay + Ag 4.40 x 1074XA7 AG — 0 6.40 x 10710XA6
Ay + Ag — Ay 3.62 x 10—4XA2XA6 Ay — 0 7.40 x 10_11XA4




Multiple scales

Take Ny to be of the order of magnitude of the abundance of the most abundant
species in the system.

For each species i, define the normalized abundances (or simply, the abundances) by
Z;i(t) = Ny " Xi(t),

where 0 < «; < 1 should be selected so that Z; = O(1). Note that the abundance
may be the species number («; = 0) or the species concentration or something else.

The rate constants may also vary over several orders of magnitude &) = /{kNg ¥, so

for a binary reaction

_ ArBrtaitay
= NO

KpZil KkZiZ



A parameterized family of models

Let
ZN(t) = Z;(0) + Z N~ ( /0 NOtvea N (ZN(s))ds) (V) — vir).

Then the “true” model is Z = ZNo,




Approximate models

We have a family of models indexed by N for which N = N, gives the “correct”
model.

Other values of N and any limits as N — oo (perhaps with a change of time scale)
give approximate models. The challenge is to select the «;, but once that is done, the
intial condition for index N is give by

ZN(0) = N7 X;(0),

where the X;(0) are the initial species numbers in the correct model.

If limy oo ZN (-N7) = Z2°, then we should have

Xi(t) = N&Z& (NS,



Example: Model of a viral infection

Srivastava, You, Summers, and Yin [0], Haseltine and Rawlings [2], Ball, Kurtz,
Popovic, and Rampala [1]

Three time-varying species, the viral template, the viral genome, and the viral struc-
tural protein (indexed, 1, 2, 3 respectively).

The model involves six reactions,

E\

T + stuff T+ G

;ﬁ\

G T

T + stuff " T+S
T Mg
s g
Grs oy



Stochastic system

Xo(t) = Xi(0) + Vi /0 i X (s)ds) — Vil /0 e X ()ds)

Xalt) = X0+ Val [ WX0(5)is) Vi [ miXals)d
([ Al X))

Xalt) = X0+ Vol [ W Xd) — el [ a1

Yy / b X (5) X (5)ds)




Mumber of Molecules
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Figure 1: Simulation (Haseltine and Rawlings 2002)



Scaling parameters

Each X; is scaled according to its abundance in the system.

For Ny = 1000, X; = O(N?), Xo = O(NZ'?), and X5 = O(Np) and we take Z; = X,
Zy = XyNy *% and Zy = X5N; .

Expressing the rate constants in terms of Ny = 1000

K 1 1

K, 0.025 25N, >/
K 1000 Ny

K 0.25 25

K5 2 2

Kl 7.5 x 107 75N




Normalized system

With the scaled rate constants, we have
ZN) = ZN0) + Yb(/ot 2.52% (5)ds) — Yd(/ot 257N (s)ds)
20 = 2O+ N[ 286 - N[ 2523 ()4
—N72By( / t 7528 (5) 22 (s)ds)
0

V() = ZéV(O)JerYC(/t NZN(s)ds) —lee(ft 2N 73 (s)ds)

N /0 7525 (5) 2 (s)ds),




Limiting system

With the scaled rate constants, we have
t t
Zi(t) = Z1(0) +Y},(/ 2.57Z5(s)ds) — Yd(/ 25741 (s)ds)
0 0
Zy(t) = Z2(0)
t t
Zut) = Zy(0)+ / Z(s)ds — / 274(s)ds
0 0



Fast time scale
Define VN (t) = Z;(N?/%t).

W0 = 0+ [ 25N ()~ val [ 258 s)ae)

t
VN = VN0) + NTPY( / N3V (5)ds)

t
—N~23yy( / 2.5N?PVN (s5)ds)
0

t
—N2/3Yf<N2/3/ '751/2N(5)V}’N(s)ds)
0

t t
VN = VN0) - N / NSV (5)ds) — N7y ( / ISV (s)ds)
0 0

t
~N71Y( / T5N?BVN(s)VN (s)ds)
0




Averaging
As N — oo, dividing the equations for V¥ and V;¥ by N?/3 shows that
t t
/ VN (s)ds — 10/ VN (s)ds — 0
: 2
/ VN (s)ds — 5/ VN (s)ds — 0.

0 0

The assertion for V¥ and the fact that V¥ is asymptotically regular imply

t t
/ VN (s)VY (s)ds — 5/ VN (s)%ds — 0.
0 0

It follows that VY converges to the solution of (1).



Law of large numbers

Theorem 3 For each § > 0 and t > 0,

lim P{ sup [V;¥(s) — Vals)| > 8} =0,

N—oo  “p<s<t

where Va 1s the solution of

Va(t) :‘/2(0)+/t7.5‘/2(s)d8)—/t3.75V2(s)2d8.

The original X5 should satisfy
Xa(t) & (1000)*3V4(#(1000) /%)
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The Whol e System
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The Whol e System
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Determining the scaling exponents

Suppose that the rate constants satisfy

Ky > Ky > >k

- T0

Then it seems natural to select

Br =2 B

and define xj so that
Ky = kNP,
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General principles
Consider Al + AQ — Ag + A4 Ag + A5 — Aﬁ

t
ZY (0 = 20 + N e [ z¥s) 2y s)as)
0

t
Ny, (Nt / ko Z0 ()2 (s)ds) |
0
or scaling time

t
ZN(tNY) = ZN(0) 4 N7osY; (NP reatezty / k1 ZY (sNY)ZY (sN7)ds)
0
t
— N™osY,(NPetostasty / Ko Za (sN)ZY (sN7)ds) .
0

Assuming the other Z¥ = O(1), Z&¥ = O(1) if
bi+ar+ay=0+ a3+ as
f{lZ{V Zév ~ .
(ZN(t) ~ % or ZV(t) =~ ZN(0)) or if

(Bi+or+as+7)V(f+az+as+7) < as.



Species balance condition

Let I = {k : v}, > vy}, that is, T'J gives the set of reactions that
result in an increase in the 7th species, and let I'; = {k : v}, < vi;}.

Condition 4 For each species A;,

max (0 + v, - o) = max(0; + v - ). (2)
kel; kel
or
max (Op + v - a) +7 < ;. (3)

keljur;




Subnetwork balance

There may be subsets of species such that the collective rate of pro-
duction is of a different order of magnitude than the collective rate of
consumption.

0588 28, Sy,
K3
If0< By <1 <fBy=03and o = ag =0, then

ZN() = ZV(0) + Vi N £ Ya(As N / ' Z¥(5)ds) — Ya(hu N / 2N (s)ds)

0 0

2w = O+ [ 276 - VN [ 22 as)

t
—Y4()\4Nﬁ4/ ZY (s)ds)
0

The species balance condition is satisfied, but the species numbers will
go to infinity as N — oo.



Atom graphs

Corresponding to each “atom” (molecular subspecies that is left intact
by all reactions), define a directed graph in which the nodes are iden-
tified with the species that contain the atom and the edges correspond
to the reactions that transform one species containing the atom into
another species containing the atom.

Let Gy be any subset of the nodes G of an atom graph. Let Fzgo be the
collection of edges (reactions) that are entrance edges or that lead from
a node in G — Gy to a node in G, and let I'; be the collection of edges
that are exit edges or lead from a node in G to a node in G — Gj.



General balance condition

Condition 5 For each subset Gy of an atom graph

max (0 + v, - @) = max (G + vy - «) (4)
SN kel's,
or
max (Op + v - @) + 7 < maxq;. (5)
kelE Ul i€Go

Then (5) implies

v < min min (maxa; — max (O +vp-a)), (6)
G @ycG,Go unbalanced €Go ' kel'd, Ulg, ’

where the first minimum is over all atom graphs G and the second
minimum is over all subsets Gy C G that do not satisfy the balance

equality (4).

Heat shock example



Example
@ iy Sl \i_z ‘927

Assume k; = )\iNOﬂ ‘., where 31 = By > 3.

Balance conditions:

So Bo+ar = [3+ay
S BiV(Bs+as) = [rta
{51, 52} fi = —oo

Let a; = 0, so balance for S; and 55 is satisfied if aps = (B — (5.

we require
y<arVay— =0




Time scales

There are two time-scales of interest in this model, v = —/3;, the time-
scale of S1, and v = — (33, the time-scale of Sy. The system of equations
is

ZN() = ZN(0) + Yi(\MN't) — Ya( AN /0 t 7V (5)ds)

t
+Y},(/\3Nﬁ3+o‘2/ 75 (s)ds)
0

t
ZN () = ZY(0) + N™2Yy( A\ N /0 7N (s)ds)

t
— N72Y3(\gNFtee / ZY (5)ds).
0



-

Limiting systems
For v = — (3,
ZVENY) = ZX0)+ Vi)~ Vil [ 25N s)
+Y3(As /Ot Zy (sN7)
ZNN) = 2RO+ N [ 2N s)
—N"*2Y3()3 /0 t ZN(sN7)ds).
the limit of ZV(-N7) satisfies
Zi(t) = Z1(0) + Yi(ht) — Yalho /0 Zu(s)ds) + Va0 /0 ()

Zyo(t) = Z5(0).
Note that the stationary distribution for Z; is Poisson with E[Z]

| Mi+XA32

b2 |

A2



W

Second time scale
For v = —[3s,

t
ZNANYY = ZN(0) + Yi( M N5 — Yo( A\ NP5 / ZN (sN)ds)
0

t
+Y3(Ag N2 / ZY (sN7)ds)
0

t
ZNANYY = ZN(0) + N72Yy( A\ NP2~ / ZN(sN7)ds)
0

t
— N 2Y3( A3 N2 / Z¥ (sN7)ds).
0

Ao fot ZN(sNV)ds ~ Mt + A3 fot Z¥(sN7)ds and ZY(-N7) converges to
the solution of
Zo(t) = Z5(0) + Ait.

Note that if we took v > —f3, then Z'(tN?) — oo for each t > 0.



Heat shock model

The following reaction network is a given as a model for the heat shock

response in E. Coli by Srivastava, Peterson and Bently [7]

Reaction Intensity Reaction Intensity

0 — Ag 4.00 x 10° Ag + Ag — Ag | 3.62 X 10_4XA6XA3

Ay — Ay 7.00 x 107 X o, Ag — 0 9.99 x 107X 4,

A; — Ay 130 x 101X, | Ag — Ag + A | 440 x 105X 4,

0 — A 7.00 % 103X 4, 0— A, 1.40 x 107
stuff + A3 — A5 + A, 6.30 x 103X 4, A — 0 1.40 x 1075X 4,
stuff + A3 — A4 + A2 4.88 x 1073XA3 A7 — A6 1.42 x 1076XA4XA7
stuff + A3 — A6 + A2 4.88 x 1073XA3 A5 — @ 1.80 x 1078XA5

A7 — Ay + Ag 4.40 x 1074XA7 AG — 0 6.40 x 10710XA6
Ay + Ag — Ay 3.62 x 10—4XA2XA6 Ay — 0 7.40 x 10_11XA4




Exponents

P =
P2 =

p3 =
pe =
Ps =
P =
pr =
ps =
P9

B

Qg + B
az + O3
ar + By
az + Bs

az + Be
az + f7
ar + Bg

ay + ag + By

P10
P11
P12
P13
P14
P15
P16
P17
P18

ag + ag + Bio
ag + B

ag + Pr2

B3

oy + Bia

ay + az + Bis
as + Big

ag + Bi7

ay + Big



Balance conditions

{Au}

{Aa}

{As}

{Ad}

{45}

{46}

{A7}

{As}

{Ao}

{A27 A37 A7}
{A2, A3}
{A2, Az}
{Aq, A7, Ao}
{4, Ao}
{As, A7}
{As, Ao}

P13

maX{pg, P4, Ps;, Pe, P7, IOS}

P2

P6

Ps

max{p7, Pg, P12, P15}
P9

p1V P12

P10

P4

PaV ps

max{ps, pa, P, P6: P7}
P

max{p7, P8, p15}
p7V p12

P1

P14

P2V py
max{ps, ps, P6, P7}
P18

P16

po V p17
ps V P15
P10V P11
P12

P15

P9

p2 V p1s
P17

po V p17
P17V p1o
P17



V0 = V0 i ) < il [ i) d
V) = V0 [ ANV ) ds) Vil [ ANV )
# [ XN AV (s Vil [ ANV ()
+Y7( /0 t M NV (5) ds) 4 Ya( /O t ANV (5) ds)
Al [ DN 6) ) =¥ [ AN 9 5 )
V0 = V0l [ ANV s)ds) Vil [ 2N ) s
ol [ AN V) ) Vil [ ANV 6) ) Vit [ ANV s) e

t t
= VN (0)+ N3Yq( / AN VN (s) ds) — N3 Ys( / AsNT VN (s) ds)
0 0

t t
— V5N(O)+N‘1Y5(/ )\5N7_§V})N(s)ds)—]\f_1Y16(/ AN 3V (5) ds)
0 0




t t
VY0 + N [ AN () as) + N [ ANV () as)
0 0

t t
NIV NN ) ds) N[ ANV V() )
0 0

N[ DN 6) ) — NIV [ ANV 1 ) )
— N3 /0 t ANV (s) ds)

70+ v [ DNV ()Y () ds) — NV / ANV () ds)
Nl [ NNV 6V s) )

VN(0) + Yl(/ot MN7 ds) + Ym(/ot ANV (s) ds)

Yol [ AN V) ) =Vl [ ANV )

t t
V() + N 5iol [ ANV 1Y (5)ds) — NHia( [ 0NV (s)ds)
0 0



Qp | Qg | Q3 | Oy | O5 | Og | Q7 | Qg | O9
2 5 5
0 0 0 3 1 3 1 0 3

Vilt) = l0) + vi( [ AsVi(s) ds) + YiVA(0) ) + YarsVo(0) )
vy / AoVa(s) ds) — Yo / NoVa(s)Vi(0) ds)

Va(t) = V3(0) + Yl / MaVa(s) ds) — Ya / AsVi(s) ds)

Va(t) = Vs(0) + Yi(A1 1) + Yia(Ai2Vo(0) t) — Y10</t AoVs(0)Va(s) ds)

Vi(t) = Vi(0), Va(t) = Va(0), V5(t) = V5(0), Vs(t) = V6(0), Vz(t) = V7(0), Vo(t) = Vo(0)




t

Vi) = Vo(0) + | [MaVa(s)Vo(0) — AsVi(s) — MisVa(0)Vi(s)] ds

S—

:w@+fm%@—mw@Wﬂ%

/\3‘73(8) + )\4‘/1(0) + /\8V7(S) — /\2%(8) — )\9‘72(8)%(0) =0
)\2‘72(8) — )\3%(8) =0
A1+ A2Ve(0) — AioVs(0)Va(s) = 0

Vi(t) = Vi(0), Va(t) = Vi(0), V5(t) = V5(0), Vs(t) = V5(0), Vo(t) = V5(0)




v=5/3

Vi(t) = V1(0) + Yis(\3t) — 3/14(/[: A4Vi(s) ds)
Vi) = Vi(0) + [ DaTals) ~ hsVats) s

Va(0) = 13 (0) + [ DTils) — haVa(o) s

Vi) = Vo0)+ [ DOVA() + AsVils) + Maa(s)V) ~ ATao)Vs) ~ AoVils)Ta(s) -
V()= 10)+ [ DuaTats)afs) — (o)l s

ATo(5) + MaVh(s) + AsVa(s) = AaVals) — MoTa(s)Vi(s) = 0
AoTi(s) — AVils) = 0

A+ A2Vo(s) — AioVs(s)Vs(s) = 0
AoVa(s)Vs(s) — AsVa(s) — AisVa(s)Va(s) = 0




Vi(t) = Vi(0) + Yis(has £) — Yia / AaVi(s) ds)
Va(t) = Va(0) + Aum«>xwm&%

%®=%®+Aumm%%mﬂﬂw

&~
—
~
N—
Il

Ve(0) — / DarVa(s) + Al ds
Vo(t) = Vo(0) + Ait

Vi(s) = i—i‘_/z(a’) = i‘\_i)\4m(jz‘j¢;(2§%(8)
Vils) = S
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Abstract

Identifying separated time scales in stochastic models of reaction networks

Reaction rates and chemical species numbers may vary over several orders of mag-
nitude. Combined these large variations can lead to subnetworks operating on very
different time scales. Separation of time scales has been exploited in many contexts
as a basis for reducing the complexity of dynamic models, but the interaction of the
rate constants and the species numbers makes identifying the appropriate time scales
tricky at best. Some systematic approaches to this identification will be discussed
and illustrated by application to a model of the heat shock response in E. Coli.



